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PREFATORY  NOTE. 

A  MONG  the  Papers  contained  in  this  Volume  are,  the  Author's  Lecture 
"^^  on  Geometry,  delivered  before  the  Gresham  Committee  (No.  2),  the 
Author's  seven  lectures  on  the  Partition  of  Numbers,  in  outline  (No.  26), 
the  long  memoir  on  Newton's  Rule  (No.  74),  and  the  Presidential  Address 
to  the  Mathematical  and  Physical  Section  of  the  British  Association  at 
Exeter  (No.  100).  The  papers  here  numbered  87,  88,  89  and  94  were 
republished  together  with  the  title  "  Nugae  Mathematicae,"  and  are  found 
in  the  British  Museum  Catalogue  under  that  name. 

As  in  the  first  Volume,  save  for  obvious  errors  of  algebraical  formulae, 
the  papers  are  reprinted  unaltered,  cross  references,  and — in  a  few  cases — 
indications  of  correction,  being  enclosed  in  square  brackets. 

A  Table  of  Contents  is  prefixed,  a  General  Index  being  deferred  to  the 
last  Volume. 

H.   F.  BAKER 

Si  John's  Couueon,  Oahbbidge. 

2  March  1908. 
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ON   THE   DOUBLE   SQUARE  REPRESENTATION    OF   PRIME 
AND    COMPOSITE   NUMBERS, 

[York  British  Association  Report,  (1844),  Part  ii.  p.  2.] 

"  The  author  first  alluded  to  what  had  been  done  by  the  French  mathematicians  ;  and 
then  pointed  out  the  manner  in  which  Le  thought  numbers  might  be  conceived  to  be 
composed  of  squares ;  and  concluded  by  mentioning  some  of  the  advantages  -which  might 
be  expected  from  this  naode  of  considering  them." 
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PROBATIONARY  LECTURE  ON  GEOMETRY,  DELIVERED' 
BEFORE  THE  GRESHAM.  COMMITTEE  AND  THE  MEMBERS 
OF  THE  COMMON  COUNCIL  OF  THE  CITY  OF  LONDON, 
4   DECEMBER,    1854. 

[Preceded  by  a  deijication  to  the  Members  of  the  Gresham 
Committee,  mentioned  by  name.] 


To  accouDt  for  the  manifold  ehort-oomings  of  tbe  annexed  Lecture,  it  may  be  escuaable 
and  is  indeed  needful  to  state  the  circumstances  under  whicli  it  was  written  and  delivered. 
The  Author  having  declared  himself  a  Candidate  for  the  vacaut  Professorship  of 
Geometry  in  Qreaham  College,  received  a  notice  of  little  more  than  eight  and  forty  hours, 
that  he  would  be  reijuired  to  deliver  a  Probationary  Lecture  on.  Monday  the  4tb  inst., 
before  tbe  Trustees  on  the  City  side  of  the  Gresham  Trust. 

Matters  of  pressing  importance  happening  at  that  moment  to  absorb  his  whole  atten~ 
tioQ,  he  addressed  a  letter  to  the  Secretary  of  the  Trust,  containing  an  urgent  request  that 
he  might  have  the  delay  of  a  week  for  preparation  ;  but  his  application  having  been  sent 
too  late  in  the  day  to  obtain  a  reply,  the  Author  deemed  it  his  duty  (not  knowing  how  far 
his  absence  might  derange  the  iotended  proceedings,  of  tbe  precise  nature  of  which  he  was 
unaware)  to  arm  himself  with  a  lecture  of  some  kind,  and  for  better  or  for  worse,  to  apx>ear 
to  his  summons  at  the  appointed  place  and  time.  Accordingly,  under  the  necessity  of  the 
case,  the  following  pages  were  commenced  and  finished  at  a  single  sitting  of  a  few  hours' 
duration  ;  the  Author  being  so  pressed  for  time  that  he  had  not  even  enoi^h  of  it  at  his 
disposal  to  write  out  a  fair  copy  of  tbe  manuscript. 

The  Lecture,  with  unimportant  esceptionSj  such  as  the  insertion  of  the  closing 
paragraph  (which  was  felt  but  not  spoken),  the  occasional  retrenchment  of  an  exuberant 
expression,  or  the  toning  down  of  an  over-florid  passage,  is  printed  as  it  was  composed 
and  delivered. 

It  must  not  be  regarded  as  a  criterion  of  what  the  Author  oonld  produce,  with  sufficient 
leisure,  and  the  usual  aids  to  reflection  and  research  at  bis  command,  and  still  less  as  a 
specimen  of  the  kind  of  lecture  which  he  would  consider  adapted  to  a  professorial  course ; 
but  aa  the  hasty  outpouring  of  some  of  the  thoughts  lying  at  the  threshold  of  the  subject, 
and  happening  at  the  moment  of  composition  to  bo  most  present  to  his  mind.  However, 
with  all  its  imperfections  on  its  head,  the  Author  has  deemed  that  he  would  he  wanting  in 
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proper  deference  to  his  judges,  especially  to  such  of  them  as  were  unable  to  attend  in  their 
places  on.  the  day  of  probation,  were  ho  to  fail  to  afford  them  an  opportunity  of  considering 
it  in  print.  The  views  put  forth  and  the  opinions  expressed  are,  at  all  events,  the  result 
of  the  Author'a  own  reflections  and  of  the  questioning  of  his  own  mind,  and  not  of  a  foray 
upon  the  works  of  the  standard  writers  on  the  subject. 

If  his  example  in  printing  his  Lecture  should  be  followed  by  any  of  the  numerous  body 
of  gentlemen  who  lectured  after  him,  he  will  have  much  gratification  in  feeling  that  he  has 
been  instrumental  in  causing  the  public  to  participate  in  the  pleasure  which  he  derived 
from  the  many  excellent  disconrsos  which  were  pronounced  on  the  occasion  referred  to, 
and  which  he  hopes  to  experience  ^ain,  in  listening  to  the  corps  of  gentlemen  from  the 
country,  who  remain  to  bring  up  the  reserve  of  the  littlo  army  of  probationers,  on  the 
field  day  appointed  for  the  11th  instant.  He  can  say  unaffectedly  and  knows  that  this 
opinion  was  shared  by  jnaoy  of  his  fellow-liatenerH,  that  the  marked  variety  in  the  views 
and  manner  of  treatment  adopted  by  the  several  lecturers  following  one  another  in  rapid 
succession  on  the  same  subject,  rendered  the  concows,  held  under  the  auspices  of  the 
Committee  and  in  the  presence  of  the  Common  Council  of  the  City  of  London,  on  the 
4th  instant,  in  Gresham  Hall,  one  of  the  most  interesting  exhibitions  of  character  and 
mental  differences  at  which  he  had  ever  the  good  fortune  to  be  present ;  one,  he  believes, 
of  most  uncommon  occurrence,  if  not  altogether  unprecedented  and  nnique  in  this,  country. 

The  free  and  obviously  improvised  review  of  hia  opinions,  to  which  each  lecturer  was 
subjected  in  turn  at  the  hands  of  those  who  came  after  him,  threw  additional  life  and 
spirit  into  the  scene.  With  scarcely  an  exception,  those  light  firrowe  of  criticism  were 
untipped  with  venom  and  passed  sportively  to  their  destination,  striking  without  wound- 
ing, or  glanced  harmlessly  off  from  the  impervious  shield  of  good  humour  interposed  to 
receive  them.  The  usual  right  of  reply  under  attack  must,  it  is  presumed,  in  this  instance 
be  reserved  until  a  fresh  vacancy  occurs  and  the  same  parties  re-assemble  in  the  college*. 

•  The  Author  will  oolj  so  far  foreatall  the  arrival  of  the  period  [quod  longum  absiti)  abova 
alluded  to,  by  protestine  against  the  abuse  of  the  word  " practical"  as  employed  by  an  ingenious 
lecturer  who  succeeded  him  at  the  desk. 

To  diBcourae  fluently  On  things  of  praotiae  is  no  sufficient  evidence  in  itself  of  the  possession 
of  a  practical  mind.  The  first  rule  of  practice  ia  to  do  all  things  at  the  right  time  and  in  their 
proper  places,  to  proportion  the  means  to  the  ends  and  the  ends  to  the  meanR,  abova  all  to  know 
what  IB  poBBible,  and  to  confine  one's  endeavours  within  the  limits  of  the  feasible.  . 

The  Author  allows  and  has  habitually  acted  on  the  principle  that  for  the  purp<»ie  of 
Ulastrating  lectures  on  geometry  or  any  other  abstract  ecien.ee,  the  lecturer  should  lay  hie  hands 
on  the  plough,  the  loom,  the  forge,  the  workshop,  the  mine,  the  sea,  the  stare,  all  things  on 
earth  or  under  heaven,  which  may  help  to  arouse  the  attention  or  iuterest  the  imagination  of  his 
auditors.  Bat  to  profess  to  make  the  mere  applications  of  a  science  such  as  geometry,  the  etaple 
of  the  matter  to  be  taught  within  the  walls  of  the  collie  by  the  Gresham  Lecturer,  to  undertake 
to  comprise  within  a  course  of  geometrical  lectures  systematic  htstiiiction  in  mechanics, 
astronomy  and  navigation,  descriptive  geometry,  engineering  and  drawing,  the  method  of 
intecpolatioii,  the  theory  of  toothed  wheels,  the  two  kinds  of  perspective,  machinery,  mapping, 
the  art  of  ship-bnilding,  rules  for  cutting  the  best  form  of  screws,  and  for  enabling  the  citizens 
of  London  to  qualify  themselves  for  being  their  own  land-sniveyore,  is  a  suggestion  which,  with 
all  due  deference  to  its  propounder,  the  author  regards  as  one  oi  the  wildest  and  most  visionary 
which  ever  entered  into  the  mind  or  issued  from  the  lips  of  a  practical  man. 

A  long  life  would  not  suffice  to  exhaust  the  circle  of  the  applications  of  geometry.  Sic  Thomas 
Gresham,  a  true  philosopher  and  man  of  practical  wisdom,  ordained  that  courses  of  lectures 
should  be  delivered  on  hie  Foundation,  not  upon  the  applications  of  the  sciences  but  upon  the 
Bcieneea  themselves  ;  weU  knowing  that  he  who  has  mastered  the  principles  of  a  science  will  be 
capable  of  making  for  himself,  whenever  required,  those  specific  applications  of  them,  which  the 
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The  Author  fully  agrees  with  the  sentiment  ospresaed  by  one  of  the  uwididates,  and 
emphaticallj  assented  to  by  several  members  of  the  Committee,  a  sentiment  which  he 
confidently  anticipates  will  be  found  to  actuate  the  whole  honourable  body  of  the  electors, 
in  the  decision  about  to  be  pronounced  by  them,  in  the  double  and  each  so  sacred 
character,  of  Trustees  and  Judges,  which  is,  that  without  regard  to  iny  other  claim  than 
that  of  capacity  and  desert,  the  worthiest  candidate  may  be  the  one  preferred  With  his 
whole  heart  he  is  ready  to  exclaim, 

Detdh  Digniori. 


Mr  Chairman  and  Gentlemen  of  the  Gre-iham  Committee*, 

III  compliance  with  your  iec[U]«.tion,  although  upon  a  very  brief  and  unexpected 
notice,  I  have  felt  it  my  duty  not  to  shnnk  from  appearing  before  yoa  this  day  to  deUver 
a  lecture  upon  the  science,  of  which  the  chaii  now  stands  vacant  in  Gi'esham  College. 
A  consciousness  of  want  of  sufficient  opportunity  for  preparation  on  my  part,  and  a 
consideration  of  the  wearisome  and  laborio  is  duty  which  you,  Gentlemea,  have  undertaken 
to  perform  in  listening  to  a  succession  of  lecturers  on  the  same  subject,  conspire  to  impress 
upon  me  the  importance  of  condensation  and  brevity. 

I  do  not  propose  to  tax  your  patience  by  entering  upon  any  elaborate  discussion  of  the 
,  principles  of  geometry,  its  history,  its  methods,  or  its  applications. 

It  would  be  a  vain  endeavour  to  seek  to  convey  withm  the  Mmits  of  a  single  lecture 
any  adequate  notion  of  the  scope  of  a  science  which  has  engaged  the  attention  and  grown 
up  amidst  the  accumulated  labours  and  meditations  of  the  greatest  minds  and  most  pro- 
found thinkers  of  ancient  and  modern  times,  which,  for  the  last  two  or  three  thousand 
years,  has  pursued  an  almost  unbroken  course  of  development  and  progression,  and,  still 
flourishing  in  all  the  vigour  and  freshness  of  early  youth,  bids  fair  to  furnish  occupation 
d  inventive  faculties  of  mankind  for  ages  yet  to  come. 
B  that  the  purpose  for  which  I  have  been  summoned  before  you  will  be  host 
attained  and  our  time  most  profitably  employed,  if  I  confine  myself  to  the  suggestion  of  a 

peculiar  oiroumataiiees  of  his  calling  or  hia  oppoi'tunities  in  Ufe  may  render  adviaable,  and  that 
he  who  has  aurprised  the  citadel  will  have  no  difficulty  in  carrying  the  outworks. 

In  writing  with  relu  t  d  n  d      a  ae         1  dulr)    th      I  m    k     th        th      b  k 

moat  distinctly  to  diaclaim  th       t     t    n    f  leadi        t       I     ml    red  that  h  i       th     t  t 

ment  of  opposite  views  a  1 1  t    g  th      1  feht    t  g      cd    t  di  q     1  fa  at    n        th  di  1  t 

who  gave  espreasion   to   tb  H      ann  t  b  t    u  m       th  t  th  y  wj:    ha  a  d  d    md      th 

«xigeiicj  of  the  occasion       d        tl       b  f      £6     nt  tim    f      m  tu         fl    ti         It  ha 

appeared  to  him  however  tbntthl       n         ay       thtac         t  tltthj  jt 

forth  with  conaiderable  plausibility  and  ohime  in  with,  some  confused  notions  of  what  is  really 
usefnl  and  praotioal,  which  are  too  p  Ittthp  tdy  dwldfoa  d  tbftl 
to  tbe  cause  of  sound  education,  top  h  wnd  tfrmth  and  to  m  t  th  in  with 
an  immediate  refutation.  He  woull  b  dgpaithitlgsw  h  tto  dd  that  h 
entertains  a  high  reapect  for  the    b  It         f  th    g    tl  m         h         p  h    h      f  It  h  m    If 

under  the  neoessity  of  controvert!  dthth  d       Imt  jyi'  mgtth 

foremoat  rank  of  those  whoae  elect        by   h    C  m     Wee  w     Id  b  d  w  th  aat   f    t       by 

the  Public. 

'  In  the  place  of  the  Lord  Mayor,  who  was  unavoidably  absent,  Mr  Deputy  Holt  presided. 
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few  general  ideas,  which  will  admit  of  being  rendered  easily  intelligible  to  any  sensible 
man  who,  without  having  made  geometry  his  special  study,  may  be  disposed  to  form  some 
conception  of  the  nature  of  its  subject-matter  and  the  relation  which  it  bears  to  the  other 
mathematical  s 


There  are  three  ruling  idea«,  three  so  to  say,  spheres  of  thought,  which  pervade  the 
whole  body  of  mathematical  science,  to  some  one  or  other  of  which,  or  to  two  or  all  of 
them  oombined,  every  mathematical  truth  admits  of  being  referred  ;  these  are  the  three 
cardinal  notions,  of  Number,  Space  and  Order*. 

Arithmetic  has  for  its  object  the  properties  of  number  in  the  abstract.  In  algebra, 
viewed  as  a  science  of  operations,  order  is  the  predominating  idea.  The  business  of 
geometry  is  with  the  evolution  of  the  properties  and  relations  of  Space,  or  of  bodies 
viewed  as  esistiag  in  apace  ;  it  is  true  that  the  ideas  of  quantity  and  order  enter  lai^ely 
into  the  developments  of  the  science,  but  its  proper  purpose  and  foundation,  that  which 
confora  upon  it  its  distinctive  name  and  character,  is  the  contemplation  of  the  properties 
of  space  or  of  the  relations  of  the  parts  of  space  to  one  another,  and  only  through  this,  or 
the  equivalent  notion  of  infinite  estension,  can  any  approach  be  made  to  a  just  appre- 
ciation of  its  objects. 

It  is  the  province  of  the  metaphysician  to  inquire  into  the  nature  of  space  aa  it  exists 
in  itself,  or  witii  relation  to  the  human  mind.  The  less  aspiring  but  more  satisfactory 
business  of  the  geometer  is  to  deal  with  space  as  an  objective  reality,  and  to  view  it  in  its 
relation  to  matter,  and  as  the  substratum  or  the  condition  necessary  to  the  existence  of 
our  conception  of  form. 

The  first  property  which  strikes  the  mind  in  dwelling  upon  the  idea  of  spa^e  is  its 
infinitude,  its  capacity  of  boundless  extension.  If  we  stretch  our  thoughts  to  the  very 
verge  of  the  universe  we  are  still  unable  to  conceive  space  as  come  to  an  end  and  are  con- 
Htrained  to  admit  the  existence  of  further  space  beyond. 

We  may  next  contemplate  space  with  reference  to  its  modes  of  extension.  We 
frequently  hear  of  space  having  three  dimensions  ;  that  there  exist  subordinate  forms  of 
ifpace  jnwhich  one  or  more  of  these  dimensions  are  wanting ;  we  are  all  famihaj:  with  such 
forms  of  speech,  with  the  ideas  attaching  to  the  terms  solidity,  surface,  linear  magnitude 
or  direction  ;  let  us  inquire  how  the  notions  which  they  convey  may  be  conceived  to  arise. 

If  we  im^ioe  a  solid  figure  indefinitely  expanded  and  extended  in  all  directions,  we  fall 
back  upou  the  idea  of  infinite  space.  If  this  space  be  conceived  to  be  subjected  to  an  ideal 
separation  into  two  paxts,  distinct  but  contiguous,  the  boundary  of  each  such  part  will  give 
rise  to  the  notion  of  a  superficies,  which  may  be  conceived  as  co-extensive  with  the  space 
from  which  it  is  derived,  and  like  it,  infinite  in  extent.  A  continuation  of  this  prooeas, 
that  is  to  say,  the  dichotomy  of  superficies  in  its  turn  into  distinct  contiguous  parts,  gives 
birth  to  the  notion  of  an  infinite  line ;  a  surface  limits  apace,  a  line  limits  a  surface,  and 
is  thus  a  limitation  upon  a  limitation ;  now  again,  conceive  a  line  to  separate  into  two 
parts  and  we  arrive  at  the  notion  of  a  point,  the  lowest  term  in  the  scale  of  geometrical 
being  ;  for  here  our  analysis  conies  to  an  end ;  we  have  arrived  at  a  limitation  of  the  third 
order  and  can  go  no  further  ;  the  point  admits  of  no  division.  Thus  it  is  we  become  able 
to  attach  a  distinct  meaning  to  the  well  known  axiom  or  definition  of  the  old  geometers, 

*  Tha  subject-matter  of  the  notion  c  idoabtedly  time ; 

thus  number,  space  and  time  may  be  said  sb  giving  Dirtn.  to 

three  pure  mathematical  theories,  viz. :  fixt  tactic  or  the 

doctrine  of  flgeregation,  and  finaUy  geomi  5  a  double  aspect 
and  admits  of  being  pursued  in  a  deseripl 
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that  "  a  point  is  that  which  hath  no  parts."  Three  several  times,  as  we  have  seen,  the 
process  of  divisiou,  of  dual  separation  may  be  applied ;  but  we  come  at  last  to  that 
which  has  no  parts,  and  whicb  consequently,  or  rather  by  the  very  force  of  the  term, 
e  of  further  division. 


To  say  that  every  solid  has  length,  breadth  and  depth,  and  therefore  that  apa«e  has 
three  dimensions,  is  to  convey  a  very  inadequate  explanatimi  of  the  fact  to  be  accounted 
for ;  for  if  we  consider  a  sphericaJ  or  any  other  body  bounded  hy  a  continuous  surface 
without  angles  Or  edges,  we  Kee  nothing  to  indicate  the  eiiatence  in  it  of  three  or  any 
other  specific  number  of  directions  of  measurement ,  it  is  true  that  thiough  the  idea  of 
quantity,  we  may  compare  any  solid  whatever  with  a  cube  of  equal  magnitude,  which  of 
course  will  possess  three  definite  directions  or  dimensions  of  linear  admeasurement ,  but 
this  is  at  best  a  very  indirect  and  imperfect  mode  of  ainving  at  the  notion  of  the  pioperfcy 
iu  question,  the  property  of  three-foldness,  inherent  as  a  quality  in  the  conception  of  space 
under  the  moat  general  and  absolute  point  of  view. 

Havii^  thus  acquired  a  notion  of  surfaces  and  lines  in  general,  it  becomes  important 
to  limit  our  attention  in  the  first  instance  to  the  study  of  the  aimiplest  forms  of  each,  and 
here  our  intuitions  evolved  by  the  latent  force  of  early  and  unremitting  observation, 
experience  and  induction,  present  our  minds  with  the  plane  and  sphere,  as  the  elementary 
forms  of  surface,  and  the  right  line  and  circle  as  the  corresponding  simplest  forms  of  lines. 

A  plane  surface  should  be  always  conceived  for  the  purposes  of  the  geometer  as  extend- 
ing out  indefinitely  in  all  directions  ;  it  consists  of  parts  capahle  of  exact  superposition 
each  over  every  other,  so  that  if  two  portions' of  a  plane  be  supposed  to  be  brought  together 
they  cannot  contain  a  closed  hollow  between  them.  A  plane  may  be  folded  down  over 
itself,  and  if  two  planes  coincide  iu  three  points,  they  must  coincide  throughout  their 
whole  infinite  extent. 

Different  as  a  sphere  and  a  plane  surface  may  at  first  sight  appear  to  be,  they  possess 
many  properties  in  common ;  the  most  striking  difierenoo  between  them,  hut  which  turns 
out  to  be  comparatively  unimportant  under  a  mathematical  point  of  view,  consists  in  the 
circumstance  of  the  plane  being  fi'ee  and  unlimited  in  extent,  whereas  a  sphere  is  a  closed 
and  bounded  surface ;  but  in  the  property  of  the  parts  of  either  being  ainjilar  inter  se, 
and  capable  of  superposition  upon  one  another,  there  is  a  perfect  resemblance  between  the 
sphere  and  the  plane.  Nor  is  it  at  all  necessary  to  consider  the  sphere  as  a  result  of  the 
idea  of  the  circle,  or  to  define  it  as  Euclid  does,  as  produced  by  the  revolution  of  a  circle 
about  its  diameter  ;  we  may  even  form  a  complete  notion  of  a  sphere  by  regarding  it  as  a 
simple  whole  without  any  express  reference  to  a  centre  or  radii,  as  a  surface  containing 
a  solid  figure  and  capable  of  moving  in  its  own  place,  without  encroaching  upon  the  neigh- 
bouring parts  of  space  exterior  to  itself. 

As  the  plane  and  sphere  are  the  simplest  of  all  surfaces,  so  the  right  line  and  circle  are 
the  simplest  of  all  lines.  The  right  line  and  circle,  like  the  plane  and  sphere,  are  each 
moveable  in  their  own  place,  that  is,  they  admit  of  their  parts  being  shifted  upon  one 
another  without  any  absolute  change  of  place  in  the  entire  line.  There  is  only  one  other 
line  in  nature,  namely  the  screw  line  (well  known  as  the  helis  or  Archimedes'  screw), 
which  possesses  this  property  of  self-similarity,  which  b  tbe  final  reason  why  all  the  simple 
mechanical  powers  exhibit  only  three  sorts  of  motion,  namely,  rectilinear,  circular,  and 
helical ;  thus  in  the  lever  and  toothed  wheels  circular  motion  is  exemplified ;  in  the  pulley 
and  inclined  plane,  rectiUuear  motion  ;  and  finally  helical  motion  in  the  screw,  such  as  is 
used  in  an  ordinary  press.  I  need  hardly  add  that  it  is  the  screw  of  Archimedes  which  has 
lent  a  now  power  to  steam  navigation,  and  which  imparts  to  the  rifled  barrel  its  sure  and 
deadly  aim. 
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The  foundation  of  the  ancient  (indeed  it  may  be  said  of  all)  geometry  is  laid  in  the 
eontamplation  of  the  properties  of  figures,  capable  of  being  drawn  upon  a  plane,  and 
especially  of  the  simplest  of  these,  namely,  the  right  line  and  circle. 

From  the  time  of  Thales,  who  flourished  about  600  years  before  the  birth  of  Christ, 
and  is  reputed  to  have  been  the  first  to  bring  geometry  from  the  land  of  the  Pharaohs  to 
find  a  more  genial  home  in  Greece,  down  to  the  time  of  Plato,  two  centuries  later,  the 
attention  of  geometers  appears  to  ha^ve  been  almost  exclusively  conSaed  to  the  study  of 
the  properties  of  these  simple  species  of  form,  and  as  derived  from  them,  of  the  sphere 
and  solid  figures  bounded  by  plane  faces. 

The  discovery  of  the  conic  sections,  attributed  to  Plato,  first  threw  open  the  higher 
species  of  form  to  the  contemplation  of  geometers*.  But  for  this  discovery,  which  was 
probably  regarded  in  Plato's  time  and  long  after  him,  as  the  unprofitable  amusement  of  a 
speculative  brain,  the  whole  course  of  practical  philosophy  at  the  present  day,  of  the 
science  of  astronomy,  of  the  theory  of  projectiles,  of  the  art  of  navigation,  might  have  run 
in  a  difierent  channel ;  and  the  greatest  discovery  that  has  ever  been  made  in  the  history 
of  the  world,  the  law  of  universal  gravitation,  with  its  innumerable  direct  and  indirect 
consequences  and  applications  to  every  department  of  human  research  and  industry,  might 
never  to  this  hour  have  been  elicited. 

This  law,  as  you  are  aware,  is  deduced  from  the  motions  of  the  heavenly  todies  in  their 
orbits;  no  correct  system  of  physical  astronomy,  no  knowledge  of  the  forces  binding 
t<^ther  the  distant  parts  of  the  universe  was  possible,  until  the  form  of  their  orbits  had 
been  correctly  ascertained  by  observation. 

It  is  to  Kepler,  Newton's  precursor,  that  we  are  indebted  for  this  important  information. 
He  it  was  who  discovered  that  the  motion  of  a  planet  is  not  circular  nor  derived  from  any 
combination  of  circular  movements,  as  was  previously  supposed  to  be  the  case,  from  a 
perfection  idly  supposed  to  be  inherent  in  that  figure,  which  rendered  it  alone  worthy  to 
image  the  movements  of  the  heavenly  bodies.  Kepler  discovered  that  the  true  form  of 
a  planefs  orbit  ia  that  of  an  oval  perspective  projection  of  a  circle,  familiar  to  the 
geometricians  of  the  Platonic  school  under  the  name  of  an  elliptic  section  of  the  cone; 
such  also  is  the  general  form  of  the  orbits  of  the  moon,  of  the  satellites  to  the  other 
planets,  and  in  a  word  of  all  the  bodies  in  nature  revolving  about  centres  of  force,  subject 
only  to  deviations  of  more  or  less  consequence,  arising  from  disturbing  forces  for- which 
geometry  is  perfectly  able  to  account.  Thus  (as  I  have  said)  it  was,  that  the  way  was 
laid  open  to  the  discovery  of  this  great  secret  of  nature.  Little  could  Plato  himself  have 
imagined,  when,  indulging  his  instinctive  love  of  the  true  and  beautiful  for  their  own  sakes, 
he  entered  upon  these  refined  speculations  and  revelled  in  a  world  of  his  own  creation, 
that  he  was  writing  the  grammar  of  the  language  in  which  it  would  be  demonstrated  in 
after  .^es  that  the  pages  of  the  universe  are  written. 

As  Plato  and  Pythagoras  before  him,  the  two  greatest  philosophers  of  ancient  times, 
have  stamped  their  names  upon,  and  indissolubly  associated  their  memories  with  the 
history  of  the  geometry  of  their  period,  so  the  new  geometry  which  has  arisen  in  later 
days,  and  achieved  still  higher  triumphs  than  ite  elder-born  sister,  may  be  said  to  have 
taken  its  origin  in  the  methods  invented  by  Descartes  and  Pascal,  the  great  philosophical 
luminariM  of  modem  times.  It  may  be  doubted  whether  Newton  could  have  ever  risen 
to  the  heights  which  he  attained  had  not  Descartes  lived  and  written  before  him,  and 
it  inay  be  difficult  to  pronounce  the  existence  of  which  of  the  two,  Kepler  or  Descartes, 
ought  to  be  considered  as  the  more  essential  link  in  the  order  of  events  prepared  by 
*  Here  the  Lecturer  with  the  aid  of  a  model  showed  how  the  diSerent  speoies  of  plane  eonios 
may  be  obtained  from  the  diaseotion  of  a  solid  eone. 
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providence,  to  furnish  the  materials  to  be  elaborated  bj  the  genius  of  Newton  and  to  fit 
it  for  its  lofty  appointed  work. 

But  I  must  not  allow  myself  to  be  tempted  into  the  facile  and  seductive  path  of 
historical  inveat^ation  or  compariaoa,  which  would  carry  me  far  beyond  the  Umits  which 
I  preacribed  to  myself  at  the  outset  of  this  discourse,  or  than  I  can  hope  to  carry  your 
indulgent  attention  along  with  me.  For  obvious  reasons  also  I  think  it  wonld  be  inex- 
pedient to  attempt  in  this  place  a  description  of  the  difference  between  the  spirit  and 
methods  of  the  ancient  and  those  of  the  modem  schools  of  geometry.  I  shall  prefer  to 
occupy  the  short  remaining  period  of  the  lectiire  with  inviting  your  attention  to  a  distinc- 
tion which  lies  deeper  in  the  suhjeet-matter  of  the  science  itself  being  dnwn  from  its 
relation  to  the  tw  3  leading  attnbutos  c  f  space  namelj  magn  tude  and  duection  I  allude 
to  a  distmcticn  wiuch  or  the  like  to  which  runs  through  eveiy  1  lanch  f  mathematical 
speculatii  n  nl  has  its  anilogie  even  n  the  ntu  fy  f  the  mtui  1  ocencsH  such  as 
chemistry    hotany  and  anit  my 

When  we  hiie  ittined  a  ceitaii  eletatun  in  our  view  f  the  =(ub]ect  and  can  look 
down  upon  the  teiritjry  wh  oh  we  ha\e  traversed  to  arrive  there  we  begin  to  iwsrceive 
that  geometry  revives  itself  naturally  into  two  great  divi  lon^  geometry  of  j  edition  and 
geometry  ot  measurement,  geometry  descriptive*  or  morphological  and  geometiy  quantita- 
tive or  metiicil  The  ancients  Uiiefly  concerned  them-iclvc's  with  the  metrical  properties 
of  space ;  the  more  subtle  and  essential  apirit  of  the  science,  however,  probably  resides  in 
the  purely  descriptive  part.  A  single  proposition  selected  from  each  may  serve  to  place 
the  distinction  between  these  two  provinces  of  inquiry  in  a  clearer  light. 

If  we  draw  any  two  triangles  upon  the  same  base,  say  for  instance  along  this  floor 
where  the  wall  meets  it,  terminating  respectively  in  two  points,  (so  chosen  that  their  line 
of  junction  ahall  be  parallel  to  the  base  line)  as  for  instance  to  two  points  in  the  line 
running  along  the  cornice  of  the  room,  it  is  easily  proved  that  the  two  triangles  so  formed, 
will  be  of  equal  superficial  magnitude  ;  this  would  be  true  although  the  apex  of  one  of 
them  were  taken  anywhere  along  tho  actual  line  of  the  ceiling,  but  the  other  in  a  prolong- 
ation of  the  cornice  stretching  out  a  hundred  miles  away.  Both  triangles  so  obtained 
would  contain  the  same  number  of  square  inches  or  square  feet,  although  the  measure 
of  one  round  ita  periphery  might  be  a  thousand  times  greater  than  that  of  the  other. 
This  is  an  example  of  a  metrical  or  quantitative  proposition.  Again,  if  we  take  a  triangle 
and  bisect  each  side  and  join  each  bisecting  point  with  the  opposite  angle,  it  is  a  known 
property  of  the  triangle  that  these  three  lines  must  meet  one  another,  not  as  three  lines 
taken  at  hazard  would  do,  cutting  out  another  triangle  between  them,  but  in  one  and  the 
same  point.  This  proposition  is  partly  metrical  and  partly  descriptive  ;  it  is  descriptive 
so  far  as  regards  the  property  of  tho  bisecting  lines  passing  through  the  same  point ; 
quantitative  in  so  far  as  the  idea  of  a  line  being  bisected  implies  a  notion  of  the  relative 
magnitudes  of  the  equal  parts. 

Propositions  however  exist  which  are  purely  descriptive ;  as  for  instance,  the  celebrated 
theorem  of  Pascal  known  undei-  the  name  of  the  Mystic  Hex^ram,  which  is,  that  if  you 
take  two  stra^ht  lines  in  a  plane,  and  draw  at  random  other  straight  lines  traversing  in  a 
zigzag  fashion  between  them,  from  A  in  the  first  to  5  in  the  second,  ffom  B  in  the  second 
to  C  in  the  first,  from  C  in  the  first  to  i)  in  the  second,  from  2)  in  the  second  to  E  in  the 
first,  from  E  in  the  first  to  F  in  the  second  and  finally  from  F  in  the  second  back  again  to 
A  the  starting  point  in  the  first,  so  as  to  obtain  ABGDEF  a  twisted  hesagon,  or  sort  of 
cat's-cradle  figure  and  if  you  arrange  the  six  lines  so  drawn  symmetrically  in  three 
couples  :  viz.  the  1st  and  4th  in  one  couple,  the  2nd  and  5th  in  a  second  couple,  the  3rd 

*  The  word  "  degoriptive  "  is  here  employed  out  of  its  technical  sense. 
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and  6th  in  a  third  couple  ;  then  (no  matter  how  the  points  ACE  have  been  selected  upon 
one  of  the  given  lines,  and  BDF  upon  the  other)  the  three  points  through  which  these 
three  couples  of  lines  respectively  pass,  or  to  which  they  converge  (as  the  case  may  be) 
will  lie  all  in  one  and  the  same  straight  line. 

This  is  a  purely  descriptive  proposition,  it  refers  solely  to  position,  and  ueither  invokes 
nor  involves  the  idea  of  magnitude.  The  esiatence,  I  will  not  say  of  a  class,  but  of  a 
whole  world  of  truths  of  this  kind,  truths  undeniably  geometrical  in  their  nature,  serves 
to  show  how  imperfect  is  the  definition  once  generally  accepted  of  geometry  (however 
conformable  to  the  etymology  of  the  word  and  the  early  history  of  the  subject),  which 
described  it  as  the  science  of  the  measurement  of  magnitude,  in  a  word  as  a  science  of 
mensuration,  which  is  in  fact  only  one  and  that  a  subordinate  division  of  the  science. 
Sciences,  true  sciences,  spring  from  celestial  seeds  sown  in  a  mortal  soil,  they  outgrow  the 
reatrictioiiB  whioh  human  shortsightedness  seeks  to  impose  upon  them,  and  spread  them- 
selves outwards  and  upwards  to  the  heavens  from  whence  they  derive  their  birth.  We 
may  write  learnedly  upon  the  history  of  geometry,  upon  its  origin,  growth,  and  apparent 
tendencies ;  but  there  is  that  within  it  which  baffles  our  predictions  and  seta  at  nought 
our  calculations  as  to  the  usee  to  which  it  may  hereafter  be  turned  and  the  form  which  it 
may  be  finally  destined  to  assume ;  that  which,  anali^ous  to  the  vital  principle  in  an 
oi^anized  beii^,  resists  the  circumscription  of  langu^e  and  defies  mere  verbal  definition. 

It  has  been  said  that  to  appreciate  what  virtue  and  morals  mean,  men  must  live 
virtuous  and  moral  lives.  It  is  equally  true,  that  a  knowledge  of  the  objects  of  science 
is  not  to  be  attained  b}'  any  scheme  of  definitions  however  carefully  contrived.  He  who 
would  know  what  geometry  is,  must  venture  boldly  into  its  depths  and  learn  to  tbink  and 
feel  as  a  geometer.  I  believe  tbat  it  is  impossible  to  do  this,  to  study  geometry  as  it 
admits  of  being  studied  and  am  conscious  it  can  be  taught,  without  findii^  the  reasonii^ 
invigorated,  the  invention  quickened,  the  sentiment  of  the  orderly  and  beautiful  awakened 
and  enhanced,  and  reverence  for  truth,  the  foundation  of  all  integrity  of  character,  con- 
verted into  a  flsed  principle  of  the  mental  and  mora!  constitution,  according  to  the  old 
and  expressive  adage  "abeunt  gtudia  in  mores." 

I  have  now  only  to  thank  yoii,  Mr  Chairma,n  and  Gentlemen,  for  the  patient  attention 
whioh  you  have  accorded  to  me,  and  to  assure  you  with  perfect  sincerity,  that  if  I  should 
have  the  honotu"  of  being  selected  by  you  for  the  permanent  occupation  of  the  chair  which 
I  this  day  fill  upon  trial,  I  shall  not  treat  the  appointment  as  a  sinecure,  nor  content 
myself  with  discharging  the  mere  duties  of  routine.  Far  otherwise!  if  accredited  by  you 
to  teach  publicly  a  science,  the  object  of  my  passionate  fondness  and  earliest  predilection, 
to  propagate  a  taste  for  which  would  be  to  me,  not  merely  a  labour  of  duty  but  of  love, 
I  should  strive,  both  in  and  out  of  the  lecture  room,  to  respond  to  the  intentions  of  your 
enlightened  and  munificent  Founder,  by  imparting  freely  to  all  who  might  approach  me 
for  the  purpose,  advice,  encouragement,  and  sympathy,  in  their  pursuit  of  mathematical 
truth,  and  I  should  labour  with  unceasing  diligence  to  evince  myself  a  worthy  successor  of 
the  many  eminent  men,  who  have  previously  occupied  here  the  chair  which  it  is  my 
ambition  to  obtain. 

As  one  who  has  given  pledges  to  the  world  of  an  earnest  devotion  to  science,  who  lays 
claim  to  the  possession  of  faculties  which  would  find  or  create  here  a  fitting  theatre  for 
their  development,  I  appeal  to  your  pubhc  spirit.  I  seek.  Gentlemen,  at  your  hands  to 
be  placed  in  a  position  which  shall  entitle  me  to  take  a  part  in  bringing  this  noble  Insti- 
tution into  connection  with  the  great  movement  of  national  education  now  in  progress 
throughout  the  land,  and  as  a  professor  in  this  place,  to  be  x>ermitted  to  dedicate  the 
past  and  future  labours  uf  my  hfe  to  the  promotion  of  the  general  good.  The  privilege  to 
be  useful  is  the  crown  of  honour  which  I  covet,  and  which  it  ia  iu  your  power  to  bestow. 
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NOTE  ON  SIR  JOHN   WILSON'S  THEOREM. 

[Cambridge  and  Dublin  Mathematical  Journal,  ix.  (1854),  pp.  84,  85,] 

The  following  is  probably  the  beat  and  the  briefest  mode  of  deducing 
Sir  John  Wilson's  Theorem  and  its  cognate  Theorems  from  Fermat's.  1  can 
say  nothing  as  to  its  originality. 

p  being  any  prime  number,  let 
(x-l)(a:-2){a:-S)...{a:-(p-l)]^xP-'+A,xP^  +  A,x''-'  +  &o.  +  Ap_,. 
Let  x  successively  take  the  values  1,  2,3,...{p  —  l);  then  to  modulus  p, 
by  Fermat's  Theorem,  we  have 

a:P'-^  +  Ap_^  =  l+A^„  say  A„, 
and  we  derive  the  {p  —  1)  congruences  to  modulus  p  : 

Ao  +  A^  +  A^  +  A, +    ^,^,  =  0, 

A,  +  2P-'A,  +  2P-M,  +  2i'-'A^...  +  2Ap_^  =  0, 
A,  +  3P-^A  +  ZP-'A^  +  Sv-^A^ ...  +  3Ap^  =  0, 


A,  +  {p-l)v-^A,  +  {p-l)P-'A^  +  (p~l)i^A,...  +  (p~l)Ap^^O. 
Now  the  determinant  formed  by  the  coefficients  of 

A^,  Ai,  Aji:  .--  Ap_2 

is  1 .2.3 ...  (p  —  1)  multiplied  into  the  product  of  the  differences  of 
1,  2,  8, ...  (p  — 1),  and  is  therefore  incongruent  to  zero  for  the  modulus  p. 
Hence,  there  being  (^  —  1)  independent  homogeneous  congruences  between 
(p  - 1)  quantities,  each  of  these  quantities  must  be  congruent  to  zero, 
that  is 

A  =  0,  A,~0,...Aj^^  =  0  [mod.  p]. 
The  congruence  A„mO,  that  is  1 +  1 .2.3  ...  (p-1)  =  0  [mod. p],  is  evidently 
Sir  John  Wilson's  Theorem.  We  see  also  (by  virtue  of  the  remaining 
equations)  at  the  same  time,  that  the  sums  of  the  binary,  ternary,  &c.,  up 
to  the  (p  -  2)""  combinations  of  the  numbers  1,  2,  3,  ...(p-l),  are  all 
severally  congruent  to  zero  to  the  modulus  p ;  that  is,  are  all  divisible  by 
that  number. 
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ON  THE  CALCULUS  OF  FORMS,  OTHERWISE  THE  THEORY 
OF  INVARIANTS. 

[Continued  from  p.  422  of  Volume  I.  of  this  Meprint'} 

{Cambridge  and  Dublin  Mathematical  Journal,  ix.  (1854),  pp.  85—103.] 

Section  VII.     (Continued.) 

Befoke  proceeding  further  I  must  guard  against  a  misconception  as  to 
my  meaning  to  which  the  modification  of  the  title  of  this  memoir  might 
give  birth ;  it  is  not  to  be  understood  that  I  regard  the  Theory  of  Invariants 
as  coextensive  with  the  Calculus  of  Forms,  but  only  with  a  certain  portion 
of  that  Calculus  which  is  hei-e  exclusively  treated  of;  the  Calculus  of  Forms 
itself  has  for  its  subject-matter  the  whole  theory  of  the  Oompraition, 
Decomposition,  and  Compaj?ison  of  Forms,  In  the  theory  of  invariants  the 
composition  of  single  forms  with  sets  of  linear  forms  is  alone  considered, 
and  the  idea  of  invariance  must  be  regarded  as  a  transient  idea  arising  out 
of  an  artificial  mode  of  viewing  the  effects  of  composition,  so  as  to  ignore  the 
presence  in  the'result  of  factors  which  depend  on  the  resultants  of  the  linear 
forms  employed,  which  resultants,  although  in  this  portion  of  the  subject 
treated  as  mere  moduli  and  as  such  generally  supposed  to  be  reduced  to 
unity,  yet  in  regard  to  the  general  theory  are  as  important  aa  the  factors 
which  are  retained  as  the  sole  objects  of  contemplation;  so  that  in  fact 
the  idea  of  invariance  is  but  a  special  and  it  may  be  said  accidental 
notion  which  merges  in  the  more  general  notion  of  permanency  of 
character  in  the  resultant  of  forms  compounded  in  a  given  manner  out 
of  given  fonns.  Again,  as  to  combinants,  the  idea  contained  in  this  word 
may,  by  a  change  in  the  mode  of  statement  of  the  definition,  be  extended  to 
functions  of  unlike  degrees.  A  combinant  of  U,  V,  1^,...,  all  functions  of 
the  same  system  or  systems  of  vaiiables,  is  in  fact  only  another  name  for 
invariants  of  the  function  XU  +  /mV+  vW+&}0.,  where,  over  and  above  the 
sets  of  variables  contained  in  U,  V,  W,...  there  is  a  new  correlated  set 
of  variables  X,  jj.,  v,  &c.  So  now,  more  generally,  if  U,  V,  W, ...  are  of 
p,  q,  r, ...  dimensions  in  one  set  of  variables,  of  which  the  highest  number 
is  I,  if  X  is  taken  o{  I  ~  p,  ft  of  I  —  q,  v  of  I  —  r,  &c.  dimensions  in  the  same, 
the  functions  X,  fi,  v,  &c.  being  each  the   most  general  of  their  kind,  any 
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invariant  of  \U  +  ixV+vW -\- ...  which  is  such  as  well  in  respect  to  the 
coefficients  in  X,  /i,  v, ...  which  must  be  considered  as  forming  a  set  among 
themselves,  as  also  in  respect  to  the  set  of  variables  in  E7,  Y,  W,...  will  be 
a  combinant  to  the  system  JJ,  V,W,...\  and  so,  more  generally,  if  t/,  "F",  W, ... 
contain  several  (say  i)  unrelated  sets  or  systems  of  sets  of  variables,  we  must 
form  in  an  analogous  manner 

\,A3...  \iU  +  /i^/i^...  /J^V  +  V:iVi  . . .  ViW+&0., 

and  then  an  invariant  in  respect  to  the  i  given  sets  in  U,  Y,  W,..,  and  the 
inew  sets  eontaiiied  in  (X,,  jm,  I'l,...),  (\,  /I3, ...  v^,  &c.  (\i,  (h,  j>i,...)  will  be 

a  combinaat  to  the  system  U,V,W, Perhaps,  however,  a  more  immediate 

extension  of  the  idea  of  combinants  to  the  case  supposed  of  i  unrelated  sets 
or  systems  of  sets  would  be  to  take,  instead  of  X^Xg ... Xj,  ^^5.../(i,  &c.,  the 
perfectly  general  forms  of  the  same  degrees  in  each  set  of  the  variables  as 
these  quantities  are  respectivelj'  of  the  same ;  to  use  these  genera!  forms,  the 
coefficients  of  which  will  constitute  not  t  new  sets  but  a  single  new  set 
of  variables,  as  the  syzygetic  multipliers  to  U,  Y,  TT, ...,  and  then  the 
invariant  of  the  corresponding  conjunctive  in  respect  to  the  i  original  sets 
or  systems  of  sets,  and  the  one  new  set  of  variables  thus  obtained  will  be  a 
combinant  to  the  given  system  of  functions*.  As  a  matter  of  punctilio 
I  may  here  take  the  opportunity  of  observing  that  the  process  for  obtaining 
the  relation  between  E^,  t3  (inadvertently  written  13),  and  R,  would  have  been 
more  perfectly  symmetrical  to  the  eye  had  the  equation  for  W  [p.  416  of  Vol.  I,] 
been  written  t  (a^  —  y^)  —  Wia  lieu  of  a  (y"  —  z')  =  W.  I  now  return  to  take 
up  the  subject  from  the  point  where  it  was  brought  to  a  close  in  the  last 
number  of  the  Journal. 

Let  us  consider  what  the  equation  (A)t  becomes  when  JJ,  V,  W  become 
the  first  partial  derivatives  (qui  x,  y,  s)  of  a  single  homogeneous  cubic 
function  yjr,  so  that 

U^^       F=^       W^^- 
das'  dy'  dz  ' 

&  then  becomes  the  Hessian  of  ■^,  and  the  S  of  this  (like  every  other  invariant 
of  ^)];  may  be  expressed,  ss  is  well  known,  as  a  rational  integral  function  of 

*  I  propose  to  append  at  the  eud  of  the  nest  or  eoma  Bubaequent  Section  what  ought  to  have 
been  given  in  this  or  previous  place,  viz.  the  general  differential  equations  tor  any  concomitant 
to  aiij  congeries  of  forma,  comprising  amongst  them  any  number  of  variouB  distinct  (that  is 
unrelated)  olaraes  of  systems  of  seta  of  variables,  the  relations  between  the  acta  belonging  to  any 
one  aystem  being  i^upposed  to  be  either  simple  or  compound,  and  after  the  manner  of  either 
oogredieiiee  or  contragredienee;  in  fact,  to  do  this  only  requires  a  sligbt  estenaion  of  the  formulEB 
given  by  me  with  that  object  in  the  fifth  aectioc  o£  my  paper  in.  the  Pftiiosojjfttcal  Transactions 
for  the  year  1853,  Part  m,,  which  see.     [Vol.  r.,  p.  551.] 

+  Vide  last  number  of  this  Journal,  near  the  end  of  Author's  paper  therein.    [Vol.  i.,  p.  420.] 
J  I  have  given  it  perfectly  rigid  demonstration  in  the  Philoaopkical  Magazine,  in  the  early 
part  of  1853,  that  every  invariant  to  a  cubic  function  of  three  variables  is  a  rational  integral 
function  of  the  two  Aronholdian  invariants  S  and  T.     [Vol.  i.,  p.  S39.] 
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the  S  and  T  of  ■■^.     The  relation  between  bhe  S  of  the  //  and  the  S  s 
may  readily  be  obtained  from  the  canonical  form 

(i|f)  =  ic^  +  2/'  +  2^  +  ^rfixyz. 
The  Hessian  of  this  is 

( 1  +  liii?)  xys  ~  rif  {x>  -\- -if  •{■  2^), 


and  n 


/ill  be 


-  -^^-  =  /^.  the  S-  of  this  I 

6*.m«x(^-/t'). 
which  19  (1  +  2m0  ((1  +  2m')^  4-  216m«). 

That  is  1  +  8m'  +  240m"  +  464m»  +  16m'^ 

=  ( 1  -  20m=  -  8m")'  +  48  (m  -  in*f, 

where  (S)  and  (T)  are  respectively  the  S  and  f  of  (i^).  Hence  we  have  in 
general 

S.M.^p-  =  (8^p-y  +  48  (Tyjry. 
So  that   E?  becomes  2''  +  48>S'',  and  E3  evidently  from    Calculus  of  Forms 
[cf.  Vol.  I.,  p,  311]  becomes 

^(l~20m=-8m'^), 
that  is  2T,  so  that  4^  -  ^13=  =  32"^  +  192S' ; 

so  that  equation  (A)  becomes 

R=T'  +  64yS^ 
the  Aroiiholdian  representation  of  the  Discriminant  of  ■^. 

We  see  from  this  numerical  calculation  that  it  is  not  2ii  but  JSii,  which 
ought  to  receive  the  appellation  of  t3,  making  which  modification  the  general 
equation,  written  (A),  becomes 

The  E^  it  will  be  observed  is  a  compound  combinant,  being  a  biquadratic 
lunction  of  quantities  all  of  which  are  invariants  of  the  system  U,  V,  W; 
the  13  Oil  the  other  hand  is  a  sinaple  combinant  of  the  sixth  degree. 

The  general  dodecadic  combinant  E'"  may  also  in  another  manner  be 
exhibited  as  a  biquadratic  function  of  cubic  functions  of  the  coefficients 
of  the  three  given  quadratics ;  but  these  cubic  functions  will  no  longer  be 
invariants  of  the  given  quadratics.  Thus,  form  the  Jacobian  of  U,  V,  W,  that 
is,  the  determinant 


dU 

dU 

dV 

dx' 

dy- 

dz 

dV 

dV 

dV 

Ti- 

*' 

de 

iW 

dW 

dW 

dn  ' 

dy- 

d2 
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which  will  be  a  cubic  covariant  to  the  system.  The,)?  of  this  will  be  another 
form  of  K'.  So  too,  again,  if  we  border  the  matrix  to  the  Jacobian  deter- 
tnirtant  above  written  vertically  and  horizontally  with  ^,  t/,  ^,  and  call  the 
determinant  of  the  matrix  thus  formed  /',  /'  will  be  quadratic  in  the  system 
X,  y,  z,  in  the  system  ^,  ij,  %,  and  in  the  system  formed  by  the  coefEeients  of 
XJ,  Y,  W,  and  the  result  of  affecting  this  with  the  operator  2  wili  be  the  same 
as  the  result  of  the  operation  upon  fl  with  the  same  symbol ;  that  is  to  say, 
^E.I'  will  be  equal  to  13,  this  latter  symbol  being  so  taken  (as  last 
explained)  in  such  a  way  that  ZR  shall  equal  i0  —  ED',  and  each  of  the  four 
lines  in  the  operator  S  being  supposed  to  go  through  their  complete  number 
(6)  of  permutations. 

The  terms  sextic  and  dodecadic  combinants  will  not  be  sufficient  per  se 
to  characterize  E*  or  t3  (to  a  numerical  factor  prhs),  supposing  that  there  exist 
combinants  of  the  3rd  and  9th  degrees  respectively  in  the  coefficients,  in  which 
case  the  general  sextic  would  contain  two  and  the  general  dodecadic  live 
arbitrary  numerical  parameters. 

This  makes  so  much  the  more  remEirkable  and  satisfactory  the  method 
above  developed  for  finding  E'  and  l3  as  undecom pounded  forms ;  the  general 
dodecadic  combinant  at  all  events  being  rendered  indeterminate  by  virtue  of 
the  existence  of  a  sextic  combinant  above  demonstrated. 

It  is  interesting  to  evince  the  identity  of  the  S  of  the  Jacobian  with  that 
of  the  discriminant  to  the  conjunctive  of  V,  V,  W,  which  latter  has  been 
called  ^. 

Starting  with  the  canonical  forms  of  the  system  JJ,  V,  W,  and  neglecting 
the  p  and  u,  which  cannot  influence  the  result  of  the  intended  comparison, 
we  have 

I      ^-  -y,  0 

J{U,V,W)=\        0,  -y,  z 

\  gz  +  hy,     hx  +  y+fz,    gz  +  h 
^}x  (f  +  s')  +  gy  {a?  +  z^)  +  hz  {x'  +  y')  +  xyz. 
And  multiplying  by  6  and  adopting  the  same  notation  as  before  (from  the 
Higher  Plane  Curves,  p.  1S2),  we  have 

6.  =  2/     h  =  0,       h,^2k, 

(ti  =  0,      tta  =  2g,     Oi  =  2k, 

c,  =  2/,     ft,  =  2y,    cj  =  0, 

d=l. 

And  the  expression  for  iS  in  Higher  Plane  Cm-ves,  p.  184,  becomes,  omitting 

every  term  containing  Oj,  b^,  or  Cs, 

d*  ~  2^2(6,0,  +  CaCta  +  Ctsftj)  +  M  {(hhci  +  a^^iCa) 
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that  is 

so  that 

S  J"(Er,  7,  r)  =  E/=  S        u  {XU+IJ.V+VW). 

x,y,z  A,n,  r     x,y,z 

as  was  to  te  shown.  As  observed  above,  the  form  first  found  has  the 
advantage  over  the  one  just  obtained  in  disclosing  the  elements  (cubic 
invariants  to  U,  V,  W)  of  which  the  tJ*  is  a  biquadratic  function.  So, 
aoalogoiisly,  the  resultant  of  two  quadratic  functions  (P,  Q)  of  a:  and  y  may- 
be exhibited  either  under  the  form  of  the  discriminant  in  respect  to  the 
coefficients  of  conjunction  of  the  discriminant  in  respect  to  the  original 
variables  of  the  coujunctive  of  P,  Q,  or  under  the  form  of  the  discriminant 
of  the  Jacobian  of  P,  Q.  The  former  discloses  the  invariantive  composition 
of  the  resultant  which  remains  latent  in  the  latter.  As  regards  the  tj,  the 
proof  of  its  being  capable  of  the  second  mode  of  generation  above  indicated 
must,  on  account  of  the  tediousness  of  the  calculation,  be  for  the  present 
reserved ;  nor  can  I  assert  the  fact  with  entire  confidence  until  I  have  made 
a  more  complete  investigation  into  the  combinants  of  the  system  U,  V,  W, 
the  remarks  concerning  which,  in  p.  [416,  Vol.  I.],  1  wish  to  be  considered  as 
provisionally  withdrawn. 

The  analogy  between  the  invariants  of  a  cubic  form  of  three  variables 
and  a  biquadratic  of  two  has  been  frequently  insisted  upon  in  the  foregoing 
pages;  but  we  shall  now  see  that  this  analogy  has  its  foundation  in  the 
deeper-seated  analogy  which  connects  a  ternary  system  of  quadratics  of  three 
variables  with  a  binary  system  of  cubics  of  two  variables. 

We  may  suppose  the  two  given  functions  so  combined  that  the  linear 
conjunctive  IP  +  mQ  shall  contain  two  equal  roots,  and  so  take  the  form  x''i/ ; 
this  may  then  be  combined  with  either  of  the  given  functions  so  as  to  give 
a  conjunctive  of  the  form 

aaf  +  Say'  +  d^, 

and  writing  for  x  and  y,  -jj-,  -^,  respectively,  and  multiplying  IP  +  mQ  by 

^a'd,  we  obtain  for  our  standard  form 
P  =  Sio'y, 

The  resultant  of  this  system  rejecting  an  universally-irrelevant  numerical 
factor  is  1. 

Again,  write 

XP  +  IJ.Q  —  3/u;-j/  +  fix^  +  'ifisaiy"  +  jjaj^. 
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and  operate  upon  this  with  the  commutator  (say  w)  [see  Vol.  i,,  p.  30G], 


d\'    d/x 
d        d 


dx '    dy 
Keeping  one  of  the  lines  (for   example,  the  first)  stationary,  and, 


brevity,  writing  Sa,  Z^,  h^. 


d 


?,  which,  remembering  that  the  order  in  the  lines  of  these  positions 
(and  not  the  order  of  the  lines)  is  the  only  thing  to  be  attended  to,  are 
equivalent  to 


«», 

S, 

Sa, 

S, 

s», 

S, 

8a, 

8. 

8., 

I 

-3x 

8., 
8., 

8, 
S, 

+  3x 

8„ 

8, 
8. 

- 

8,. 

8. 
8. 

8., 

«. 

8„ 

K 

8,. 

8. 

8,. 

8, 

Hence  we  have  ^a  {XP  +  ii.Q)  =  -  e. 

I  need  hardly  observe,  that  in  general  for  any  two  odd-degreed  functions 
of  the  same  degree  in  x,  y,  as 

(toa:"'-l-maiic'^^i/  +  4m(m-l)ffl5a;'™-^^/^-|- ...  +  m (a,) a^T/™"' +  (o:„) )/"', 
6,3:'"  +  m6,a;™-iy  +  iwt(m-l)6afl:™~'«/=-|- ...  +m(ii)aTy'"-^  +  (6„)y", 
we  may  obtain,  in  an  analogous  manner,  the  combinant 

a„  (to)  —  m«i  (?ii)  +  ^i  (m  —  1)  a^  (b^)  +  &c. 
Moreover  it  is  easily  shown  that  when  m  is  an  even  integer  the  above 
■expression    will   remain   invariant,    although    of  course   it   is  no   longer  a 
combinant. 

Again,  the  Hessian  to  XP  +  fj.Q  will  be 

j  ficn  +  Xy,       Xx  +  fi.ey  I , 
Xx  +  fj^ey,    jiex  +  jxy 
which  is  equal  to 

e/jl'x^  +  fj?cm/  —  e^fj-'y^  +  X/j.y'-'  —  eXfian/  —  X^x^, 
which  call  H .0  {C  meaning  the  conjunctive  of  P,  Q).     Let  this  be  operated 
upon  with  the  commutator 

S^^     B^B^,     B/, 
which  call  ii. 
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Since  neither  ^=X*  nor  anp^  enters  in  H  .C,  we  have  only  to  consider  out 
o£  the  full  number  6  of  positions  the  two  effective  positions 


8a  S^  I 


Hence 
So  that 


{-^oyC'iP,  Q}Y+{^EHG(F,  Q)l  =  ii(P,  Q). 

Thus  R  is  expressed  in  terms  of  the  cube  of  a  simple  quadratic  combiLant 
and  a  eestic  compotind  combinant,  which  is  made  up  of  quadratic  invariants. 

in  X  and  y),  these  become  respectively  (to  numerical  fectors  pres)  the  quadrin- 
variant  of  the  given  function  and  the  cube  invariant  of  its  Hessian,  which 
latter  is  a  linear  function  of  the  cube  of  the  quadrin variant  and  the  square 
of  the  cubinvariant  of  the  given  function,  as  we  know  d,  priori  from  the  fact 
of  the  fundamental  scale  of  the  quartic  consisting  of  the  quadrin  variant  and 
cubinvariant  (for  a  rigid  demonstration  of  which  fact  see  the  Philosophical 
Magazine  in  the  early  part  of  1853  [Vol.  I.,  p.  599]),  and  the  expresiuon 
for  the  resultant  thus  resolves  itself  into  the  known  composite  form  of  the 
sum  of  a  square  and  cube. 

The  simple  sextic  combinant  represented  by  E.H.G{P,Q)  may  also, 
analogous  to  what  has  been  observed  concerning  the  13,  be  expressed  as 
a  commutant  (in  fact  the  cubinvariant)  of  the  Jacobian  to  P  and  Q,  but  then 
the  form  will  no  longer  disclose  its  invariantive  sub-composition.  So  too,  if 
it  were  thought  worth  while  to  push  the  analogies  to  an  extreme,  the  quadri- 
combinant  to  P,Q  might  have  been  found,  first  by  bordering  the  Hessian  to 
the  conjunctive  to  P,  Q  with  ^,  i)  horizontally  and  vertically,  and  operating 
upon  the  result  with  the  commutator 


d 

d 

£' 

dy 

d 

d 

dx' 

T^ 

d 
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dr 

3, 

d 

d 

dr 
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or  by  bordering  the  Jacobian  to  P,  Q  with  |,  ij, 
fipon  the  result  with  the  commutator 


s  before,  and  then  operating 
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I  propose  hereafter  to  return  to  the  consideration  of  the  fundamental 
scale  of  combinants  to  the  two  systems,  namely  of  three  quadratics  in  x,  y,  z, 
and  of  two  cubics  in  x,  y,  which  have  been  treated  of  in  this  section. 

Section  VIII. 

On  the  Reduction  of  a  Sextic  Function  of  Two  Variables  to  its 
Canonical  Form. 

In  the  London  and  Ediiihurgh  Philosophical  Maga^ne  for  Nov.  1851, 
after  giving  a  simple  method  for  representing  any  function  of  two  variables 
of  an  odd  degree  {ce,  y)2m+i  under  the  form  of 

where  w,,  u^ ...  Wm+i  are  linear  functions  of  x,  y  (which  form,  as  appears  from 
the  method  of  obtaining  it,  is  unique),  I  proceeded  [Vol.  i.,  p.  269]  to  show 
how  by  a  certain  method  therein  explained  the  biquadratic  and  octavic 
functions  of  x,  y,  {x,  yf,  («,  yf  could  be  thrown  under  the  respective  forms 

-it,*  +  Ma*  +  mUiUi, 

s  of  m  in  the  first  form  being  three  and  in  the  second  form 
3  one  case  depending  on  the  solution  of  the  equation 


the  number  of  val 
five,  the  quantity  i 


ithe 


«D, 


a^-W 


-0, 


where  a„,  d,,  a^,  a^,  a^  ai'e  the  coefRcienta  of  {x,  y)*  multiplied  respectively  by 
I,  I,  ^,  |,  1 ;  and  in  the  other  case,  on  the  solution  of  the  equation 
'.„,  a,,  Oa,  tts,  a^  +  X 


a,  —  ^X,         (tj. 


a^  -  iX,,        a, 


,  a^,  Oj,  d,,  (Is, 


y  Google 


4]  On  the  Calculus  of  Forms  19 

being  the  coefficients  af  (x,  yf  multiplied  respectively  by 

1'  i'  2gi  ^S'  A'  s'ff'  ^>  i'  1- 
Before  proceeding  to  investigate  the  theory  of  these  methods  of  reduction 
under  any  more  general  point  of  view,  it  will  be  convenient  to  seek  to  obtain 
the  representation  of  {x,  y)^  under  some  analogous  form. 

It  might  at  first  te  supposed  that  the  corresponding  form  should  be 
Ml"  H-  Mj^  +  i*3°  +  mu-^u^ii^ ; 

if,  however,  the  method  which  succeeds  for  the  quartic  and  oetavic  functions 
be  attempted  to  be  applied  to  this  it  will  be  found  entirely  to  fail.  Here, 
however,  considerations  of  a  purely  morphological  character  step  in  to  our  aid 
and  immediately  lead  to  the  true  canonical  representation  of  the  sextic 
function.  Algebraically  speaking,  the  only  connexion  between  two  identical 
forms  F  and  F  is  through  the  equation  F  —  ■\jr~^ -^p-F ;  but,  morphologically 
considered,  a  form  F  may  admit  of  being  derived  by  a  series  of  entirely 
heterogeneous  operations  from  itself.     In  general,  supposing 

F(a:,  1/)  =  oaf"  +  nbx'^^^y  +  Sec. ...  +n(b) ay^'  +  {a)y'^, 
the  form  f  J^  +  f- ,|  +  ... +f,..-.  j|- +  ,- _^|j, 

operating  upon  any  concomitant  to  F  will,  we  know  (from  the  law  of 
reciprocity  in  Section  iv.),  produce  another  concomitant.  The  operative 
form  above  written  is  termed  the  evector,  and  the  result  of  operating 
therewith  upon  a  concomitant  is  termed  the  evectant  of  the  latter,  which 
is  said,  when  so  operated  upon,  to  be  evected*.  The  polar  reciprocal  of  the 
evector  may  be  termed  the  contravector,  and  for  two  variables  is  of  course 
of  the  form 

If  we  suppose  n  to  be  eveo,  F(ci!,  ij)  will  have  the  well-known  quadrin- 
variant 

(t(a)-iii(6)  +  ^ji(n-  l)c(e)  +  &c., 

and  if  this  be  operated  upon  with  the  contravector,  or  if  we  like  so  to 
say,  be  contra vec ted,  we  recover  the  original  function  F,  so  that  any 
function  of  two  variables  of  an  even  degtee  i'^  the  contmeet  of  it? 
quadrin  variant. 

*  These  terms  "evector,  eveotaiit,  oontra^e  tant,  to  e^ect  iiid  ontiiiei,!  will  ol  ccucse 
admit  of  an  immediate  extension  to  functions  of  an^  niimbei  of  mailables  Eveotion  gives  use 
to  contrayariants,  contjavection  to  coTanaiits ,  but  on  tbio  account  to  interohauge  the  meacuigs 
reapeotiyely  attached  to  the  teiras  evector  and  oontravectoi,  and  then  respective  allied  term= 
would  be  a  simplification  too  dearly  purcbased  at  tbe  e^pen'^e  of  i-ootraveamg  the  pnnr iple  that 
tbe  ■word.for  the  base  thould  he  (ic  basr  ft    the  loord 

2—2 
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If  now  we  return  to  the  repreaenfcation  of  («,  y)*  under  the  form 

and  make  i(i%  =  F^  {co,  y) ; 

or  to  that  of  (x,  yf  under  the  form 

and  make  UiU^u^Vi  —  Fi{w,  y), 

the  outstanding  terms  multiplied  ty  the  parameter  m  may  be  regarded  in 
each  of  these  two  cases  as  the  squared  contravects  of  the  quadrinvariants 
^5  and  F^  respectively.  Under  this  point  of  view  we  at  once  see  a  ground 
for  the  proved  fact  of  {x,  yf  not  being  capable  of  being  thrown  under 
the  form 

where  M1M2M3  =  ^3  («,  y), 

because  there  exists  no  quad rin variant  to  Fs{a:,  y),  the  only  invariant  which 
it  possesses  being  the  discriminant  which  is  of  the  fourth  degree ;  if  however 
instead  of  7n[Fs{3:,  y)Y  we  \vrite  mFsix,  y^G^ix,  y),  where  Gs{x,  y)  is  the 
contravect  of  the  discriminant  of  F3,  we  shall  find  that  the  method  applied  to 
the  reduction  of  (a?,  y)*  and  to  (x,  yy  will  perfectly  well  succeed  for  (x,  y)",  as 
I  proceed  to  demonstrate. 

Let  this  function  be  written  under  the  form 

a^a^  +  Qoioi'y  +  XSojO^i/^  +  ^Oa^x^y'*  +  l^a^x^y*  +  Qa^xy^  +  Wa^", 
which  suppose  made  equal  to 

{p,x  +  q.yf  +  {p^x  +  q^yf  +  {p,x  +  q,yf 

+  {Ao?  +  ^Ba?y  +  Wxy""  +  Dy'')  {Lx^  +  Mx'^y  +  Nxy''  +  Py^)  ; 
where 

{p,x  +  q,y)  (p^x  +  q^y)  (p,x  +  q,y)  ^  Ax' +  SBx'y  +  SOx-y'  +  Df  ; 
the  discriminant  of  this  will  be,  as  is  well  known, 

^=D'  +  A>AG'  +  4>DB'  ~  3£>C=  -  6ABGD, 
and  contraveeting  this  with  the  operator 

and  ideotifyiug  the  result  with  Lx^  +  Ma?y  +  Nxy^  +  Py^,  we  have 
L  =  -  6ABC  +  2A'D  +  iB', 
M=(>ABD-12A0'  +  SB'0, 
N--liA0D  +  12DB'-eB0% 
P  -  BBCD  -  iAl>  -  tC: 
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A,  B,  0,  D  are  known  functions  of  pi,  p^,  ps]  q^,  q^,  q^,  and  we  shall  have 
seven  equations  for  determining  these  six  unknown  quantities  and  the  un- 
known parameter  m. 

Let  qi—Pi\,     qi  =  PsMS     qs  =  Pi\< 

\+\  +  \  =  ^S,,      X^ka  +  W  +  X,X^  =  oS;,      XiX^Xs^Sg, 
p,p,p,  =  m. 
Then  A^m,     35  =  3ms„     3C  ^  3ms„     D  =  s,. 

Z  =  m»  (is,*  -  &s,s^  +  2S3), 

JV=m'(12s,^Ss-  6s,V,  -  eSiSs), 
P  =  m"  (+  6s,Si53  --  fea"  -  2Ss'). 
Let 

(^»^  +  dBay'y  +  SGsoy^  +  Bf)  {La?  +  Jlfo^i/  +  Nwif  +  Pf) 

Then,  equating  this  term  for  term  with 

^-i"  {a:  +  p^yf  +  X,=  (^  +i)^y)'  +  X,"  {a:  +  ps»"  +  I^T, 
we  obtain  the  seven  equations  following : 

pi>'   +    K    +    P/    +    /'■ffo  =  ra„  (1) 

JJ.^  +^'2"^.  +pa''X3  +  ^K,=a,.  (2) 


Eliminating  linearly 

pA         pi\  Va    between  equations  1. 

f^Pi,     ^p/,  J^Bps"         -                 -  ^ 

^iPi,     ^'Pa'^i  i^a'Pa"          i>                     ■>  3 

^I'pl".    ?^/p/l  x/p/        ..                ..  4 


(6) 

m 

2,  3,  1, 

3,  4,  5, 

1,  5,  6, 

5,  6,  7, 
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we  obtain  the  four  equations  following,  namely, 

OoSs  —  3a]  S3  +  SttsS,  —  tta  =  /i^oi 
OiSj  —  SOaSa  +  SasS]  —  ((4  =  ^^,, 
OjSj  —  SajSa  +  SatS^  -  a^  =  ^^2, 
ofjSs  —  3«(Sg  +  SajSi  —  Os  =  /i^3, 

where  &,  =  Ka- iK,s,  +  ,%K,,,  -  ^K, 

=  ,'5  (mK.s,  -  80ir,»3+ i2*r,g,  -  sir,), 
a,  -  j-sr.s,  -  A-^,0. + AJT.a  -  A-S'. 

=  A  (K'-K'.".  -  is-B'as,  +  9iir.»,  -  li:.), 

a,  =  ijK,8,  -  i,EA  +  A-'f.'.  -  J-S^= 

-  Ai*-*^!'.  -  s-'f.'.  +  12-sr.s,  -  loiT,), 

!i.  -  AJr.s,  -  Aif.»,  +  JiT...  -  AT. 

=  A  (sJf.s.  -  i2-ff.».  +  30-6r.»,  -  60ir,), 

and 

i  ^,  =  -  .  4  =  ■'"■'  -  6"i".  +  2s., 

2_  j^^  _  M±i^  _  (6V»,  +  6«.s.  -  12s.-)  +  3s,  (Is,-  -  6s,s,  +  2,, 
=  12s,^  -  12s,-S3  +  12s,s,  -  12s3-, 

— ;  K„  — =  (12Si=S,  —  OfiiSa'  —  DSoSs) 

+  (18s,»s,  +  ISs.'s,  -  365,5^'') 
+  (12si's2  —  18*1%^  +  6%Sb) 
=  30si>Sa  +  SOsi^Sa  -  60s,Sa= 

l.ir.  =  4^+-i™±?^±_^i  .  (6,,s.s.-  4S..-2S..) 

+  (36Si'S3  -  18si=g2=-  ISsiS^Ss) 

+  (isi'Sj  —  6S1S5S3  +  2sa') 

— :A:i  = , =  loSi^SsS,  —  12s,s,'—  6s,  V 

+  36s,=Sa53  -  ISs^Sa"  -  ISs^^Si 
+  63^8283  +  fiSiSa"  —  ISSj^Ss 
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iif.  =  ^-?-6 


therefore  — ^  =  2iQs,''S.  -  Sms,s,s.  +  I20s,^ 

-  S60s,%  +  360s,=s/  -  360s,  s,S3  +  3605/ 
+  360si%a  +  3G0si%  -  720s,"5j^ 
-120s/ss  +  120s/ 

=  120  (s/  +  isj'  +  4s,'S3  -  3si^Ss^  -  CSiSb^s), 
that  is  %  =  2/j. (A^D^  +  iAC'-\- 4DB' - S&G^ - 6ABGD). 

Again, 

— -  =  120S/S,  -  l2Qs,%S:,  +  l20sA^  -  UOs^-'s^ 

-  S60s,W  ~  •Sms,^s^S:  +  7205iV 
+  360Si^s,-360s,s„= 

-  24:0ai%Si  +  120siS/  +  120s,S2^Ss 

=  120  (siS/  +  4s,Sa=  +  4si^S3  -  3si=52=  -  Gs^^s^Ss) ; 
therefore       %  =  2fi(A''&  +  iAC'+ iDB' -  3B^C''-QABCD)s,. 
Again, 

^^  =  120s,-'fi,s,  4-  120si=V  -  24>0s,s^^s, 
"360si=S2S3  + 36062^ 
+  720Si^S3Sa  ~  360Si'Sa'  -  S60SiSa^S„ 

-  ISOSi's/-  120s,82''Ss+  120fi3*+  ISOSjSa^ 

=  120  (s^ss^  +  4V  +  4s,^SsS,-  Ssi^s,^  -  6siS„'s,), 
therefore      &,  =  2fi  {A'^D^  +  4AC^  +  4DB'  -  3jS=(?^  -  6^i#CD)  s,. 
Finally, 

^^=120si»V-120s,=s, 

-  t'lOsi's^^  +  SeOsiSs'  +  360^^5 

+  3608i'53=  +  360s.^sa^s,  -  360sis,*  -  SGOs^s^s^^ 

-  SeOSi'SaV  +  240s5'Sa+  1205/ 

=  120(S3^+4s/Sa  +  4s,'S3=-3Si^55^Sa-  esiSaV). 
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therefore       ^,  =  2/i  (A=i>=  +  ^AfJ'  +  4i>5^  -  35^(7^  -  &ABOD)  s,. 
Hence,  writing 

2n(A'D'  +  iAO'  +  iDB'  -  SB^C  -  6ABCD)  =  p, 

the  four  equations  connecting  a^,  a,,  a^,  a^  with  \.  'iti,  ^2,  %,  take  the  form 

OoSs  —  SOiSj  +  SOaSi  —  (ttg  +  p)  =  0, 

OlSj  —  SOjSa  -•-  3  (CSs  —  ^p)  §1  —  0-4  =  0, 

ajSa  —  3  (da  +  ^p)  s,  +  Sa,Si  --  a^  =  0, 

(%  -  p)  -  SttjS,  +  3a^i  -  a,  =  0. 


Hence  we  (derive  the  equation  involving  only  the  known  ( 
given  function  for  finding  p,  namely,  the  determinant 


efficients  of  the 


(K) 


If  in  this  matrix  p  be  changed  into  —p,  the  determinant  evidently 
remains  unaltered  in  value ;  hence  the  odd  powers  of  p  disappear  from 
the  equation,  and  p  may  be  found  by  the  solution  of  a  double  quadratic 
only.     In  fact  the  above  equation  for  finding  p,  expanded  out. 


/2  [  eta,  as  I 
U  I  a,,  a,  I 


2  I  tt],  cts  1 

3  I  as,  ar,  \ 


M3,    Cts 


1  I  Oo,  as  [■ 
9  I  «3,  ct„  I, 


'1.0; 


(h. 


0^6. 


(h   I 


p*  +  (loa^dj  —  6a,  ds  —  lOdj"  +  HoCio)  p^ 
(Ij,      da,      Oi, 
«s,       Ob, 

ctj,     cts,     as 

»«.         «B.         «■!> 

the  coefficient  of  p°  being  the  well-known  quadrin variant,  and  the  final  term 
the  meiocatalecticizant  of  the  given  function.  There  will  consequently  be 
four  different  values  of  p  and  four  different  systems  of  values  of  s,,  s^,  «,, 
expressible  for  each  system  respectively  in  terms  of  p  by  means  of  any  three 
out  of  the  four  equations  (R),  and  consequently  there  will  be  four  systems  of 
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values  of  X,,  X,,  X^,  each  of  which  may  be  found  separately  by  solving  the 
cubic  equation 

X^-3s,V  +  3sA-S5  =  0; 
also  K,„  K„  K^,  K3,  Ki,  K^,  K,  become  known  multiples  of  m',  and  finally, 
the  values  of  any  \  and  K  system  being  thus  determined,  we  may  then,  by 
means  of  the  identity 

+  um"  i —^  it^  ■] — -'  of  u  +  Sic.  + —^,  vA  =  anX^  +  Qa.x'-y  +  iic.  +  agV^, 

write  down  at  will  any  four  equations  out  of  the  seven  equations  therefrom 
resulting,  and  these  will  serve  to  determine  linearly  the  values  of  p^^,  p^,  pi, 
fim' ;  and  consequently,  by  meaos  of  the  equations 

q1.=Plp^,     q^=p^p2.     g3=p^ps, 
q„  q^,  §3  are  known,  and  consequently  every  coefficient  in 

( Pi«  +  qnff + (Pirt!  +  qfiif + (paic  +  q^yf + /tiff 

is  completely  determined.     But  we  shall  hereafter  return  to  this  theory,  and 
seek  for  a  direct  method  of  finding  the  four  values  of  the  functions 
(piic  +  g-jj/),     {p^ss-Vq^y\     {p^x-Vq^y). 

It  appears  from  the  above  investigation  that  there  are  four  modes  of 
throwing  (jb,  -yf  under  the  assumed  form  which  possess  the  remarkable 
property  of  separating  into  two  pairs  of  modes,  as  is  obvious  from  the  fact 
of  the  resolving  equation  in  p  having  two  pairs  of  roots,  those  of  the  same 
pair  being  equal  but  of  contrary  signs.  As  this  form  will  be  of  extreme  value 
in  studying  the  invariants  of  {x,  yf,  it  may  be  well  to  consider  the  simplest 
shape  to  which  it  admits  of  being  reduced. 

We  nlay  suppose  {^p^x■\-qiy){^p^x■\-q^y){p33^■\-q3y')  thrown  under  the 
form  of  «'  +  ^',  the  contravectant  of  the  discriminant  to  which  in  respect 
to  M  and  V  \%  1?  ~  1^,  so  that  we  may  use  for  the  canonical  form  the 
expression 

a  (m  +  v)^  4-  &  (m  +  pvf  +  c  (w.  +  p'  y)"  +  y;^  (it"  -  «^), 
where  p^  —  \\  or  if  we  please,  more  simply 

a.  («  +  ti)'  +  6  (m  +  pvf  +  c  («  +  p'vf  +  w«  -  vK 

T  may  take  this  occasion  to  observe  that  there  are  generally  two  modes 
of  a  distinct  kind  for  obtaining  any  simple  concomitant;  the  difference 
(a  most  important  practical  one)  consisting  in  the  circumstance  that  in  the 
one  mode  there  are  differentiations  to  be  performed  in  respect  to  the 
coefficients,  the  consequence  of  which  is  that  the  whole  of  the  operations 
must  be  gone  through  for  obtaining  the  concomitant  with  the  primitive  in  its 
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most  general  form,  and  no  advantage  can  be  taken  in  the  course  of  these 
operations  of  the  simplification  resulting  from  the  absence  of  any  terms 
in  the  primitive  or  of  any  other  speciality  therein ;  whereas  in  the  other 
mode  of  derivation,  where  ail  the  differentiations  have  to  be  performed  qua 
the  variables  only,  the  partial  form  may  be  operated  with  throughout.  Thus, 
for  instance,  to  find  the  contraveetant  to  the  discriminant  of  a  cubic  function 
the  general  form  of  the  cubic  must  be  employed,  and  then  the  special  values 
of  the  coefficient  corresponding  to  a  specific  form  of  the  cubic  substituted  at 
the  close  of  the  operations ;  but  this  same  concomitant  may  also  be  obtained 
by  taking  the  resultant  of  the  first  emaiiant  of  the  given  cubic  and  of  the 
first  emanant  of  its  Hessian  in  respect  to  the  vai-iables  of  emanation,  and 
consequently  the  specific  form  may,  after  this  mode,  be  retained  from  the 
first.  Thus,  if  we  start  with  v?  + 1>',  the  Hessian  is  uv,  and  the  two  emanants 
in  question  will  be  u^u'  +  ifv'  and  vu'  +  uv',  the  resultant  of  which  in  respect 
to  u'  and  v'  is  u'^  —  v'^;  or,  again,  if  we  commence  with  uvw  subject  to  the 
relation  that  m  +  u  +  w  =  0,  the  Hessian  will  be 


0, 


1  i 


that  is  to  say,  u^^v^  +  ii^  —  2uv  -  2![W  —  2vw. 

The  two  emanants  will  then  be 

vvm'  ■+  wuv  +  uvw' 
(u-v-w)u'  +  (v-w-u)v'  +  (w-u-v)  lu', 
subject  to  the  relation 

and  taking  the  resultant  of  these  three  equations,  or,  which  is  the  same 
thing,  of 

vwu'  +  wuv'  +  M!W', 
Mi*'  +  yv'  +  ww'. 


we  obtain  the  determinant 


which  is  equal  to 


■„{v-w)  +  t>ni(w-u)+miu-v), 
that  is  to  say  (it  —  v){v  —  w)  {tu  —  m). 
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Hence  another  variety  of  the  external  shape  to  which  the  canonical  form  for 
the  scxtic  function  of  x,  y  may  be  reduced  will  be 

au''  +  W  +  cvfi  +  II.UVW  (m  —  v)(v—  w)  {w  —  u). 
I  shall  presently  revert  to  the  theory  of  the  corresponding  mode  of 
reducing  to  their  canonical  forms  the  biquadratic  and  oetavic  functions 
of  a:,  y,  the  number  of  solutions  for  which  will  be  respectively  three  and 
five,  and  the  discovery  of  which,  as  shown  by  me  in  the  Number  of  the 
Philosophical  Magazine  before  adverted  to,  depends  upon  the  solution  of 
equations  of  the  third  and  fifth  degrees  in  p  expressed  by  means  of  deter- 
minants of  the  third  and  fifth  orders  formed  in  precise  correspondence  with 
that  of  the  fourth  order,  upon  which,  as  we  have  found  above,  the  reduction 
of  the  sextic  function  to  its  canonical  form  depends. 
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theor£me  sur  les  determinants. 


[NouveUes  Annales  de  MatMmatiques,  xiii.  (1854),  p.  305.] 


SoiENT  les  determinants 


%,  1,  0 

\  1,  0,  0 

. 

2,  X,  2 

3,  \  %  0 

0,  l,\ 

0,  %  \,  3 
0,  0,  1,  X 

X,  1,  0,  0,  0 

4,  X,  2,  0,  0 

0,  3,  X,  3,  0 

0,  0,  2,  X,  4 

0,  0,  0,  1,  X 

\  1,  0, 
5,  X,  2, 
0,  4,  X, 
0,  0,  3, 
0,  0,  0, 
0,  0,  0, 


0,  0,  0  ; 
0,0,0 
3,0,0 
X,4,  0 
2,X,  5 
0,  1,  X 


la  loi  dc  formation  est  evidente  ;  effectuant,  on  trouve 

X,     X=  -  r,     X  (X=  -  2%     {V  - 10  (X^  -  3=),     X  (X=  ~  2')  (\=  -  4^, 
(X^  - 1=)  (X=  -  3^  (X=  -  5^,     X  (X=  -  2^  (X^  -  40  (X^  -  6=), 
et  ainsi  de  suite. 
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NOTE   ON    A   POINT   OF   NOTATION. 

[Fhilosophical  Magazine,  vii.  (1854),  pp.  SO—SI.] 

It  frequently  becomes  important  in  algebraical  investigations,  and  in  the 
representation  of  results,  to  have  a  means  of  expressing  that  the  sign  +  or 
~  is  to  be  affixed  to  an  algebraical  expression,  according  as  certain  indices 
0j,  6^,  ^3 ...  S„  which  occur  therein,  and  which  represent  the  natural  numbers 
from  1  to  M  in  some  regular  or  irregular  order,  can  be  derived  from  the 
fundamental  arrangement  I,  2,  3 ...  n  by  an  even  or  by  an  odd  number  of 
interchanges.  An  example  of  this  occurred  in  my  short  paper  in  the  last 
Number  of  the  Philosophical  Magazine,  on  the  extension  of  Lagrange's  Rule 
of  Interpolation  [Vol.  i.,  p.  64i6],  where  I  used  to  denote  that  such  a  choice  of 
signs  was  to  be  made,  the  awkward  and  unsuggestive  symbol  "?"  There 
exists,  however,  a  very  simple  algebraical  mode  of  denoting  the  presence  of 
the  factor  +1  or—  1,  according  to  the  order  of  the  natural  numbers  in  the 
scale  e„0^,O^...  9n- 

^  has  been  always  consecrated  by  me  to  the  purpose  of  signifying  that  the 
product  of  the  squared  differences  is  to  be  taken  of  the  elements  with  which 
it  is  ill  regimen  ;  and  in  the  papei-  adverted  to  I  introduced  the  highly  con- 
venient new  symbol  fi  to  denote  that  the  product  is  to  be  taken  of  the  simple 
differences  obtained  by  subtracting  from  each  element  in  regimen  therewith 
every  subsequent  element  in  the  arrangement  of  the  elements  as  set  down. 
By  aid  of  this  new  symbol  t,^,  the  positive  or  negative  character  of  any 
permutation,  as  ^i,  6^ ...  6„,  can  be  completely  expressed;  for 

K^{0„  e^,  d,...  i?„)h-  ^4  (1,  2,  3  ...  n) 
will  be  +  1  or  ~  1  according  as  1,  2,  3  ...  n  and  6^,  0^,  0s...  0n  belong  to  the 
same  group,  or  to  opposite  gi'oups  in  the  natural  dichotomous  separation  of 
the  permutations  of  the  n  symbols  in  question,  and  thereby  the  desired  object 
of  giving  a  functional  representation  of  the  ambiguous  sign  is  perfectly 
attained. 
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NOTE   ON   THE   "ENUMERATION    OF   THE   CONTACTS   OF 
LINES  AND  SURFACES   OF  THE  SECOND  ORDEK." 

[Philosophical  Magazine,  vii.  (1854),  pp.  331-^334.] 

In  the  month  of  February,  1851, 1  gave  in  this  Magazine  an  a  priori  and 
exhaustive  process,  founded  upon  the  method  of  detenninants,  for  determin- 
ing every  different  kind  of  simple  or  collective  contact  capable  of  happening 
between  lines  and  surfaces,  and  in  general  between  ail  loci  {whether  intra- 
spatial  or  extraspatial)  of  the  second  order  [Vol,  I.,  p.  219].  The  question 
was  shown  to  resolve  itself  into  that  of  determining  the  number  of  singular 
relations  capable  of  existing  between  two  quadratic  homogeneous  functions 
of  any  given  degree.  My  object  in  the  paper  referred  to  was  actually  to 
calculate  the  geometrical  and  analytical  characters  of  these  contents  and 
singularities  for  intraspatial  loci,  that  is  loci  representable  by  homogeneous 
quadratics  of  two,  three,  and  four  variables;  but  I  incidentally  appended 
[Vol.  I.,  p.  239]  A  statement  of  the  number  of  such  for  loci  of  five,  six, 
seven,  and  eight  variables,  without,  however,  dwelling  upon  the  means  of 
representing  the  general  law.  This  statement  is,  however,  affected  with 
certain  inaccuracies  of  computation  which  will  be  presently  pointed  out. 

It  will  be  at  once  apparent,  from  an  inspection  of  the  principle  of  my 
method,  that  it  remains  equally  applicable  {^mutatis  mutandis)  to  the  more 
general  question  of  determining  the  relative  singularities  (in  character  and 
amount)  of  two  functions,  each  linear  in  respect  of  two  systems  of  variables 
iCi,  x^.-.x^;  x,',  x^  ...Xn',  which  species  of  functions  degenerate  into  quadratic 
forms,  when  the  two  systems  of  variables  become  identical  so  as  to  coalesce 
into  a  single  system.  Some  researches  of  Mr  Cayley  into  the  autometa- 
morphic  substitutions  of  quadratic  forms  (meaning  thereby  the  linear  substi- 
tutions which  leave  the  form  unaltered)  required  him  to  consider  the  nature 
of  the  singular  relations  capable  of  existing  between  two  linear  substitutions, 
which  is  precisely  the  <{uestion,  differently  stated,  of  the  singular  relations 


y  Google 


7]  On  the  Enumeration  of  Contacts  f&e.  31 

coiinectincr  two  lineo-linear  functions  above  adverted  to ;  accordingly,  I  am 
indebted  to  Mr  Cayley  for  making  an  observation  on  tbe  effect  of  my  rule  for 
finding  such  singularities,  which  leads  to  a  most  elegant  formulization  of  the 
number  of  singularities  in  question,  and  which  I  proceed  to  introduce  to  the 
notice  of  my  readers. 

Tf  i7and  Fbe  two  quadratic  functions,  each  of  n  variables,  and  if  we  call 
I)  the  discriminant  of  E/"  +  XF=i)(?i),  5  (A.)  will  be  a  function  of  \  of  the  lith 
degree.  Now,  first,  I  have  observed  that  if  any  of  these  n  roots  be  repeated 
any  number  of  times,  there  will  be  a  corresponding  degree  of  singularity  about 
one  of  the  points  of  intersection  of  the  loci  represented  by  ^  =  0,  V=0;  so 
that  if  the  n  roots  oi  D{X)  be  made  up  of  r-i  roots  (ti,  r,  roots  Og,  r,  roots  a,, 
&c.,  there  will  be  an  inclusive  singularity  rj  at  one  point,  r^  at  aoiother,  Tj  at  a 
third,  and  so  on — by  inclusive  singularity  meaning  a  number  one  unit  greater 
than  the  index  of  singularity  properly  so  termed ;  the  inclusive-singularity  at 
an  ordinary  intersection  being  called  1,  at  a  point  of  simple  singularity  2,  of 
double  singularity  3,  and  in  general  at  a  point  of  the  (r  — l)th  degree  of 
singularity  r. 

Hence  the  total- inclusive  singularity  (which  is  an  unit  greater  than  the 
total-singularity,  properly  so  called)  may  be  broten  up  into  as  many  partial 
heaps  of  inclusive -singularity  as  there  are  modes  of  decomposing  n  into 
integers.  We  may  now  confine  our  attention  exclusively  to  the  different 
modes  in  which  a  given  amount  of  inclusive-singularity  at  a  single  point 
admits  of  subdivision  into  distinct  species  of  singularity,  for  which  I  have 
given  in  my  paper  referred  to  the  following  rule :  The  minor  systems  of 
determinants  corresponding  to  the  matrix  of  E,^  +  X"f  are  to  be  considered  in 
succession ;  and  if  a  he  any  root  of  the  complete  determinant  of  the  matrix 
occurring  r  times,  every  hypothesis  is  to  be  exhausted  as  regards  the  mimber 
of  times  in  which  (\  —  a)  may  be  conceived  to  enter  as  a  factor  into  each  of 
the  system  of  1st  minors,  into  each  minor  of  the  system  of  2nd  minors,  into 
each  minor  of  the  system  of  3rd  minors,  and  so  on;  the  number  of  such 
hypotheses  being  limited  by  the  condition  that,  if  quoad  the  root  a,  (X  —  a)*', 
(X  —  a)*s  (X  —  a)*=  he  the  greatest  common  factors  respectively  to  three  con- 
secutive systems  of  minor  determinants,  ki  must  be  not  less  than  2^2  —  ^3. 
Here  steps  in  the  beautiful  observation  of  Mr  Cayley,  that  the  question  of 
assigning  the  different  species  of  singularities  respondent  to  the  factor  a 
supposed  to  occur  r  times,  is,  by  virtue  of  the  above  condition,  tantamount 
precisely  to  that  of  assigning  the  total  number  of  decreasing*  series  of 
positive  integers,  commencing  with  a  given  number  r,  subject 
dition  that  the  second  differences  shall  be  all  positive;  whic 
calling  the  successive  second  differences  8,  S',  8",  &c.,  is  tantamou 
alieaya  decreasing  or  inereaai 
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the  number  of  ways  that,  the  equation  r=S  +  28'  +  3S"+  &c.,  adniits  of 
being  solved  by  positive  integers,  which  is  obviously  the  same  as  the  number 
of  modes  in  which  r  admits  of  being  decomposed  into  positive  integer  parts. 
Thus  the  idea  of  partition,  which  arises  naturally  in  the  first  part  of  the 
process  (that,  namely,  of  the  decomposition  of  the  collective  in  elusive- singu- 
larity in  every  possible  way  into  modes  of  distributive  inclusive-singularity), 
reappears  quite  unexpectedly  (it  may  almost  be  said  miraculously),  and  as  the 
result  of  an  analytical  transformation  in  the  second  part  of  the  same. 

It  should  be  observed  that  the  case  of  complete  coincidence  between  U 
and  F,  which,  supposing  them  to  be  functions  of  n  variables,  corresponds  to 
the  supposition  of  the  same  factor  occurring  respectively  n  times,  (n  —  1) 
times,  (m  —  2)  times,  &c.,  2  times  and  1  time  in  the  complete  determinant, 
the  1st  minor  system,  the  2nd  minor  system,  &c.,  the  (n  —  2)th  minor  system 
and  the  (n  —  l)th  minor  system  respectively,  is  here  taken  as  the  highest  case 
of  singularity ;  this  and  the  case  of  non-singularity,  which  also  adds  a  unit  to 
the  index  of  singularity,  properly  so  called,  will  together  make  a  difference  of 
two  units  in  the  numbers  given  by  me  in  the  paper  referred  to,  which  numbers 
will  accordingly  be  3,  6,  14,  &c.,  in  lieu  of  1,  2, 12*,  &c.  We  are  now  enabled 
to  give  the  following  simple  statement  of  the  law  for  determining  the  total 
number  of  singularities  which  can  exist  between  two  quadratic  forms  of  n 
variables  (or  if  we  like  so  to  say,  more  generally  between  two  linear  substitu- 
tion-systems of  the  «th  order),  namely  the  number  of  the  singulai'ities  (including 
absolute  unrelatedness  and  entire  coincidence  within  the  purview  of  the  term) 
is  the  index  of  double  decomposition  into  parts  of  the  number  n.  To  raise  up 
in  the  mind  a  clear  conception  of  the  idea  of  double  decomposition,  we  may 
proceed  as  follows  :  First.  Suppose  a  state  of  things  in  which  a  body  is  sup- 
posed to  be  determined  completely,  provided  that  the  number  of  molecules 
which  it  contains,  and  the  different  number  of  atoms  in  each  molecule  are 
given,  the  index  of  simple  decomposition,  that  is  of  ordinary  partitionment  of 
the  number  of  n,  will  he  the  number  of  different  bodies  which  are  capable  of 
being  formed  out  of  n  atoms.  Now  imagine  that,  for  the  complete  deter- 
mination of  a  body,  another  step  in  the  hierarchy  of  aggregation  is  to  be 
taken  into  account,  and  that  we  must  know  for  this  purpose  not  only  the 
number  of  molecules  in  the  body  and  the  number  of  atoms  in  each  molecule, 
but  also  the  number  of  monads  in  each  atom ;  the  number  of  bodies  (differing 
by  definition)  capable  of  being  formed  out  of  n  monads  will  then  represent 
what  I  mean  by  the  index  of  double  decomposition  of  (or  if  we  like  so  to  say), 
to  the  modulus,  n.  And  it  is  obvious  that  this  idea  admits  of  indefinite 
extension,  and  that  we  may  speak  of  the  index  of  decomposition  of  any  order 
of  multiplicity  (single,  double,  treble,  &c.)  of,  or  to  the  modulus,  n. 

*  These  numbers  refer  to  q^uadratio  liomogeneous  funotioas,  oontaming  reBpeotivelj  3,  3,  4, 
&o.  variables.  For  the  case  of  fnnotions  oontaining  but  one  variable  there  ia  no  diBtioction 
between  coiacideaee  and  anrelatednesE,  fljld  the  number  of  modes  of  relation  m  a  Birtgle  unit. 
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For  single  decomposition  it  is  well  known  and  immediately  obvious,  that 
the  indices  to  the  successive  moduli  given  by  the  rational  numbers  in  regular 
progression  will  be  the  coefficients  of  x,  x\  a?,  &c.  in  the  continued  product 

(1  -  x)-'  (1  -  <c^)-  (1  -  «=)"'  &c.  ad  inf  ; 
calling  these  %,  n^,  %,  &c,,  it  is  of  eoui'se  obvious,  as  Mr  Cayley  has  observed, 
that  the  indices  of  double  decomposition  to  the  same  successive  moduli  will 
be  the  coefficients  of  the  same  arguments  x,  a^,  re',  &c.,  in  the  continued 
product 

(1  -  x)-"'  (1  -  it^)-"=  (1  -  af)-'^  &c.  ad  inf. ; 
and  by  aid  of  this  formula  he  has  calculated  (with  extreme  facility)  the 
indices  in  question  up  to  the  modnliis  11,  and  found  that  they  form  the  series 
1,  3,  6,  14,  27,  58,  111,  223,  424,  817, 1527,  which  accordingly  is  the  series  re- 
presenting the  number  of  singularities  capable  of  existing  between  quadratic 
loci  commencing  with  1  and  ending  with  11  variables. 

The  values  of  n^,  n^,  n,, ...  n,i,  &c.  themselves  are  given  in  Euler's  intro- 
duction, and  are  respectively 

1,  2,  3,  5,  7,  11,  15,  22,  30,  42,  56,  &c., 
which  numbers  will  accordingly  represent  to  their  respectively  corresponding 
moduli  the  number  of  classes  of  singularity,  whether  these  classes  be  defined 
with  reference  to  the  .different  modes  of  distribution  of  the  total  collective 
singularity  about  different  points,  or  with  reference  to  the  degree  of  the 
lowest  system  of  mjnoi'  determinants  of  the  matrix  to  the  determinant  to 
17+ XP"  having  one  or  more  factors  in  common,  which  latter  is  the  mode  of 
forming  the  classes  adopted  by  me  in  the  "  Enumeration." 

Let  me  be  permitted  to  express  the  satisfaction  which  I  have  felt  in 
finding  this  theory,  which  appeared  to  be  doomed  to  hopeless  oblivion,  thus 
unexpectedly,  after  three  years  of  interment,  coming  back  to  life,  and  at  once 
filling  a  desired  place  in  analytical  researches  pursued  with  apparently  a 
totally  different  ajm. 
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NOTE  ON  A  FORMULA  BY  AID  OF  WHICH  AND  OF  A 
TABLE  OF  SINGLE  ENTRY  THE  CONTINUED  PRODUCT 
OF  ANY  SET  OF  NUMBERS  (OR  AT  LEAST  A  GIVEN 
CONSTANT  MULTIPLE  THEREOF)  MAY  BE  EFFECTED  BY 
ADDITIONS  AND  SUBTRACTIONS  ONLY  WITHOUT  THE 
USE   OF   LOGARITHMS. 

[Philosophical  Magazine,  YiL  (1854),  pp.  430 — 436.] 

Introduction. 

The  remark  to  which  this  note  refers  is  not  new;  it  has  been  well 
observed  somewhere  in  Gergonne'a  Annates  (Mr  Cayley  being  my  informant), 
that  by  aid  of  the  formula  iai>  =  (a  +  by  —  (a  —  b)'  the  question  of  finding  the 
product  of  two  numbers  is  virtually  reduced  to  a  process  of  addition  and  sub- 
traction, and  of  ftading  the  values  of  two  squares  out  of  a  table  of  squares. 
If  the  two  factors  a  and  b  are  both  even  or  both  odd,  the  formula  ought  to  be 
changed  into 

/a  +  b.'      /a-b\\ 

if  one  of  them  is  odd  and  tlie  otlier  even,  we  may  employ  the  formula 

So,  again,  for  the  product  of  three  numbers,  there  exists  the  analogous 
formula 

24aAe  =  (a  +  b  +  cy~(a  +  b- cy-{b +  c- af-{c +a-by. 

Object  of  the  Paper. 

The  object  of  this  brief  note  is  to  exhibit  and  demonstrate  the  generaUza- 
tion  of  the  above  formulse,  that  is,  to  express  the  product  of  any  n  quantities 
a,,  a^,  a^, . . .  On  under  the  form  of  the  sum  of  powers  of  simple  linear  functions 
of  a,,  Oa, ...  On-     This  may  be  done  as  follows  r 
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General  Formula. 

be  disjunctively  equal  to  1,  2,  3, ...  n, 

then  2.4.6...(2«)(t,a2...  w„ 

=  (a«,  +  a«3  +  0^3  +  ...  +  dft,)"  _  S  (- Ofl^  +  Oil,  +  ...  +ag„)~ 

+  S(-0!9, -aea  +  «eB4-...  4-aaJ"  +  &c. 

+  (-)"  (-  «e,  -  a^^  -  . . .  -  «(,„)", 
which  I  call  the  principal  equation. 

Demonstration  op  the  Principal  Equation. 

Let  1^,,  0a,  ^3, ...  0^__| 

be  disjunctively  equai  to 

1,  2,  3,  ,..(m-1), 
then  it  is  easily  seen  that 

(Ms,  +  tt^3  +  . . .  +  ttft,)"  =  (%,  +  a^,  + . . .  +  «^,_,  +  (»„)" 
S  (—  do,  +  «fla  +  . . .  +  ««„)"  =  {a<ji  +  a^j  +  . . .  +  a.s,„ ,  —  «„)" 

+  2  (-  %,  +  (1^2  +  ■  ■  ■  +  i^iB-i  +  O" 
2  (-  cfe,  -  ffie^  +  . . .  +  ((^_,)"  =  2  (-  a*,  +  a^j  +  - . .  4-  «*„_,  -  «„)" 
+  2  (-  a*,  -  a.j5  +  . . .  4-  a^„_,  +  ff«)" 
&c.  =  &c. 

2  (-  «s,  -  ffisa  - ■ .  -  «»„_,  +  ae„)"  =  2  (-  a^i  -  ([^5 . . .  -  a^„ . J  +  (t*„_,  -  (t„)" 
+  (-  %,  -  0*5  ■  ■  ■  -  a*„-i  +  anT 
(-  Me,  -  daj . . .  -  dn^.i  -  cift,)"  =  (-  %i  ~  M*s  ■■■-«*„.,  -  a^)"- 

Hence  it  is  apparent  that  when  <[„  =  0,  the  right-hand  side  of  the  so-called 
principal  equation  spontaneously  vanishes;  it  will  therefore  always  contain 
a„  as  a  factor,  and  by  parity  of  reasoning  it  will  contain  every  one  of  the 
quantities  a,,  a^,  ...  a„  as  a  factor,  and  will  consequently  be  equal  to  the 
product  aida  ...  «„  multiplied  by  a  numerical  factor,  which,  by  making 
«!,  a„  ...  a„  each  equal  to  unity,  is  readily  seen  to  be 

2"x(1.2.3  ...m), 
or  if  we  please  so  to  say,  2.4.6...  (2)j).     Q.  E.  D. 
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Conclusion. 
If  ji  is  odd  and  be  called  2m +  1,  we  have 

4.6,8...  {^n)a,a<i ...  a^ 
=  (aa, +  ([9^+  ...  +  (ia„)"  -  2  (- (s»,  +  ttflj  +  ...  +«»„)" 
+  S  (-  Cte,  —  «es  +  ««s  +  ■  ■  ■  +  «e„)"  T  &C. 
+  (-)'"  (-"'^1  -  «fli  ■  ■  ■  —  t^ffm  +  "■»,„+, +  ae„  +  i+  -■■  +"*„)"; 
and  if  n  be  even  and  be  called  2m,  we  have 

4.6,  8  ...  {2n)a^(^  ...  an 
=  (ae,  +  asj+  ...  +ae„Y -%(- agj  +  ag^  +  ...  +  (ts,,)™ 
+  2  (-  flfl,  —  a^^  +  %,  +  ..,  +  agj"'  +  &c. 

+  i(-)'"  S  (— CTe,  —  «ea  ■■■  ~  "e™  +  ««„+i  +<*«,„  + s  +  -■■  +'*««)"  ^ 
where,  it  should  be  observed,  that  the  last  term  is  made  up  of  integer  parts, 
notwithstanding  the  presence  of  tbe  factor  ^,  which  factor  may  be  construed 
as  only  serving  to  denote  that,  of  any  pair  of  complementary  linear  functions 
of  those  which  enter  into  this  term,  such  as 


'^li~  ^q2---  ~''g,™  +  <^gw+i  +  '*9m 


and 


~  "9m+ 1  ~  '*?«*!  ■  ■  ■  —  i^gn  -r  u-^i  -r  u.,,  -r  . . .  -r  u-g,, , 
one  only  is  to  be  retained.     The  entire  term  is  of  course  made  up  exclusively 
of  sucb  pairs. 

Corollary. 

If  R  («,,  Ha, ...  (t„)  denote  any  symmetrical  algebraic  function  whatever  of 

will  contain  ajOsaj..,  o„  aa  a  fector.  In  this  formula  Vi  denotes  the  number 
of  combinations  of  n  things  taken  i  together. 

Postscript, 
In  constructing  a  table  of  single  entry  for  applying  the  formula 
^cih  =  {a  +  by  -{a  "by, 

that  is,  a&  =  J  (o  +  by  —  -j{a~by, 

it  is  only  necessary  to  retain  tbe  integer  part  of  tbe  quarters  of  the  squares 
of  all  the  numbers  from  2  to  the  sum  of  tbe  highest  of  the  values  of  a  and  b 
to  which  the  application  of  tbe  table  is  proposed  to  be  restricted,  because  the 
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fractional  parts  of  [ --r ■■  ■  J   and  (— ^  -i   will  always  destroy  one  another.     A 

table  for  the  multiplication  of  a  ternary  set  of  iactors  by  means  of  the 
formula 

abc^^ia  +  b  +  sy-^ia  +  b-cy^^^ia-h  +  cy-^i-a  +  b  +  cy 

will  imply  the  registration  of  the  values  of  the  Sith  parts  of  all  numbei-s  up 
to  the  highest  value  of  {a  +  h  +  c),  and  it  becomes  a  question  of  some  practical 
interest  to  determine  in  what  way  the  fractional  remainders  of  these  24th 
parts  are  to  be  dealt  with. 

The  formula  last  written  may  give  rise  to  either  of  the  two  subjoined 
cases,  according  as  the  numbers  a,  b,  c  correspond  or  not  to  the  lengths  of  a 
possible  triangle,  namely : 

or 

(2)      *.Jjir..  +  JjJ,.-ijif..-ijff.., 

the  quantities  N-^,  JV^,  ifj,  JV,  being  all  supposed  to  represent  positive 
integers. 

A  very  little  consideration  will  show,  that  if  we  neglect  fractions  in  the 
table  there  may  be  entailed  an  error  of  2,  1,  0,  or  —  1.  Whether  the  error  is, 
on  the  one  hand,  an  error  of  an  even  order  (namely,  0  or  2),  or,  on  the  other  hand, 
of  an  odd  order  (namely,  1  or  —1),  would  be  at  once  obvious  by  looking  to  see 
whether  the  formula,  after  neglecting  the  fractions,  gave  an  odd  result  when 
the  result  ought  to  be  odd,  and  an  even  result  when  the  result  ought  to  be 
even,  or  vice  versd.  And  the  nature  of  the  result  as  to  whether  it  oiigkt  to 
be  odd  or  even  could  be  immediately  inferred  from  observing  whether  a,  b,  c 
were  or  were  not  all  of  them  odd  numbers.  But  there  would  still  remain  an 
ambiguity  in  the  correction  to  be  applied  in  either  case,  arising  from  the 
doubt  whether  it  should  be  zero  or  2  in  the  one  case,  or  whether  it  should  be 
+  1  or  —  1  in  the  other  case. 

This  ambiguity  might  of  course  be  removed  by  inserting  in  the  table 
employed  the  first  decimal  place  of  ^ ,  and  increasing  the  decimal  part  in 
the  final  result  to  unity,  or  lowering  it  to  zero,  according  as  its  value  might 
be  gi-eater  or  less  than  ^ ;  and  it  would  be  easy  to  ascertain  the  limits  within 
which  the  decimal  digit  in  the  result  must  lie,  and  the  range  of  values  (of 
which  5  is  one)  from  which  it  is  excluded.  The  same  end  may,  however,  be 
gained  much  more  elegantly  and  expeditiously,  and  by  a  method  more  closely 
analogous  to  that  employed  for  the  evolution  of  binary  products,  by  the  inter- 
vention of  a  very  simple  expedient. 
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The  cubic  residues  in  respect  to  the  modulus  24  are  easily  verified  to  be 
as  follows:   0,  1,  3,  5,  1,  8,  9,  11,  13,  15,  16, 17,  19,  21,  23.     Let  the  tabular 

value  of  nj-  be  made  ht  +  ^^^  where  ^  means  the  integer  part  of  the 
quantity  within  the  brackets,  and  Kjf  may  have  any  one  of  the  three  values 
0, 1,  1,  namely : 

Kif=  0  when  the  remainder  of  JV*  to  the  divisor  24  ia  0,  1,  3  or  5 ; 

Kn  =  ^  when  the  said  remainder  is  1,  8,  9,  11,  13,  15,  16  or  17  ; 
and 

Kjf^l  when  the  remainder  is  19,  21  or  23 ; 

and  let     sr    +  ^K  be  called  the  cubic  respondent  to  N,  and  be  denoted 

by  R{N); 

N' 
and  let  the  exact  value  of  ^.r-r  be  called  R'  (N). 
24  ^    ' 

Let 

R'(a  +  b  +  G)-R(a  +  b-c)-}t'{a-b  +  c)~R'(~a  +  b  +  c) 

=  R{a  +  b  +  c)-R{a  +  b-c)-R(a-b  +  c)-R(-a  +  b  +  c)  +  A. 

If  in  general  we  write  R'  (n)  —  R{n)  =  E  (n),  A  must  be  of  one  oi'  the  other 
of  the  two  forms 

or  E(n,)  +  S  (n,)  ~E{n,)-E  (n,), 

where  n^,  n^,  n„  n,  are  supposed  to  be  ail  positive  integers.  Now  it  is  easily 
seen  that  E{ti)  always  lies  within  the  limits  isr;  that  is  to  say,  it  may 
but  can  never  transgress  these  values  in  either 


24 

direction.  Hence  it  is  obvious  that  A,  which  is  made  up  of  four  terms,  each 
of  the  form  E  (n),  can  never  be  so  great  as  +  1  or  so  small  as  —  1,  and 
consequently  A  can  only  have  one  of  the  three  values  +  i,  0,  —  ^. 

Hence,  then,  we  may  work  with  the  tabular  cubic  respondents  in  lieu  of 
the  exact  cubic  respondents ;  if  the  result  is  an  integer,  it  is  good  without  any 
correction ;  if  it  is  a  fraction,  ^  must  be  added  to,  or  taken  away  from  it. 
And  to  ascertain  which  of  these  processes  ia  to  be  applied,  it  is  only  necessary 
to  consider  whether  the  three  factors  to  be  multiplied  are  or  ate  not  ail  of 
them  odd. 

In  practically  constructing  a  table  of  cubic  respondents,  it  would  not  be 
necessary  actually  to  insert  the  fraction  ^  in  any  ease ;  a  dot  over,  or  a 
stroke  through  the  last  integer,  would  serve  to  denote  that  this  fraction  was 
to  be  understood. 
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A  table  of  quadratic  respondents  (that  is,  of  the  integer  parts  of  the  fourths 
of  the  square  numbers)  up  to  the  base  20,000,  has  been  actually  constructed  and 
published  by  a  M.  Antoine  Voisin,  under  the  title  "  Tables  des  Multiplications 
ou  Logarithmes  de  Nombrea  entiers  depuis  1  jusqu'fi  20,000,  ao  moyen 
desquelles  on  peut  multiplier  tous  les  nombrea  qui  n'excfedent  pas  20,000 
par  20,000,"  &e.  12mo.  k  Paris,  Firmin  Didot,  1817.  A  copy  of  this  is  in 
Mr  J.  T.  Graves's  valuable  mathematieal  library  at  Cheltenham. 

By  logarithms  the  author  intends  the  same  quantities  as  I  term 
respondents,  certainly  a  less  objectionable  and  safer  term  to  employ.  There 
appears  to  be  an  error  in  the  title  in  affirming  that  any  two  numbers,  not 
separately  exceeding  20,000,  may  be  multiplied  by  aid  of  these  tables,  as  the 
aura  of  the  two  factors  ought  not  to  exceed  20,000.  Mr  Peter  Gray,  ao  favour- 
ably known  to  an  important  section  of  the  public  as  the  author  of  many  useful 
tables,  has  informed  me  that  Major  Shortredd,  now  in  India,  has  computed  a 
table  of  quadratic  respondents  extending  to  the  argument  200,000,  which  he 
is  taking  measures  to  have  published.  Such  tables  would  be  very  useful  to 
computers,  as  they  would  serve  for  the  multiplication  of  any  two  numbers 
whatever  not  containing  more  than  five  figures  each.  I  should  like  to  see  a 
table  of  cubic  respondents  up  to  30,000  appended  to  this  work*. 

*  The  test  praetioal  mode  of  using  and  airanging  such  a  table  I  find,  after  mueli  thought  and 
oonsidBcation,  would  be  as  follows.  It  is  easy  to  add  two  quantifies  and  subtract  their  sum  from 
a  third  by  a  single  operation.  If,  then,  a,  6,  e  are  the  three  numbers  whose  product  it  is  required 
to  find,  they  should  be  written  under  one  another;  and  against  (a)  should  be  set  the  value  of 
a-h-c;  against  (6),  that  of  b-  a-c;  and  against  (c),  that  of  c-a-b;  under  these  three  last 
results  should  be  written  the  value  o!  a  +  h  +  c;  of  the  three  former,  two  at  least  must  he,  all  may 
be  negatiye;  their  values  arithmetically  expressed  will  be  of  the  form  £'(10,000)  + W,  where  Kie 
0,  1  oi  2.  In  order  that  the  final  process  of  combining  the  4  cubes  may  be  made  purely  additive, 
the  tables  should  show  the  values  of  (10,000)' less  the  respondent  to  K  (10,000) +W,  whenffisl 
or  2  for  all  yalues  of  N  from  1  to  9999.  These  complements  to  the  respondents  of  the  simple  or 
augmented  complements  of  N  ma;  be  termed  respectively  the  simply  and  doubly  afieoted 
respondents  of  1^.  but  in  using  the  tables  no  distinotioii  need  be  drawn  between  the  irespoudents 
and  the  affeuted  respondents.  The  arrangement  of  the  tables  will  be  as  follows.  In  each  page 
there  wUl  be  a  column  for  the  arguments,  which  will  extend  from  1  to  9999,  and  five  other 
columns  containing  respondents  and  bearing  respectively  for  their  headings  the  numbers 
2,  1,  0,  1,  2.  The  four  quantities  formed  by  addition,  or  hy  addition  and  subtraction,  from 
a,  h,  c,  will  all  be  of  the  form  Kv-^v^p^ti^  (pj,  v^,  y^,  i-j  denoting  respectively  some  one  or  other  of 
the  digits  from  0  to  9),  and  K  being  one  of  the  five  symbols  2,  1,  0,  1,  2 ;  tiie  value  corresponding 
to  y-yVii'si'i  will  then  be  sought  for  in  its  proper  column  (according  to  the  value  of  the  guiding 
figure  K),  and  the  sum  of  the  four  values  so  found  wiU  be  taken  (the  last  figure  to  the  left,  which 
will  be  2  or  3,  being  rejected}.  This  result,  affected,  if  necessary,  with  the  proper  Ci 
•t^,  will  express  the  value  of  abc. 
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Let  Si  {a,  b,c, ...  k,  I)  denote,  as  is  not  unusual,  the  complete  sum  of  the 
products  of  the  elements  {n  in  number)  a,h,c,  ...  k,l,  combined  in  every 
possible  way  i  together.  Let  St  (a,b,c,  ...k,l)  denote  the  sum  of  the 
products  of  the  same  elements  combiued  i  together,  but  so  that  all  com- 
binations are  excluded  in  which  any  two  consecutive  elements  as  a  and  b,  or 
b  and  c, ...  or  k  and  I,  appeal'  simultaneously.  S;  may  be  termed  a  complete 
sum  of  ith  products,  and  Si  a  sum  of  products  of  anakolouthic  elements,  or 
briefly  an  anakolouthic  sum  of  ith  products.  If  we  expand  the  continued 
fraction 

lab  k    I 

P  +  P  +  p+  '"  p  +  p' 
it  will  be  easily  found  to  take  the  form 

where  S/  is  intended  to  denote  the  anakolouthic  sum  of  the  ith  products  of 
b,c, ...  I,  and  Si  the  anakolouthic  sum  of  the  ith  products  of  a,b,c,...  I. 

It  is  this  fact,  and  the  close  relation  'of  reciprocity  in  which  the  generat- 
ing continued  fraction  for  anakolouthic  sums  stands  to  ordinary  continued 
fractions  (a  reciprocity  which  becomes  more  apparent  when  p  is  made 
unity),  which  gives  a  peculiar  importance  to  the  theory  of  anakolouthic 
sums  of  the  kind  denoted  by  S ;  otherwise  we  might  be  tempted  to  embark 
upon  a  premature  generalization,  extending  the  force  of  the  term  anakolouthic 
so  as  to  denote  by  S  a  sum  of  products  in  which  no  three  consecutive  elements 
came  together,  8  a  sum  of  products  in  which  no  four  consecutive  elements 
came  together,  and  so  on ;  these  more  general  forms  of  anakolouthic  sums 
may  hereafter  merit  and  reward  attention,  but  my  present  business  will  be 
exclusively  with  a  statement  of  some  remarkable  properties  which  have 
accidentally  fallen  under  my  observation,  of  anakolouthic  sums  of  the  kind 
first  mentioned,  and  referring  to  elements  formed  in  a  manner  presently  to  be 
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explained,  from  the  natural  progression  of  numbers.  In  order  to  familiarize 
the  reader  with  the  construction  of  anakolouthic  series,  I  subjoin  the  following 
examples : 

Si  {abode)  =  a  +  6  +  c  +  d+e, 
Sj  (abcde)  =  ac  +  ad  +  ae +  bd  -hbe  +  ce, 
S3  (abode)  =  ace, 
Si  (abcde)  =  0, 
8t(abcde/)  =  0. 
S,  (abodefg)  =  aoeg, 
Sj  (abcdefgh)  —  aceg  +  aoeh  +  bdfh. 
First  Theorem.     Let  n  be  any  odd  number;  form  the  \{n~-l)  elements 
i~\   m  +  3 
2     ■     2     ' 


n,    2(«-l),    3(«-2).. 


the  anakolouthic  sum  of  the  ith  products  of  these  elements  is  equal  to  the  ^th 
power  of  negative  unity  into  the  complete  sum  of  the  2*fch  products  of  the 
elements  n,  — (w  — 2),  (m  — 4), ...  +  1.  Thus  suppose  n  =  7,the  elements  for  the 
anakolouthic  sums  wiU  be 

r,   12,   15; 
and  for  the  complete  sums, 

7,  -5,  3,  -1; 
and  we  find 

5,(7, 12,15)  =  7  +  12  +  15  =  34,    ,S,(7, -5,  3, -1)  =  - 7  .3- 5.2-3  =  -34, 
4  (7, 12, 15)  =  7, 15  =  105,     5,(7,  -5,  3, -1)  =  1 .3.  5.7  =  105. 
Or,  again,  if  n  =  9,  the  one  set  of  elements  will  be 
9,    16,   21,   24, 
and  the  other  set  9,  —  7,  5,  —  3,  1 ; 

and  we  have 

-(9  +  16  +  2l4-24)  =  -70  =  9x(-4)  +  7(-3)  +  5(-2)  +  3(-l), 
9  .21+9.24  +  16.24 

=  789  =  9.7.5.3  +  9.7.3.1-9.7.5.1-9.0.3.1  +  7.5.3,1. 


i  Theorem.  Take  away  the  last  element  belonging  to  the  anako- 
louthic group  above  written,  so  as  to  reduce  the  elements  to  the  following 
sequence : 

»,  2(.-i).  3('.-2)...'^.'^; 

J  (m  + 1)  times  the  anakolouthic  sum  of  ith  products  of  this  sequence  will  be 
equal  to  (-1)*  multiplied  by  the  complete  sum  of  the  (2i  +  i)th  products 


y  Google 


42  On  some  new  Theorems  in  Aritftmetic  [9 

of  the  series  n,  —(n  —  2),  (n—  4),  ...  ±  1.  Thus  if  «  =  9,  the  two  series  of 
elements  are  respectively 

9,   16,    21;  9,  -V,  5,  -3,  1; 

and  we  find 

5.1  =  9-7+5-3  +  1, 

5  .  (9  +  16  +  21)  =  230  =  9  . 7  . 5  -  9 . 7  . 3  +  9 .  7  . 1+  9  ,  5 .  3  -  9 .  6  . 1 

+  9.3.1-7,5.3  +  7.5.1-7.3.1  +  5.3,1, 
5.  (9.  21)  =  9.  7.  5,  3.1. 
I  now  pass  on  to  the  cases  where  n  is  an  even  number. 

Third  Theorem.     Let  n  be  of  the  form   im  +  k,  where  k  is  zero  or  2 ; 
construct  the  sequence 

l.»,   2(»-l),   3(„-2),..(5-l)(!+2)-, 

the  *th  anakolouthic  series  of  products  formed  out  of  these  elements  is 
equal  to  the  ^th  complete  series  of  products  formed  out  of  the  elements 
(n-2y,(n~^y,...{k  +  2y. 

Ex.  Let  n  =  10,  the  two  sequences  will  be 
10,  18,  24,  28, 
64,    16, 


10.24  +  10.28  +  18.28  =  1024  =  64.16. 
So,  if  n  =  12,  the  two  sequences  will  be 

12,    22,   30,   36,   40, 
100,   36,   4; 
and  we  have 

12  +  22  +  30  +  36  +  40  =  140  =  100  +  36  +  4, 

12 .  (30  +  36  +  40)  +  22 .  (36  +  40)  +  30 .  40  =  4144 

=  100.36  +  100.4  +  86.4, 
12.30.40  =  4.36.100. 

Fourth  Theorem,     If  n   be  any  even  number,  and   we  form  the   three 
sequences 

l.„.      2(»-l),     3(«-2)...|(5  +  l), 

l.(»  +  2),    2(«  +  l),    3(»)... 1(1+3), 

l.n,      2(»-l),     3(»-2)...  (!-2)g  +  8). 
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the  ith  anakolouthic  sum  in  respect  to  the  second  sequence  less  the  I'th 
anakoloufchic  sum  in  respect  to  the  first  sequence  is  equal  to  =  ( s  +  ^ )  i^**^ 
the  (i  —  l)th  anakolouthic  sum  in  respect  to  the  third  sequence. 


Ex.     Tate  the 

three  sequences 

1 .  10,     2.9,       3.8, 

1.7,     6.6, 

1.12,     2.11,     3.10, 

1.9,    5.8, 

1.10,     2.9,       3.8. 

These,  written  out 

with  simple  elements,  are 

as  follows : 

10     18     21     28 

30, 

12     22     30     36 

10, 

10     18     24; 

and  we  have 

(12  +  22  +  SO  +  36  +  40)  -  (10  +  18  +  2*  +  28  + 

f  30)  =  30 . 1, 
|12 .  (30  +  36  +  40)  +  22  .  (36  +  40)  +  30 .  40] 
-  (10  .  (24  +  28  +  30)  +  18  ,  (28  +  30)  +  24 .  30} 

=  4144- 2584  =  1560  =  30.  (10 +  18 +24), 
12 ,  30 .  40  -  10 .  24 .  30  =  14400  -  7200  =  7200  =  30  .  (10 .  24). 
These  four  theorems  are  only  particular  cases  of  one  much  more  general 
relating  to  a  determinant,  to  which  I  was  led  by  my  method  of  integrating 
the  system  of  two  partial  differential  equations  to  the  general  invariant  of  a 
function  or  system  of  functions  of  two  variables.  In  like  manner  the  in- 
tegration of  the  system  of  t  partial  differential  equations  to  the  general 
invaiiant  of  a  function  or  system  of  functions  of  (  variables  conducts  to  a 
determinant*,  of  which  tJ  ■priori  we  know  the  contititution,  and  which  will 
(save  as  to  the  periodic  occurrence  of  a  single  factor  X)  resolve  itself  into 
factors  of  the  form  V  ±  m',  m  being  an  integer;  and  thus  promises  to  lay  open 
a  road  to  the  discovery  of  a  new  genua  of  theorems  relating  to  the  powers  of 
the  natural  progression  of  integer  numbers,  destined  apparently  to  occupy  a 
sort  of  neutral  ground  between  the  formal  and  quantitative  arithmetics. 

*  The  integcation  of  this  system  of  equations  always  depends  eaaentially  upon  the  integration 
of  one  homogeneous  equation  which  is  doubly  linear,  that  is  of  the  first  degree  in  the  variables, 
and  also  of  the  first  degree  ia  respeot  to  the  order  of  the  differentiations ;  such  an  equation  can 
always  be  integrated,  and  the  integral  will  depend  upon  the  solution  of  an  algebraical  equation 
espcesaed  by  equating  a  certain  determinant  to  nero. 
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NOTE  ON  BURMAN'S  LAW  FOR  THE  INVERSION    OF  THE 
INDEPENDENT    VARIABLE. 


[Philosophical  Magazine,  viii.  (1854),  pp.  535—640.] 

This  Note  refers  to  the  development  of  the  Jith  differential  coefficient  of 
u  in  respect  to  x  in  terms  of  the  nth  and  lower  differential  coefficienfca  of  a;  in 
respect  to  u. 

The  late  Mr  Gregory,  in  his  very  valuable  book  of  examples  on  the 
Calculus,  in  alluding  to  this  development,  speaks  of  it  as  "  extremely  com- 
plicated, and  involving  so  much  preliminary  matter  for  its  demonstration," 
that  he  contents  himself  "  with  referring  to  a  memoir  by  Mr  Murphy  on  the 
subject  in  the  Philosophical  Transactions,  1837,  p.  210."  The  development 
there  given  is  of  course  essentially  no  other  than  that  included  in  Burman's 
general  formula.  I  recently  have  had  occasion  (as  a  preliminary  step  to  the 
investigation  of  the  laws  of  inverse  transformation  between  two  systems  of  t 
variables  each,  instead  of  between  two  single  variables  only,  an  investigation 
in  which  I  have  already  made  such  progress  that  I  expect  shortly  to  be  in 
possession  of  the  genera!  formula  for  the  purpose)  to  reconsider  what  I  shall 
term  Burman's  law,  and  have  been  somewhat  surprised  to  find  that,  so  far 
from  affording  a  complicated  expression,  it  does,  when  properly  stated,  give 
rise  to  an  expression  of  the  very  simplest  form  that  could  be  conceived  or 
desired,  and  one  that  admits  of  an  easy  and  elementary  proof. 

To  fix  the  ideas,  let  us  take  the  case  of  -j-  ^ ,  where  ie  =  <J3u.     For  greater 

brevity  write  -^-^  as  Wr.     The  most  cursory  consideration  will  suffice  to  show, 

irrespective  of  all  calculation,  that,  we  should  have  the  following  form  of 
expansion,  namely, 
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+  {(2, 6)  x,x,  +  (3, 5)  i%a7,  +  (4, 4)  ^,a:,}  ^  x," 

—  {(2, 2, 5)  iKjiCjiBB  +  (2, 3, 4)  iRiXtiVi  +  (3, 3, 3)  iCtWaXt}  -i-  x-,'" 
+  {(2, 2, 2, 4)  x^sc^x^x^  +  (2, 2, 3, 3)  x^x^se^a:,]  ^  a;," 

-  {(2, 2. 2,  2. 3)  ic^a^icjic^a!,!  -;-  .V= 

+  (2,2,2,2,2,2)4-3^". 

In  the  first  group  of  a  single  term,  7  is  taken  in  one  part,  in  the  second 
group  of  3  terms,  8  is  taken  in  every  possible  way  of  partition  in  two  parts, 
in  the  third  group  of  3  terms,  9  is  taken  in  every  possible  way  of  partition  in 
three  parts,  and  so  on,  until  finally  12,  that  is,  the  double  of  the  number  next 
inferior  to  the  given  index  7,  is  taken  in  the  sole  possible  way  in  which  it  can 
be  taken  of  six  parts ;  I  ought  to  add,  that  in  the  groups  of  indices,  unity  is 
always  understood  to  be  inadmissible. 

The  groups  of  indices  in  the  parentheses  indicate  numerical  coefficients  to 
be  determined,  and  the  whole  and  sole  real  difficulty  (if  any)  of  the  question 
consists  in  determining  the  value  of  these  numerical  symbols.  Now  the  law 
which  furnishes  these  values  would  be  seen  on  the  most  perfunctory  examin- 
ation to  be  the  very  simplest  law  that  could  possibly  be  stated,  namely,  any 
■Buch symbol  as (r, s, i,  ...)is  to  be  understood  to  denote  the  number  of  distinct 
ways  in  which  a  number  of  things  equal  to  the  sum  of  the  indices  r,  s,  t,  &a. 
admit  of  being  thrown  into  combination  groups  of  r,  s,  t,  &e, ! 

Thus,  for  example, 

(2.  6) -2^, -28,  (3.li)  =  jfi-,  =  ,M,       (l,*)-l^,  =  3o, 


»>=5(2i?6i'    (■^•3.*)-2Tir 


(^■^.^}  =  l~. 


(2.^.2^«-i,-^.  (^.^.^.^)-     '  '" 


(2!)-l!'         '■'■'•-•■'     (21)-(2!)-(3!y" 
on.     The  general  law  is  obvious ;  and  to  prove  its  applicability  in 
,  we  have  only  to  show  that  if  it  be  true  for  the  case  of  -7—  ,  it  is  true 
for  -T-^^  ■     The  proof  is  as  follows.     Let  in  general  [I,  m,  n,  &c.]  indicate  the 

value  of 

1.2.3 (I  +  m  +  n  +  &c.) 

1.2...ix  1.2...mx  1.2...nx&c.' 

without  reference  to  I,  m,  n,  &c.  being  equal  or  unequal  inter  se. 
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Lemma  1.     It  is  very  easily  seen  that 

[I. m, n, &c.]  =  [i  -  1, m, n, &c.]  +  [l,m-  1, n, &c.]  +  [i, m, n  -  1,  &c.]  +  &c. 

If  now  we  use  the  notation  [p"",  a^,  ¥■,  ...]  as  an  abbreviated  form  of  the 
notation  \_p,p,p  ...to  r  terms,  o-,  a-,  er . . ,  to  s  terms,  t,  t  . . .  to  i  terms,  &c.],  it 
is  obvious  that  the  equation  last  written  becomes 

[p^  ^^  T^  ...]=T[p  -  1,  p'-\  <r^  A  ...]+s[p^,  <r  -1,  a^-\  r\  ...] 

+  t[p',  (t\  t-  1.  t'-\  ...]  +  ...  . 

Lemma  2.  Let  C(/>'',  ir',  t*,  ...)  denote  the  number  of  ways  in  which 
rp +S(T +  tT-\- ...  can  be  taiien  in  combinations  of  p,  p  ...  to  r  places, 
cr,  o- ...  to  s  places,  Sec,  then  upon  the  supposition  that  p,  a;  t.  Sic,  which  are 
to  be  understood  as  arranged  in  an  ascending  order  of  magnitude,  are  all 
unequal,  we  shall  have 


c(p^ 

rt  t',  ...)  =  [p',<TS...]/rl»!il..., 

whicli  by  Lemma  1 

[p  -  1,  p'-,  IT',  t',  .. 

.]      y,  »  -  1,  o^',  t',  ...]      [p',  <  T-  1,  t'- 

(r-l)!«!li... 

r!  (s-i;!  (!...               rU!(^-l)! 

-Cip-i.p-'.  <,;■,; 

,..)+|l  +  >-i'('f-/i)|C(p',  .7-1,  ^-S  t",  .. 

+  {l+sF{T~a)]  G(p-,  o^,  T-  1,  t'-',  ...)  +  .... 

F{<7  —  p),  F{t  —  a),  &c,  meaning  quantities  which  are  respectively  zero  when 
(7  —  l>p,  T-l><r,  &c.,  and  respectively  units  when  (cr  -  1)  =  p,  t  -  1  =  o-, 
&c. ;  for  it  will  be  obvious  that  if  a  ~  1  —  p,  the  quantity 

becomes  l.P'^^'  "J"^"'.  ''■*.  •■■]« 

and  consequently  when  divided  by  r !  (s  —  1) !  ( !  ...  does  not  give 

but  {r  +  \)G{p'+\<j'-\T\...), 

and  so  similarly  for  the  cases  of  t  —  1  =  o",  &c. 

Now  let  us  suppose  that  we  are  considering  any  group  {p,p...  to  r 
places,  (7,  tr  ...  to  s  places,  fee),  or  more  briefly  {p^,  a',  t',  ...),  the  numerical 
coefficient  of  the  term  x/x^'xj ...  in  the  inverse  development  of  -= — . 

And  first,  suppose  that  p  is  not  2. 

The  coefficient  in  question  will  evidently  be  made  up  exclusively  of  the 
following  parts,  each,  however,  affected  with  the  factor  (— )'^~'^,  derived  from 
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the  expansion  of  -j — rj .  for  which  the  law  to  be  established  is  supposed  to 
hold,  namely, 

+  [1  ■i-rF{<7~p)]  G(fi',  ff  -  1,  c'~\  r\  ...) 
+  |1  +  si^  (t  -  o-)]  G  (p^.  <7\  T  - 1.  t'-\  ...) 

+  &C. 

each  part  being  aifeeted  with  the  factor  (-  1)^*^  derived  from  the  differ- 
entiations performed  upon 


Secondly,  suppose  p,  the  lowest  index,  is  2,  then  the  term 


must  be  rejected,  because  x^^.i  becomes  Xi,  which  is  excluded  from  appearing 
in  any  numerator.  But  then,  per  contra,  in  this  case  there  will  be  a  portion 
of  the  coefficient  derivable  from  the  differentiation  of  the  denominator  of  the 
term 

,    ,^_,  (2'-\<T*...)^/-V^.'-.. 

K    )         ■  ^N-l 

where  (iV  -  1)  =  1  +  (r  -  1 )  2  +  s<t  +  ir  +  &c. 

This  portion  wiU  be 

(_)iv-i(,_i)C(2«,,.,r.....), 
or,  which  is  the  same  thing, 

and  therefore  the  portion  of  the  coefficient  corresponding  to  x^.^x^xjiej' ... , 
&c.  is  supplied  from  another  source,  and  the  expression  (&)  remains  good  for 
all  values  of  p,  a,  r,  &c.,  and  consequently,  by  virtue  of  the  second  lemma,  is 
equal  to  C (p*",  o^,  t',  ...);    and   thus   we   see  that  if  the  law   assumed    is 


true  for  -r-    it  remains  true  for 
evidently  true  for  r  =  1,  it  is  true  generally. 


<hf+ 


i  to  be  shown.     And  as  it  i 
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Postscript. 

The  formula  expressing  Burman's  iaw  may  be  exhibited  as  follows :   »,  . 

will   still    be   understood   to   denote   -; — ,  and  Cl»,  o,  ...m.}   will,  as  before, 

denote  the  number  of  distinct  modes  of  combining  p  +  5+...+m  things  in 
sets  of  p,  g, . . .  m  at  a  time ;  so  that,  for  example,  C  {2,  2,  4,  4, 4]  will  denote 

1  x2x3...xl6       1  1 


(1.2)'.(1.2.3.4yi.2'1.2.3' 

Let  now  «  —  1  be  broken  up  without  restriction  in  every  possible  way  into 
parts,  and  let  r,s,t  ...I  denote  one  such  system  of  parts  so  that 


r,  s,  &c.  being  all  actual  positive  integers.     Then  is  -^  equal  to 

sc  1(1 + r),  (1 +.),  (1 +()...  (1  +  01 .  i .  j::^' .  =^'±' ,  =^+-! ...  =|!±!| , 

than  which  nothing  more  clear  and  simple  can  be  desired  or  imagined.     And 
bO  more  geneially,  if  we  make,  as  before,  r  +  s  +  t+...  +  l  =  n  —  g,  and  give  g 

in  succession  eveiy  different  value  from  1  to  n,  we  shall  have  -^-^  equal  to 


S2 


^[{(l  +  r),(l+s),  ...(1  +  1)1  iff- 


—  (~^+i  -"^i+i     -  ^i+iV 


where  [{(!  +  »■),  (1  +  s), ...  (1+  I)],  (^—1)]  means  the  number  of  ways  in  which 
(1  +r)  +(l  +  s)+  ...  +{1  +1)  +  (g  —  1)  elements  can  be  partitioned  off  into 
groups  of  one  kind  cootaining  respectively  (1  +  r),  (1  +  s), . . .  (1  +  I)  of  the 
elements,  and  into  a  group  of  another  kind  containing  the  remainder  {g  -  1) 
of  the  elements.  This  distinction  of  the  groups  into  two  kinds  has  no  effect 
upon  the  result  except  when  jr  —  1  is  equal  to  any  of  the  numbers  (1  +  r), 
(1  +s), ...  (1  +  0-  If  we  write,  according  to  the  notation  above  employed, 
(1  +  r),  (1  +  3),  ...  (1  +  0  under  the  form  (a^/S*, ...  7=),  then 

[{(l+7-),(l+s),  ...  (l  +  0,(.9-l)}] 

(a<i  +  b0  +  ...+cry  +  g-iy. 
a:{a\rb\{0l)''...cl{y]y{ff^l)]- 
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This  more  general  theorem  may  of  course  be  demonstrated  by  a  similar 
method  to  that  employed  in  the  text  for  the  case  of  ^  =  w,  for  which  all  the 
terms  in  the  expansion  vanish  except  those  in  which  g  =  l. 

I  have,  since  this  paper  was  sent  to  the  press,  obtained  a  new  solution  of 
the  far  more  difficult  and  interesting  question  of  the  change  from  one  system 
of  independent  variables  to  another  system*.  I  say  a  new  solution,  because 
one  has  already  been  virtually  effected,  but  under  a  form  leaving  much  to  be 
desired,  by  the  great  Jacobi  in  his  Memoir  De  Resolutione  ^(ptattonum  per 
series  infinitas,  Crelle,  Vol.  Vl.  1830.  In  my  solution,  a  remarkable  species  of 
quantities,  to  which  1  give  the  name  of  Arborescent  Functions,  make  their 
appearance  in  analysis  for  the  first  time. 

["  p.  65  below,] 
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ON   DIFFERENTIAL  TRANSFORMATION  AND  THE  REVERSION 
OF  SERIESES*. 

[Proceedings  of  the  Royal  Society/  of  London,  vir.  (1856),  pp.  219— -223.] 
[Alao  FMloaopkical  Magazine,  IX.  (1865),  pp.  391—394.] 

With  a  view  to  its  publication  in  the  Proceedings  of  the  Society,  I  take 
occasion  to  communicate  the  result  of  my  investigations,  as  far  as  they  have 
yet  extended,  into  the  general  theory  of  differential  transformations,  con- 
taining a  complete  and  general  solution  of  the  important  problem  of 
expanding  a  given  partial  differential  coefficient  of  a  function  in  respect  of 
one  system  of  independent  variables  in  terms  of  the  partial  differentia! 
coefficients  thereof,  in  respect  to  a  second  system  of  independent  variables, 
each  respectively  given  as  explicit  functions  of  the  first  set. 

This  question  may  be  shown  to  be  exactly  coincident  with  that  of  the 
reversion  of  simultaneous  serieses  proposed  by  Ja^obi,  which  may  be  thus 
stated :  given  (?j  + 1)  quantities,  each  expressed  by  rational  infinite  serieses 
as  functions  of  n  others;  required  to  express  any  one  of  the  first  set  in  a 
rational  infinite  series  in  terms  of  the  other  n  of  the  same  set.  This  question 
has  only  been  resolved  by  Jacobi  for  a  particular  case  ;  the  result  hereunder 
given  for  the  transformation  of  differential  coefficients  contains  the  solution 
of  the  general  question.  My  method  of  investigation  is  entirely  different 
from  that  adopted  by  the  great  Jacobi,  and  I  hope  in  a  short  time  to  be  able 
to  lay  it  in  a  complete  form  before  the  Society,  and  probably  to  add  a  solution 
of  the  still  more  general  question  comprising  the  reversion  of  serieses  as  a 
particular  case,  namely,  the  question  of  expressing  any  one  of  n  quantities 
connected  by  to  equations  in  terms  of  any  (n  —  m)  others  of  the  same. 

Let  there  be  any  number  of  variables,  say  u,  v,  w,  of  which  w,  y,  s,  ^  are 
given  functions,  it  is  required  to  expand 

in  terms  of  the  partial  differential  coefficients  of  S,  x,  y,  s  in  respect  of  w,  v,  w. 
[*  See  p,  65,  below.] 
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Form  the  detenninant 


which  call  J. 

The  required  expansion  will  contain  in  each  term  an  integer  numerical 


Si' 

(fa 

d^ 
dw 

iu' 

dvj 

di 

<fc 

di 

du- 

*■ 

dw 

coefficient,  a  power  ( 


,  one  factor  of  the  for 


and  other  factors  of  the  fom 


fly  fly  fAYa 

\du)    \dv)    \dwj    ' 

\du)   \dv/     \dw/    ' 
(dW     fc)      fc)  ^' 

I'-^Y"  (A\^'  (Ax"' 

\du,/     \dv)      \dwj 


Let  the  latter  class  of  factors  be  distinguished  into  two  f 
l  +  m  +  n=l, 

1=1     m  =  0 


or;  =  0     m  =  l     m  =  oJ, 
or  ;  =  0     m  =  0     w  =  l  / 


which  I  shall  call  uni-differential  factors,  and  those  in  which  l  +  m  +  n>l, 
which  I  shall  call  pluri-differential  factors. 

First,  then,  as  to  the  form  of  the  general  term  abstracting  from  the 
numerical  coefficient  and  the  uni-differential  factors  (except  of  course  so  far 
as  they  enter  into  J).     This  will  be  as  follows : 

/  d_Y'i /_d A'™! i'_d_Y">       (1X'^(£}\^'(JlX'    X       ( —X''^ ( —Y'""' ( —X'"' X 
\dti)     \dv}      \dvi/  ydu)     \dvj      \dw/  "'\duj      \dvj       \dw/ 


\dv/      \dw, 


^W     W      [dwl    ^^ ^W      \dv)       [dioj      ^ 

\du)    \dvj      \dw/  \du)      \dv)       \dwj 


d_\p  (Ay  ( 

•      \dv)  \ 


\du)    \dv}   \dwj         J"' 
subject  to  the  limitations  about  to  be  expressed. 
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Call  'l,^-%  +  ...  +  H,  =  L„ 

%-\-%-^ ...  +  H^  =  L^, 

%  +  %+  ...  +  ^^  =  1^, 

and  form  the  analogous  quantities  M-i_,  M.^,  M^;  N-i,  Na,  ffj.  Then  we  must 
have 

L^  +  Li  +  Li  +  M^+M^  +  Ms  +  Nj  +  N2  +  Ns  +  p  +  q  +  r=/+g+h  +  e:_  +  es  +  es; 

and  as  the  sum  of  any  group  of  indices  I,  m,  n  must  not  be  leas  than  2, 
we  have 

f  +  g+h  +  ei  +  e^  +  Bs  +  p-i-q  +  r,  uofc  less  than  26,  +  Se^  +  9,6,, 

so  that  6,4-62  +  63  must  not  exceed  f+g  +  k  +  p  +  q  +  r;  furthermore,  j>+5+r 
must  not  exceed /+^+ft;  and  finally, 

w  =  /+  if  +  A  +  e,  +  62  +  0s. 

1.  We  may  first  take  61  +  e^  +  Cj  =  E,  giving  to  E  in  succession  all  integer 
values  from  f+g  +  h  to  2f+  2g  +  2h,  and  find  ail  possible  solutions  of  this 
equation  with  permutations  between  the  values  of  e„  e^,  63. 

2.  We  may  then  take  p  +  q  +  r  =  s,  giving  s  in.  succession  all  integer 
values  from  1  to  f+g  +  h,  and  find  all  possible  solutions  of  this  equation 
with  permutations  between  /,  g,  k. 

3.  We  may  then  take  L-^ M -^  N^f +  g +  k  + E- s,  and  find  all  the 
values  of  i,  Jlf,  JV,  with  permutations  allowable  between  the  values  oi'  L,M,N. 

4.  We  may  then  take 

and  solve  these  several  equations  in  every  way  possible,  with  permutations  as 
before. 

5.  We  must  take 

'^1  +  ^^,  +  ...  +%  =  Li,    'm,  +  ^,+  ...  +  ^'m,  =  M„    %  + %i, +  ...  +  *'%  =Jf„ 

%  +  %     ...     Hs  =  L3,     "m,  +  "wia      ...     ==ma  =  JI/3,     ^j  +  %3      ...     ^=^3  =  N^, 

and  solve  in  every  possible  manner  these  equations,  but  without  admitting 
permutations  between  the  values  of  ^^1 ,  ^^1  , , .  Hj ,  or  between  the  values  of  the 
members  of  the  other  of  the  third  sets  taken  each  per  se,  and  subject  to  the 
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condition  that  eveiy  such  sum  as  Hi+^'mi  +  ^Ui  must  be  greater  than  unity. 
Every  possible  system  of  values  of  these  nine  sets  will  furnish  a  corresponding 
pluri- differential  part  to  the  general  term. 


s  to  the  uni- differential  part,  we  may  form  the  quantity 

/d^/   dz      dy   dz\''' /dy   dz      dy   dzV^' /dy  i 
\dv  dw      dw   dvj     \div  du      d/u,  dw)     \dM  i 


/dy   dz_  _ 
\dv  dw 

/dz  d^ 
\dv  dw 


\dw  du 
/dz  dx 
\djw  du 


dz  dxV 
du  dw) 


dy  dz^" 
dv  du) 
/dz  dx_dz  dxV 
\du  dv     dv  du) 


/dec    dy  __dx    dy^^  idx    dy  _dx    dy\-' /dx  dy_d^  dyY 
\dv  dw     dw  dv)    \dw  du     du  dw)    \du  dv      dv   du) 


where 


Xt  +  X^  +  Ti^^L  +  p, 

Vi  +  Vs  +  Va^Jf^  +  r. 
These  equations  are  to  be  solved  in  every  possible  manner  with  permutations 
between  the  members  of  the  \  set,  the  /m  set,  and  the  v  set.  Finally,  we  have 
to  consider  the  numericai  coefficient.  To  give  a  perfect  representation  of  this, 
we  must  ascertain  what  identities  exist  in  the  factors  of  the  pluri -differential 
part.     Let  us  suppose  that  one  set  of  operators  upon  x  is  repeated  ffi  tim^, 

another  0^  times,  and  so  on,  giving  rise  to  the  powers  d^,  6^ $^  iu  the  x 

line.     Similarly,  form  ^,  i^, ...  0^  from  the  y  line,  and  -y^i,  i^g,  ...i/^.y  from  the 
s  line.     Then  the  numerical  part  of  the  general  term  will  be 

n  (X, + Ml  4-  V,)  n  (\, + ^ + v^)  n  (\ +fis+ ",) 


Ti\Ufi,'nv,nx,u/x^nv,Ti)^U/x,uv, 

inH^n'm,nhi^u%u^nhn'n, ] 

<u%n^mji'rhn%n^u^ [ 

[u'hn'msn'rhaH^u^n^n^ ) 

D 

"  nejio^...  ne„n0,n0,...  n03n-^,n-f,...n-^^' 

where  in  general  Tim  means  1.2.3...m:  as  regards  D,  it  is  the  foUowing 
determinant,  namely, 

Xi  +  fh  +  Pi       V                V                      L,                   M,                N^ 

r      Xa  +  Ms  + 1-2         V                     Li                  M^                N^ 

V                  y          Xs  +  Ma  +  J's                 A                  ^     M^                    N, 

K            \             Xg        Lj+Z^  +  L^+p         V                 V 

(ii             f^2              /J^                      V      M:,  +  M^  +  M„  +  q      V 

V,               v^                V,                         V                      V     iV",  +  iVa  +  iVs -1- r 
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The  result,  for  greater  brevity,  has  been  set  out  in  the  above  pages  for  the 
case  of  ft,  a  function  of  three  variables,  but  the  reader  can  have  no  difliculty 
in  extending  the  statement  to  any  number.  In  the  case  of  a  single  variable, 
the  formula  can  easily  be  identiiied  with  that  given  by  Barman's  law.  It  is 
noticeable  that  the  determinant  written  is  of  the  form 

Afqr  4  B'pq  +  Gqr  +  Brp  +  Ep  +  Fq+Or, 
the   part   independent  of  p,  g,  r  being   easily  seen  to  vanish.     Moreover, 
the  coefficients  A,B,  G, ...  are  all  essentially  positive,  so  that  the  determinant 
can  only  vanish  (except  for  p  =  0,  r  =  0,q  =  0)  by  virtue  of  one  condition  at 
least  more  than  the  number  of  the  variables. 
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A   TRIFLE   ON   PROJECTILES. 

[Philosophical  Magazine,  xi.  (1856),  pp.  450 — 453.] 

In  teaching  the  subject  of  projectiles  in  vacuo,  the  following  solution  has 
presented  itself  to  me  of  a  question  not  wholly  without  practical  interest, 
namely,  of  determining  the  angle  of  projection  to  give  the  best  range  in  the 
most  general  case,  namely,  when  a  gun  is  fired  upon  a  slope  at  a  given 
vertical  height  above  the  slope.  The  solution  is  not  wholly  either  without 
theoretical  interest  in  point  of  method,  as  leading  to  a  result  of  some  little 
complexity  in  maxima  and  minima  by  very  simple  calculations,  and  without 
the  aid  of  the  differential  calculus.  Therefore  I  venture  to  submit  it  to  the 
readers  of  the  Philosophical  Magazine.  In  the  next  number  of  the  Magazine 
I  hope  to  have  leisure  to  lay  before  them  a  subject  of  much  greater  interest, 
also  belonging  to  the  theory  of  projectiles,  showing  how,  by  the  oblique  action 
of  gravity  combined  with  the  earth's  rotation,  a  pendulum  suitably  adjusted 
may  be  caused  to  advance  in  a  westerly  direction,  and  so  the  earth  be  made 
the  means  of  impelling  a  light  carriage  without  any  visible  motive  force,  or 
any  influence  of  magnetism. 

To  this  pendulum  I  give,  for  reasons  which  will  be  apparent  when  the 
matter  is  more  clearly  set  forth,  and  in  contradistinction  to  the  ordinary  iixed 
or  circular  pendulum  on  the  one  hand,  and  to  Foucaiilt's  free  or  spherical 
pendulum  on  the  other,  the  name  of  the  Cylindrical  or  Travelling  Pendulum. 
But  to  resume  the  business  of  this  present  communication  ;  let  us  begin  with 
determining  the  angle  of  projection  to  give  the  maximum  range  when  a  gun 
is  fired  from  a  point  in  a  plane  sloping  at  an  angle  *  from  the  horizon. 

This  question  is  most  simply  solved  (the  result  itself  is  of  course  familiar 
to  all  who  will  read  this  paper)  by  resolving  the  velocity  Y,  supposed  to  make 
an  angle  0  with  the  horizon,  as  also  g,  the  accelerating  force  of  gravity,  each 
into  two  parts,  V"into  Fcos(0  +  *)  and  V  sm  {9 -\- -i),  and  g  into  ^sini  and 
3  cos  i,  respectively  parallel  and  perpendicular  to  the  plane  of  the  slope. 
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The  time  of  flight  ia  of  course  found  by  looking  to  the  perpendicular  part 

of  the  velocity  and  of  gravity  alone,  and  is  evidently  2  — - — ■■■■■■—  ,  which 

call  T ;  the  range  will  evidently  be 

Fcos^.T    ,,    ,  .       Y^     ,  .    ,.„     .,       .     ., 

-. — ,  that  18, ^.  |8in(2^  +  i)  +  sini  . 

cosi  gcosi  •■       '■  '  < 

Hence  the  best  angle  of  range  for  this  case  is  found  by  making  20  -i-  i  =  90°, 

Now  let  lis  proceed  to  apply  this  result  to  the  general  case,  as  in  the 

figure  below,  where  BG  is  the  slope  upon  which  the 

range  is  to  be  measured,  A  the  point  of  projection, 

AD  the  direction  which  gives  the  maximum  range 

upon  the  slope,  and  BG  the  actual  extent  of  this 

range ;  then  I  say  AD  is  the  direction  which  would 

give  also  the  best  range  upon  the  slope  AG.     Since 

if,  with  the  given  velocity  of  projection,  any  other 

"       direction  than  AD  would  give  a  better  range  upon 

AG,  the  path  corresponding  to  such  direction  must  evidently  cut  BO  at  a 

point  beyond  G  in  that  line  in  order  to  strike   a  point   beyond  0  in   the 

line  AG. 

Hence  if  we  draw  the  horizontal  line  AE,  we  know  by  the  preceding  case 
that  the  angle  DAE=^GAB*. 

Let  CAB  =  cf),  which  is  to  be  found ;  also  let  AB  =  k,  and  the  inclination 
of  BO  to  AE  =  i,h  and  i  being  given  ;  and  let  t  =  time  of  flight,  then 

CAD  =  (90°  -  0)  +  I 


Hence 
Hence' 


also  ADC^  180°  -  0  -  (90"  - 1^)  =  90°  - 1 . 


cos  (i  +  ^)  ' 

*  This  equatiou,  and  the  iBOBc«liBm  of  the  principal  triangle  of  the  figure  to  which  it  le 
wonld  not  readily  pteeent  tbemselveB  to  notice  in  the  £rect  method  of  eeeMag 
range.  It  is  for  the  aa^e  of  this  pleasing  geometrical  relation,  not  anmised  perhaps  with  a 
desire  of  exhibiting  the  simple  yet  delicate  ^rn  of  reasoning,  the  agreeable  Kttle  point  of 
method  (a  fly  embalmed  in  ambei)  contained  in  the  immediately  preceding  paragraph,  that  I 
have  thouglit  this  trifle  worth  preserving  in  the  pages  of  the  Magazine. 
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,  rf. ,       ,  „     A  sin  rf)  cos  * 

and  vc(>&^t  =  AE  =  —.-^~--p-. 

z  cos  (*  +  (^) 

Hence  eliminating  (,  we  have 

v''      _   (sin  0)^  1         _  1  —  cos  0 

gh,  cos  i     1  +  cos  ^ '  cos  (i  +  ^)     cos  (t  +  0) ' 

If  i  =  0,  that  is,  if  the  gun  is  fired  from  the  top  of  a  battery  commanding 
a  level  plain,  we  have  simply 

sec  0  =  1  +  ^ , 
gh 

which  gives  0  the  double  of  the  angle  of  elevation. 

In  other  cases  we  may  make  0  + 1  =  i^,  we  have  then 

1  —  cos  (i|r  —  j!)  _     1  sin  1^   .     .  .  _  v'^ 

'— — -— —      — ; — '  -  — -  -  Sin  i  —  ,cos  %  — ■  — r  sec  i, 

cos  -f  cos  -f-     cos  1^  gh 

Let  ( 1  +  -=■  sec^  i  1  cot  i  =  cot  e ; 

\       gh  I 

then  - —  cos  (•it  —  e)  =  1, 

sm  e        ^  "^        ' 

sin  e 
"^        '      sin  * 

, ,       .       ,       sin  e 
or  cos  (0  +  *  —  e)  =  ^  — . , 

from  which  0,  the  double  of  the  angle  of  elevation,  may  be  determined. 

Calling  —. — r  =  cos  /a,  and  taking  0i,  0,  as  the  two  values  of  0,  we  have 

^i  + 1  -  6  =  M, 

0,  +  i  -  e  =  360°  -  /*. 

01,  0j  correspond  to  the  angles  of  projection  dovm  (md  up  the  slope 
respectively,  the  one  affording  what  in  an  algebraical  sense  is  a  maximum, 
and  the  other  a  minimum,  but  of  course,  arithmetically  speaking,  both  giving 
maximum  values  of  the  range. 

Thus  when  A  =  0,  so  that  sin  c  =  0,  ^=  90°,  and  |  (0j  —  0,)  is  a  right  angle, 
as  may  easily  be  verified. 

It  may  be  worth  while  to  exhibit  the  geometrical  construction  for  the  case 
of  firing  from  a  gun  in  position  commanding  a  horizontal  plane. 
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Let  A  be  the  position  of  the  gun,  LN  a  portion  of  a  circle  of  radius  AL 
whioh  represents  the  height  of  the  gun  above 
the  plain,  LM  twice  the  height  due  to  the 
velocity  of  projection,  AJfM  a  semicircle  on 
AM,  P  the  point  in  it  bisecting  the  arc  MN; 
then  (abstraction  made  of  the  resistance  of  the 
air)  AP  is  the  elevation  at  which  the  gun  must 
be  pointed  to  give  the  greatest  range  on  tbe 

plain  below,  for  sec  'iPAM  obviously  =  1  +  ^ at " 

Suppose  a  sea  battery  as  much  as  300  feet  *  above  the  water,  and  a  cannon- 
ball  projected  at  the  low  rate  of  1200  feet  per  second  (which  is  less  than  that 
of  a  common  musket-ball),  we  should  have  twice  the  height  due  to  the 
velocity  of  projection  equal  to  44720,  and  therefore 

c       44720  ,  , 
^^'=2"  =  T200-  +  ^ 

=  38,2666, 
and  consequently  ■        2c(  =  88"  30'  9" 

or  a  =  44°  15' 5", 

differing  very  little  from  45° ;  showing  that  certainly  in  a  non-resisting 
medium,  and  in  all  probability  in  air,  the  height  of  the  point  of  fire  above 
the  plane  which  it  commands  will  very  little  indeed  influence,  under  any 
conceivable  circumstances  of  practice,  the  angle  of  elevation  which  gives  the 
best  range. 

[*  The  succeeding  oaloulation  uses  120Q.] 
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NOTE  ON  AN  INTUITIVE  PROOF  OF  THE  EXISTENCE  OF 
TWENTY-SEVEN  CONICS  OF  CLOSEST  CONTACT  WITH  A 
CUUVE  OF  THE  THIRD   DEGREE. 

[Philosophical  Magazine,  xi.  (1856),  pp.  463,  464.] 

In  genera!  a  conic  can  only  be  made  to  bave  five  coincident  points  witb  a 
curve,  and  if  the  curve  be  of  tbe  third  degree,  the  conic  will  of  course  cut  it 
in  a  remaining  sixth  point ;  but  at  certain  points  of  the  cubic  all  these  six 
points  may  come  together.  How  many  of  these  are  there,  and  where  are 
they?  This  question,  which  originated  with  Steiner, who  stated  the  number, 
and  was  subsequently  treated  by  Pliicker,  who  assigned  the  position  of  the 
points,  may  be  resolved  by  very  simple  considerations  and  without  calculation. 
For  if  we  can  succeed  in  putting  the  characteristic  of  the  curve  (I  mean  what  is 
commonly,  but  not  altogether  commodiously,  called  "  the-left-hand-side-of-the- 
equation-to-the-curve-when-the-right-hand-side-of-it-is-made-equal -to-zero") 
under  the  form  ?(*  +  v  (uw  +  w'),  it  is  obvious  that  the  conic  ww  +  oi*  will 
intersect  the  cubic  curve  in  the  six  coincident  points  m'  =  0,  w^  =  0. 

If  now  we  take  for  our  cubic  the  reduced  form  i^  +  y'  +  z^  —  Qnixyz,  and 
make  ic  +  ?/  +  2m2  —  p,px+  p'y  +  2ms  =  q,  p^x  -V  py  +  2m3  —  r  [where  p  is 
an  imaginary  cube  root  of  unity],  it  may  be  written  under  the  form 

(1  —  Sm')  e^  +  pqr,  say  —  /ii^  +  pqr ; 
or,  if  we  please,  under  the  form 

—  fi{z  +  kpf  +  p  (qr  +  p.k^p'  +  Sfik'pz  +  3/i.fc^). 
And  if  we  assume  k  properly,  ;s  +  kp  may  be  made  to  touch  the  multiplier  of 
p,  that  is,  the  cubic  may  be  made  to  take  the  form 

-ij,(z  +  kpy+p{(2  +  kp)v  +  w=}. 

From  the  symmetry  which  reigns  between  x  and  y,  it  is  obvious  d  priori 
that  any  value  of  k  which  is  rightly  assumed  for  the  object  in  view  will  make 
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ft>  (when  z  is  eliminated  from  it  by,  means  of  the  equation  2  +  %»  =  0)  a 
multiple  either  ai  x  —  y  ov  x-\-y\  the  latter  obviously  cannot  be  true,  since 
such  values  would  make  the  given  cubic  a  function  oi  x  +  y  and  z ;  the  proper 
values  of  k  will  therefore  make  x  —  y  —  d,  from  which,  combined  with  the 
equation  2ic'  +  s'  +  Gmafs  =  0,  the  values  oi  x.y.z  may  be  determined.  These 
will  be  three  in  number ;  and  as  we  may  write,  instead  of  x  and  y,  px,  p'y,  or 
py,  p^x,  we  obtain  three  sets  of  three  points,  correspondiiig  to  p  being  taken 
ic  +  i/  +  2to2  ;  and  consequently,  by  interchanging  z  with  x  and  with  y 
succe^ively,  we  obtain  altogether  three  systems  of  three  sets  of  three 
points  each ;  any  such  factor  as  x  +  y+  Imz  is  a  tangent  to  a  point  of 
inflexion,  and  it  is  clear  d,  priori  that  if  the  cubic  is  put  under  the  form 
u^  +  v  (uw  +  6)^),  since  v  =  0  makes  m'  =  0,  u  can  only  he  a  tangent  at  an 
inflexion.  Hence  the  nine  sets  of  three  points  just  assigned  are  all  that  can 
be  found  enjoying  the  property  in  question,  and  it  is  readily  seen  that  x  —  y 
is  the  straight  line  containing  the  three  points  of  intersection  in  which  the 
second  emanant, 

I  ,  d        ,  d        ,  dy ,  ,       ,       ,. 

r  £  +  »  di*'  5j  ^^  +  t  +  f-lim^y^). 

at  the  point  of  inflexion  (ic  +  ^  =  0,  ^  =  0)  cuts  the  given  cubic  over  and  above 
the  three  coincident  points  x-\-y=0,  z  =  Q.  In  other  words,  ea«h  ternary 
group  of  the  twenty-seven  points  in  question  consists  of  the  three  points  in 
which  the  curve  is  met  by  the  tangents  drawn  from  a  point  of  inflexion, 
which  agrees  with  the  geometrical  construction  given  by  PlUcker  in  Grell^s 
Journal. 


y  Google 


14. 


LETTER  ON    PROFESSOR  GALBRAITH'S    CONSTRUCTION    FOR 
THE   RANGE   OF   PROJECTILES. 

[Philosophical  Magazine,  XII,  (1856),  pp.  IIS— 114.] 

To  the  Editors  of  the  Philosophical  Magazine  and  Journal. 

Gentlemen, 


Galbraith's  geometrical  construction,  for  finding  the 
elevations  of  a  projectile  corresponding  to  any  given  velocity  and  given 
range  in  a  plane,  horizontal  or  sloping,  is  truly  elegant,  and,  if  new,  con- 
stitutes a  real  acquisition  to  the  subject.  It  might  be  worth  while  for  its 
accomplished  author  to  see  if  some  analogous  construction  can  bo  found 
extendi!^  to  the  more  general  case  where  the  field  is  a  portion  of  a  circle. 
I  need  hardly  add  that  the  isoscelism  referred  to  is,  except  for  some  extreme 
suppositions  (impossible  to  occur  in  practice),  absolutely  independent  of  the 
form  of  the  field. 

As  well-conatructed  names  are,  in  fact,  condensed  lessons,  lending  an  aid 
to  the  memory  and  imagination,  of  which  modern  mathematicians  are  only 
beginning  to  appreciate  the  importance,  I  suggest  the  following  designations. 

The  point  of  projection  and  point  of  impact  speak  for  themselves ;  the 
point  vertically  over  the  point  of  impact  in  the  direction  of  projection  may 
be  called  the  point  of  aim.  The  line  joining  the  point  of  aim  and  the  point 
of  impact  is  the  drop  or  fall ;  the  line  joining  the  point  of  projection  and  the 
point  of  impact  may  be  called  the  excursion;  and  that  joining  the  point  of 
projection  and  the  point  of  aim,  the  length  of  aim. 

A  vertical  section  of  the  ground  (plane  or  curved)  through  the  axis  of  the 
gun  may  be  called  the  field.  We  may  then  say^  that,  for  the  maximum  range, 
the  fall  is  always  equal  to  the  excursion,  whatever  the  form  of  the  field;  and 
that  in  general  the  locus  of  the  point  of  aim,  for  a  rectihnear  field,  when  the 
point  of  the  projection  and  the  velocity  are  given,  is  a  circle  to  which,  in  the 
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case  of  the  angle  of  best  elevation,  the  line  of  fall  is  of  course  a  tangent.  It 
would  not  be  surprising  if  a  good  deal  of  elegant  geometry  (like  ivy  twining 
round  an  old  wall)  should  hereafter  associate  itself  with  Mr  Galbraith's 
"  circle  of  aim " :  d,  propos  of  projectiles,  it  is  not  unworthy  of  observation, 
that  the  velocities  at  any  two  points  P  and  Q  of  the  parabolic  path  are  as 
the  lines  PT,  QT  which  the  tangents  at  P  and  Q  mutually  cut  off  from  one 
another,  a  remark  which  of  course  is  easily  seen  to  extend  itself  to  the  case  of 
an  elliptic  orbit  with  the  force  in  the  centre. 

Ever,  Gentlemen, 

Tour  faithful  friend  and  reader, 

J.  J.  Sylvester. 
Woolwich  Common, 
Jul^  3,  1866. 


P.S.  The  value  of  Mr  Galbraith's  method  consists  simply  in  the  act  of 
conception  of  the  locus  of  the  point  of  aim  ;  it  was  scarcely  worth  while  (at 
this  time  of  day)  to  append  a  synthetical  proof  of  so  simple  a  proposition, 
which  may  be  got  at  immediately  by  calling  the  length  of  aim  p,  its  inclination 
to  the  vertical,  0,  and  that  of  the  field  to  the  vertical,  i;  when  by  similar 

triangles  (if  H  denote  the  quantity  — ,  and  ^  the  vertical  distance  of  the 

point  of  projection  from  the  field)  we  obtain  the  equation 


H     ^      sinji- 


„  sin  (^  -  f )         jj. 

or  p^  —M  1^ — -. — -  p  —  Hv  =  0 

^  sm*       "^ 

which  obviously  corresponds  to  the  circle  of  Professor  Galbraith.  I  i 
this  circle  has  been  long  known  for  the  ease  of  the  point  of  projection  being 
in  the  field,  hut  it  may  have  escaped  notice  for  the  more  general  case.  The 
equality  between  the  fall  and  the  excursion  for  the  angle  of  maximum  range 
subsists,  not  merely  for  a  rectilinear  or  curved  section,  but  for  the  ground 
itself  (whatever  its  form  of  surface)  when  the  gun  is  supposed  to  admit  of 
being  laid  to  any  angle,  as  well  as  at  any   elevation. 
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EECHERCHES  SUR  LES  SOLUTIONS  EN  NOMBRES  ENTIERS 
P0SITIF8  OU  N^GATIFS  DE  L'EQUATION  CUBIQUE  HOMO- 
GENE  A  TKOIS  VAEIABLES. 

[Annali  di  Scienze  Matematicke  e  Fisiche  (Tortolini),  vii.  (1856), 
pp.  398—400.] 

J'ai  I'honneur  de  vous  envoyer  pour  fetre  ins^r^  dans  voire  journal 
estimable,  si  vous  les  jug&  dignes,  les  enonc^s  de  quelques  th^oremes 
que  j'ai  trouv^  dana  mes  recherches  sur  les  solutions  en  nombrea  entiers 
positifs  OU  negatifs  de  I'^quation  cubique  homogene  a  trois  variables. 

On  sait  selon  Fermat  que  I'^quation 

«»+*/'  +  ^=  =  0 
n'est  pas  resoluble  en  nombres  entiers. 

On  peut  ajouter  la  merae  chose  pour  les  Equations 
af  +  y^  +  2^^0, 
x^  +  y'  +  Sz^^O; 
j'ajoute  que  1' Equation 

a;'  +  */"  4  s'  +  &xt/s^  =  0 
est  irr^soluble :  aussi  I'^quation 

2  (a^  + 1/'  +  2^  +  Gxyz)  =  27mcys, 
quand  27m^  —  8m  +  4 

est  un  nombre  premier,  est  irresoluble :  aussi  I'^quation 

i  {af  +  if  +  sr'  +  Qxyz)  =  'ilvxyz 
est  irresoluble  quand 

27i;=- 3611  +  16 
est  un  nombre  premier. 

De  plus  r^quation 

a^  +  y'  4-  Az'  =  Mxyz 
est  irresoluble  dans  les  circonstances  suivantes. 
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Posons  M''  -  21 A  =  A'A', 

od  A'  ne  contient  nul  facbeur  cubique.     AJors  si  A'  est  pair  eb  ne  conbient 
nul  Dombre  de  la  forme 

/■  +  %■. 

et  si  A  esb  un  nombre  premier,  I'^quation  eeb  irr^soluble,  except^  dans  les 

/-M 
caa  que  .  /  — r—  soib  on  nombre  enbier,  et  dans  ce  cas-l&  on  peub  donner  la 

solution  general  de  I'^quation. 

La  m^me  chose  a  lieu  quand,  A'  restanb  assujetie  aux  ni^mes  conditions 
qu'auparavant,  A  esb  une  puissance  d'un  nombre  premier  de  la  forme  p^"'^'. 

La  m^me  chose  a  atissi  lieu  sans  que  A'  soit  pair,  pourvu  qu'il  ne  contient 
nul  facteur/^  +  S(f,  et  que 

A  =  2"-'^\ 
La  mSme  chose  a  iieu  encore  pourvu  que  A'  ne  contient  nul  nombre  de  la 
forme  y^  +  Sg^  avec  les  conditions  suivantes : 

=  UQ  nombre  premier  de  la  forme  qi  ±  4, 


1-j-  =  un  nombre  premier  de  la  forme  qi  ±  2, 
—  =  un  nombre  enbier, 

ou  si  A  6bant  un  nombre  premier  on  a.  A,  B  respectivement  de  la  forme 

gn  +  2,  qn  +  6, 
ou  bien  de  la  forme  qn  —  2,  qn  —  6, 

ou  bien  de  la  forme  qn  +  i,  qn  +  S, 

ou  de  la  forme  qn  -  4,  qn—  3, 

ou  de  la  forme  qn  ±  3,  qn. 
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-ON  THE  CHANGE   OF  SYSTEMS  OF  INDEPENDENT 
VARIABLES. 

[Quarterly  Journal  of  Mathematics,  i.  (1857),  pp.  42—56,  126 — 134.] 

(1)  The  theorem  contained  in  the  subjoined  pages  having  been  printed*, 
with  many  typographical  and  other  errorsf,  in  the  Proceedings  of  the  Royal 
Society,  Vol.  vil  No.  S,  I  think,  on  accouut  of  its  importance  to  the  direct 
march  of  the  differential  calculus,  of  which,  as  an  instrument  of  expansion,  it 
may  be  said  to  complete  the  processes,  that  the  reissue  of  it  in  a  more  correct 
form  may  be  acceptable  and  useful  to  the  readers  of  this  journal. 

The  purpose  of  the  theorem  is  to  effect  for  any  number  of  variables  the 
same  end  which  has  been  accomplished  by  Burmann  and  others  for  a  single 
variable ;  that  is  to  say,  ^  being  supposed  to  be  a  function  of  the  variables, 
le,  y,  ...  z,  each  of  which  is  a  given  function  of  m,  «,  ...  w,  and  a,  (3,  ...  7, 
being  any  positive  integere,  the  theorem  gives  the  complete  development  of 

(-=-)   (3-)    ...  f-T-)    ^  in  terms  of  -=-,  -j- ,  ...  -j- ,  x,  y,  ...  z,  ^.     Such, 
\(ijc/   \dyl         \dzl  du    dv  aw         "^ 

I  say,  is  the  primary  form  of  the  theorem ;  but  it  enables  us,  as  will  hereafter 

be  shown  in  this  paper,  in  fact,  and  as  a  consequence,  to  do  much  more  than 

this,  namely,  to  solve  the  question  of  differential  transformation,  under  its 

most  general  aspect.     The  question  so  proposed  may  be  stated  as  follows : 

Given  (^i  =  0,  02  =  0,  ...  0„  =  O,  where  each  0  is  a  function  of  fl;i,ai2, ...  tt^n+i, 

it  is  required  to  pass  from  an  expression  in  which  the  differentiations  have 

respect  to  iCj,  x^,  ...  mi  to  an  equivalent  expression,  in  each  of  the  terms  of 

which  the  differentiations  have  respect  to  x^^,  ic^,  ...  x^,,  these  last-written 

quantities  being  any  i  arbitrarily  chosen  terms  out  of  the  given  set  of  n-\-i 

variables,  a^,  a^j,  ...  Xn+i-     Through  the  medium  of  the  reversion  of  series, 

the   solution   of  this  problem   for  the  ease  contemplated  in  the  theorem 

about  to  be  enunciated  (where  Xt,  x^,  ...  Xi  are  given  explicitly  in  terms  of 

"  Want  of  leisure  preveoted  me  then,  and  still  prevents  me,  from  produoing  the  proof  of  the 
theorem,  or  the  investigation  by  which  I  arrived  at  it.  It  must,  however,  be  noderstood,  that  the 
theorem  was  not  obtained  tentatively,  but  that  the  proof  of  it  is  in  my  possession. 

[t  p.  50  above.] 
B.  n.  6 
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M,,  Ms,  ...  iii),  enables  us  to  write  down  the  solution  for  the  case  where  these 
two  systems  of  variables  are  connected  by  equations  in  the  more  general 
manner  just  above  supposed.  It  may  then  be  asked  whether  it  is  meant  to 
affirm  that  Eurmann's  law  for  passing  from  one  independent  variable  x  to 
another  y,  of  which  the  first  is  a  known  function,  conducts  immediately  to 
the  law  for  effecting  such  change,  when  x  and  y  are  connected  through  the 
intervention  of  one  equation  between  x  and  y,  or  several  equations  between 
w,  y,  and  other  connecting  variables.  The  answer  to  this  question  is  in  the 
negative ;  for  even  if  we  take  the  simpler  case  where  a:  and  y  are  connected 
by  a  single  equation,  it  will  be  found  that  to  solve  the  problem  for  this  case 
in  the  manner  indicated,  we  shall  need  to  know  the  solution  of  the  problem, 
how  to  pass  to  two  variables,  u,  v,  from  two  others,  x,  y,  given  explicitly  as 
functions  of  the  former  two ;  and  so  in  general  it  is  the  fact,  that  the  theorem 
applicable  to  the  ease  of  impKcit  connections  between  any  number  of  variables, 
is  always  a  corollary  to  the  theorem  applicable  to  the  case  of  explicit  connection 
between  a  greater  number  of  variables.  Thus  it  comes  to  pass,  that  Eurmann's 
law  for  one  variable  explicitly  connected  with  another,  does  not  contain  within 
itself  the  law  for  one  variable  implicitly  connected  with  another ;  but  the 
general  law  which  I  have  discovered  for  a  system  of  am/  nwmher  of  variables 
explicitly  connected  with  another  such  system,  does  contain  within  itself  the 
general  law  for  systems  implicitly  so  connected*. 

As  the  theorem  is  one  of  considerable  complexity,  it  will  be  rendered 
most  easily  intelligible  by  taking  separately  and  successively  the  cases  of 
two  and  of  three  variables ;  the  reader  will  then  not  experience  any  difficulty 
in  seeing  how  it  is  to  be  extended  to  any  greater  number. 


Problem  for  Two  Variables, 
(2)   LetiB,i/be given  functions  of  M,tp,it  is  required toexpress  l-^j  f-j-j   & 
1  terms  of  the  partial  differential  coefficients  of  x,  y,  &  in  respect  of  u  and  v. 


Form  the  Jacobian  determinant 

du' 
dy 


*  Aqj  linear  funotioD  of  infinity  is  BtUl  infinity,  and  all  iufinity  is  one,  but  not  so  of  a  finite 
integer ;  fhas  it  is  that  the  purticalai  does  not  caity  mth  it  the  partioular,  althongh  the  general 
does  the  general. 


y  Google 


16]  Independent  Variables  67 

which  call  J ;  the  required  expression  will  be  made  up  of  terms,  each  of 
which  will  have  for  its  components ;  1",  a  power  of  (— ) ;  2",  a  positive  integer 
numerical  multiplier;  8",  a  negative  power  oiJ;  4"  and  5°  (subject  to  a 
subsequent  distinction  into  two  sets),  factors  of  the  form 

[duj   [dvj  ^'    [duj    [dvj    '"' 
and  6",  a  factor  of  the  form        [  -j-      (  5- 1    ^. 


du)     \dv) 


The  distinction  of  the  factors  under  the  combined  headings  4  and  5  into 
two  seta,  refen-ing  to  these  headings  separately  taken,  is  dependent  upon  the 
values  of  p,  5 ;  p',  <(.  The  4th  heading  is  intended  to  comprise  the  factors, 
for  which  J3  =  1  and  5  =  0  or  p  =  0,  5  =  1,  and  similarly  for  p'  and  q,  that  is, 
factors  for  which  p  +  g  or  p'  +  g'  is  unity.  The  5th  heading  comprises  those 
factors  in  which  p  +  5  or  ji  -\-q  (as  the  case  may  be),  exceeds  unity.  These 
two  seta  require  to  be  carefully  distinguished  and  considered  apart ;  thc«e 
values  (it  p^q;  p',  q'  belonging  to  the  second  set  will  be  distinguished  by  the 
letters  a,  b ;  a',  b',  so  that  it  is  to  be  understood  that  a  +  b>l,  a'  +  b'  >l. 

The  geoeral  term  may  thus  be  put  under  the  form 

<     'J-  [dv)      [     dj      \     dvl       {dul 


\duj    \dv 


IJ'^F 


[duj    '■'"^   *■■ 


luj    \dv) 
The  negative  signs  are  employed  with  J" ,  -j-  in  the  first  line  of  factors, 

because,  as  will  be  seen  when  we  pass  to  the  case  of  more  than  two  variables, 
it  is  the  first  minors  of  J  which  give  rise  to  these  factors,  and  these  first 
minors  are  respectively 

dy  ^  dy  die        dx 

dv'  d/u'  dv'      du' 

The  &c.  in  the  second  line  of  factors  refers  to  a,  b,  I  becoming  changed 
into  ai,bi,lii  a.^,  b^,  l^  &c. ;  and  indicates  that  the  product  is  to  be  taken  of 
all  the  factors  thus  formed  upon  the  type  of 

[\d^}    fcj  "'j  ■ 

5—2 
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Similarly,  the  &c.  in  the  third  line  of  factors  refers  to  a',  b',  I'  becoming 
changed  into  Oi',  h',  ^i  &c. ;  and  the  product  taken  of  all  such  factors  so 
formed  upon  the  type  of 

[We  may  of  course,  if  we  please,  write  the  first  line  under  the  form 

ff  fdjA-  liy\'  fd^Y  jp\'' 
'■     '   J-UvJ   U«/    [ill    UJ 

by  making  i'  =  i  +  ;9  +  a'.] 

In  the  first  place, 


In  the  second  place. 
In  the  third  place. 


=  ? + &o. + r  +  &c. 

=  a  +  y3  +  a'  +  /3'. 


and 


0.  +  a'  =  la  +  Szc.  +  Xa!  +  &c.  +  J., 
/3  +  /3'  =  ;&  +  &c.  +  I'V  +  &c.  +  B, 

a'  +  ^'  =  5f  +  sr, 

which  two  systems  of  equations  of  course  imply  the  existence  of  the  equation 
SUa  +  6-l)  +  Si'(a'  +  6'-l)  =  (/+5')-(A  +  5).  (5) 

And  finally : 


(I) 

(2) 
(3) 
(*) 


jr=B 


,  n((»  +  ;8-l)n(a'  +  )3'-l) 

naii^na'n^' 


n(»  +  «'-i)n(g  +  /3'-i) 


Iln  for  any  value  of  the  integer  n  indicating  the  factorial  1 . 2 . 3  . . .  Ji,  and  D 
denoting  the  determinant  hereunder  written,  namely : 


^  +  /3,         0,      ■     Zd  +  &c.,      Ih  +  &c. 
0,        a'  +  /3',     ZV  +  &C.,     ;'6'  +  &c. 
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which  writing   ta  +  &c.  =  'S,la,   I'a' +  Si,c.  =  Xi'a ,   and   subatitutiug   for  a  +  a', 
Xla  +  '^l'a'  +  A,  and  for  i3  +  ff',  llb  +  Xl'b'  +  B,  becomes  when  developed 

+  {0ia-  +  0^1la  +  0- (a  +  0)  tl'a']  B 

+  [«  (a'  +  0')  lib  +  «'(«  +  8)  Xl'b']  A. 
D  being  easentially  positive,  N  can  only  vanish  when  the  following  equations 
(or  the  analogues  to  them  obtained  by  the  interchange  oia,ci,A  with  b,  /i,  B) 
are  fulfilled,  namely : 

A=i}.       5  =  0. 
or  A  =  0,         0  =  0,        &'  =  0. 

or  ^  =  0,         ^  =  0,  a  =  0, 

or  ^  =  0,         a'  =  0,        0'  =  0, 

or  A=-0.         0  =  0,    'S.l'a'  =  0. 

or  A=0,        0'  =  O,      tla  =  0, 

or  A=0,     '2.1a  =  0,    2.1'a'  =  0. 

(3)   Byway  of  illustration,  let  ussuppose/=2, 3  =  0,  so  that  the  expression 
to  be  developed  is  -j—  ,  >Thich  is  to  be  espresaed  in  terms  of  -r- ,  t-  ,  a;,  y,  ^- 

It  will  be  the  simpler  mode  of  proceeding  to  find  this  development  by  actual 
expansion,  and  compare  the  result  with  that  given  by  the  theorem  in  the  text. 
We  shall  find  without  difficulty  by  the  ordinary  process 

/dyY  d^  _  A  ^  ^  ^!^     —  ('^ifX  "^"^ 
du.'     J'  du  dv  dudv     J'  \duj  dv' 
l^dx  (dyy  ^'d^  _  2^  dcEdydy  d^y  d'^ 
J'  dv  \dv  J  du'  du      J'  dv  du  dv  dudv  da 
l^dx  (dyV^d^ 
■"  '  dv'du 


^  ~  J'  \dv) 


1  ^  (dyV  I 
J'  dv  \duj  I 
l_dy  /'^\'^  — +  2  fdyVdy  d?x   d'^ 
J'duXdv)  dii^du      J'ydv)  dududvdu 

i-  ^  f'^V  ^ — 

J*  dv  yduj  di^  du 

l_dx  /dyVd^d'A      2dxdydy  d*y   d"^ 
J'dv\dv/  du^dv      J'dududv  dudvdv 

1  dx  fdyV  d'y_  d^ 
J'  dv  \du)  dti'  dv 

1  dy  /dyyd'xd%      2  dydydy   tfa;  d'^ 
J*du\dv/  du*  dv      J'dududv  dudv  dv 

1  das/dyyd^d'^ 

J*  du  \du}  d^dv' 
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(4)     In  the  first  term 

<i-2.     )3  =  0,        a'-O,      ;8'-0, 
<i  =  0,     6  =  0,     &c.  =  0,      Si  =  0, 
o'-O,     i'-O,     &c.  .0,     Sl'-O, 
J  -  2,     B  -  0, 
and  we  have,  as  indicated  by  the  theorem, 

i=^SZ  +  Si'  =  0,     Q.  =  a  +  /3  +  a'  +  ;3'  =  2, 
a  +  a'-a(i  +  aV  +  4=2, 
/3+/3'  =  Stt  +  Sf6'  +  B  =  0, 
«.  +  ,9-/=2, 
«-  +  ;3'-<;-0. 
Jf  becomes  n(.  +  3-l)n(,'+y- 1) 

.,  n(.  +  a--i)n(g+y-i) 
'^  ill 

it  is  easily  seen  that 

-nO+,r-l)x(/3  +  « 

=  no  =  i, 

(a'  +  ,9')n(«'  +  (3'-l)-n(a'+/3')-nO-l, 
30  that  the  value  of  the  fraction  above  written  is  in  fact 

n(a+/3)^    (my 
nan^      (n2)'~ 

In  the  second  term, 

a-1,     /3-1,     a'  =  0,     ^-0; 
everything  else  remains  as  before,  except  that  the  numerical  factor  is  ( -)^  S, 
that  is,  -N,  where  if  =  2. 

(5)  If  we  take  the  eighth  term  (the  second  one  of  the  fourth  line)  we  have 
a -2,     ^-1,     a'-O,     /^-O, 
a  =  l,     6  =  1,     a'  =  0,     6'  =  0,     2i  =  i  =  l, 
4-1,    B-0, 


and  we  have 


»-i  +  )3  +  o'-S!  +  /3  +  i<'»2 
(B-a+zS  +  a'  +  zy-S, 

a+a'  =  ia  +  4  =  2, 

S  +  /9'-!6  +  B-l, 

o'  +  ^'-j-O, 
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and  N  becomes 


which,  since  n  (a'  +  ^'  -  1)  x  (a'  +  ^')  =  nO  =  1. 


Ilil         •         112 


1=2. 


(6)  The  above  examples,  although  taken  from  the  simplest  terms,  are  in 
a  certain  sense  exceptional  cases,  inasmuch  as  N  for  these  cases  involves  one 
or  more  fractions  of  the  form  g ;  but  this  is  a  mere  accident,  resulting  from 
the  peculiar  form  of  representation  which  I  choose  to  employ,  as  being  in 
general  the  most  convenient  to  operate  with. 

If  we  take  the  fifth  term  (that  is,  the  second  term  of  the  second  line),  this 
exception  does  not  apply.     We  have  for  this  term 
a  =  \.     /3  =  1,     ci'=l,     ^'  =  0, 
(1  =  0,      ;>  =  0,     a' =  \,     l>=\.     1l'  =  l'  =  l, 
A=l,     5  =  0, 

...         '     ni  X  no        nino         ^    ^ 

and  we  find  ^=  nT^ni  ><  m  x  HI  x  HI  ^  "^^  "^ 

2x0x1x0        \ 
+  (lxl+0  +  Oxlxl)ol=2. 
+  1x1x0  +  1x2x1   ) 

(7)     In  general,  to  form  all  the  terms  in  1^-]  (^-1  ^,  that  ia,  to  find  all 

the  systems  of  indices,  we  may  begin  by  taking  A+B  =  iJ.,  and  giving  to  /*  in 
succession,  every  value  from  1  tof+g,  and  calling _/'-t-£r  =  n,  and  writing 
tl(a  +  b-l)  =  L, 
lf(a'  +  b''~l)  =  L', 
we  have  to  combine  each  solution  of  the  equation  A  +8=^^  with  each  of  the 
equation  L  +  L'  =  n  —  n,  that  is,  we  may  assume   for  A  in  succession  each 
value  from  1  to  li,  and  for  L,  from  1  to  n  —  fi. 

It  will  be  convenient  to  denote   in   general   an  integer  which  may  be 
anything  from  1  to  p  by  \j>\.     We  have  then 

A -[[»]],     J!-W-[n-w], 
i-[n-w],    i'-»-W- [»-[»]]. 
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We  have  then  to  break  up  L  in  every  possible  way  into  parts  which  will 
give  by  combining  equal  parts  into  groups  all  the  values  ot'  I,  {a  +  h—  1).  In 
like  manner,  the  partitionment  of  L'  will  give  all  the  values  of  V,  {a'  +  b'  —  1). 


Any  of  the  valui 
c  and  c',  we  have 


:  of  o  +  &  —  1  and  of  c 


+  h'  —1  respectively  being  called 
;'  +  l-[c'  +  l]. 


b'  = 


a  =  [o  + 1],     6  =  c  + 1  -  [c  + 1],     a'  =  \c'  + 1], 

Hence  every  system  of       l^,  a,,  6,;    4,  Oa,  h^;  ... 

and  of  li,  a,',  b^  \     l,',  a,',  tj' ;  ... 

satisfying  the  equations  of  condition  may  be  found.  To  find  the  corresponding 
values  of  a,  0 ;  a',  ff  we  must  observe  that  one  combination  of  the  equations 
(1),  (2),  (3),  (4),  having  been  employed  to  obtain  the  quantities  already  found, 
only  three  of  these  equations  are  independent ;  we  shall  accordingly  have 

a  =  tla  +  ll'a' ■¥  A  —a, 
ff  =  2/6  +  ^IV  +B-0, 
and  the  problem  is  completely  resolved. 

(8)     If  now  we  pass  to  the  ease  of  three  variables  cc,  x,  x" ,  given  explicitly 
as  functions  of  u,  u',  m",  we  must  take 


dx         Ac 

dx 

du-     du" 

S? 

(W      dx 

dx' 

J= 

du  •     du'  • 

du" 

da!'      ifa" 

dx" 

du  •     du' ' 

V 

which,  for  greater  brevity,  using  u,  v! ,  u' 

to  denote  t-  ,    -j—, ,   ;t-^  ,  may  be 

written 

ux,      ux, 

u"x 

m/,     iiV, 

u"x'     . 

ux",    tiV, 

u"x" 

The  nine  firat  minor  determinants  may  then  be  expressed  under  the  respective 

forms 

dJ          dj 

dJ 

da,'      Si' 

Wx' 

dJ          dJ 

dJ 

did  ■       iiiV  • 

dS^" 

dJ          dJ 

dj 

M 

»"•  ■    ««"' 

-mrx 

T- 
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The  general  term  in  I  T-)   l-r-'j    i^')    ^  will  then  be 


,_.iN_  (djy  (djy  /  dj\ 
*     >  J-  wW    UiW   Us'W 

'  Kdui^j      xiMaf)      Kdu'W) 

,     ,    iJ 

\duo/'J 


W'j 

fdy'   I  d\'     ijr^' 


Y"  /  dj  Y  (  dJ  y 
.VS.J      IS7J 

and  similarly  to  the  last  case 

i »  a  +  sr  +  sr. 

+  a'  +  ^  +  7' 

+  a"  +  /3"  +  7", 

a  4-  a'  +  a"  =  %la  +  Xl'a'  +  tl"a"  +  A 

0  +  13' +13"  =  la  +  tl'V  +  It'b"  +  B 

7  +  7'  +  7"  =  2ic  +  H'a'  +  %l"c"  +  G, 

■>  +  /3  +  7-/+Si 

a'  +  fi'  +  Y  -/'  +  sr 

«"  +  /3"  +  7"=/"  +  Sf. 
from  which  six  equations  we  may  dednce 
S!  («  +  6  +  0  - 1)  +  Si'  (11'  +  4'  +  c'  -  1)  +  Si"  (o"  +  4"  +  c"  - 1) 

=f  +  g  +  l,-{A  +  B  +  C). 

(9)     And  the  six  equations  first  written  may  be  solved  in  a  manner 
to  the  four  equations  in  the  preceding  case. 


We  have  finally 
if 


n(a+g+7-i)n('''+g+7'-i)n(»"+3"+7"-i) 

UaU^UyllaU^'  Y]y'  noL"UI3"nY' 
n(a  +  »'4-a"-l)n(/3+|3'+j3"-l)n(7  +  7'  +  7"-l) 

^  m(UaTibncy  x  &c.  X  ni'  {Ha'nb'iicy  x  &c.  x  ni"  inornb"  Uc'j"  x  &c. 

xD^iHAUBnC). 
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where  D^tlie  determinant  following,  namely, 
-  ^  +  7,  0,  0 


2!<t, 

S», 

Sio 

Xi'ii', 

S«', 

SiV 

SiV, 

Sf't", 

SiV 

fi  +  a'  +  a" 

0, 

0 

0, 

«  +  /9'  +  /9", 

0 

ly,  7',  7",  0,  0,  7  +  7'  + 

whicli,  employing  the  equations 

a  +  a'  +  a"  =  S/a  +  %l'a'  +  2^"""  +  A 

^  +  ^'  +  ^"  =  2i6  +  Sf  6'  +  %V'h"  +  5 
7  +  7'  +  7"  =  Sic  +  Si'c'  +  2rc"  +  G, 
may  be  expressed  under  the  forms 

XABC  4-  ;tt£t?  +  i,!GA  +  m"^-S  + 1-^  +  v'B  +  v"C, 
where  all  the  coefficients  X,  p.,  v,  are  essentially  positive  functions  of  a,  $,  7, 
&c.,  'Zla,  ^Ib,  tie,  &c. 

The  general  form  of  D  is  apparent,  as  is  also  the  reason  why  there  is  no 
term  in  which  one  of  the  indices.  A,  B,  C  ...  does  not  appear,  namely,  that 
the  sum  of  the  lines  in  the  lower  half  of  the  square,  minus  the  sum  of  the 
lines  in  its  upper  half,  gives  rise  to  the  line  of  terms  following,  which  may  he 
substituted  in  place  of  any  one  of  the  existing  lines 

0,  0,  0  ...  A,  B,  C  ... 

so  that  one  of  the  letters  A,  B,  0  ...  must  appear  in  every  actual  term  of  the 
development. 

(10)  Let  us  return  for  a  moment  to  stow  what  the  theorem  becomes 
for  the  ease  of  a  single  variable  x,  from  which  the  transition  ia  to  be  made 
to  u. 

For  this  case  J"  =  t-  , 

and  the  1st  minor  which  is  a  determinant  of  zero  places,  as  is  well  known  to 
those  conversant  with  determinants,  must  be  taken  + 1.  The  formula  then 
becomes 

(-)'<'>?4(ar4"{(ir4"-{(sr4''G4^' 

where  i=l,  +  k+  ...  +l„,  a  =  a  =  l,a,  +  l^a,+  ...  +lsae  +  A, 

and         j_n(°-i) n(»-i) D 

Uct     ni,(ni<,)>.ni,(na,)'....ni,(n«,)'.iLi     ' 
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where 
Hence 


Variables 


N^ 


n(«-i) 


"  nk  {Ti(hf-  X  &c.  X  n/,(n«,)2.  x  n  (a  - 1)  ■ 

agreeing,  as  it  ought,  with  Burmann's  Law. 

(11)     For  particular  classes  of  terms  iV   admits   of  a   reduction   to   a 
simpler  form. 

Thus,  in  the  case  of  three  variables,  suppose  that  the  matrix 

a,    /3,    7    assumes  the  form  a,   0,   0, 

«',   /3',   7'  0,  &',  0, 

a",  0',  7"  0,   0,  7", 

by  which  I  mean  that 

/3  =  0,       7  =  0, 

a'  =  0,      7  =  0, 

a"  =  0,    &"  =  0. 
Then  by  substituting  for  the  4th,   5th,  and  6th  lines  in  D  the  differences 
between  the  ^th  and  1st,  the  5th  and  2nd,  the  6th  and  3r 


a,      0, 

0, 

tta. 

tlh. 

Sic 

0,    /3', 

0. 

SiV, 

il'b'. 

s;v 

0,      0, 

7". 

il'a' 

il"b", 

srv 

0,      0, 

0, 

+  SiV 

+  A 

-Xlb, 
tlb 

-Xio 

0,     0, 

0, 

-  tl'a'. 

+  n"b", 

-  2i'c' 
Sic 

0,     0, 

0, 

-  il"a" 

-  tt"b" 

+  c 

av  + 

tl'a 

+  4, 

-  SiV, 

-SiV 

- 

Xlb, 

ilb+-S.t"b"  + 

A      -srs" 

- 

tie, 

-  Si'c', 

ac+ 

SiV+C 

which  we  may  call  afi'^/'D'. 
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The  entire  value  of  N  is  consequently 

„n(«-i)n(^--i)n{7"-i) 

'"^■^  UaXl^Uy" 

n(a-i)n(ff-i)n(Y--i)  

^  til  (UamUcy  X  &c.  X  ni'  (Ua'Uh'Ucy  X  &c.  X  n/"(na"n6"nc")'"  X  &c. 
B 
^ UAUBUC 

UaU^'nj"  _^__^^^ 

~  m(naubmy  x  &c.  x  ni'iUa'nb'nc'y  x  &c.  x  nr(ria"nrnc"/'  x  &c. 
^  uAnsno- 

(12)     The  form  of  I/  is  deserving  of  consideration  on  its  own  account. 
Call  tl'a'^Af,    Xi"a"  =  A„ 

Sic  =  G„,      S.l'd  =  Gi. 
Then         !>•  -  ABC  +  {Aj,  +  A,)  BC  +  (B,  +  S„)  CA  +  (C^  +  Gt.)  AB 
4-  (B.Ca  +  B^Gh  +  B^G^)  A  +  (GaA„  +  C„A,  +  G^A^)  B 

+  iAbB,  +  A,B^  +  A,B,)C. 

The  entire   number  of  terms  is  16.     In  general,  for  m  variables  the 
corresponding  number  will  be  (m  +  l)™~^  as  may  easily  be  shown*. 

*  The  number  of  terma  in  B',  since  each  of  them  has  positive  unity  for  its  numerical  coeffioient, 
is  evidentlj  tlie  value  of  a  determinant,  which,  for  three  variables,  is 


To  find  in  general  the  valae  of  EUOh  a  determinant 


I    -1^ 

which  13  the  disoiimjnant  of  a(x,^  +  Tf'  +  z^)-'iij! -^^r^ixy,  we  may  obaei^e  that  this  latter 
formula  becomes  a  perfect  square,  that  is,  loses  two  ordeis  whtn  a=  -1  Hence  (n  +  l]'  is  a 
factor  of  the  deteiminant.  Again,  when  a=2  the  sum  of  all  the  teims  in  each  oolumn  ib  zero. 
Hence  (a- 2)  is  also  contained  in  it  as  a  laotor  the  Lomplete  value  of  the  determinant  is 
theiefoce  {a-3)(o  +  lp,  that  le,  4^,  ■nhen  a  =  3  ;  and  So  for  a  doteiminant  of  the  mth  older  we 
obtain  {a-(iB-l)}  (o +  !)*"-',  which  lieooraes  (m  +  l)"""^  when  a  =  m 

The  same  lesult  may  also  be  obtamed  directly  by  the  mtegration  of  a  linear  equation  of 
diffeiences  ot  the  second  order  of  the  form  given  in  tha  eiamplt  at  the  loot  of  pa^e  14,  in 
Mi  Cohen's  paper  in  this  Jov/inal 

If  we  take  B,  which  aloo,  like  D',  oonaasts  escluBively  of  positive  terms,  only  with  unit 
coefficients,  the  number  of  these  terras  for  the  case  of  1,  9,  3  vaiiables  I  tnd  to  be  1, 12,  432  ; 
and  for  the  general  oase  of  ro  variables  I  presume  that  the  law  is  m"'(7«  +  l)"'~^. 
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The  terms  themselves  may  be  found  without  calculation  by  means  of  a 
simple  rule. 

Suppose  that  there  are  four  variables,  we  may  then  find  B'  for  the  case 
correspondiDg  to  the  one  just  treated  of  for  three  variables  by  taking  the 
product  of 

B^  +  B,+B^  +  B, 
0„  +  0,  +  C^  +  G, 

and  r^ecting  every  term  in  such  product  in  which  any  group  of  the  letters 
forms  a  cycle. 

Thus,  for  example,  every  term  in  which  AbXBa  enters  must  be  rejected, 
because  AB,  BA  is  a  cycle. 

So,  again,  every  term  in  which  At,x  B^x  Ca  enters  must  be  rejected, 
because  AB,  BC,  GA  forms  a  cycle. 

We  might  take  the  product  of  Aa  +  Af,  +  Ai  +  Ad  +  A,  and  the  quantities 
similarly  formed,  and  proceed  aa  above;  for  since  AA  is  a  cycle,  as  is  also 
BB,  GG,  DD,  therefore  AaB^GcBa  will  not  appear  in  the  final  result. 

Applying  the  method  of  rejection,  we  find  without  difficulty  I/,  which 
represents  the  determinant 

"r  Ai,  +  Ac  +  Aa.      .        -Ai.,  -  A^,  -  Aa 

-Ba,  B  +  Ba  +  B,  +  Ba,  -  B„  - B^ 

-Oa,  -G,,  G+G^  +  C  +  C^.*  ~Ga 

-  Da,  -  -Dfc,  -D.,  D  +  I)a  +  Di  +  D, 

=  ABCD  +  1.  (A^+A,  +  Aa)BCB  +  t{AbB,  +  Af,Ba  +  A,B^ 

^A,Bc  +  A,B^-YAaBa+AaB,  +  AaBa)GB 
yA,BaCa  +  {Ai  +  A,)B^G^  +  {B,  +  B,)G^Aa  +  {C,  +  Gb)A^Ba\ 
+  21  jB„  (C„  +  Q  +  B,C„j  G^  +  {Ci  {A,  +  A,)  +  G^A,]  A^  ]  R 

\  +{A,(B,  +  B,)  +  AiB,}Ba  / 

The  total  number  of  terms  being 

1  +  4  X  3  +  8  X  6  +  4  X  16  =  125  =  5^ 
as  it  ought  to  be. 

Other  cases  of  simplification  will  readily  suggest  themselves ;  and,  of 
course,  when  7=0,  '/  =  0,  ^"  =  0,  which  equations  imply  also  %Ig  —  0, 
XI'g'  =  0,  XI" c"  =  0,  and  G=Q,  the  value  of  N  will  reduce  as  it  ought  to  the 
form  corresponding  to  the  case  of  only  two  variables,  and  so  in  general  (the 
value  of  the  coefficient  of  any  term  in  the  development  of  the  transformed 


y  Google 


78  On  the  Change  of  Sy steins  of  [16 

value  of  any  differential  coefficient  of  a  function  of  several  variables  depending 
only  upon  such  of  them  as  appear  in  the  term  itself,  and  in  no  way  upon  the 
other  variables  not  so  appearing). 

(13)  To  indicate  the  method  of  passing  from  the  theory  of  transformation 
of  systems  explicitly  to  that  of  systems  of  variables  implicitly  connected,  let 

s  to  be  expressed  in  terms  of  t-  ,  <p,  S. 

We  may  make  this  transformation  depend  upon  oiir  being  able  to  solve 
the  following  question  in  the  reversion  of  series,  namely : 

Given  ^  =  ap  +  b<T  -v  y^  i'^P"  +  '^<^P<^  +  e<^')  +  &c., 

ij  =  a'p  +  h'<j  +  r— 2  {c'p"  +  'id' pa-  +  e'a')  +  &c., 

to  express  i^a^  in  terms  of  |, )?.  The  solution  of  this  question,  when  6=0, 
a'  =  0,  has  been  given  by  Jacobi,  Grelle,  t.  vi.  1830 ;  and  as  is  obvious  and 
pointed  out  by  Jacobi,  the  general  case,  by  either  of  two  methods,  namely, 
combination  of  the  equations  or  linear  transformations  effected  in  the  variables 
p,  (T  contained  in  them,  may  be  made  to  depend  on  the  particular  case  for 
which  6  =  0,  a'  =  0 ;  but  Jacobi  has  not  followed  out  the  effects  of  these 
processes,  and  apparently  was  not  aware  of  the  results  being  (as  we  may  now 
see  is  the  case)  capable  of  an  explicit  representation,  which  mode  of  repre- 
sentation is  essential  for  the  purpose  we  have  in  view. 

Let  X,  y  be  functions  of  u,v;  aud  suppose  x,  y,  ^  to  become  a;  +  ^,  2/  +  ^. 
^  +  T,  when  u  and  v  become  u  +  k  and  v  +  k  respectively ;  then  we  shall 
have 

r  =  J- A  +  J- ^  +  &c.  +  J&c.  +  frTTTD  -  wj  » A^  +  &cA  +  &c. ; 
du         dv  I  TlAllBduMv^  } 

but  treating  t  as  a  function  of  f,  j;,  we  have  also 

.  -  ftc.  +  {fe  +  „J-„_^ ,  1*^^  fV  +  &c  j  +  &c. 

1         d/+^'h 
Hence  „  .„    .  t  fj  g  being  expanded  by  means  of  our  theorem  in  terms 

ofi_    i.    -   ..   c    .L ,^.:...^  1 ._    _    .....    _.  f^-^^^^ 

du '  dv ' 


terms  of  ^  and  t/. 


y  Google 


16] 


Irukpeadent  Variables 


79 


(14)  As  there  are  no  quantitative  relations  between  tlie  coefficients  in 
tile  equations  above  written  which  express  f  and  tj,  we  are  therefore  now 
able  to  express  the  value  of  h^k^  in  terms  of  ^  and  tj  when  ^  and  ^  are 
respectively  expressed  as  rational  integral  functions  of  (and  vanishing  with) 
h  and  k.    Thus,  let  us  write  in  general 

where  ^o,o  and  q^^a  are  each  zero,  hut  all  the  other  values  of  p  and  q  absolutely 
arbitrary.     We  have  now  Pr,f,  qr.t  respectively  replacing 


and  consequently  the  general  term  in  the  expansion  of  fe^  ^  as  a  function  of 
^  and  ^  will  be  If,g^^,  where 

^'.»- Tp5-^<->  '    jraw«'9-.,.r.,.?'.,.y'.,. 

X  (nan&p„,j)*  X  &c.  X  {I\a'Ylb' qa\bY  x  &c., 


N  = 

n(«4 


n(..  +  /3-i)n(a'  +  )3'-i) 
nan/incTi/S' 

ci'-i)n(/3+^-i) 


D 


n;(ncinj)' x &c. x m'iHa'nby  x  so.    n-4n,B' 

,      I  Pi,..    A. 


4. =s|( -)«+=•■■ 
,n(«+a'-i)n(3+£-i) 


,,  n  (g  +  ^  - 1)  n  (»'  +  g-i) 
nan/3  nn'n/? 


n/% 


9*.,iA.y. 


(ft..-* 
Sio,      s» 

t/3',     SiV,      Sf6' 


?.,.)■+' 


fex.c,)}. 
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a,  ^ ;  a',  ^' ;  I,  V,  &c.,  being  any  system  of  positive  integers  which  are  capable 
of  satisfying  the  equations 

a  +  ^e  -  2;  +/, 

M'  +  ^'  =  2i'+/', 

a  -^  a'  =%la  +  ^l'a'  +  A, 

Hence  the  value  of  k^k^,  which  =  Xlf^g^^-ri",  is  completely  determined  as 
an  explicit  function  of  |,  ^,  and  the  coefficients  p,  q,  of  the  equations  by  which 
f,  ij,  are  given  in  terms  of  h  and  k. 

(16)     So  for  three  variables,  supposing 

where  niii,o,oi  '^o.o.o  *d<J  i>o,o,o.  ^'■s  ^^ch  zero,  but  all  other  values  of  m,  n,  p 
absolutely  arbitrary,  making 


and  writing  in 


we  shall  find 
where 

r        •■■  \(,    ,,.^„„,-n(c.+/3+7-i)n(..-+ff'+7'-i)nK+y+T"-i> 
-"/,»,»-- |l^^    '  nan/3n7n«'n/3'n7n«"n^"n7" 

n(a  +  a'  +  ii"-l)n(ff+|3'  +  y'-l)n(7+7'  +  7"-l)\ 
n/ll^  Yih  } 

X  D  X  /i\„,o  M^«,i,o  /A^,«,i  ^'''i.o.o  ^'''0,1,0  "^'0,0.1  0°"i,o.o  -^  "o,i,o  </>^"n,«,i 
x%xte.x2%f^xfexfe^x&„.}, 
where  D  is  &  known  determinant  of  the  sixth  order  expressible  in  terms  of 


d\osJ 

d\onJ 

dp!:,,,.  *'■'■'■■ 

t''«''=X7,,,..fVf* 
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a,  A  7;  «', /3',  7';  o",  0',  7";  ^'«.  Si'.  SIo;  Sfii',  •U'V,.tl'o';  Si'V,  SrS", 
Sf'c",  and  where 

»  +  /3  +  7.a+/, 

a'+;8'  +  7'  =  Si'  +  ^, 

a"+/3"  +  T"  =  Sr  +  i, 

a  +  a'  +  a"  =  Sia  +  2iV  +  Si'V  +  A, 

^  +  ^  +  ^"  _  2;j  +  sry  +  sr'4" + a 

7  +  7'  +  7"  =  Sfc  +  £f 0'  +  2i"c"  +  0, 

(16)     Suppose  now  that  we  wish   from   the   equation   O^S^^^s^'A*   to 
deduce  the  value  of  l^  in  terms  of  h. 


We  may  put 


and  then  apply  the  formula  of  reversion  for  finding  1^  in  terms  of  %  and  tj  ; 
but  since  ^  =  0,  we  may  reject  all  the  terms  out  of  SJ/^j^i^",  except  those  in 
which  /=  0 ;  moreover,  in  adapting  the  formula  applicable  to  this  case,  we 
must  put  g,g  =  0  for  all  values  of  the  system  r,  a,  except  1,  0,  and  for  that 
system  (^1,0  =  1 ;  we  have,  therefore,  to  retain  such  terms  only  in  /o,?  for 
which  a  =  0,  £iV  =  0,  2;'6'  =  0; 


H  consequently  becomes 


0,         2ia, 
:'  +  ff,       0, 


0 


A       A.        «,      /3  +  A 


A,  S» 


|  =  »'(»+A')A|; 
-«'(«'  +  ;3-)A£i 


/„  =  S   (-)«- 


,,  nffn (»'  +  A)    n«'n(A+A'-i)-B 


with  the  conditions 


nAIId'HA 

<i'  =  Sfa,  A  =  Sil 

J  +  A'-Sit  +  A    «'  +  A'-S'i 


nj 


(») 
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we  have,  therefore,  finally 

with  the  sole  condition  deduced  from  the  system  {a), 

l,i(h+h-l)+hia,  +  b,-l)+  ...  +h{ae  +  be~l)  =  g-B. 

Suppose,  now,  that  <f>  (a;,  y)  =  0,  and  that  we  wish  to  express  -j—  (where, 

for  greater  simplicity,  I  consider  ^  a  function  only  of  y)  in  terms  of  w,  y, 
without  solving  the  equation  </)  =  0;   we  know  that  if  we  write 

(      f-Yf-V  1 

■^  i  +  ■!*  i  +  &c.  +  kc.  +  =li^  i*  +  &c.    +  &C 
dee  ay  [  ll«il(i>  ) 


n^  da^ 


J-  ft  +  -J—  zr—^  +  -J—  T— -■■■ ^  fee.  m  terms  of  A. 
ay         dy^  1.2      di/'  1 ,  2 .  d 


Consequently,  if  we  make 

p        ng  n{S(i6)+^-ii 

jsr^-'iniN'  ia)-(i)'>i'' 

where,  as  before,  writing  in  general  %  +  6^  —  1  =  cj, 

^iC,  +  ^Cs+  ...  +  ^oCf  =S'  — .B, 

^  being  now  given,  and  B  variable  and  subject  to  assume  in  succession  every 
value  from  1  up  to  B. 

(17)     By  way  of  verifying  the  above  formula,  and  as  a  protection  against 
accidental  errors  of  calculation,  suppose  ^  =  —  sc  + 1/^  (y), 

so  that  ^  —  1,     '^4  =  f; 

dx  ay      dy 

the  only  terms  to  be  retained  are  those  in  which  no  (a)  index  appears. 
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We  have,  therefore,  for  this  case  %l{b  —  \)=g  —  B, 


that  is, 
and       Es  ■■ 


n{2(lb}  +  B-l}         (-y     l/d_\^ 
Uy) 


(freeing,  as  required,  with  Burmann's  law. 

(18)  As  another  example,  in  illustration  of  the  fact  that  our  general 
theorem  embraces  the  whole  theory  of  reversion,  suppose  we  have  the  equation 
2)Ji,,,,(g''/c*J'  =  0,  and  that  it  is  required  from  this  equation  to  deduce  l'^  as  a 
function  of  h  and  k. 


We  may  write 

f-Sni,,.,,,*!' 

V  =  <1, 

f-t. 

We  have  then 

(0=  S/,,,,,5»i», 

and  in  assigning  the  value  of  /o.a.ft-  we  need,  moreover,  to  retain  in  /o,(f,ft 
only  thwie  terms  in  which  the  of,  b',  c'  and  a",  h",  c"  systems  of  indices  are 
wanting ;  for 

2iV=0,      'S.l'b'  =  ii,      tl'c'  =  0. 


■s.ra 


Moreover  a.  /3,  7 ;  a',  ff ,  7' ;  h",  ^ 
minor  determinants  of  the  matrix 


0,    2r&"=o,    2rc"  =  0. 

sing  the  indices  respectively  of  the 


we  may  consider  a  =  0,  ^  =  0,  ;8'  =  0,  a 
which  have  these  indices  are  all  zero. 


=  0,  since  the  minor  determinants 


Hence,  for  the  actual  terms  in  /o,p,A,  B  becomes 

... ,  ... ,      %Ui,     S;6,        £fc 

,    a'  +  7'.        ■■■. 

,       ■■■,       /3"+7",    -..,     


.  ■ . ,  7  +  y + 7" 
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which  obviously  reduces  to  the  form 

«'rv+7')0''+7")|;;  g  +  f,| 

also  the  equations  of  coadition  between  the  indices  become 
■y  =  Si,  o.'  =  %la, 

a'  +  y^  g,  ^"  =  tlh, 

ff'Jri'  =  li,     7  +  7'  +  7"  =  S?c  +  0, 
in  addition  to  the  special  equations 

a  =  0,     ^  =  0,     a"  =  0,     0^0. 
Hence  l^^'ZIg^hqsB',  where  Igj,  represents 


{-r 


n^m Ua'u0'nir^+r,-+r^"-i)G 

n7nVnyn^"n7"-  iigiih  ■^'^■ 

~^    -'         n7n7'n7"  ■    ■  wi„.„.iV+>'+*"+"'+f'"  '"^'■■ 

-^(  -  V+y+r"  O  n(7  +  y  +  7''-l)  m>"„,i,,w./,.,,„ 

-^^    I        "117 ny ny       m„,o,,i'+^'+>'" 
ii;      m,   '■■       n/,   ■ 

where  4(ffli  +  6,  +  c,~l)+ ... +ie(ae  +  &e  +  Ce- 1)  =  S'  +  ''- f?,  Jf  and  A  being 
assumed  of  any  values  respectively,  such  that  their  sum  ia  not  less  than  G: 
the  partitionment  o^  g  +  h  —  G,  gives  every  possible  system 
l,...k;  {a  +  b  +  c-  1).  -K  +  6,  +  c.  -  1) ; 
and  to  every  such  system  correspond  known  systems  of  values  of  a,  &,  c;  ... ; 
ae,be,Ce.  We  have  then  7  =  Si,  y +'y"=^Xl(c  —  l)  +  0,  which  latter  equation, 
for  each  value  of  c,  gives  SI(g—1)+G  +  1  systems  of  values  of  7'  and  7". 
Thus  we  have  the  complete  solution  of  the  equation  Swi).,«,t9^^^'  — 0. 

In  like  manner,  if  we  suppose  i  variables  q^,  5a,  ...^i,  and  for  greater 
simplicity,  in  addition  to  the  condition  always  supposed  of  the  constant 
term  being  zero,  likewise  conceive  that  the  coefficient  shall  be  unity  in  each 
linear  term  of  the  equation 

we  shall  find 
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with  the  conditions  following  for  finding  the (7) and  'a,  'a,..*a.,.  ^«,,  ^o.^ . . . %a 
systems,  namely, 

XlQa  +  ^a+  ...  +>«-!)=/,+/,+  ...  +/(_,_^;, 

7,=  Si,       7i  +  7:,+  ...  +7i  =  Sii((I^-l)  +  .d.i+l. 

(19)  In  like  manner  we  may  without  difficulty  assign  the  general  law 
for  solving  with  like  generality  any  number  of  simultaneous  equations 
between  any  greater  number  of  variables,  the  functions  equivalent  to  zero 
being  all  supposed  fco  be  without  a  constant  term,  and  to  be  expressed  as 
rational  integral  functions  of  the  variables ;  and  we  can  consequently  pass 
from  one  system  of  independent  variables  to  any  new  system  in  whatever 
way,  whether  explicitly  or  implicitly,  through  any  number  of  equations  and 
any  number  of  connecting  variables,  the  two  systems  may  be  ; 
to  be  related. 
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ON   A  DISCOVERY  IN  THE  PARTITION   OF  NUMBERS*. 

[Quarterly  Journal  of  Mathematics,  I.  (1857),  pp.  81 — 84.] 

Let  di,  Oi,  ...  dr  be  any  given  system  of  integer  elements;  I  call  the 
number  of  ways  of  composing  the  number  n  with  these  elements  the  quoUtyf 
of  n  in  respect  to  the  given  elements.     Let  the  least  common  multiple  of 

ffli,  Ob,  Oj,  ...  a,  be  called  p  and  let  the  roots  of  — — ^  =0  be  called  p,  then  we 

may  express  the  quotity  in  question  under  the  form 

A  +  U, 

'  From  the  last  foot-aote  at  p.  67,  it  follows  that  tke  non- periodical  part  of  the  analytical 
expression  for  the  Dumber  of  ways  in  which  n  can  be  composed  of  the  t  elements  it,  h,  c  ...  I,  is 
the  coefficient   of  -  in  tlie  expansion,  in  a.  series  of  ascending  powers  of  t,  of  the  fraction 

|l-r.J)|l-^|...(l-.-l.)-    '«°"«""'  "  "  »™~  (l-^)(l-'..)...(l-.')-(-ljir'-^ 
tractions  not  containing  (1  -x)  in  the  decommatOF,  it  further  follows  that,  for  valnea  ol  n  notlesa 

than  r,  the  coefficient  of  x"  in  P  will  be  the  coefficient  of  -■  in  the  expression 

(l-e-«')(l-e-^'l...(l-e-«)' 
which  is  evidently  zero,  as  it  ought  to  be. 

+  Thus  the  quotity  of  n  in  respect  to  a  and  1  is  the  integer  next  greater  than  - ;  the  oompleta 
expression  for  this  quantity,  it  may  be  mentioned,  is 


The  quotiiy  of  n  in  respect  to  the  eonseoutive  elements  1,  2,  3  ...  )■  is  equal  to  the  number  of 
ways  of  partitioning  n  +  r  into  r  parts. 
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where  A  is  an  algebraical  function  of  n  and  the  elements,  which  is  clear  of  all 
exponential  expressions,  and  U  is  of  the  form 

2  {A„  +  AjP  +  A^p^  +  &c.  +  A^ip^-^)  p"*. 
I  call  U  the  quot-undulant-f-;  A  the  quot-additant]:.  I  shall  say  nothing  at 
present  about  the  former,  although  I  can  express  its  value  completely  for  any 
system  of  elements  which  are  prime  each  to  each,  or  of  which  the  relations 
of  identity  existing  between  the  prime  factors  are  given :  my  theorem,  for 
present  purposes,  is  confined  to  the  quot-additant,  which  may  be  written 
under  the  form  following,  namely, 

where  B^^tC^^C^^^ ...  (7„^S(a,°'«'0  ...  o^^H 

S  denoting  as  usual  that  a  symmetrical  function  is  to  be  formed,  of  which 
the  quantity  which  follows  it  is  the  type  of  the  general  term,  and  the  symbol 
S  referring  to  a  summation  to  be  effected  in  respect  to  all  the  distinct 
systems  of  integer  values  (zeros  included  in  the  number)  of  l^>s^,  t^g^,  ...  Wft,, 
whose  sum  is  r  —  to,  and  where,  in  general,  (7,„  denotes  the  coefficient  of  t™  in 

Tl  ffi       t   A     A     dc  mg  1     Ig  b         1ft         ot  m  aad  of  the  elementa 

hd  tfthgtn  mb       f  th      lementa  having  the  same 

t  Ti     q     t      d  1     t  alth     gh  f     p         t  p    -p  se    p         ted  single  whola,  is  in  fact  a 

lit       q       ttmd      p     ndmt     mplj      d  n  t    ally      p         d  by  means  of  the  sum  of  a 

(iinlg        p       d  pel       pgea         f      t  wh        number  is  the  same  aa 

that     fthdttlmt         dwh        |        d  ptlim  asured  by  the  number  of 

t  h        hi  t      t  m  J  b        mpar  d  with      or    t  w         comp<ffied  of  a  number  of 

w      1  t     wl         1     gth  th      th        m  bm  iltipl        f   ts  own.    TMs  is  the  view 

t  t  k      by  M    L  yl  y  wh  1  ac      h      h      E  11  w  d       th    footsteps  of  Eulev,  but  to 

whi  h     1       I L        b  d  pe  d     tly       1  1  bl  d    ted  Vy  the  method  of  infestiga- 

t  peel  tmylfSJhH  hi  dMK  kman  h  not  taken  this  view,  and 
ac      Imgly  th  n  ary         pi  xjty      th        6at  m    t      1     sulta. 

t  If  we  suppose  the  fraction  j- -y-p: -r j= —  thrown  under  the  form 


iL-xy^  {l-^,)il-X',)  ...{l-X''r)Ml-^)" 

the  quot-additant  of  n  is  the  ooefEoient  of  r"  in  ..  — r^  which  gives  the  ineaaa  of  espreasing  P, 
and  consequently  also  Q.  Compare  Note  iv.  in  M.  Secret's  eioellent  Cows  d'Algebre  supSHeure, 
2nd  edition. 

g  The  theorem  may  also  be  stated  aa  foUowa.  Let  A„,  A^,  A^,  Ac.,  denote  the  suooesaive 
coeffioientB  in  the  expansion  in  a  series  of  asee»ding  powers  of  k  o£  the  leciproeal  of  the  product 
of  1-e-",  l~e-^,  ...  l-e-"^,  then  will  the  qaot-additaat  of  n  in  respect  of  the  r  elements 
..„  +  ..,.,.»  +  i„.j=^,+  „^  +  ^..ry5^£^.      [S..  not.  .  .1 
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Exa/mples.     The  quot-additants  of  -n,  in  respect  to  the  systems  a ;   a.b; 
h,  c;    a,,  b,  c,  d,  &c.,  respectively,  are  as  follows ; 
1      1  /'a+  b       ^ 


1   (a- 

+  b^+<f  +  3(ih+'6<K  +  Shc 

a  +  b-i-c 

ofcl 
abcd\ 

12 
j%  +  3Safc  ,  (XaY+aiab 
2*            '            12'    ■    "■ 

2 

So,  again,  the  constant  term  in  the  quot-additant  to  the  system  of 
elements  a,  h,  c,  d.  e  will  he 

1       ^  I  _    a*_      ^      o?hc      abed) 
abode      \     720 '*' 144  "*"  ^i8"  "^    16)' 
and  to  the  system  of  six  elements  it  will  be 

a*b  ^  a^¥G  a^bcd  abcde]  ^ 
'"  288"  ~96~  ■""  "'32"| ' 
it  will  be  seen  that  the  latter  quantity  under  the  sign  of  summation  is 
obtained  term  for  term  from  the  one  above  by  introducing  a  new  element 
with  the  index  unity  in  the  numerator  and  doubling  each  denominator;  this 
law  is  general,  and  is  an  immediate  consequence  of  the  fact  that  for  a 
coefficient  of  i  dimensions  in  the  elements  the  only  partitioumeuts  of  i  which 
appear  in  the  groups  of  indices  are  those  which  are  made  up  of  the  elements 
1,  2,  4,  6,  Sac,  aU  the  odd  elements  except  1  from  the  nature  of  Bernouilli's 
numbers  giving  rise  to  the  coefficient  zero,  so  that,  consequently,  the  partition- 
ments  of  2t.  +  l  which  enter  into  the  expression  in  question,  are  all  derived 
from  those  of  2(  by  the  addition  of  a  single  distinct  unit. 

The  series  of  fractions  ^,  ^,  0,  j^^,  0,  &e.,  arise  in  my  method  as  the  results 
of  substituting  — — j-  in  place  of  — r-  in  the  expansion  of  the  successive 
variations  of  log  <f>. 

Thus,        Slog,(,_|  =  l.  S-log*.|-'-(^y  =  J-J-A, 

8Mog*.^'-3^  +  2^.i-J  +  J  =  0,&o.&. 

•  When  the  elements «,  (i,  i! ...  1 9J    j  aht      ah   th    q     t       111  nt  will  not  contain 

n,  that  is,  will  be  strictly  periodic.    F      th       a        1       f         th    d  ft  b  t      n  the  quot. 

addjtant  of  n  and  that  of  ii-(ffi.  6,c  .  i)  w  11  p  nt  tli  d  fi  noe  bet  een  h  ntire  quotity 
of  n  and  that  ofii-(o.6.c...!)inr  pettoth  ytmspp  d  We  ha  e  n  quactlj  an 
e^y  method  of  vecifjing,  by  actual  decompoBitions  of  numbers,  the  general  exprenaion  for  the 
additant  part  without  knowing  the  value  of  the  nndulant  part  in  the  complete  expression  for  the 
qnoiity.  For  the  caee  in  question  the  quot-additant  may  aJao  lie  defined  and  calculated  as  the 
algebraical  expression  whose  mean  value  is  the  same  as  the  mean  value  of  the  quotity  when  the 
partible  number  passes  through  a  period  of  0.6  .  e  ...  i  oonaeoutive  integer  values. 
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Hence  it  may  easily  be  collected,  that  if  we  write 

J^  =  1  +  iT.i  -  2-S:,(' +  3-S:s(=  +  &c., 
we  ought  to  have 

Ki  =  \E,-j^E,+j^E,&!,c.  ±Ei_„ 
where  E^  denotes,  in  general,  the  coefficient  of  h"  in 

(2  +  2— 3  +  2-O  +  H       ■ 

or,  which  is  the  same  thing,  Ki  ought  to  be  equal  to  the  coefSeienb  of  (*  in 

e*  —  1 
log  — - —  as  is  easily  demonstrable  to  be  the  case  by  Maclaurin's  Theorem. 

In  general,  if  the  quot-additant  of  n,  in  respect  to  the  roots  of 

be  expressed  as  a  function  of  jij.p^,  ...  jo,  and  n,  and  be  called  —  Qr,  we  have 
the  following  equations  existing,  namely, 

e,=/d»e„  .„d  (|-+y,-|_+...+p,_,|-)«,  =  -|a_.. 

ObservaUon.  My  method  which  has  led  me  to  the  preceding  theorem 
reposes  upon  the  axiom,  which  I  believe  is  quite  new,  that  the  mean  value 
of  the  a.b.c  ...  I  sums  of  homogeneous  powers  and  products  (al!  affected 
with  the  coefficient  unity)  of  n  dimensions  in  «,  ^,  7,  ...,  X,  where  «"=1, 
/3^  =  1,  ...  \'  =  1,  is  equal  to  the  qwofcity  of  n  in  respect  to  a,  b,  c,  ...  I- 
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ON   THE   PARTITION   OF   NUMBERS. 

[Quarterly  Journal  of  Mathematics,  i.  (1857).  pp.  141 — 152.     Also  printed, 
TortoUni's  Aimali  di  Matematiche,  vin.  (18o7),  pp.  12 — 21.] 

I  MUST  reluctantly  content  myself  for  the  present  (unexpected  events, 
which  have  robbed  me  of  the  leisure  and  calm  of  mind  necessary  for  com- 
position, and  the  due  evolution  and  embodiment  of  ideaa  on  any  extensive 
scale,  forbid  me  to  do  more)  with  a  brief  statement  of  the  general  solution  of 
this  important  question,  which  (as  known  to  my  thrice-distinguished  friend, 
Mr  Cayley)  I  succeeded  in  completing  almost  immediately  after  the  appear- 
ance of  the  last  number  of  the  Journal. 

It  must  be  clearly  understood  that  the  methods  of  Eulei  De  Morgan, 
Herschel,  Kirkman,  and  Cayley  (the  last  a  great  ad\  ance  upon  all  that  went 
before)  have  only  afforded  the  means  (with  more  or  less  q;eneiality)  of  deter- 
mining the  quotity  of  a  number  in  respect  of  given  elements  in  any  paiticulai' 
case ;  the  existence  of  a  universal  algebraical  representation  of  this  quotity 
seems  not  even  to  have  been  suspected.  Moreover,  it  will  be  found  that  the 
general  formula,  which  I  am  about  to  give,  possesses  an  immense  practical 
advantage  in  point  of  facility  of  computation  ovei  the  methods  preiiously 
employed.  Thus,  for  example,  I  have  been  able  to  compute  by  it,  in  a 
moderate  space  of  time,  the  number  of  ways  of  partitioning  n  into  nine  parts ; 
the  enormous  complexity  of  the  calculations  required  by  the  methods  of 
Herschel  and  Cayley  had  induced  those  distinguished  authors  to  rest  satisfied 
with  stopping  short  at  the  formula  for  only  live  parts. 

My  result  has  been  erected  upon  a  completely  independent  basis,  and 
deduced  by  an  equally  original  method,  namely,  the  axiom  contained  in  the 
observation  at  the  end  of  my  former  paper  combined  with  a  simple  theorem 
for  expressing,  by  means  of  partial  fractions,  the  sum  of  the 
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powers  and  products  of  any  number  of  quantities,  not  merely  for  the  special 
case  of  these  quantities  being  all  unlike,  but  for  the  general  case  of  their 
being  made  up  of  any  sets  of  equals.  MM.  Cayley  and  Terquem  have  both 
suggested,  what  is  no  doubt  true,  the  possibility  of  obtaining  my  result 
otherwise,  and  perhaps  a  little  more  simply,  by  aid  of  M.  Cauchy's  Theory  of 
Residues. 

I  now  proceed  to  enunciate  the  theorem. 

a,,  Os,  ...  Or  (all  positive  integers)  are  supposed  to  be  the  elements,  n  the 
partible  number,  and  the  object  in  view  is  the  expression  of  the  quotity  of  n 
quit  the  elemeata  a-^,  a,,  ...  a^,  that  is,  of  the  number  of  solutions  of  the 
equation  in  integers  (1^X1  +  a^x^  +  &c.  +  OfXr  =  n,  in  which  equation  it  may  be 
observed  no  further  condition  is  imposed  upon  the  coefficients  Oi,  a^,  ...  a, 
than  that  of  their  being  positive  integers.  There  is  no  restriction  upon  their 
being  equal  in  any  manner  inter  se.  Call  Q  the  quotity  in  question :  then 
we  may  consider  Q  as  made  up  of  an  infinite  number  of  waves,  of  which, 
however  (as  it  will  immediatelj'  be  seen),  only  a  finite  number  have  an  actual 
existence,  the  rest  will  be  abortive. 

Let  —  be  any  rational  numerical  fraction  whatever,  not  exceeding  unity,  in 
its  low^t  terras,  and  use  w^  to  denote  the  coefficient  of  -  in  the  development 
of  the  expression 

e""-  (1  _  e^«)-i  {1  -  e^")-i ...  (1  -  e^)-\ 

where  w  =  ^^^t,      u  =  ^-^-t,      i  =  (-lf; 

q  q 

then  Q  =  %Wp,. 

"a 
^^  pnjh^  ...  ^i  be  all  the  numbers  (unity  included)  less  than  q,  and  prime 
to  it,  and  if  we  write 

we  shall  have  more  simply 

Wg  again  may  be  expressed*  under  a  more  easily  intelligible  form  as  the 
coefficient  of  -  in  the  development  in  ascending  powers  of  (  of 


^  (1  _p»,e-a,t)(i  _p«.e-v)  ...  (1  -p-^e-".*)' 

where  p  is  in  succession  each  of  the  roots  of  the  prime  foAstor  of  p?  —  1 ;  and 

[*  Cf.  p.  157  below.] 
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consequently  since  this  development  will  contain  no  term  where  -  enters, 

unless  some  one  at  least  of  the  quantities  p"',  p'^,  ...  p"'  is  unity,  it  follows 
that  Wq  =  0,  except  for  those  values  of  q  which  are  contained  in  some  one  or 
more  of  the  elements  a^,  a^,  ...  a,..  The  number  of  aGkicd  waves  expressing 
a  given  quotity  is  consequently  the  number  of  distinct  integers,  unity  included, 
which  enter  into  the  composition  of  the  elements  to  which  the  quotity  has 
reference. 

It  will  readily  be  seen  that  on  making  g-  =  1  we  shall  obtain  the  expression 
for  the  so-called  quot-additant  (a  name  only  adopted  for  provisional  purposes, 
and  which  I  now  discard)  given  [p.  87  above]  in  the  preceding  number 
of  the  Journal.  The  generating  function  for  this  part  of  the  quotity  becomes, 
from  the  general  formula. 


(l-e-.')(l-B-«)--(l-<i-^-')' 
The  coefficient  of  -  in  this  expression  will  give  the  formulae  contained  in 

the  body  of  the  paper  referred  to ;  but  far  more  expeditious  formula  of  com- 
putation may  be  substituted  in  lieu  of  these.     For  we  may  write 

W,  =  coefficient  of  -  iu 
g«(-{log(l^c-»,'l+log(l-^--=')+  ...  +log(l-e-V)i. 
But  in  general 

log(l-e7')  =  l»g*-|  +  £  +  fc. 


Bi,  B^,  &c.,  denoting  Bernouilii's  numbers,  namely, 


Hence 

W^  =  — —  X  coefficient  of  p-' 


lere  s„  in  general  denotes  the  sum  of  the   wth  powers  of  the  elements 

,   (tj,  ...  Or- 

Hence,  writing  n+^s,==  v,  we  have 

TF,  =  coefficient  of  f"~^  in 
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((.,11, ...  o,)-'  (i  +  rf  + 1^  J— 2  +  ''iTaTs  +  *"=■) 

X  &c.* 

The  wave  ff^j  is  also  deserving  of  particular  notice,  on  account  of  it  also 
being  free  from  the  sign  of  summation,  and  involving  only  the  Bernouillian 
numbers.  To  find  this  wave  we  have  to  take  p,  the  root  of  the  prime  factor 
of  p^  —  1,  that  is,  we  have  simply  p=  —  1. 

And  if  we  distinguish  the  elements  ra,,  Oj  ...  tt,  into  two  groups,  say 
Ui,  Bj ...  Ki,  all  even,  and  /3i,  ^^ ...  Bm  all  odd,  we  have 

Tfj  =  coefficient  of  -■  in  the  generator 


^~'   (1  -e-".')(l  -e-".')  ...  (I  -e-V)(l  +e-^.')"(i"+e-^'')  ■■■  (l+e"^™')' 
which  =(-f  e"*-K 

where  J2  =  2  log  (1  -  e— ')  +  £  log  (1  +  e""^*)- 

But  log  (1  —  6"*)  has  been  already  expressed,  and  I 

log(l+e-*)  =  log2-|  +  ^(=  +  &c. 


16  1.2.3 

*  To  save  circumlocution,  I  have  not  espreased  in  the  text  the  general  value  of  the  uoeffieient 
of  ((,  but  of  course  there  ia  not  the  slightest  difficulty  iu  so  doing;  let!  be  thrown  in  every  possible 
way  under  the  form  K^-¥9,K^JriKf-i-^Kg  +  &a.   (that  is  to  saj,  all  the  partitione  of  i  quS  the 
elements  I,  2,  4,  6,  &c.,  ace  to  be  written  down),  then  the  coefficient  in  question  is 
S-piK-i,  K9,X„&e.)  v^i.Sj^s.s^Si.  SOS's  &o„ 


*  <-..  -'■-'■  *>=Mrs4W.^.  (i^r  (r^^)"  ir^^^)' 


&c. 


It  is  deeply  interesting  to  observe  how,  in  the  very  formula  for  espreasing  partitions,  a  class 
of  partitione  reappears,— in  fact,  partitions  constitute  the  sphere  in  which  analysis  lives,  moves, 
and  baa  its  being ;  and  no  power  of  language  can  exaggerate  or  paint  too  forcibly  the  importance 
of  this  till  recently  almost  neglected,  bat  vast,  subtle,  and  tiniversally  permeating  clement  of 
algebraical  thought  and  expression. 

Happy  ought  I  to  feel  in  the  reflection  of  baling  been,  the  appointed  instrument  to  make  ao 
great  an  advance  in  a  doctrine  which  contains  a,  large  part  of  the  future  of  pure  analyais,  and  to 
have  impresEed  upon  it  a  form  which  must  inevitably  give  rise  to  an  illimitable,  liost  of  the  most 
important  appUcationa  and  consequences. 
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Hence,  using  Si,s^...  to  denote  the  sums  of  the  1st,  2nd  ...  powers  of 
tti,  Oj...  and  (7,,  (72...  to  denote  the  sums  of  the  1st,  2nd  ...  powers  of  ^i,^^ ... 
and  writing  »  +  J  (si  4-  <t^  =  v,  we  have 

n*- Ji  =  -log(2"'a,Hs...  ai)  +  l\Qgt  +  vt  -  =— ^ (Sa  +  So-^) i^ 


1.2' 
5, 


■^1.2.3.4= 


(84+150**  +  '^ 


and  consequently,  Tf,  = x  coefficient  of  t^-^  in 


^H.,(+,._^^ +  ,._—, 


■^1152 

1 


So  in  general  if  we  wish  to  find  the  wave  Wq,  we  must  distinguish  the 
elements  into  two  groups, 

Oi,  fla  ...  «(,  all  exactly  divisible  by  q, 

and  ^1,  ^2  ...  /Sm  not  so  divisible  ; 

Wq  will  then  be  the  coefficient  of  -  in 

'■'  {i  -  p-e-".')  (1  -  p-e-"^^) ... {1  -  p"ie-"i')  x  (1  -  /'e^*'') (1  -  p^-e"^-')- ■  -(1 "  (^^e-^'^) 

where  the  sign  of  summation  indicates  that  all  the  values  are  to  be  taken  in 
succession  of  the  prime  roots  of  p'  —  1  =  0 ;  this,  again,  may  be  expressed  as 
the  coefficient  of  ('"'  in  a  quantity  of  the  form  p"'-*  where  R  may  be  expressed 
by  means  of  the  prime  ^th  roots  of  unity  aud  the  known  numerical  coefficients 
which  enter  into  the  expansion  in   ascending  powers  of  t  of  the  quantity 

^-j  hut  I  do  not  propose  here  to  enter  into  the  details  of  the  method.    It 

will  be  enough  for  present  purposes  to  illustrate  it  by  an  example.  Suppose, 
then,  that  we  take  the  elements  1,  2,  3,  4,  5,  6 ;  in  other  words,  that  we 
propose  to  express  algebraically  the  number  of  ways  in  which  n  can  be 
divided  into  six  or  a  smaller  number  of  parts. 

The  expref^ion  will  here  consist  of  six   parts,  which  I  shall  reckon  in 
inverse  order,  beginning  with  W^. 
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Wf  will  be  the  coefiHcient  of  - 


"■  (1  ^  e^')  X  (1  -  pO  (1  ~  pV-«)  (1  -  p'e--'*)  (1  -  p'e-^)  (1  -  p^fT^') ' 
where  p  is  either  root  of  p^  —  p  4- 1  =  0  ; 

this  is  evidently  equal  to 


6' 

■-'•   (l-p)(l~p'){l-rt(l-p')(l-p') 
,1  .                          1 

-6''   (l-p)(l-p')2(l+p)(l+p') 

*12(l-p-)(l-p') 

■'l2(2-p)(l  +  rt     ^86- 

In  lite 

ma 

onei 

w,. 

_1    <                                P" 

.5'-(l-rt(l-p')(l-p')(l-p')(l-rt' 

where  p  is 

any 

root  of 

p'  +  p^  +  p^  +  p  +  1  =  0. 

Hence 

-jijSpMl  +  Sp  +  V  +  p") 
=  iy5Sp-(2  +  p-p--2p'), 

Again, 

w, 

1,                                p» 

l-(l-p)(l-p')(l-p')(l-p){l-p')' 

wliere  p  is 

eitlier  i 

■uot  of  p^  +  1  =  0, 

Hence 

*     18     (l-p)"(l+p) 
_  i  vC"(l-p) 

Again, 

w. 

=  coefacient  of  |  in 

p"e« 
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18  -  (1  -  p)  (1  ~  p')  (1  -  /)  (1  -  p')      18  ((1  -  p)  (1  -  p')f 
162  ' 

2     p—l      p^  —  1     p-l     p^-1 
-»+|-|i6(2  +  p)  +  7(2  +  p-)l 
.»+|-|{24  +  5p  +  7p-) 
.»-i(21  +  5p  +  V')-»-5('-p)- 
t=|^  X  coefficient  of  !■  in  (l  +  rf  +  "'f)  (l  -  i-  (,,  +  3»,)  f)  , 


s,  =  2'+4"  +  6'=56;   »,  =  !■+ 3'  +  6"=  35  ;   S<r,  =  105. 
Hence  ^-(-)''3-L  ^  ff" '3 

Finally  W,  =  , — j;— ;; — ^ — i^-x  x  coefficient  of  t^  in 
■'  1.2.3.4.5.6 

(l  +  rf  +  .-  +  V-j  +  .-^  +  »-j5g) 

K'^H'-''+in2'"') 

"  720  |l20  ~  144  *■"''''  (nil  "*"  288oj(  ' 
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where  v  =  n  +  -^ 

Si  =  1^  +  2'  +  3=  +  4^  +  5=  +  6=  =  91 
«,=  1  +2*  +  3'  +  4^  +  5'+6'  =  2275 
V=  8281.    . 

=  1^(9191), 
and  F,=^(^-^^V^ 

As  no  useful  object  would  be  attained  by  substituting  for  v  its  value 
«+  -s".  I  leave  the  expressions  for  W,,  W^  in  their  present  form  as  expUoit 
functions  of  v. 

It  is  well  worthy  of  observation  that  the  exponent  of  the  generating 
function  of  J^j,  namely,  nt  —  R,  when  the  elements  are  taken  the  consecutive 
numbers  1,  2,  3  ...  r,  consists  exclusiveiy  of  Bernouilliao  numbers  and  sums 
of  powers  of  1,  2,  3  ...  r;  but  as  these  latter  are  themselves  expressible  by 
Euler's  theorem,  in  terms  of  powers  of  r  and  the  Eemouillians,  R  is  for  this 
case  a  quadratic  function  of  the  numbei^  of  Eemouilli. 

If  we  express  the  quantities  of  the  form  Xp'"',  which  occur  in  the  different 
modes  in  terms  of  Herschel's  circulating  functions,  then  our  expression 
assumes  the  very  same  form  in  which  Mr  Cayley  had  observed  it  was  the 
most  advantageous  to  express  the  quotity,  and  to  which  he  has  given  the 
name  of  "prime  radical  circulators*." 

*  Thua  what  with  Mr  Cajlej  waa  an  invention,  with  me  becomes  a  thBorem.  Mr  Oaylej  was 
led  to  the  use  of  prime  oiroulatorB  from  a  perception  of  their  affording  the  best  analytioal  means 
of  giving  deiecminateneBB  to  the  representation  of  the  results ;  in  my  method  they  offer  them- 
selves spontaneously,  and  cannot  be  rejected. 

Supposing  that  Mr  Cayley  could  claim  a  right  to  the  exclusive  use  of  these  forme,  we  ehovild 
have  an  instruotive  instanee  of  one  of  the  mischiefs  ascribed  to  the  general  system  of  patent  law, 
namely,  of  blocking  up  the  necessary  march  of  invention.  For  the  benefit  of  foreign  readers  of 
the  Jownal,  I  should  add  that  r„  is  used  by  Hersehel  to  denote  a  quantity  which  is  unity  when  ti 
contains  r  as  a  factor,  and  is  otherwise  zero ;  and  that  any  function  of  r„ ,  r„_, ,  r„_a  , , .  i*„_r+i  is 
called  a  circulating  function,  and  may,  of  course,  be  expressed  as  a  linear  Junction  of  the  above 
quantities. 

Suppose  p  to  be  any  factor  whatever  of  t,  !  lo  be  less  than  p,  and  r  =  p<r.  Then  if  for  all 
admissible  values  of  p  and  i 

J„.r„  +  J„_j.r„_[  +  io.  +  .J,_^,  (where  A„,  ■^„_,  ...   are   ordinary  constants)  is,  according   to 
circulator  (prime  circulator  would  bo  i^uite  as  specific  and  more  con- 
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I  shall  conclude  this  very  brief  notice  of  my  theory  by  converting  the  W 
waves  in  the  example  above  treated  into  the  form  of  these  piime  circulators. 
For  TTb  P  is  any  root  of  p'  -  p  +  1  =  0, 

Hence 

V  =  2;  2p=I;  V  =  -l;  V  =  -2;  2/3*  =  -!;  Sp'  =  l. 
Hence  in  the  notation  of  Herschel 

"     18      36       "36       18       36       36  ' 

For  W„  p  is  any  root  of  p'  4-  p'  +  p'  +  p  +  1  =  0. 

Hence 

Sp"  =  4  ;   2p  =  —  1  ;  Sf)°  =  —  1 ;  2p'  =  —  l ;   Sp'  =  —  1. 

Hence 
F.  =  j^  {(8  -  1  +  1  +  2)  5„  +  (  -  2  - 1  + 1  -  8)  5,._, 

+  (-2-1-4  + 2)  5„_, +  {-2-1  +  1  + 2)  5.„^3 
+  (-2+4  +  l  +  2)5„_4} 

2   r         2   ^  1    ^  1   , 

=  25  ^"  -  25  ^''-'  -  25  ^"-=  +  25  '^"- 

InTF,  piseitherrootofp^+l=0. 

Hence  V=2;   Sp  =  0;   2p=  =  -2:    2p»  =  0, 

and  hence  W,-  i  (2  . 4,  +  2 .  4„  -  2  .  l._,  -  2  ,  !,_,) 

_  4.     4i-i     4^,     ■>.-. 
~  8  "*"    S  8  8    ■ 

In  If.  p"  +  f  +  l=0. 

Hence  S(i"  =  2;   Sp--1;   V  =  -l. 

Hence  1^=  =  (h  3.  -  jjj  3.,.  "  j^J  3^,)  (»  -  |) 

_i,_J_3       +J_3 
486    "     486    "  ^  243    " 

"  (si  ^•' "  H2  ^»-'  "  162  ^"j  " 

"1,162''*     81    —      162  ■'"-^ 


Finall,  l^.  =  (4-ign)(^"-*-)- 
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Wi  has  already  been  expressed  in  its  simplest  terms ;  and  tlie  solution  of  the 
question  of  the  partition  of  n  into  six  parts  is  now  complete. 

The  same  causes  which  have  interposed  to  prevent  my  setting  forth  at 
length  the  method  above  sketched  out,  have  also  interposed  to  preclude  me 
from  extending  the  exposition  which  I  had  intended  of  the  application  of  the 
principles  contained  in  my  paper  on  Differential  Transformations  to  the 
general  question  of  the  solution  of  equations,  or  systems  of  equations,  con- 
taining any  number  of  variables,  thereby  entirely  superseding  the  necessity 
of  all  special  considerations  whatever  in  obtaining  La^ange's  and  Laplace's 
Theorems,  either  in  their  developed  or  ordinary  form ;  and  theorems  to  many 
degrees  of  infinity  more  general  than  these ;  for  their  method  being,  by  the 
aid  of  this  most  desiderated  discovery,  now  capable  of  being  substituted  for 
artifice,  which,  in  general,  may  be  said  to  stand  in  the  saine  relation  to 
method  as  what  instinct  is  to  reason,  or  the  craft  of  the  savage  to  the  wisdom 
of  the  civilised  man. 
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NOTE   ON   A   FORMAL   PROPERTY   OF   A   LATENT   INTEGER. 
[(Quarterly  Journal  of  Mathematics,  i.  (1857),  p.  185.] 

The  following  was  proposed  some  years  ago  by  an  author,  whose  name 
I  do  not  recollect,  among  the  mathematical  questions  in  the  Educational 
Times*. 

"  Required  to  prove  that  the  integer  part  of  (1  +  \/Zf^+^  contains  2""+'  as 
a  factor." 

The  proof  probably  ran,  or  at  all  events  might  have  run,  as  follows : 

(1  —  ^3)""+^  being  a  negative  fraction  less  than  unity,  the  integer  part  of 
(1  +  v'3)""+^  is  evidently 

(l  +  V3)™'+'  +  (l-V3)™'+S 
or  is  the  sum  of  the  (2m  +  l)th  powers  of  the  roots  of  the  equation 

(^  -  2iC  -  2  =  0, 
from  which  the  truth  of  the  proposition  is  manifest. 

We  may  add  the  remark  that  it  may  easily  be  shown  in  like  manner  that 
the  integer  next  above  the  fraction  (H-VS)"",  will  also  contain  2™+'  as  a 
factor ;  and  more  generally,  if  we  suppose  that  a  is  that  integer  congruent 
qud  the  modulus  2  with  n,  which  is  next  above  or  nest  below  V.  then  in 
the  former  case  the  two  integers  next  above  {•i/n  ■+  a)™+^  and  (\/n  +  a)'™ 
respectively,  and  in  the  latter  case  the  two  integers  next  below  the  first 
and  next  above  the  second  respectively,  will  each  of  them  contain  the 
factor  2"^'. 

The  student  is  invited  to  ascertain  whether  any  analogous  theorem  exists 
for  latent  integers  expressed  by  means  of  higher  surd  forms. 

*  Questions  of  a  aimilar  nature,  I  am  informed  by  Mr  Ferrers,  appeared  in  the  Cambridge 
Senate  House  problems  for  the  ;ears  1847  and  lS4d. 
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NOTE  ON  A  PRINCIPLE  IN  THE  THEORY  OF  NUMBERS 
AND  THE  RESOLUEILITY  OF  ANY  NUMBER  INTO  THE 
SUM   OF   POTJR  SQUARES. 

[Qua/rte^-ly  Journal  of  Mathematics,  i.  (1857),  pp.  196,  197.] 

Pbobably  no  one  who  has  had  any  experience  in  the  properties  of 
numbera,  could  be  found  seriously  doubting  the  truth  of  the  proposition  that 
any  function  of  a  variable  integer,  not  algebraically  decomposable  into  factors, 
must,  among  the  infinite  number  of  positive  integers  which  it  represents,  be 
capable  of  affording  prime  as  well  as  composite  numbers,  except  in  the  case 
of  its  being  of  such  a  form  as  to  admit  of  a  constant  divisor  for  all  values 
of  the  variable.  To  prove  this  generally  is  probably  a  task  reserved  for 
remote  generations,  and  for  a  more  advanced  development  of  the  cerebral 
organization,  but  it  is  to  ray  mind  and  conviction,  and  probably  to  that 
of  most  others,  no  less  certain  than  the  equally  undemonstrable  theorem 
which  lies  at  the  basis  of  the  ordinary  empirical  geometry,  that  two  paraUels 
to  the  same  line  cannot  be  drawn  through  the  same  point.  It  would 
certainly  be  interesting  to  be  able  to  deduce  a  connected  body  of  doctrine 
as  consequences  flowing  from  the  assumption  of  this  principle,  nor  could  the 
rigour  of  mathematical  demonstration  be  in  any  degree  prejudiced  by  its  use, 
provided  that  every  such  consequence  were  stated  only  as  a  contingent  truth, 
until  either  the  principle  itself  had  been  as  far  as  necessary  apodictically 
established,  or  some  other  mode  of  demonstration  substituted  in  its  place. 
If  this  plan  were  followed  out,  it  is  not  unlikely  that  the  path  would 
ultimately  be  discovered  leading  back  to  the  demonstration  of  the  funda- 
mental principle,  and,  in  the  meanwhile,  the  a  priori  probability  of  its  truth 
(if  supposed  to  be  inferior  to  moral  certainty)  would  be  confirmed  by  each 
additional  experience  of  the  correctness  of  the  results  to  which  it  might 
be  found  to  conduct. 

Under  this  point  of  view  it  may  not  be  uninteresting  to  show  how  the 
principle  in  question  affords  an  almost  instantaneous  demonstration  of  the 
celebrated  theorem  of  the  resolubility  of  every  integer  into  the  sum  of  four 
squares. 
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Lemma.     If  M  be  any  integer,  and  SM=:  p' +  q^  +  r^+s^,   M   may  be 
I  under  the  form  p'^  +  q'^  +  r'" +  s'^. 


For  it  may  be  observed,  that  of  the  four  quantities  p,  q,  r,  s,  either  all  are 
divisible  by  3,  or  else  one  will  be  so  divisible,  and  each  of  the  others  not ;  in 
either  case,  let  p  be  divisible  by  3,  and  give  to  the  absolute  values  of  i^q",  \/r\ 
V«°  respectively  such  signs  (if  they  do  not  all  contain  3)  as  will  make  them 
congruent  to  one  another  qud  the  modulus  3,  then 

,,     p^  +  q^  +  r^  +  ^       ,„       /s  ,     .,  ,    /„ 


where 


^  Vg'  +  v'^'  +  Vs^ 


3         ■ 

,_  Vg-  -  ^/'r'  +  p 
^  ~  3  "' 

consequently  p',  q',  r',  s'  in  either  case,  are  all  of  them  integers. 

Suppose  N  to  be  odd,  and  of  the  form  4/t+l;  take  the  exptession 
gai!+i^_  2^  ^j^(j  [g^  y  1,^  Qjjg  ^f  jjjg  pritaeg  which,  by  virtue  of  our  principle 
(since  obviously  in  this  case  there  is  no  constant  factor),  we  assume  it  must 
contain.  Then  2*  is  a  prime  number  of  the  form  4/i  +  l,  that  is,  the  sum 
of  two  squares,  and  consequently  T  +2,  that  is,  3"^+' jy^  is  the  sum  of  four 
squares,  whence,  by  the  Lemma,  it  follows  that  N  is  the  same. 

In  like  manner  if  if  is  of  the  form  ifi  +  3,  we  t-ake  T,  one  of  the  primes 
contained  in  the  form  3'^iV-2,  and  as  before  T+2,  that  is,  3^iP",  Eind 
consequently  JV  will  be  the  sum  of  four  squares. 

If  N  be  even,  we  may  obviously  consider  it  to  be  of  the  form  4^+2 
(since  the  theorem,  if  true  for  N,  will  be  ao  for  iN),  and  then  if  2"  be  a  prime 
contained  in  the  form  3*JV"— 1,  I'+l  will  be  the  sum  of  three  squares, 
or  which  is  the  same  thing  of  four  squares,  of  which  zero  is  one,  and  the 
reasoning  is  the  same  as  before.  Hence,  in  all  cases,  N  is  the  sum  of  four 
square ;  and  the  same  r^uit  might  be  obtained  with  equal  or  greater  facility 
by  the  application  of  the  principle  to  various  other  forms. 
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DEVELOPMENT  OF  AN  IDEA  OF  EISENSTEIN. 

/  Journal  of  Mathematics,  i.  (1857),  pp.  199—203.] 


ErSENSTEDJ  has  remarked,  in  a  note  among  hia  collected  works,  that 
the  expansion  of  any  negative  power  of  a  series  of  ascending  powers  of  a; 
may  be  made  to  depend  upon  the  expansions  of  the  positive  powers  of 
the  same  series.  The  following  method  which  reposes  upon  the  most 
elementary  principles  of  algebra  serves  to  estabhsh  this  practically  important 
proposition. 

Let  M  =  1  +  A^x  +  A^x^  +  &c. 

Then 


■{l^(l^u)]< 


=  l+i(l-u)-\ 


^(^-+l)(^  +  2) 


(1- 


uf  +  &c. 


If  now  we  wish  to  express  the  mth  power  of  x  or,  in  fa{;t,  any  power  of  a; 
lower  than  the  nth  by  means  of  this  series,  it  is  obvious  that  we  may  stop  at 
the  term  containing  the  «th  power  of  1  —  m.  In  general,  then,  denoting  by 
Gi^y  the  coefficient  of  w"  in  m',  provided  v  is  greater  than  unity  and  nofc  greater 
than  n,  we  have 

(;  +  i)(;  +  2). ..(.■  +  . -I)-, 
+ r72...(»-i) j  "•■■ 


id 

+1). .. (.•+«- 

■'>c 

1.2...« 

.  (i  +  2)(i  +  3) 

...(i  +  n) 

1.2...(» 

-1) 

&<t 

i(i  +  l)...(< 

i  +  n-1) 

■-             1.2.. 

.n 

0,.,+ 


,Ji  +  n)^ 
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In  practice  it  will,  of  course,  be  always  most  expedient  (on  the  score  of  brevity 
of  expression)  to  assume  n  =  v. 


If  M  =  1  +  A^ar  +  A„+,a^^'  +  &c. 

the  condition  for  the  truth  of  the  above  equation  will  be  that  v  shall  not 
exceed  an ;  and  then  in  praotice  it  will  be  expedient  to  take  n  equal  to  - , 
if  that  be  ao  integer,  or,  if  not,  to  take  n,  the  integer  next  above  — . 

We  may  with  propriety  denote  by  G„_n  the  coefficient  of  «"  in  logw*;  and 
since 

logu {(l~w)  +  J(l-«)=+Hl -»*)■  +  &<=■) 

we  shall  have,  subject  to  the  same  conditions  as  before, 
0„, ,  =  (1  + 1+  &c.  to  n  terms)  C^, , 
-i(l  +  2H-&c.  +  ()i-l))(7.,. 

&c.,  &c. 

In  the  general  theorem  suppose  i—\,  v  —  n.     Then 

i--...  ~ 13—  <-...  + 17275 <-»«  Kt  +  (-,.,.. 

Thus,  to  take  the  example  alluded  to  by  Eisenstein,  suppose 

so  that  by  the  formula 

(-r'g«  _     (2^+l)2n  (2»  +  l)(2n)(2n-l) 

(2w)!     ~  TS        ^'-^^  j-g-g-— 0,,^&c. +  05„,^, 

Here 

Cu,  s«  =  coefficient  of  x^  in  ( J 


1  1  —  we""*  +  'u.  - 


tr 


'  (2r+ ») ,  |-  » + »  ^r """ + «»=■+(-)"' 


(2«  +  .)i' 

*  The  rule  lor  anj  power,  positive  or  negative,  of  logu  deserves  investigatioa ;  the  ease  of  C„^„ 
(using  that  symbol  in  a  more  extended  sense  than  in  the  test  above)  containing,  as  it  were,  a 
tuicrocosoiical  reitemtion  of  the  whole  theory  under  di 
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Hence 

(-r*-B 

'.  =  (2«!) 

(     (2m  +  l)2n    A0™+' 
1            2!         (2«  +  l)! 

(2n  +  l)(2»)(2«-l)    A=0~+" 
31                  (2«  +  2)! 

..{. 

2!      + 

2»-14"0-+'     (2»-l)(2»-2)4"0»+'     , 
2n+2      3!         (2»+2)(2«  +  3)      4,1      + 

Thus,  if  « 

^=1, 

(2«-l)(2n-2)...l      A-O"  ' 
^  (2«  +  2) (2»  +  3) ...  4m  (2»  + 1)  1 

Ifn-2, 

-•-f 

-  A0»     1  A=0=     1  A~0'      1  A'Ol 
2  ^"^2     6    "7   2T  +561201 

-1- 

-i+n<^'-^)-ffl(S.-3.2.  +  3) 

+  W20(*"-''-3'  +  ''-'"^ 

-f 

131     43     2431 
2+6        4  +  "40  ) 

-f 

1113) 
■2  +  6  +  4  +  40} 

30' 

-60  +  20  +  30  +  9} 

,  or  fia  =  jr^    and  so  on. 


toMrC 

Write  x^u  +  hfa, 

then,  by  Lagrange's  theorem, 

^-=^»+i^V»+i^|.^'»w+r:l:3(|;)'j>".(/.)=H 
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}  to  u, 


)r,  differentiating  with  respect  to  u, 


l-(.-,)^-^ 


■^'"+":?a^-">+o  ( 7^)"£»^'»  w+ 


which  is  true  identically. 

Suppose  now  F'u  =  ^ ,  we  have 

or,  if  fu=\  +  hu-\-cu^  +  dv?  +  k,G.,    /a;  =  1  +  &ic  +  ca;=  +  &c., 

and  iK  =  0,  that  'm,fx  —  \,  the  formula  becomes 

Whence 

fr^     I.2UJ  "•'+1.2.3  W     "' 


T:^^4(rJ''W+*«- 


which  gives  the  expansion  of  ^  when  the  expansions  of  the  positive  powers 
{fuy,  ifuf,  &c.  are  known. 
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NOTE  ON   THE  ALGEBRAICAL  THEORY  OF  DERIVATIVE 
POINTS  OF   CURVES  OF  THE  THIRD  DEGREE, 

[Philosoph'ical  Magazine,  xvi.  (1858),  pp.  116 — 119.] 

Two  years  and  upwards  have  elapsed  since  I  discovered  the  extraordinary 
theorem  in  the  doctrine  of  cubic  forms  which  I  am  about  to  state^  but  which 
has  never  yet  beeu  published  by  me,  although  communicated  in  confidence 
to  ?a  few  friends,  including  Mr  Cay  ley.  It  arose  out  of  purely  arithmetieal 
speculations  relating  to  such  forms,  to  some  of  which  I  may  make  a  brief 
allusion  in  the  course  of  this  note. 

If^we  suppose  the  general  homogeneous  equation  of  the  third  degree 
in  X,  y,  z  reduced  to  the  canonical  form 

a^  +  7/^  +  3^  +  inxyz  =  0, 

any  solution  x  =  a.  y=h,  z  —  c  of  this  equation  is  of  course  one  of  a  group 
of  six  obtained  by  the  permutations  of  the  three  letters  a,  h,  c,  and  having 
an  obvic^us  relation  to  one  another  through  the  medium  of  the  points  of 
inflexion.  So,  too,  it  is  manifest  if  we  take  the  equation  to  the  curve  in  its 
most  general  form,  from  any  given  solution,  a  group  of  six,  including  the 
given  one,  may  be  formed,  ike  characteristics  of  each  of  which  will  be  linear 
functions  of  one  another.  For  the  purpose  of  the  theorem  about  to  be 
enunciated,  such  a  group  of  solutions  will  be  treated  as  a  single  solution; 
and  then  we  can  affirm  the  proposition  following,  in  which  a  solvent  system 
means  a  system  of  values  of  the  variables  co,  y,  z  satisfying  the  equation 
/  (ic,  1/j  z)  =  0,  and  free  from  any  common  factor. 

iet  a,  b,  e  fte  awy  solvmi  system  to  a  cvhic  homogeneous  equation  in  x,  y,  z ; 
then  from  a,  b,  c  vie  may  derive  a  ne>Ji  solvent  system,  a',  b',  c',  where  a',  b',  c' 
are  each  of  them  functions  of  the  fourth  degree  of  a,  b,  c,  and  another  system 
a",  b",  c"  of  the  ninth  degree  in  a,  b,  c,  and  another  a'",  b'",  c'"  of  tlie  sixteenth 
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degree,  and  so  in  general  a  new  solvent  system  of  the  degree  n?  in  a,  b,  c.  One 
such  derivative  si/stem,  and  only  one,  of  the  degree  a^  can  be  formed,  and  none 
of  any  intermediate  degree. 

Thus,  for  instance,  the  coordinates  of  the  tangential  (the  name  adopted 
from  me  by  Mr  Cayley  to  express  the  point  of  intersection  of  a  tangent 
to  a  cubic  curve  at  any  point  with  the  curve)  being  called  a',  h\  c,  these  last 
letters  are  biquadratic  functions  of  a,  b,  o*. 

So  again,  as  I  also  suggested  to  Mr  Cayley,  the  point  in  which  the  conic 
of  closest  contafit  with  a  cubic  curve  cuts  the  curve  will  necessarily  have 
a  derivative  system  of  coordinates  of  a  square- numbered  degree  in  respect 
of  the  original  ones,  which  by  actual  trial  Mr  Cayley  has  found  to  be 
the  25th.  Mr  Salmon,  I  believe,  has  obtained  in  certain  geometrical 
investigations  derivatives  of  the  49th  degree. 

I  am  in  possession  of  the  equations  by  means  of  which  the  successive 
systems  of  the  fourth,  ninth,  &c.  degrees,  which  I  incline  to  call  the  first 
or  primary,  the  second,  third,  &c.  derivative  systems^  may  be  formed  explicitly 
by  successive  derivation  from  one  another;  so  that,  for  instance,  as  soon  as 
I  am  informed  that  the  system  investigated  by  Mr  Cayley  is  of  the  bwenty- 
fi-fth  degree  or  fifth  order,  I  can  find  them  without  any  reference  to  the 
geometry  of  the  question,  the  quantities  belonging  to  the  nth  derivative 
being  in  fact  a  known  algebraical  function  of  w !  I  was  led  to  the  discovery 
of  this  surprising  and  unique  law  by  a  statement  of  a  friend,  not  since  verified, 
wnd  which,  for  aught  that  has  yet  been  shown,  may  or  may  not  be  true,  that  the 
number  5  could  be  divided  into  two  rational  cubes :  assuming  this  to  be  the 
fact,  it  necessitated  (by  virtue  of  my  investigations)  the  coincidence  to  a 
factor  prh  of  two  functions  obtained  by  apparently  independent  algebraical 
processes,  which  coincidence  by  actual  comparison  of  the  functions  I  found 
to  obtain. 

With  reference  to  the  connexion  of  this  theory  of  derivation  with  the 
arithmetic  of  equations  of  the  third  degree  between  three  variables  with 
integer  coefficients,  it  is  after  this  kind.  Fermat  has  taught  us  that  a  certain 
class  of  such  equations,  viz.  the  equation  a;'  +  j/'  +  i^  =  0,  is  absolutely  insoluble 
in  integers  (abstraction  made  of  the  trivial  solutions  of  the  type  x  =  0, 
y  +  s  =  0).  I  have  greatly  multiplied  the  classes  of  such  known  insoluble 
equations,  as  may  be  seen  by  a  communication  from  me  to  Torbolini's  Annali 
in  1866  [p.  63  above].  But  over  and  above  such  equations  I  have  ascertained 
the  existence  of  a  large  class  of  equations,  soluble,  or  possibly  so,  it  is  true, 
but  enjoying  the  property  that  all  their  solutions  in  integers,  when  they  exist, 
are  monobasic ;  that  is  to  say,  all  their  solutions  are  known  functions  of  one 

*  This  deriyative  solution  (though  not  as  corresponding  to  the  tangential)  was  known  also  to 
Eulei  for  a  particular  ease,  as  will  be  seen  by  reference  to  his  Algebra. 
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of  them,  which  T  term  the  hose,  and  which  is  characterized  by  this  property — 
that  of  all  the  solutions  possible  it  is  the  one  for  which  the  greatest  of  the 
three  variables  is  the  smallest  numbei'  possible.  If  this  solution  be  laid 
down  aa  a  point  in  the  curve  corresponding  to  the  given  cubic,  all  the  other 
aolations  possible  in  lotegers  will  be  represented  by  points  in  this  curve, 
which  are  derivatives  (in  the  sense  previously  employed  in  this  note)  to  the 
given  point,  having  coordinates  respectively  of  the  4th,  9th,  16th,  &c.  degrees, 
in  respect  of  the  coordinates  of  the  basic  point*. 

If  my  memory  serves  me  truly,  I  have  found  (as  a  particular  case)  that  all 
cubic  equations  in  numbers  of  the  form 

a?  +  y"  +  z^  =  imwyz, 
where  «  is  1  or  3  or  6  (I  cannot  at  the  moment  remember  which),  are  either 
insoluble  or  monobasic.  The  case  of  im  =  3  must  of  course  be  exceptional, 
being  satisfied  by  x  +  y  +  z  =  0.  This  doctrine  of  derivation  evidently 
conducts  to  a  new  branch  of  the  grand  doctrine  of  invariance,  I  hope 
to  have  tranquillity  of  mind  ere  long  to  give  to  the  world  my  memoir, 
or  a  fragment  of  it,  "  On  an  Arithmetical  Theory  of  Homogeneous  and  the 
Cubic  Forms,"  the  germ  of  which,  now,  alas  !  many  weary  years  ago,  first 
dawned  upon  my  mind  on  the  summit  of  the  Rigbi,  during  a  vacation 
ramble. 

*  This  theorem  ia  analogous  to  that  relating  to  the  integer  Bolutiocs  of  a:"-  Ay^=l,  in  ao  far 
as  there  is  a.  basic  solution  to  this  equation  in  integers  of  whioh  all  the  other  solutioaa  are 
derivativeB,  and  not  more  than  one  snch  deriTativB  existfl  of  any  given  degree,  but  wiili  the 
difference  that  there  does  exist  one  of  every  degree,  and  not  merely  (as  in  my  theorem  for  onbie 
forma}  of  every  square  degree. 
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NOTE  ON  THE  EQUATION  IN  NUMBERS  OF  THE  FIRST 
DEGREE  BETWEEN  ANY  NUMBER  OF  VARIABLES  WITH 
POSITIVE  COEFFICIENTS. 

[Philosophical  Magadn^,  xvi,  (1858),  369 — 37L] 

I  PROPOSE  to  show  that  all  the  systems  of  values  (ic,  ;/,  z  ...  w)  which 
satisfy  a  given  equation  in  integers, 

ax  +  by  +  cz  +  ...  +  lw=^n, 
{(a,  &,  c  ...  I)  being  all  positive,  and  the  number  of  systems  therefore  definite), 
may  be  made  to  depend  on  aJgebraical  equations  whose  coefficients  are  known 
functions  of  ra,  &,  c ...  J  and  n.  The  fact  is  somewhat  surprising,  the  proof 
easy,  teing  an  immediate  consequence  of  the  theorem  I  have  given*  in  the 
Quarterly  Journal  of  Mathematics,  and  also  in  Tortolini's  Annali  for  January 
1857,  of  the  problem  of  the  partition  of  numbers. 

For  my  present  purpose,  this  theorem  may  be  with  advantage  presented 
under  a  somewhat  modified  form  as  follows ;— Let  ®  (Ft)  he  used  to  denote 

the  eoefiieient  of  -  in  the  expansion  of  Ft  in  ascending  powers  of  t.     Let  iV" 
stand  for  the  number  of  solutions  of  the  equation 
ax  +  by  +  GZ+  ...  +lw  —  n; 
let    m  be  the  least  common  multiple  of  «,  b,  c, ...  I, 

p  be  any  primitive  root  of  p™  =  1, 
and  pe-*'  be  called  Ap ;  then 


N=%@ 


\  ^{-n) 


i(l-Att)(l-A6)...(l-A0r 

If  now  we  call  N'  what  JV"  becomes  when,  in  lieu  of  the  equation 

ax  +  by  +  cz  +  ...  +  !/w=n,  (1) 

2  write 

ax'  +  ax"  +  by  +  cs  +  ...  +  lw  =  n,  (2) 

L"  p.  90  aboTe.] 
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it  is  clear  that 


N-  =  X®\ 


M-n) 


\(1-Aaf(l-Ah)...{l-Al)]  ■ 

But  it  is  also  clear  that  all  the  solations  of  equatioa  (2)  may  be  derived  from 
those  of  equation  (1),  by  writing  tor  each  value  of  a: 

x'  +  ^"~^;  (3) 

and  as  the  number  of  solutions  of  equation  (3)  is  evidently  ^+1,  we  have 

-  •^'J  1(1  _  Aa)'  j-i  _  ,^jj  ___  (1  _  AOl  ■ 

In  like  manner,  if  we  write 

ax'  +  ax"  +  a«/"  +  by  +  cz  +  . . .  +lw  =  n, 

the  solutions  of  this  equation  spring  from  those  of  equation  (1)  by  making 
a/ +  ic"  +  x'"  =  x,%\iQ  number  of  solutions  of  which  equality  is  ^{x+  l)(ic  +  2): 
wherefore 

^+3^^_         ( A{~n) )  . 

^  2  ~^     Kl-Aa)ni-A6)...(l-A0j' 

from  which  we  may  readily  deduce,  by  aid  of  what  has  been  already  shown, 

*  (1-Aii)'(l-A6)...(l-Ai)' 

and  so  in  general, 

y,j.  -  ^a  A(«)(l  +Aa)...\{i-\)^Aa] 
2.!c  -  ^^(j  _  Aa)i+'(1  -  A^i)...  (1  ~  Kl)  ■ 

Again,  if  we  write 

tix  +  byi  +  by^-^  ...  +  hyt  +  m  +  ...  +  lv>  =  n,  (4) 

we  shall  find  by  parity  of  reasoning  (seeing  that  in  this  last  equation  the 
solutions  may  be  derived  from  those  of  equation  (1)  by  keeping  x,  z,...w 
all  unaltered,  whilst  we  give  to  i/i,  1/3... p,  all  the  values  compatible  with 
yi  +  yt  +  ■■■  +  yi~y)'  the  value  of  £ic'  in  equation  (4)  will  be  the  same  as 
that  of 

s^i  (y  +  i)(y  +  2)...(y  +  .) 

1.2...  e 

in  equation  (1).     Wherefore  we  shall  evidently  obtain 

y..ri  ..-■c,=,A«(l+A^)...|(i-l)  +  A«lxA6(I  +  A&)...f(e-l)  +  A&). 
■  ^  ~  ^  (1  -  A<i.)*+^  (1  -  A6)'+'  (1  -  Ac) . . .  (1  ~  AO 

the  extension  of  the  theorem  to  Xx^.y  .z"..,  is  too  obvious  to  need  further 
allusion. 
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Thus,  then,  to  find  Xj,  ^^...Xs,  we  may  begin  by  forming  an  equation 
of  the  ^th  degree,  whose  coefficients  are  known,  because  the  sums  of  the 
powers  of  the  roots  are  given.  Supposing  theae  roots  to  consist  of  N-t  values 
X,,  N^  values  x^.-.-N^  values  x,^,  the  solution  of  /j.  simpSe  equations  will 
enable  us  to  find  the  sum  of  the  N,  values  of  y  cori'esponding  to  Xj,  the  sum 
of  the  Ni  values  of  1/  corresponding  to  x^...,  and  the  sum  of  the  N^  values 
of  y  corresponding  to  x,^.  To  effect  this,  we  have  only  to  write  down  the 
values  of  2ici/,  Sa^,  ---  Sa^y.  In  like  manner  we  may  find  the  sum  of  the 
Nj  values  of  j/^  corresponding  to  Xj,  the  N^  values  of  y*  corresponding  to 
Xii,  &c.,  and  so  in  general  for  y".  Thus,  then,  we  may  obtain  the  requisite 
number  of  sets  of  equations  for  determining  independently  by  means-  of 
equations  of  the  degrees  N-,,  N^, . . .  iV^  respectively  the  values  of  ^  correspond- 
ing to  each  of  the  distinct  values  of  x ;  and  in  like  manner  for  all  the  other 
variables.  The  principal  interest  of  this  note  consists,  however,  in  the 
appreciation  of  the  fact  that  we  can  represent  algebraically,  as  has  been 
shown  above,  the  value  of  2a^  -y^  -^^  ■■■,  where  the  sign  of  summation  extends 
oyer  all  the  simultaneous  solutions  of 

ax  +  by  +  CZ+  &c.  =  n. 
This  is  a  considerable  advance  upon  the  conception  (itself  before  my  discovery 
entirely  unrecognized*)  of  the  explicit  represenfcability  of  the  mere  number 
of  the  solving  systems  x,y,z...hy  general  algebraical  formulae.     By  this  new 
theorem  we  pass,  as  it  were,  from  the  shadow  to  the  substance. 

*  As  witness  the  comparatively  untruotnous  labours  of  Paoli,  Hersohel,  Kickiiiac,  and  eveu  of 
Cajley.  But  as  honest  labour  is  seldom  entirely  wasted,  so  in  the  present  case  it  was  my  valued 
friend  Mr  Eirkman's  ManulieBter  memoir  on  partitions  whiet  first  drew  and  flsed  my  attention  on 
the  subject. 
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ON   THE    PROBLEM    OF    THE    VIRGINS,  AND    THE    GENERAL 
THEORY    OF  COMPOUND   PARTITION. 

[Philosophical  Magazine,  xvi.  (1858),  pp.  371—376.] 

In  the  Opera  Minora  of  the  great  Euler,  in  the  last  page  of  his  second 
memoir  on  the  partition  of  numhers  (Vol.  I.  p.  400),  occur  these  words : — 
"  Ex  hoc  principio  definiri  potest  quot  soiutiones  prohlemata  qua;  ab 
arithmeticis  ad  regulam  virginum  referri  solent,  admittunt ;  hujusmodi 
problemata  hue  redeunt  ut  inveniri  debeaut  numeri  p,  q,  r,  s,  &c.,  ita  ut 
his  dnabus  conditionibus  satisfiat, 

ap  +  bq  +  cr  +  ds  +  Sid.  =  n,  et   ap  +  ^q  +  yr  +  Bs  +  SiC.  =  v; 
et  jam  qu^eatio  est  quot  solutiones  in  nuineria  integris  positivis  locum  sint 
habituraj  ubi  quidem  tenendum  est  numeroa  a,  b,  c,  d...  n  et  a,  0,  %  S...  y 
ease  integros  " ;  and  he  then  proceeds  to  observe  that  the  number  in  question 
is  the  coefficient  of  x'^y'^  in  the  expansion  of  the  expression 
1 

{I -a^-ryii-^^y^c^-^r  )■'■'■ 

in  terms  of  ascending  positive  powers  of  a;  and  y. 

Why  the  solution  in  integers  of  two  simultaneous  equations  with  an 
indefinite  number  of  variables  should  be  referred  to  "  the  rule  of  the  Virgins  " 
I  am  at  a  loss  to  conjecture,  unless  indeed  it  be  supposed  to  have  some 
mystical  reference  to  the  alligation  or  coupling  of  the  coefficients  of  the  two 
equations*.     The  problem  in  question  may  he  otherwise  stated  as  having 

•  Professor  Be  Morgan  lias  fcindlj  ft      "  '    "  itioc  as  to  the  use 

of  this  singular  phrase  :— 

"  I  have  seen  this  process  cited  as  tl  rginum,  Ceres  and 

Virginum,  Series  and  Virginnm,  Oeret  i.     I  do  not  think 

any  one  of  the  eight  is  missing.     I  oa  nj  maidens,  aJid  I 

cannot  guess  who  the  ladies  -were.     It  '■  rule  of  alligation 

when  of  an  indeterminate  number  of  si  Ju  quote."     Mr  De 

Morgan  subsequentlj  writes,  "I  forget  whether  they  wrote  Series  or  Uerles  ;  1  think  the  latter  "  ; 
and  adds  a  pleasant  caution  against  indulging  a  passion  for  one  of  these  algebraical  virgins ; 
"  for  that  though  Jupiter  did  once  animate  a  statue  maiden  at  the  prajer  of  a 
.Boulptor,  yet  even  Jupiter  himself  could  not  impart  a  body  to  an  algebraical  ahstrael 
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for  its  object  to  discover  the  number  of  modes  in  which  the  couple  m,  n  may 
be  made  up  of  the  couples  a,  a;  b,  8;  c,  7  &c. 

I  need  hardly  remark  that  Euler's  form  of  representation  is  no  solution, 
but  merely  a  transformation  of  the  question.  The  problem  in  its  most 
general  form  is  to  determine  the  number  of  modes  in  which  a  given  set 
of  conjoint  partible  numbers  li,  li, ...  I,,  can  be  made  up  simultaneously  of 
the  compound  elements, 

Ml,  He,  ...a^;    bi,  !>2, ...  ?»r;    Cj,  c^, ...  Cr;  &c. 

The  problem  of  simple  partition  has  been  already  completely  resolved  by 
the  author  of  this  notice ;  but  the  resolution  of  the  problem  of  double,  and 
still  more  of  multiple  decomposition  in  general,  seemed  to  be  fenced  round 
with  insurmountable  difficulties. 

Let  the  reader  imagine  then  with  what  surprise  and  joyful  emotion, 
ivithin  a  few  days  of  despatching  my  previous  paper  on  Partitions  to  this 
present  Number  of  the  Magazine,  following  out  a  train  of  thought  suggested 
by  the  simple  idea  in  that  paper  contained,  I  found  myself  led,  as  by  a  higher 
hand,  to  the  marvellous  discovery  that  the  problem  of  compound  partition  in 
its  utmost  generality  is  capable  of  a  complete  solution— in  a  word,  that  this 
problem  may  in  all  cases  be  made  to  depend  on  that  of  simple  partition. 
The  theorem  by  which  this  is  effected  has  been  already  coniided  to  the  great 
mathematical  genius  of  England,  and  will  be  shortly  committed  to  the 
'  Transactions '  of  one  of  our  learned  societies  ;  for  the  present  I  shall  confine 
myself  to  a  disclosure  of  the  general  character  of  the  theorem  without 
going  into  any  details.  Thus,  then,  may  the  theorem  he  stated  in  general 
terms  ;— 

Any  given  tyitem  of  simultaneous  )>unple  eqiitwns  to  he  solved  in  positive 
mtegets  being  proposed  tf-e  determi  latiun  of  the  numhet  of  solutions  of  which 
they  ad/nut  may  m  all  caset  be  m/ide  to  depend  upon  the  like  determination  for  . 
one  or  moie  systems  of  equations  of  a  certain  iixed  standard  form.  When 
a  sy^m  of  1  eqtuttions  betueen  n  variables  of  the  afoiesaid  standard  form 
t!,  given  the  detei  mmatioj  of  the  numbei  0/  solutions  m  positive  integers  of 
which  tt  ad/tnits  maj  be  made  to  depend  on  the  like  determination  for 

n(n-I)...(n-r  +  2) 
1.2      ...     (r-1) 

single  independent  equations  derived  from,  those  of  the  given  system  by  the 
ordinary  process  of  elimmaiion,  with  a  slight  'modification;  the  final  result 
being  obtained  by  taking  the  sum  of  certain  numerical  multiples  (some  positive, 
others  negative)  of  the  numbers  corresponding  to  those  independent  determina- 
tions.   This  process  admits  of  being  applied  in  a  variety  of  modes,  the  resulting 
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swm  of  course  remaining  unaltered  in  value  "whichever  mode  is  employed,  only 
apj)earinff  for  each  such  mode  made  up  of  a  different  set  of  component  pa/rts*. 
In  the  Problem  of  the  Virgins,  where  but  two  equations  are  concerned, 
the  equations  are  reduced  to  the  standard  form  when  the  two  coefficients 
of  every  the  same  vaj-iable  in  the  two  equations  are  prime  to  one  another, 
and  when  no  two  pairs  of  coefficients  have  the  same  ratio ;  and  for  this 
problem  the  process  is  always  limited  to  only  two  modes  of  application. 
The  method,  however,  in  a  very  important  class  of  cases  admits  of  being 
applied  in  one,  and  only  one  mode  when  these  conditions  are  not  strictly 
fulfilled. 

Thus  the  virgins  who  appeared  to  Euler,  but  with  their  forma  muffled 
and  their  faces  veiled,  have  not  disdained  to  reveal  themselves  to  me  under 
their  natural  aspect.  Wonderful  indeed  has  been  the  history  of  this  theory 
of  partitions.  Notwithstanding  that  the  immortal  Euler  had  written  two 
elaborate  memoirs  on  the  subject,  that  Paoli,  and  I  believe  other  Italian 
mathematicians,  had  taken  it  up  from  another  but  less  advantageous  point 
of  view,  so  completely  had  it  fallen  into  oblivion,  as  far  as  the  mathematicians 
of  this  country  are  concerned,  that  Sir  John  Herschel  has  written  a  memoir 
upon  it,  inserted  in  the  Philosophical  Transactions,  without  any  reference  to, 
and  evidently  in  complete  unconsciousness  of,  the  labours  of  his  predecessors, 
and  subsequently  Professor  De  Morgan,  so  justly  celebrated  for  his  mathe- 
matical erudition,  in  a  paper  in  the  Cambridge  and  Dublin  Mathematical 
Journal,  refers  to  the  doctrine  of  partitions  as  beiog  of  quite  recent  creation. 
The  importance  of  the  subject  in  these  later  times  has  been  vastly  augmented 
by  the  magnificent  applications  which  our  great  mathematical  luminary  has 
made  of  it  to  the  doctrine  of  invariants. 

*  Since  the  above  was  in  print,  I  have  diaooveretJ  a  mnoh  more  epecifio  theorem,  whioh, 
indeed,  is  to  be  regarded  as  the  fuudamenUl  theorem  in  the  doctrine  of  compound  partition, 
and  the  baeia  of  that  given  in  the  text.  It  ie  as  followB  -.^If  there  he  t  limultaneoui  timple 
e^uatiom  between  a  variables  {in  ■which  the  co^gUdsnts  are  all  positive  or  negative  integem)  forming 
a  dejmite  system  [that  is,  one  in  which  no  variable  nan  beeome  indefinitely  great  in  the  positive 
direction  without  one  or  more  of  (fee  others  besoming  negative),  and  if  the  r  coefficieiiis  belonging  ta 
eaeh  of  the  same  variable  are  exempt  from  a  factor  common  to  them  all,  and  if  not  more  than  r  - 1 
of  the  variables  cara  be  eliminated  simaitaneously  betmeea  the  r  equatwns,  then  the  determination 
of  the  maabeT  of  positive  integer  solutione  of  tlie  given  system  may  be  made  to  depend  on  like 
determinations  for  each  of  n  derived  independent  systems,  in  each  of  lehieh  the  number  of  variables. 
and  equations  is  one  less  than  in  the  original  system. 

This  leduotion  in  general  can  be  effected  'n  great  but  limitel  variety  of  modes  When  only 
two  equations,  however,  are  ooncemed  th        mb        f  m  d  Iw        tw  th     m 

less      So  that  in  fact  we  are  etilL  navigat    g  m  tli  ani  h  t  t     I;      te    1 

lip  wide  ocean  of  the  theory  of  oomp       dptt  tlwh        i        dthea       fdbl 

partition     When  the  gnen  sjatem  supp    ed  d  b    t  f  tli         liia  h  t  f 

vaiiables,  the  numbei  of  modes  of  red    t 
of  two  (to  one  or  the  other  of  wiuch  it  m    i 
The  theory  ot  types  applicable  to  any        I; 
coeffloientB,  here  faintly  shadowed  forth 
in  the  theory  of  iiiec[uatitiee. 
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Postscript.  In  the  first  instance  I  discovered  the  theorem  above  given 
by  a  method  of  induction,  aided  by  an  effort  of  imagination,  and  cotiiirmed 
by  numerous  trials;  but  I  have  since  obtained  a  very  simple,  although 
somewhat  subtle  general  proof  of  it.  Mr  Cayley  on  his  part,  and  inde- 
pendently, has  also  laid  the  foundation  of  a  most  ingenious  and  instructive 
method  of  demonstration  entirely  distinct  fixim  my  own.  I  reason  upon  the 
equations,  Mr  Cayley  upon  the  Eulerian  generating  function  ;  but  it  was  by 
operations  performed  upon  this  fiinction  that  I  was  myself  originally  led  to  a 
perception  of  the  transcendental  analogies  out  of  which  I  was  enabled  to 
evolve  the  law. 

The  very  interesting  case  of  the  composition  of  a  proposed  integer  out 
of  elements  given  both  in  number  and  species,  to  which  Euler  has  called 
particular  attention,  falls  without  preparation  under  the  standard  form ; 
for  this  question  is  in  fact  merely  that  of  determining  the  number  of 
solutions  of  the  binary  system  of  equations. 


a,  b,  c,  ...  I  being  supposed  to  be  all  different. 

Thus,  by  way  of  very  simple  illustration,  suppose  it  required  to  find 
in  how  many  ways  the  number  m  can  be  made  up  of  fi  elements,  limited 
to  consist  of  the  numbers  1,  2,  3.  My  method  gives  me  at  once  the  following 
solution.  Call  v  the  number  required.  Then  m  must  be  not  less  than  /i, 
and  not  greater  than  3^,  or  there  will  be  no  solutions.  For  all  values  of  m 
between  fi  and  2/i,  both  inclusive, 

for  all  values  of  m  between  2/i  and  3/i,  still  hoih  inclusive. 

It  will  be  observed  that  when  m  =  2/t,  the  two  formulse  give  the  same  value, 
so  that  either  may  be  employed.  Again,  suppose  we  wish  to  express  the 
number  of  modes  of  composition  of  m  with  the  four  elements  1,  2,  3,  4,  the 
number  of  parts  being  ji,  —  must  be  not  less  than  1  nor  greater  than  4, 
or  there  will  be  no  solutions  possible. 

For  all  values  of  m  from  fj.  to  2/i  inclusive, 

„  =  J^  {(m  -  ^  +  3)^  -  il  +  i  (-  ir-"  +  h  (r-"  +  9""'')- 
p,  p   being  the  prime  cube  roots  of  unity. 


y  Google 


24]       and  the  general  Theonj  of  Conipoutid  Partition       117 

For  all  values  of  m  from  2/4  to  3/t  inclusive, 


»-'- 

m  -  tt  +  3)'     (m  -  2^  +  8)' 

73 

12                        *            + 

36 

FinJly,  for  all  values  of  , 

ji  from  3/i  to  4/:*  inclusive, 

--AKV- 

'«-3)=-^l+i(-])™  +  i(p^ 

^.  +  p'm-.). 

At  the  joining  point 

s  (so  to  say)  between  the  suci 

sessive  cases,  viz.  where 

=  2/1  or  m  =  3^,  the  contiguous  formulse  give  like  results  whichever  of 
m  is  applied,  so  that  the  discontinuity  in  the  form  of  the  solution 
I  that  arising  from  the  juxtaposition  of  different  curves*.  This 
discontinuity  (in  itself  a  remarkable  ph^enomenon  to  be  brought  to  light), 
far  from  being  a  reproach  to  the  method  employed,  is  to  be  regarded  as 
a  quality  inherent  in  the  subject  matter  under  representation,  and  in- 
expugnable, as  such,  in  the  very  nature  of  things. 

*  Tte  connexion  l>etweeii  tbe  ooutignous  formulie  is  always  closer  than  what  is  symboliaed 
bj  the  phrase  used  abo^e.  The  earvea  must  he  regardeil  as  not  merely  placed  end  to  end,  but  to 
be,  as  it  were,  init  or  spliced  together  through  a  certain  finite  poctioa  of  the  extent  of  each  of 
them.  Thus  the  first  and  second  fonnnlte  in  the  text  coincide  [?]  in  value,  not  merely  for  m=  2^, 
but  also  for  111=2/1-1  and  m=2,u-2;  and  the  second  and  thircl  formnlfe  coincide,  not  merely 
for  in=3;i,  but  also  for  iii=3^  +  l  and  ni  =  3,u  +  2.  The  adjacent  carves  have,  so  to  say,  in  the 
instance  above,  the  same  tangents  and  circles  of  curvature  at  the  points  of  union,  so  that  we  may 
be  said  to  modulate  from  one  formula  into  another.  The  raUon  raisormSe  of  this  fact  is  easily 
explicable  on  ajirion.  analytical  principles. 
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ON  A  GENERALIZATION  OF  PONCELET'S  THEOREMS  FOR  THE 
LINEAR  REPRESENTATION  OF  QUADRATIC  RADICALS. 

[Oxford  British  Association  Report,  Ft.  ii.  (1860),  p.  7.] 

The  author  explained  the  application  of  Poncelet's  theorems  to  practical 
questions  of  mechanics  in  the  case  of  forces  acting  in  a  single  plane  as  in  the 
theory  of  bridges. 

He  next  referred  to  the  mode  of  extension  of  this  theorem,  suggested  by 
Poncelet,  applicable  to  the  case  of  forces  in  space,  and  pointed  out  its 
insufficiency,  and,  in  a  certain  sense,  its  incorrectness. 

The  essential  preliminary  question  to  be  resolved  in  the  iirst  instance 
(after  which  the  matter  became  one  of  easy  calculation),  was  shown  to  be 
that  of  cutting  off  by  a  plane  the  smallest  possible  segment  of  a  sphere  that 
should  contain  the  whole  of  a  given  set  of  points  lying  on  the  sphere's 
surface.  Some  years  ago  Prof.  Sylvester  had  proposed  in  the  Quarterly 
Maihematical  Journal,  without  any  suspicion  of  its  having  any  practical 
applications,  the  following  question : — "  Given  a  set  of  points  in  a  plane,  to 
draw  the  smallest  possible  circle  that  should  contain  them  all,"  By  a  singular 
coincidence,  Professor  Peirce,  of  Cambridge  University,  U.S.,  had  studied  this 
question  and  obtained  a  complete  solution  of  it,  which  he  had  communicated 
to  the  author  during  the  present  meeting  of  the  British  Association.  A  slight 
consideration  served  to  show  that  precisely  the  same  solution  as  Professor 
Peirce  had  found  for  the  problem  of  points  in  a  plane  was  applicable  with 
a  merely  nominal  change  to  the  sphere  also;  and  thus  the  solution  of  a 
question  set  almost  in  sport  was  found  to  supply  an  essential  link  for  the 
complete  development  of  a  method  of  considerable  importance  in  practical 
mechanics.  The  author  stated  that  it  would  be  easy  to  draw  up  tables  of  the 
values  of  the  constants  appearing  in  the  linear  function,  representing  the 
resultant  of  three  forces  at  right  angles  to  one  another,  for  the  principal  cases 
likeiy  to  occur  in  practice,  the  values  of  these  constants  depending  solely 
upon  the  condition  of  relative  magnitude  to  which  the  component  forces  ace 
supposed  to  be  subjected. 
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OUTLINES   OF   SEVEN    LECTUEES   ON   THE   PARTITIONS 

OF  NUMBERS. 

[Proceedings  of  the  London  Mathematical  Society,  xxviii.  (1897), 
pp.  33—96.] 

PEBFACE. 

These  outlines  appertain  to  lectares  delivered  by  Prof.  Sylvester  at  King's 
College,  London,  during  the  year  1859.  The  outline  of  each  lecture  was  printed 
shortly  before  ila  delivery  and  handed  to  those  in  attendance,  and  a  few  copies 
also  were  privately  circulated.  They  are  now  published  for  the  first  time.  The 
Professor's  attention  was  called  away  shortly  afterwards  to  another  department 
of  mathematics,  with  the  result  that  his  researches  on  compound  partitions 
were  never  published.  As  the  lectures  constitute  the  only  serious  attempt  that 
has  ever  been  made  to  deal  with  the  subject,  and  as  copies  of  the  outlines  are  very 
scarce,  Prof.  Sylvester  has  yielded  to  the  suggestion  made  to  him  in  regard  thereto 
by  the  Council  of  the  London  Mathematical  Society,  so  far  as  to  assent  to  their 
publication  in  the  Proceedings,  with  all  their  imperfections  on  their  heads.  The 
present  state  of  his  health  and  the  long  lapse  of  time  combine  to  render  any 
revision  upon  the  part  of  the  Professor  impossible.  He  desires  it  to  be  known 
that  he  cannot  vouch  for  the  correctness  of  all  that  appears  in  the  notes,  and  that 
they  were  prepared  in  a  hand-to-mouth  manner  during  the  process  of  investigation 
between  the  lectures,  and  that  it  is  only  on  the  opinion  of  the  Council  urgently 
expressed  to  him  that  the  work  should  not  entirely  perish  that  he  has  consented 
at  this  late  hour  to  the  publication. 

The  Council  desires  to  acknowledge  the  assistance  it  has  derived  from  Prof. 
H.  W.  Lloyd  Tanner,  of  University  College,  Cardiff,  who  kindly  placed  his  annotated 
copy  of  the  outlines  at  its  disposal,  and  also  to  Mr  E.  F.  Scott,  of  St  John's 
College,  Cambridge,  who  presented  a  copy  to  the  Society. 
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FIRST  LECTURE*. 

Introductory  Remarks. 

Resolution  of  an  integer  into  parts. 

Resolution  of  an  integer  into  parts  limited  in  number. 

Resolution  of  a  number  into  parts  limited  in  magnitude. 

Euler's  law  of  reciprocity,  viz., 

As  many  ways  as  an  integer  n  can  be  resolved  into  parts  not  exceeding 
m  in  number,  so  many  ways  can  it  be  resolved  into  parts  not  exceeding 
m  in  amount. 

Ferrers'  Proof.     Example.     Ji  =  5,  m  =  3, 
in     11     11     1^ 

11        11      1        1  may  be  read  as 

1       1       Ij-  3,  2;     2, 2,1;     2,1,  1,1;     1,1,  1,  1,1; 

1       1    or  2,  2,  1 ;         3,  2 ;  4,  1 ;  5. 

Cayley's  application  of  tbis  law  to  the  calculation  of  groups  of  symmetric 
functions. 

Example.     To  find  %a?,  tce^,  'S.a?'^,  XaPi/^z,  where  x,  y,  z  are  roots  of 
iK*— piiB°+;)2a;  — p,=  0,     pY.'P^  -Pi-Pi-Pu     Pi-P\  -Pi-pj,     Pa -Pi -Pi,     Pi- pi 
will  be  linear  functions  of  the  quantities  to  be  found. 

Euler,  Waring,  Paoli,  De  Morgan,  Warburton,  Herachel,  Kirkman,  Ferrers, 
Caytey,  in  connexion  with  question  of  resolution. 

The  resolution  of  a  number  into  parts  is  the  problem  of  ascertaining  the 
different  modes  of  composing  n  with  the  elements 
1,  2,  3, ...  up  to  M. 

General  problem  of  simple  partition  is  to  find  in  how  many  ways  a  given 
number  n  can  be  composed  of  given  elements  a,b,c,...  k. 

General  problem  of  binary  partition  is  to  find  in  how  many  ways  the 
couple  m,  m  can  be  composed  of  the  couples  a,  «',  h,  b',  c,  c,  k,  k'. 

Statement  of  problem  under  form  of  equations. 

D enumeration  and  denumerant  defined. 

Denumerant  of  (/"=  0  same  as  that  of  AI/'=0. 

Denumerant  of  t'^  =  0,  F  =  0  same  as  that  of 

kV  +  lV=0,     k'U+l'V^a. 

*  Delivered  at  King's  CoUege,  London,  on  the  (ith  June,  1859. 
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Coefficient  groups  anci  constant  group  defined. 

How  the  resolution  of  an  equation  or  sjstem  of  equations  with  any  real 
coefficients  may  be  made  to  depend  on  the  inverse  problem  of  the  centre 
of  gravity  of  a  system  of  points. 

Example.     A  system  of  two  equations. 

Origin,  coefficient  points,  primary  defined. 

Total  of  coeificient  points  is  called  a  cluster. 

Coefficient  points  may  be  denoted  by  the  variables  to  which  they  belong. 

Weighted  cluster. 

Weight  of  primary  assumed  to  be  positive  unity. 

If  primary  and  cluster  balance  about  the  origin,  the  weights  at  the 
several  points  of  ciuster  will  satisfy  the  given  system  of  equations. 

Linear  cluster ;  plane  cluster ;  solid  cluster. 

The  cluster  origin  and  primary  may  be  considered  apart  from  the  axes 
used  in  the  construction. 

Ray  cluster ;  axis  of  cluster  deiined. 

Derivative  of  an  equation- system.  An  equation -system  really  consists  of 
the  univalve  of  its  derivatives. 

How  this  universe  is  contained  in  the  geometrical  representation  of  the 
system. 

A  principal  derivative  of  a  binary  system  is  the  equation  resulting  from 
the  elimination  of  any  one  of  its  variables. 

A  principal  derivative  of  a  ternary  system  is  the  equation  resulting  from 
the  elimination  of  any  two  of  its  variables. 

Universe  or  Fleams  of  Principal  Derivatives. 

How  to  construct  geometrically  the  principal  derivatives  by  aid  of  the 
cluster,  primary,  and  origin. 

(1)  For  binary  system. 

(2)  For  ternary  system. 

We  can  thus  perform  the  process  of  elimination  geometrically. 

If  more  than  the  regular  number  of  variables  can  be  eliminated  simul- 
taneously out  of  the  system,  this  will  be  evidenced  in  the  plane  cluster  by 
three  or  more  points  lying  in  a  line,  and  in  the  solid  cluster  by  four  or  more 
points  lying  in  a  plane*. 

*  Tte  general  polyhedron  in  solido  analogous  to  the  polygon  in  piano  is  a  polyhedron  with 
triacgalor  faces  exclusively'. 
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Aa  equation  is  said  to  be  homonymous  when  the  coefficients  of  the 
variables  are  all  positive  or  all  negative. 

It  may  be  congruous  or  incongruous. 

Example.  2i»+3i/  +  4s=      10  congruous, 

2x -\-  Sy  +  ii  =  —  10  incongruous. 

An  omni-positive  solution  of  an  equation  or  system  means  a  solution  in 
which  the  variables  are  all  positive. 

An  omm-negative  solution  is  one  in  which  the  variables  are  all  negative. 

A  hoTnonymous  solution  is  one  which  is  either  omni-positive  or  oinni- 
negative. 

An  equation  or  equation -system  may  be  definite  or  indefinite. 

Indefinite  when  homonymous  solutions  can  be  found  wherein  the  variables 
may  be  made  indefinitely  great. 

Definite  when  the  vai-iables  cannot  be  made  indefinitely  great  in  any 
homonymous  solution. 

The  equations  ax~hy  —m,  and  ax  -\-  hy  —  cz  =  m,  where  a,  b,  c,  ...  m  are 
any  real  positive  quantities  whatever,  are  indefinite. 

The  character  as  to  definite  or  indefinite  depends  only  on  the  coefficients, 
and  not  on  the  constant  term. 

A  single  equation  to  be  definite  mast  be  homonymous. 

A  system  of  equations  to  be  definite  must  admit  of  a  homonymous 
derivative. 

If  it  admit  of  one,  it  must  admit  of  an  infinite  number  of  such. 

Definiteness  and  indefiniteness  of  systems  depend  only  on  the  relative 
values  of  coefficients,  and  not  on  the  constant  terms. 

Hence,  the  relative  position  of  origin  and  cluster  must  suffice  geometric- 
ally to  determine  this  character. 

Definition  of  boundary  of  a  plane  or  soHd  cluster  of  points. 

Lemma.  The  centre  of  gravity  of  any  weighted  cluster  is  contained 
inside  the  boundary,  and  may  be  made  to  lie  at  any  point  within  it  by  a  due 
adjustment  of  the  relative  magnitudes  of  the  weights  at  the  several  points. 

Theorem.  If  the  origin  lies  within  the  cluster,  the  system  is  indefinite  ; 
if  outside,  definite. 

In  Fig.  1  the  centre  of  gravity  of  the  cluster  may  be  brought  to  the 
position  g  or  g'  B^  near  as  we  please  to  0  on  either  side  of  it  in  a  line  with 
PO,  and,  the  sum  of  the  weights 

x  +  y  +  e  +  t  +  u  +  v  +  w  +  o) 
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PO         PO 
being  — ^  or  — rr^ ,  may  be  made  indefinitely  great  either  on  the  positive  o 

B  side  of  zero. 


PO'  Pff 

at  0',  "Zx  will  lie  between ^y   ^"'^  V?r  *'  ^^  ^*  ^"'  *'^^  system  cannot  by 

any  system  of  weights,  all  positive  or  all  negative,  be  made  to  balance  the 
weight  at  P  about  the  origin. 


The  same  method  is  applicable  to  points  in  solido. 

Indeiinite  systems  in  general  admit  of  homonymous  solutions  of  both 
kinds. ' 

The  only  case  of  exception  is  when  the  origin  is  in  the  contour  of  cluster. 
Definite  systems  admit  only  of  solutions  of  one  kind. 
*  Hence  it  may  easily  be  shown  that  the  greatest  and  least  values  of  2iC  in  any  definite 
system  of  equationa 

aio:,  +  a^x,  +  a^x^  +...=m, 

a,"a!j  +  Oj"3;2  +  "^""5  +  •■■  —  '""t 
will  be  the  greatest  and  least  values  of  p  deduced  suecesBivelj  from  all  the  equations  that  oau  be 
formed  after  the  type  of  the  following  :— 


ih"'    <h"'     <h"< 


and  in  like  manner  we  may  derive  from  the  geometrieal  method  a  simple  rule  for  determining 
Blgebraioolly  the  maxima  and  minima  values  of  each,  separate  variable. 
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Three  Species  of  Definite  Systems. 

The  system  is  positive  or  negative  when  the  axis  cuts  the  cluster  according 
as  primaiy  or  cluster  lie  on  opposite  or  same  side  of  origin. 

It   is  neuter  when   the  axis  does  not  cut  the  cluster.     (For   example, 
origin   0".) 

An  analytical  determination  of  the  genus  and  species  of  a  system  may  be 
deduced  from  the  preceding  construction. 


Binary  System. 

In  the  indefinite  case,  if  we  draw  lines  from  origin  to  every  point  in 
cluster,  each  such  ray  divides  the  cluster  into  two  parts. 

In  the  definite  case  there  are  two  extreme  rays  leaving  all  the  points  in 
the  cluster  on  the  same  side. 

Hence,  if  a  system  is  indefinite,  the  universe  or  plexus  of  principal 
derivatives  will  contain  no  homonymous  equations. 

If  it  be  definite,  it  will  contain  two  homonymous  equations. 
Again,  as  regards  species — 

If  the  system  is  positive  definite,  the  two  homonymous  derivatives  will  be 
both  congruous.    If  the  system  is  negative,  they  will  be  both  incongruous. 

If  the  system  be  neuter,  the  homonymous  will  be  one  congruous,  the 
other  incongruous. 


Ternary  System. 

If  the  system  is  indefinite,  all  the  planes  through  the  origin  and  any  two 
points  of  the  cluster  divide  the  cluster  into  two  parts. 

If  it  be  definite,  the  bounding  planes  of  the  pyramid  formed  by  joining 
the  origin  with  each  point  of  the  cluster  will  leave  the  other  points  of  cluster 
all  on  one  side. 

Hence,  when  the  system  is  indefinite,  the  plexus  of  principal  derivatives 
will  contain  no  homonymous  equations;  when  it  is  definite,  there  will  be 
some  homonymous  derivatives,  and  the  number  cannot  be  less  than  three  or 
greater  than  the  number  of  variables.  For,  if  we  project  the  cluster  from 
the  origin  on  a  plane  cutting  the  rays  all  on  the  same  side  of  origin,  the 
number  of  sides  in  contour  of  this  projection  will  be  the  number  of  planes  in 
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'.  cannot  form  a  figure  bounded  by  1< 


the  pyramid,  and  n  points  in  a  plai 
than  three  nor  more  than  n  sides*. 

The  different  species  of  definite  will  be  distinguishable  by  the  homony- 
mous principal  derivatives  being  all  congruous,  all  incongruous,  or  partly 
congruous,  partly  incongruous. 

Examples  of  indefinite  two-equation  systems  : 

Let  the  cluster  of  coefficient  points  be  at  the  four  angles  of  a  parallelo- 
gram X,  y,  z,  t,  the  origin  0  being  at  the  distance  of  one  unit  from  yz,  yx,  zt, 
and  two  units  from  a^. 


The  system  of  equations  will  be 

2«  -  3/ -  s  +  2(  =  n, 

The  universe  of  principal  derivatives  will  be 

3j/  —   5  —  4(  =  2ra  -    n, 

4a;  -I-    y  —  Zz=     n-\-  2to, 
all  of  which  are  heteronymous  or  indefinite,  showing  that  the  system  is 
indeiinite. 

•  ThoB  we  see  in  like  manner  that  the  number  of  homonymous  principal  derivatives  to 
a  definite  quaternary  system  of  n  variablefl  is  some  nnmber  intermediate  to  4  and  i  (where  g 
iB  the  number  of  faces  in  a  triangular  polyhedron  with  n  summits),  that  is,  2n  -  4. 

This  would  be  difficult  to  prove  by  a  direct  analytical  process. 

N.B.     la  any  neuter  binary  system  of  which  0  is  origin,  P  the  primary  and  ABCDE  the 


cluster,  all  the  triangles  OPA,  OFB,  &e.,  following  the  same  order  of  rotation  will  represent 
determinants  of  the  same  sign- 

This  cannot  be  the  case  for  definite  positive  ot  negative,  or  for  indefinite  systems. 

Hence  the  neuter  case  may  be  rect^nised  by  the  determinants,  obtained  by  conjugating  in  situ 


group  in  suooeBBion  with  the  constant  group,  never  changing  sign. 
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If  y,  z,  a>,  t  were  a  square,  y,  t  as  well  as  x,  z  wouid  be  brought  into  line 
with  0;  equations  would  become 

x-'ry-z  —  i  =  n, 
and,  on  account  of  these  two  syzygies,  there  would  be  only  two  principal 
derivatives,  viz. : 

2i/  -  2(  =  w  -  TO, 

2«  -  2s  =  n  +  m, 

Eaumples  of  Definite  Systems*. 


?e.     Take  x,  y,  z,  t  at  the  angles  of  a  square,  two  units  each 
way  (breadth  and  depth). 

Let  the  origin  0  be  at  an  equal  distance  from  z  and  t,  and  from  x  and  y 
and  the  primary  P  in  a  line  with  a^.     The  system  referred  to  OP  and  OQ 
at  right  angles  to  OP  as  axes  of  moment  gives  rise  to  the  equations 
x-y-^  +  t  =  0, 
(l+c)a:  +  (l+c)y  +  cz  +  ct=m, 

*  In  order  that  a  system  may  be  definite  the  points  of  the  duster,  whether  in.  line,  plane, 
or  solid,  must  be  all  in  front  to  an  eye  at  the  origin.  In  the  last  two  oasee  accordingly,  a  line  or 
a  plane  may  be  drawn  through  the  origin,  leaTing  the  cluster  entirely  on  one  side.  Now,  as  a 
line  in  a  plane  will  cut  three  out  of  any  tour  quadrants  in  the  plane  made  by  two  intersecting 
lines,  and  a  plane  in  soUdo  will  cut  seven  ont  of  any  e^ht  octants  made  by  three  interseoting 
planes,  it  follows  that  a  binary  Bystem  may  be  definite  when  of  the  four  possible  combinations  of 
aigns  affecting  the  terms  of  the  several  ooefSoient  groups,  that  is,  ,  three  are  found 

among  the  several  groups,  and  so  a  ternary  system  may  remain  definite  even  when  out  of  the  8 
possible  combinations  of  signs 


all  but  one  are  found  among  the  several  ooeffiolent  groups. 

We  may  then  safely  infer  that,  in  general,  all  hut  one  of  the  pos 
may  occur  in  the  coefficient  groups  of  any  system  without  the  eystei 
definite.     But,  if  ell  possible  combinations  occur,  the  system  will  be  n( 


M;essa^i]y  indefinite. 
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c  being  the  distance  of  0  from  zt,  and  m  its  distance  from  P.  The  extreme 
rays  being  Qz  and  Oi,  the  two  homonymous  principal  derivatives  will  be  the 
two  resultants  in  respect  to  z  and  t,  that  is, 

(1  +2c)^  +  y  +  2c(=TO, 

a;  +  (H-2<;)y+2c2  =  m, 
both  of  which  are  congnious. 

Negative  Gase.  Figure  the  same  as  the  preceding,  but  position  of  P 
reversed  (that  is,  passed  through  origin  to  an  equal  distance  from  it  on  the 
Other  side).  The  equations  will  be  as  above,  with  the  exception  of  m 
rative,  so  that  the  two  homonyms  will  be  incongruous. 


Neuter  Case.  Same  figure  as  above,  but  the  primary  P  moved  horizon- 
tally  through  d  to  P'  lying  to  the  tight   of  zO  produced.     This  condition 

implies  that  -j  <  c  ov  ni<cd. 

The  two  equations  now  become 

3::-'g-z  +  t  =  d. 
(l  +  c)aj  +  (\  +  c)y  +  cz  +  ct  =  m, 
and  the  two  homonyms  are 

(1  +  2c)  ic  +  y  +  2ci  =  m  +  cd, 
ic  +  (1  +  2c)  y  +  2c3  =  -  (cd  -  m), 
of  which  the  first  is  congruoua,  the  second  incongruous,  thereby  indicating 
that  the  system  is  neuter. 
The  determinants 

I      1       d   \       I    -1     q!  I       I  -T^   '^  I       I  ^     "^  I 
]l  +  cm|        |l4-cm|        I       c  in  \       |ctoI 

that  is  m  —  od—d,    —  m  —  d  —  cd,     —  m  —  cd,    m  —  cd. 

being  all  negative,  would  also  have  served  to  prove  the  system  to  be  neuter, 

Scholium.  If  our  equation  or  equation-system  be  now  supposed  to  be 
integer  equations,  we  see  that  tlie  denumerant  ivill  be  in  all  cases  zero, 
if  the  system  be  negative  or  neuter.  If  it  be  indefinite,  the  denumerant 
in  general  will  be  infinite  (according  to  the  known  theory  of  numbers), 
but  it  may  be  zero,  namely,  in  the  ca«e  where  the  coefficients  of  any  equation 
or  derived  equation  of  the  given  system  have  a  common  factor  which  is  not 
a  factor  of  the  constant  term. 

The  plexus  of  principal  derivatives  affords  an  absolute  criterion  for 
determining  whether  the  denumerant  of  a  given  indefinite  system  of  equa- 
tions is  infinite  or  zero. 
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SECOND   LECTURE*. 


Definition  of  denumerant  recalled, 

au,  anu,  V),  a(u,  r,  w), 

used  as  implicit  symbols  of  deiiumeration. 

(TIT in  its  explicit  form  — 1~~'^~ — 7. 

a(U,V) 


"  a,a';h,b'iG,e';...;  I,  I' ; 

&c.  &c. 

Numei-atives  and  denominatives  defined. 
Herschel's  symbol  r„  explained. 
Its  value  as  a  linear  function  of  jith  powers  of  the  rth  roots  of  unity. 


Observation. 
More  generally, 


,1  in  the  new  theory  will  be  replaced  by  — ' 
n ;      m-l;  n-(r-l);  _ 


for,  if  —  is  fractional,  so  ia 1, 2,  .... 

r  r  r 

and  a  fortiori, 

r     r      r  \r       J     r  \r       J  r  \r  J 

and,  if-  is  integer,  one  and  only  one  of  the  above  quantities  will  be  an 
integer. 

What  E  {-\  is  commonly  used  to  denote  ;  Herschel's  notation  = . 

«'+2j-7,       «g)    -3, 
«  +  %  =  8,       i?(|)    -2, 

t  KiEg's  College,  London,  oa  the  9th  June,  1859, 
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N.B.     In  the  partition  theory,  zero  always  counts  as  a,  positive  integer*. 
Of  course  the  residue  of  n  to  modulus  r  is 

1,  r;    ' 
but  it  may  also  he  expressed  as  a  hinary  denumerant. 
Simplest  class  of  indeterminate  equations 

0^1  +  0:^+  ...  +Xr  —  n=0, 


(!-()'■ 


Generally  dU  in  above  equation  is  coefficient  of  ("  ir 
The  denumerant  of  the  equation 

ojCi  +  ajx,  +  . . .  +  accr  —  n  =  0, 
n;      \n  +  a    71  + 2a      n  +  (r  —  l)a\ 


Provisional  Method  of  Simple  Denumeration. 

Any  simple  denumerant  may  be  expressed  in  terms  of  denumerants  of 
the  class  last  treated  of. 

Example  1.  x+2y=n\ 

w  must  be  of  the  form  2^  or  2^+  1,  two  suppositions  mutually  exclusive. 

Hence  the  denumerant  of  the  given  equation  is  the  sum  of  those  of  the 
two  equations. 

Hence 


f+2v/  =  n   and    2|^+2^=k-1. 


1;       2,  2  J 
n  +  2      % 


„  n;       2n  +  3      in;     {n-\);]  1 

Observe  that  j^'  -  ^"^"^^'l  \  =  (-)»  \ . 

*  Consequenfiy,  the  equation  ax-i-by^cz-.-H  has  the  denumarant  unity,  3.nA  h 
there  being  in  laot  no  neuter  oases  tor  simyfa  partition. 
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t  most  be  of  the  form  3{,  or  3f  +  1,  or  3f  +  2. 
„.„„  »;        .;    ,(..-!);,  (.-2); 


_»;    )i  +  3     (»-l);    »  +  2     («  -  2) ; 
Si's"*"       3;       '3  3;       ' 


3.     To  find  the  denumerant  of 


4  is  the  least  common  multiple  of  1,  2,  4. 
a;  is  either  4^,  4f  +1,4^  +  2,  or  4|^  +  3, 
1y  is  either  4)),         or  4j)  +  2, 

Thus  there  are  eight  cases,  each  giving  rise  to  an  equation  of  the  form 

4|^  4-  4jj  +  43  +  c  =  )i. 
I  combine  together  those  in  which  the  constant  on  the  left  side  is  either 
the  same,  or  leaves  the  same  residue  when  divided  by  4. 
Thus,  we  obtain 

n',      _      n\  w  — 4; 

1.  2,  4 ;  ~  4,  4.  4 ;     4,  4.  4 ; 

4,  4,  4  :      4,  4,  4  ; 


and  observins;  that 


4,  4,  4  ;         4,  4,  4  ; 


4:' 


^;      ^ ^;  [(>^  +  4)(^  +  8)     n(n  +  4)j 
1,2,4;     4;i         4.8         "^      4.8     | 

n-1;     ((^  +  3)(«  +  7)     (7i-l)(«-f 

4;     'I         4.8  "^  4.8 

n-%    (^+2)(^  +  6) 


Ji-3;    (^^+l)(Ti+5) 
4;     ■  4.4 


~-'(ii=  +  Sm  +  12) 
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By  aid  of  the  identities, 

n;     n-1;     «-2;     n-3;     , 

4;"^     4;    "    2;'       4;     "^     4;  2; 

the  above  equation  becomes 

n;  „     In;     «.-l;\^     in;     n-\;     n~2;     n.-3;\  „ 

where  ^■._(„.+  7«+^);     S— g^,    if'g- 

^  will  be  tbe  mean  value  of  the  transcendental  function         ' .  _ . 

The  mean  value  of  any  simple  denuraerant,  by  virtue  of  the  theorem 
discovered  by  the  lecturer,  is  always  expressible  directly  as  an  algebraical 
function  of  n,  and  of  the  quantities  ch,  a^,  ■■■  <tr  left  perfectly  indefinite. 

Observe  that  in  the  multipliers  of  G  and  H  the  sums  of  the  coefficients 
are  all  zero. 

General  direct  method  of  expressing  every  simple  denuraerant  under 
a  simple  form  is  furnished  by  theorem  above  referred  to. 

The  method  above  given  substantially  consists  in  making  tbe  denumera- 
tion  of  OiX,  +  OiSC^ . . .  +  a^Xr  =  n  depend  on  finding  ail  the  solutions  of  the 
congruence 

ai«i  +  u^Us  +  OjMj . . .  +  OvUf  —  Ur+i  =  0  to  moduhis  K, 
K  being  the  least  common  multiple  of  Oj,  Ha,  ...  Or,  and  Wj,  v^, ...  Ur  being  all 
limited  to  be  positive  integers  less  than  K,  but  m,^i  being  left  indefinite. 

Thus  the  numbering  of  the  solutions  in  positive  integers  of  an  equation 
can  be  brought  to  depend  upon  finding  the  solutions  themselves  of  a  con- 
gruence in  positive  integers, 


Elder's  Method  of  Geneiyiting  Fractions. 

The  denumerant  of 

ax  +  by  +  cz  +  . ..  +  It  =  n 

is  the  coefficient  of  t"  in  the  expansion  of 


(l-C)(l-t»)...(l-l') 
expanded  in  ascending  powers  of  t. 
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Proof  that  the  product  of  the  series  generated  by  i^ -j  ,  - — -j,  &c.,  gives 

■i  the  coefScient  of  i". 


a,h,c.  ...  I; 

Note  that  when  ?i  =  0  the  coefficient  of  C  is  1. 

Thus  we  see  that  the  denumerant  of  (Ci+3;a+  ...  +iKr  =  n  is  the  coefficient 

of  C  in     ■■■■  ■■■:-  as  already  found. 
{i  —  ty 

Necessity  of  attending  to  the   order  of  terms  in  the  denominators  of 

distinguished ; mav  be  used  to 

-  2  +  p  P'^1 
I  or  the  other  of  the  two  previous  forms,  the  choice  being  left 

subject  to  ulterior  determination. 

Euler's  generaticg  fraction  continues  to  hold  good  even  when  any  of  the 
coefficients  become  negative,  the  expansion  becoming  indefinite. 

Exam/pie.     The  denumerant  of  cc  —  y  =n  is  generated  by  the  product  of 

;j — -  by  that  of  :j -^  ,  that  is  to  say,  of  the  series 

1  +  *     +  f3    +(!<+...  ac?  to/, 
by  the  series  1  +  f^  +  ir^  +  f^  +  ...  ad  inf. 

This  product  will  consist  of  an  ascending  and  descending  branch,  and  the 
coefficients  of  every  term  in  each  branch  will  be  infinite,  showing  that  the 
denumerant  of  ic  —  y  =  n  is  infinite  for  all  integer  values  of  ■«  whether  positive 
or  negative. 

The  cognate  forms  to  a  generating  fraction  defined. 

Their  number,  if  there  are  r  factors  in  the  denominator,  is  2^. 

In  above  example  -tj — jt-tz — i^^-,  generates  a  double  indefinite  develop- 
ment,  but  the  cognate  form  -.-z: rr-^ — —^ — ^^  will  generate  a  series  in  which 

the  indices  of  t  ascend  from  1  to  oo  ,  and  the  coefficients  for  any  finite  value 
of  an  index  remain  finite. 


So  in  general  for  j^ — -rj- — —^  ;  the  coefficient  of  t"  in  a  cognate  form 

ibis  is  the  coefficient  of  ("""''  in  ja\/i — tb 

again  the  coefficient  of  f"  in  a  cognate  form  to 


to  this  is  the  coefficient  of  ("""''  in  — -g-  with  the  sign  changed. 

(1  — r  )(i  —  t ) 


(1 -«?•)...  (i-«>)(i-«-)(i-'>i-') 
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will  be  the  coefficient  of  ("-=-^  in 


and  so  on. 

Every  generating  fraction  to  a  single  equation  contains  two  cognate  forms 
(of  which  itself  may  be  one),  which  admit  of  development  in  series  with 
finite  coetBcients.     One  of  these  will  be  purely  an  ascending,  the  other  purely 


The  coefficient  of  ("  in  the  ascending  development  I  call  the  connumerant 
of  the  equation. 

The  connumerant  is  always  finite ;  it  may  be  positive  or  negative ;  when 
the  coefficients  are  all  positive  the  connumerant  and  denumerant  are  identical. 

The  meaning:  of  the  symbol  — — — '■  -  ■    extended  and  modified. 
°  ■'  «!,  Us,  ...  a/, 

Rule  for  transforming  a  connumerant  with  some  or  all  of  its  denomioa- 
fcivea  negative  into  one  with  all  its  denominatives  positive. 

Why  connumerants  are  necessary. 

When  the  numerative  is  a  negative  quantity  the  connumerant  by  virtue 
of  the  definition  is  always  zero. 

The  denumerant  of  a  binary  system  of  equations 
ax  +by  +C2  +  . . .  =  m, 
a'a;  +  b'y  +  c's  +  ...—  wi', 
is  the  coefficient  of  (""C"'  in 

1 

(1  -  P  .  t'"')  (1  -  (* .  O  (l-t'.lf^)...' 

TJnnecessariness  of  the  limitation  imposed  by  Euler  upon  the  signs  of  the 
coefficients. 

How  to  exhibit  geometrically,  the  limiting  ratios  to  the  values  of  the 
indices  of  t  and  If  which  can  appear  in  the  development  of  the  Eulerian 
fraction  containing  t  and  C. 

Hence  we  see  that  the  series  generated  by  such  an  Eulerian  may  consist 
of  a  single  branch,  or  of  two  branches,  or  of  three  branches. 

So  the  Eulerian  of  a  definite  ternary  system  developed  may  have  any 
number  of  branches  from  one  to  seven  inclusive. 

Definition.  A  determinate  series  is  one  in  which  none  of  the  coefficients 
of  terms  at  a  finite  distance  from  the  origin  become  infinite  in  value, 
A  determinate  generating  function  is  one  which  generates  a  determinate 
series. 
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s  determinate,  but  -z --y- — tt  indeterminate. 

(1  -t){t-  I) 

determinate,  but 


"■<l-()(»-l)(«!-l) 
1 


Deiiumerative  function  distinguished  from  denumerant. 

Reversal  of  a  point  in  a  cluster  defined. 

If  we  change  any  factor  of  an  Eulerian  of  the  second  order 

the  equation-system  by  the  denumeration  of  which  the  coefficient  of  ("'C™' 
may  be  calculated  undergoes  a  change  in  its  constant  terms  as  well  as  in  its 
coefficients  ;  but  it  is  only  the  change  in  the  latter  which  can  influence  the 
character  of  the  system  as  to  being  definite  or  indefinite,  and  consequently 
the  character  of  the  coeflBcients  of  the  developed  Eulerian  as  to  being  finite 
or  infinite. 

Hence,  it  is  easy  to  show  geometrically  that  2r  out  of  the  2'"  cognate 
forms  to  an  Eulerian  fraction  of  the  2nd  order  will  give  rise  to  series  with 
finite  coefficients. 

For  if  there  be  r  variables  the  total  number  of  cognate  forms  will  corre- 
spond to  the  2''  clusters  consisting  of  Aj  or  o,  (its  reverse),  combined  with  A^ 
or  Ma  its  reverse,  with  Ag  or  a^  its  reverse,  and  so  on. 


Now  of  all  these  clusters  the  only  ones  which  do  nob  enclose  the  origin 
e  the  pairs 

A,A,A, A^l 

a,Ar AM' 

A^As  ArU,] 

a^a,Ay A,  ]' 
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and  so  on,  there  being  as  many  pairs  of  clusters  outside  the  origin  as  there 
are  points  A^,  A3,  ...  A^. 

In  like  manner  an  Euierian  fraction  of  the  3rd  order  and  with  r  factors  in 
its  denominator  will  admit  of  as  many  cognate  pairs  of  forms  generating 
series  with  finite  coefficients  as  there  are  combinations  of  r  elements,  2  and  2 

together,  that  is,  -^-^ pairs,  and  so  on,  for  any  order  whatever. 

Hence  it  would  not  be  possible  without  further  specification  to  extend 
the  definition  of  connumerants  (if  it  were  wished  to  do  eo)  from  simple 
equations  to  equation-systems. 

Happily  the  necessity  for  the  consideration  of  such  does  not  arise,  as  it 
will  be  shown  that  denumerants  of  all  orders  may  be  expressed  in  terms  of 
simple  connumerants. 

By  the  connumerant  to 

■--•ax  —  bi/  —  C2:  +  dt  +  eu  +  &c.  =  K, 
I  shall  understand  the  expression 

—  a,  —b,  —c,d,  e,  ...;' 
This  connumerant  will  be  the  same  save  as  to  sign  (which  is  or  is  not  to 
be  changed,  according  as  the  number  of  negative  coefficients  —  a,  —  6,  —  c  is 
odd  or  even)  as  the  denumerant  of 

ra  (ic  +  1)  +  6  (j  +  1)  +  c  (s  + 1)  +  (fi  +  ew  -f  &c.  =  ^. 


THIRD   LECTURE* 
Reduction. 

Reduction  explained. 

Reduction  in  partitions  analogous  to  elimination  in  equations. 

A  prime  group  defined.     Examples. 

Syzygy  of  variables ;  predicable  also  (elliptically)  of  groups. 

In  a  plane  cluster,  syzygy  is  evinced  by  two  or  more  points  being  in  a 
line  with  the  origin. 

In  a  solid  cluster,  by  three  or  more  points  being  in  the  same  plane  with 
the  origin. 

*  Delivered  at  King's  College,  London,  on  June  16tli,  18S9. 
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Analytical  condition  of  two  groups  in  a  binary  system  being  in  syzygy  is 
tbat  the  determinant  formed  by  their  coeiBcients  vanishes. 

Analytical  condition  of  three  variables  in  a  ternary  system  being  in  syzygy 
is  same  as  above ;  and  so  in  general. 
If  ab'  -  a'b  =  0, 

a  _a' 
b~b'' 
and,  if  a,  b  is  a  prime  group,  and  also  a',  b',  either 

On  the  latter  supposition,  the  system  wouM  be  indefinite  (for  the  origin 
would  either  He  <m  the  cootour  of  the  cluster  or  within  it). 
Hence  two  non-identical  prime  groups  cannot  be  in  syzygy. 
The  same  will  be  true  of  three  non-identical  prime  groups  in  a  ternary 


If,  in  a  definite  binary  system,  each  of  a  certain  set  of  groups  is  a  prime 
group,  and  no  two  of  the  groups  the  same,  the  system  will  be  asyzygetic  so 
far  as  this  set  of  groups  or  their  variables  is  concerned. 

Importance  of  the  case  of  equal,  that  is,  identical,  coefficients  or  coefficient 
groups. 

The  symmetric  functions  of  the  roots  of  indeterminate  equations  may  be 
expressed  as  denumerants  to  equations  or  equation -systems  with  equal 
coefficients  or  coefficient  groups. 

Scheme :  its  definition  as  collective  name  for  cluster  and  primary. 
1  linear,  plane,  or  solid. 
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Centre:  Axis:  Balancing  plane  of  scheme :' denumerant  of  a  linear 
scheme  in  respect  to  a  given  centre  ;  of  a  plane  scheme  in  respect  to  a  given 
centre  or  axis ;  of  a  solid  scheme  in  respect  to  a  centre,  axis,  or  plane. 

Connnmerant  of  a  linear  scheme  in  respect  to  a  given  centre;  of  a  plane 
scheme  in  respect  to  a  given  axis*;  of  a  solid  scheme  in  respect  to  a  given 
plane. 

Notice  the  algebraical  aign  of  the  connumerant,  which  is  positive  or 
negative,  according  as  an  even  number  (including  zero  as  one)  or  an  odd 
number  of  transpositions  of  cluster-points  is  i/ransposed. 

Definitions  of  rays  and  planes  of  cluster  recalled  and  applied  to  schemes. 

The  term  beam  substituted  for  ray  of  the  primary. 

The  theory  of  the  reduction  of  binary  systems  of  equations  may  be 
geometrically  stated. 

Network.     In  line,  plane,  or  solid. 

Nodes  and  nodal  lines. 

Prime  point  or  prime  ra,y  in  network  corresponds  to  prime  groups  of 
coefficients. 

Prime  couples  or  prime  planes  in  network  correspond  to  prime  double- 
groups  of  coefficients,  meaning  a  pair  of  groups  whose  minor  determinants 
form  a  prime  group. 

Anticipatory  statement  namely— 

The  denumerant  of  a  plane  scheme  in  respect  to  it  i/tifn  centre  is  the  sum 
of  its  conTiv/merants  with  lespect  to  each  in  succession  of  the  lays  which  lie  on 
either  side  (^chosen  at  will)  of  the  beam,  promded  that  all  the  rays  on  the  side 
so  chosen  are  prime  rays,  and  the  points  to  whtch  they  ctje  drawn  are  no  two  of 
them  coincident.  If  these  conditions  are  satisfied  on  both  stdes  of  the  beam., 
each  of  the  segments  of  the  lay  cluster  into  which  it  is  divided  by  the  beam 
will  give  a  distinct  solution,  and  the  two  sums  of  connumetants  appertaining 
respectively  to  the  rays  in  either  cluster  will  be  equal  to  one  another. 

Observe  that,  if  the  system  be  neutPi  all  the  riys  will  be  on  one  side  of 
the  beam,  and  there  will  be  but  one  solution 

The  denumerant  of  a  solid  scheme  m  lespect  to  a  given  centre  (corre- 
sponding to  a  ternary  sjstem  of  equations)  which  satisfies  analogous  con- 
ditions to  the  preceding,  will  be  shown  latei  on  m  the  couise  to  be  expressible 
in  very  similar  terms  (eluitei -planer  bping  substituted  for  clnster-rays),  with 
this  remarkable  difference    howevei    that   in  lieu  of  a  single  dichotomous 

*  If  the  motion  of  P  should  eaciv  it  to  J*  on  tlie  opposite  side  of  tlie  axis,  the  transformed 
uentre  and  primary  will  be  bronfeht  to  lie  on  one  side  of  the  aiiB  and  ooaseiiuently  the  cluster 
must  Irava  contrary  signs  to  the  i  nmary  in  order  to  balance  about  the  aiis  and,  as  there  will 
thus  be  no  omni-poeitive  solution  Hip  e  nnuneixnt  in  that  ca'Je  will  become  zero.  If  P  is 
anfficiently  remote,  this  cannot  take  place 
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division  of  the  planes,  there  will  be  a  considerable  number  of  such,  each  of 
which  will  or  may  furnish  a  distinct  pair  of  solutions. 

The  formation  of  these  dichotomies  involves  the  consideration  of  the 
doctrine  of  normal  orders,  or  orders  of  perspective  sequence — a  branch  of  the 
doctrine  of  free  geometry  to  which  allusion  was  made  in  the  opening  address. 

The  problem  of  partitions  stated  as  a  problem  in  plane  or  solid  network. 

A  system  of  equations  in  x,  y,  z,  ...  u  may  be  denoted  by  S{x,  y,  s,  ...  u), 
or,  when  more  convenient,  by  S  alone,  with  implied  reference  to  a;,y,z,...  u. 

Resultants  of  systems.  R^S,  where  S  is  binary,  defined.  R^^y  S,  where 
S  is  ternary,  defined. 

RxS  is  the  equation  which  expresses  that  the  coefficient  cluster  and 
primary  of  S  balance  about  the  axis  0«.  This  will  remain  good  for  a  ternary 
system,  so  that  JtajS  will  then  denote  a  specific  binary  system,  that  which 
corresponds  to  projection  of  cluster  and  primary  on  a  plane  through  the 
origin  perpendicular  to  O^.  B.x,y  S  will  denote  that  the  centre  of  gravity  of 
the  cluster  and  primary  of  S  is  in  the  plane  xy. 

Interpretation  of  dR^S  when  8  is  binary.  Interpretation  of  the  same 
when  S  is  ternary. 

ffRxS  in  the  latter  case  ia  perfectly  definite  just  as  much  as  in  the 
former,  although  the  modes  of  expressing  R^^  are  infinitely  varied. 

If  S'  is  what  S  becomes  when  we  wiite  in  S,  fw  +  g,  or  more  generally 
^x,  in  place  of  x  we  may  denote  8'  symbolically  by  =  8. 

Note  that  R^S  =  R^  {p=  S\ 

f^.^.^...s)  explained. 
\x       y       z  / 

Order  of  operative  symbols  =  ,  ~  ,  &c.  is  indifferent.     The  denumerant 

.    .       *    y 

of  any  principal  derivative  RxS,  if  homogeneous,  will  furnish  a  superior 
limit  to  the  denumerant  of  yS;  for  all  the  solutions  of  I'must  be  solutions  of 
R^8. 

Hence,  to  the  denumerant  of  a  definite  binary  system  we  can  always, 
by  simple  denumeration,  obtain  two  superior  limits ;  to  the  denumerant  of 
a  ternary  system,  some  number  of  superior  limits,  between  3  and  n  inclusive, 
such  number  depending  upon  the  morphological  character  of  the  system 
(as  will  hereafter  be  explained). 

Examples  of  superior  limits  to  binary  denumerants. 

Examples  of  superior  limits  to  ternary  denumerants : — 

1.  By  means  of  principal  simple  derivatives. 

2.  By  means  of  principal  derivative  binary  systems. 
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Hereafter  we  shall  find  that  when  the  coefficient  groups  are  all  prime 
groups,  and  none  of  them  alike,  these  two  limits  are  the  respective  first 
terms  of  two  distinct  finite  series  of  conimmerants,  each  of  which  espressea 
the  value  of  the  denumerant  of  the  given  binary  systems. 

Lemma.  If  the  m  group  in  any  system  is  a  prime  group,  any  omni- 
positive  integer  solution  of  R^S  is  in  general  an  omni-posifcive  integer 
solution  either  of  8  or  of  =  S. 

Proof  in  case  of  binary  system. 

Proof  in  case  of  ternary  or  ultra-ternary  system. 

How  an  exception  arises  when  the  solution  of  R^S,  substituted  in  S, 
makes  jc  =  0. 

Were  it  not  for  this  exception,  the  equation  following  would  always 
subsist  for  any  variable  ic  corresponding  to  a  prime  group,  namely, 

as  +  ai^  .s\  =  aRs. 

The  number  of  omni-positive  solutions  of  system  S{a:,  y,  z,  ...  v),  subject 
to  the  condition  w  >  k,  is  the  denumerant  of 

S{(^  +  k).y.i....v]. 

Thus,  if  a;  >  0,  for  x  we  must  substitute  1  +  x.  Hence  the  true  equation 
which  connects  the  denumerants  referred  to  ■without  exception  is 

or,  if  we  please, 


as+a^L^(S}=aR^S; 


In  future  I  shall  denote 


-x-lhj  x. 

and  so  on. 

-  2/  -  1  by  ^, 

We  may 

therefore  write 

as  = 

aiL,is-a(i. 

..). 

Now  let  the  y  group  be  also 

a  prime  group ; 

we  shall  have 

iiis=saR,(iSsj^a 

m^ 

therefore 

as-auJLs 

■-m^ 
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and  so,  if  the  z  group  be  a  prime  group, 

X  ^\xy     J  \      xyz     J  \xyz    ) 

and  so  on  to  any  extent. 

Extensions  of  this  Eciiiation  to  Systems  of  Equations  of  a  Higher  Order 
than  the  first  indicated. 

This  I  call  the  process  of  eduction.  The  question  above  indicated  is 
always  true,  amounting  in  fact  to  the  assertion  of  identity  as  regards  the 
solutions  themselves  (not  merely  their  number)  of  the  systems  on  one  side  of 
the  equation  and  those  on  the  other.  But,  although  true,  it  will  be  nugatory 
if  any  of  the  systems  become  indefinite,  for  then  in  general  their  denumerants 
■will  be  infinite  in  magnitude. 

The  above  equation  applies  to  systems  of  any  order.  Its  application  will 
be  first  studied  in  respect  to  binary  systems. 

By  continuing  the  process  of  eduction  through  a  sufficient  number  of 

steps,  we  shall  find  that  the  equation  E({=^...== )  S  will  become  at  length 

Kx;,       ztJ 
incongruous.     Its  denumerant  will  then  vanish. 

When  this  is  the  case,  a  fortiori,  the  denumeraot  of  the  system  -=...= 

will  vanish.     And  thus  the  series  is  brought  to  a  close,  and  the  denumerant 
of  S  expressed  entirely  in  terms  of  simple  denumerants. 


FOURTH  LECTURE*. 

Theory  of  Eduction  (continued). 

s  of  eduction  exemplified.     Suppose  the  system  S  {x,  y,  z,  t) ;  then 

aS=(IR^8-(ltR,j8+<lt.tR,S-al.t.%RtS+a(i.t.t.t]S; 
X  y    X  z    y    m  \t    z    y    xl 

but,  if  S  is  definite  positive,  =.  =  .  =  .=&  is   definite   negative.       Hence 

t    z    y    X 
its  denumerant  is  zero,  and 

(IB  =  QR^S-atR,^S^(lttR,8-atttRS. 
X  yx  zyx 

The  same  equation  will  subsist  if  S  be  definite  neuter,  but  not  if  S  be 
definite  negative  or  indefinite. 

*  Deliverea  at  Kiug's  College,  London,  on  June  20th,  1859, 
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It  is  not  necessary  in  general  that  all  the  coefficient  groups  should  be 
prime  groups,  or  all  of  them  distinct  from  one  another.  Great  importance 
of  this  observation. 

Depression  of  order  of  denumerants  by  one  degree. 

Depression  by  several  degrees :— (1)  By  successive  eductions.  (2)  By  one 
compound  eduction. 

Observe  that  successive  eduction  can  only  finally  conduct  to  equations 
which  are  simple  resultants  of  the  original  system,  being  resultants  of  its 
resultants. 

Allusion  to  fundamental  theorem  for  depression  by  two  degrees,  namely — 

QE^y.s^as+a.'ts-ira  .tsA-a.^.ts. 

m  y  my 

This  equation  is  subject  to  the  condition  that  the  minor  determinants  of 

the  matrix  formed  by  the  x  and  y  coefficient  groups  conjoined  shaJl  form  a 

prime  group. 

Observe  the  singular  symbolical  equations — 

a:  X      y 

Notice  that  the  lemma  at  p.  [1S9]  is  true  for  systems  of  any  order. 
Problem  of  normal  sequences  stated.     Its  geometrical  solution  by  means 
of  the  perspective  to  the  cluster,  (if  a  plane  cluster)  upon  a  line,  (if  a  solid 
cluster)  upon  a  plane,  or  (if  a  hypersolid  cluster)  upon  a  apace. 

Binary  Systertis. 
Geometrical  representation  of  the  successive  systems 

S.=  S.     i=S,-&c. 

*  .       ^'^ 
in  which  S  is  supposed  to  be  definite  and  positive.     (See  figure.) 


Reversal  of  successive  points  in  cluster,  accompanied  with  parallel  motion 
of  primary. 
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The  systems  - 


yx 


.S,. 


;c,  may  b 


xled  as  successive  deformations 


of  jS,  and  then  we  may  say  the  system,  as  it  undergoes  deformation,  tends  more 
Mid  more  to  lose  its  positive  character,  until  at  length  it  becomes  neutral, 
and  immediately  after  changes  into  and  continues  negative. 

The  deformation  may  he  commenced  from  either  side.  There  are  thus 
two  courses  of  deformation. 

If  the  primary  were  stationary,  the  deformed  system  in  either  course 
would  become  neuter  after  as  many  deformations  as  there  are  rays  in  S 
outside  the  beam,  on  that  side  of  it  from  which  the. deformation  proceeds. 

The  effect  of  the  motion  of  the  primary  is  to  accelerate  the  tendency  of 
the  deformed  system  to  become  neuter. 

If  the  primary  be  moved  along  the  beam  to  a  sufficient  distance  from  the 
origin,  the  effect  of  such  tendency  will  become  at  length  insensible  for  such 
and  for  all  greater  distances. 

The  number  of  deformations  in  either  course  which  may  take  place  before 
the  primary  ray  becomes  denuded  gives  the  number  of  terms  in  the  develop- 
ment {by  the  eduction  process)  corresponding  to  that  course. 

When  the  primary  ia  sufficiently  remote,  the  sum  of  these  numbers 
corresponding  to  the  two  courses  of  deformation  will  be  the  number  of  rays, 
that  is,  the  number  of  variables  in  the  system. 

On  account  of  the  motion  of  the  primary,  the  united  sum  may  be  less 
than  this  number ;  it  cannot  be  greater. 

Corollary.  If  all  the  groups  are'  prime  groups,  the  denumerant  of  a 
binary  system  may  be  expressed  by  a  number  of  simple  denumerante,  not 
greater  than  half  the  number  of  variables  in  the  system. 

The  question  of  partitions,  given  in  number  and  species,  is  expressed  by 
a  binary  system  satisfying  these  conditions. 

Example.  To  find  the  number  of  ways  in  which  n  can  be  made  up  of  r 
values  each  limited  to  be  either  1, 2, 3,  or  4,  This  requires  the  denumeration 
of  the  system 

a)+2y  +  Sz  +  4t  =  n, 
a:+    y+    ^  +    t^r. 
The  skew-matriw  of  elimination  becomes 
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lin<r,  the  system  is  neuter,  and  the  number  required  is  0. 

If  M  >  r  but  <  2r,  the   number  required  is  the   eonnumerant  ' 

which  is  the  same  in  value  aa  the  sum  of  the  three  complementary  con- 
numerants. 

If  n  >  2r  <  Si",  the  number  required  is  the  sum  of  the  connumerants 
T72r^  +  =n;2]'   or,  If  we  please,    ^-^-^.  +  ^^-^-^  . 

lin>Sr  but  <  ir,  the  number  required  is  ' ,  which  is  the  same  in 

value  as  the  sum  of  the  three  complementary  denumerants. 

If  ji  >  4r,  the  system  is  again  neuter,  and  its  denumeraut  is  zero. 

By  aid  of  the  above  expressions  we.  may  give  the  general  analytical 
representation  cf  the  number  of  partitions  of  the  kind  proposed. 

These  expressions,  it  will  be  observed,  are  discontinuous,  the  particular 
one  to  be  employed  depending  on  the  comparative  values  of  n  and  r.  It  may 
be  shown,  however,  that  they,  as  it  were,  melt  or  modulate  into  one  another, 
so  not  only  at  the  mere  limiting  values  of  n,  which  separate  the  several 
formulse,  but  also  for  a  short  distance  beyond  ttiese  limits,  either  of  the  con- 
terminous expressions  may  be  used  indifferently. 

The  proof  of  this  depends  upon  the  proposition  that  the  coefficient  of  i" 
in  the  ascending  expansion  of 


(1  -i")  (I  -tfi)(l  -t') ...  (1  ~  ifi) 
I  as  a  /unction  of  n  remains  fixed  at  zero,  when  n  is  made  to  become 
any  negative  number  whose  absolute  value  is  inferior  to 
a+  b  +  c  +  ...+k. 
The  truth  of  this  proposition  follows   immediately  from  a  theorem  of 
Mr  Cayley  relating  to  the  development  of  any  rational  fraction  --  in  its  two 
forms.     If  9  (n)  is  the  fractional  value  of  the  coefficient  of  ("  in  the  positive, 
and  TT  (n)  the  fractional  value  of  the  coefficient  of  ("  in  the  negative,  expansion 
of  —  ,  0  (n)  +  TT  (w)  =  0,  the  sign  +   or  —  being  employed  according  aa  the 
degree  of  the  rational  function  Trt  is  an  odd  or  an  even  number. 

If  the  coefficient  groups  be  arranged  in  natural  order,  the  transformed 
systems  will  throughout  remain  definite. 

The  natural  order  for  binary  systems  is  indicated  by  the  order  in  either 
direction  in  which  the  rays  of  the  cluster  succeed  each  other. 

If  the  coefficients  are  all  positive,  this  order  will  correspond  with  the 
order  in  which  the  variables  must  succeed  each  other,  so  that  the  ratios  in 
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each  group  of  the  coefficient  out  of  one  given  equation  with  the  correspond- 
ing coefficient  out  of  the  other  may  continually  increase  or  decrease. 

But,  if  the  coefficients  are  positive  and  negative  intermingled,  the  rule  is 
that  the  determinants  formed  by  the  combination  of  any  group  with  each  in 
succession  of  those  which  follow  must,  all  bear  the  same  sign;  or,  as  we  may 
express  it,  the  algebraical  sign  arising  from  the  contact  of  the  groups,  with 
due  regard  to  antecedence,  must  be  always  the  same. 

If  the  system  were  indefinite,  such  a  uniformity  of  signs  could  not  be 
established  by  any  arrangement  of  the  groups  whatever. 

Example  (1): — 


X 

y 

" 

0 

1 

2 

-1 

0 

1 

-2 

-1 

0 

if-i-   y-\-   z=   50) 
First  solution. 


Observe  that  the  coefficients  form  a 
i^i .  -  .  .S  is  1/  +  23  =  70. 


ii,.J.^.^.,Sis2(^-f-l)  +  (;/+l)  = 


In  this  system  all  the  groups  are  prime  groups 


The  desired  dcnumerant  will  be 


1.2;     1,1: 
-  20  =  16. 


[),  or  2a!  +  J/  =  -  33. 
which  is 


Second  solution. 


0 

1 

2 

-1 

0 

1 

-2 

-  1 

U 

-Sj .  - .  S  is  )/  +  2a;  =  30. 
R,J.-.S\s 


-21. 
11  = -IS. 
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The  desired  denumerant  will  therefore  be  ^ — ^  =  16,  as  before. 

Observe,  that  QS  is  the  sum  of  the  conniimerants  of  R^S,  RyS,  R^S,  when 
these  equations  are  written  in  the  form  in  which  they  appear  when  the 
process  of  successive  elimination  is  conducted  by  a  uniform  course  of  opera- 
tions. This  may  be  done  in  two  ways,  so  as  to  give  rise  to  two  sets  of 
equations  differing  from  each  other  only  in  the  signs.  Observe,  that  the- 
counumerant  i  =  ±  c  is  not  the  same  as  of  —  £  =  ^  c  ;  of  that  one  of  these- 
equations,  in  which  the  constant  term  is  negative,  the  counumerant  being 
zero,  but  of  the  other  the  coonumerant  being  generally  different  from  zero. 

Corollary.     The  coefficient  of  t™^'^  in 


(l-J«T")(l-(*Tfl)(l-i'T'') 

is  the  sum  of  the  coefficients  of 

'■""•"'°(i~,..-.Hi~p-'-)' 

of  /.V-flm   in   . 

P  (1  ^  pfc-«)  (1  ^  ph-cfi)  ■ 

1 


and  of  nCf- yn  in  ^ 

subject  bo  the  interpretation  that  the  preceding  fractions  are  to  be  expanded 
all  in  terms  of  ascending,  or  all  in  terms  of  descending,  powers  of  p,  provided 
that  the  system 

ax  +  by  +  c£  +  dt^  m\ 
3«  +  /Sy  +  7^  +  Si  =  /i  j" 
is  a  definite  non-negative  system. 

Allusion  to  Mr  Cayley's  proof  of  the  proposition  in  this  form.  The 
proposition  is,  of  course,  general,  that  the  denumerant  of  a  definite  binary 
system  with  r  variables;  in  which  the  groups  are  all  prime  groups,  admits  of 
a  double  mode  of  representation  as  the  sum  of  the  connumerants  of  its 
principal  derivatives.  In  the  one  mode  of  representation,  only  a  certain 
number,  at  utmost,  of  these  connumerants,  say  p,  can  differ  from  zero  ;  in  the 
other  mode,  only  a  certain  number,  at  utmost,  say  q,  can  differ  from  zero ; 
and,  as  we  shall  have  p  +  5  =  r,  these  two  modes  of  representation  may  be 
termed  complementary  to  each  other. 
The  denumerant  of  the  system 

ax  +  by  +  ce+  ...  +  dt='m] 

x+   y+  e+  ...+    *  =  /*) 

may  therefore  be  represented  in  two  modes  as  the  sum  of  simple  denumerants. 

This  is  the  system  the  denumeration  of  which  constitutes  the  problem  of 

the  resolution  of  integers  into  parts  given  in   nuniber  and  species.     See 

Euler's  Second  Memoir  on  Partitions. 

s.  II.  10 
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The  theorem  of  eduction  may  be  put  under  the  following  form  : — 

X  ''>yx  zym 

provided  that  S  is  a  definite  system  in  which  the  groups  of  coefficients  apper- 
taining to  the  several  variables,  or  at  least  to  so  many  of  them  as  are  included 
between  ic  and  the  last  of  them  which  appears  as  a  siiiBx  in  a  non-zero  term 
of  the  above  expression,  are  all  distinct  prime  group?. 
%n.d  Example : — 

«  +  2!/  +  3<:  =  iOj  ■ 


)      1 

2 

I         0 

1 

2      -1 

0 

-10 

2 

1 

0 

-20 

1 

0 

-1 

-30 

0 

-1 

-2. 

20 
10 

The  solution  corresponding  to  the  right-hand  matrix  is  evidently  0,  the 
system  in  fact  being  neuter.     The  left-hand  matrix  gives  the  solution — 
30;         20;  10; 

1,  2;"'"-l,  l;"'"-2,  -1; 
_  30;        19;         7; 
~1,  2;     1,1;     2,1; 
=  16  -  20  -1-  4  =  0,  as  before. 
Illustrate  effect  of  taking  the  variables  in  abnormal  order, 
Srd  Example : —  'ix+oy^-^z—   t  =  m,, 

x+    y-2s-  2f=m, 
the  system  will  also  be  neuter,  and  we  shall  have 
m;  2m; 

6,  9,  3 ;  "*"  -  3,  6,  3 ; 


2m- 


,  - 12,  3 ;  ^ 
47ft  -  21 


=  0, 


-12 


=  0. 


3,6,9;      3,3,6;  ^3,9,12;     3,3,6; 
Allusion  to  importance  and  fertility  of  theory  of  neuter  systems. 
Example   of  a   denumeration   of  a  binary  system  containing   unprime 
groups : — 


*+   y-\ 


s  4'  3(  = 


3a!  +  2y  -i-  62  +  3^  =  n, 
mpposed  to  be  intermediate  between  \  and  |.     The  denumerant 


Csisura  (definition  of,  and  how  determined),  accidental  and   universal, 
distinguished. 
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FIFTH  LECTURE*. 

Eduction  and  Reduction. 

The  cfeaura  for  equation- systems  generally  falls  after  that  coefficient 
group  subsequent  to  the  introduction  of  which,  in  the  eduction  process,  the 
depressed  systems  whose  denumerants  are  to  be  taken  must  cease  to  be 
positive,  ao  that  they  may  be  neglected.  It  is  determined  for  binary  systems 
by  the  relation  of  the  ratios  of  the  terms  in  the  coefficient  groups  to  that  of 
the  terms  in  the  constant  group  ;  the  determinant  formed  by  the  apposition 
of  the  constant  group  with  any  group  on  one  side  of  the  caesura  being 
positive,  on  the  other  side  negative. 

The  point  after  which  the  terms  in  an  eduction  process  can  be  neglected 
tnay  (if  the  constant  terms  are  sufficiently  small)  be  attained  before  the 
csesura  is  reached.  Such  a  point  may  be  termed  a  turning-point,  or  pause. 
There  may  thus  (in  the  case  of  binary  systems)  be  two  turning-points  or 
pauses  on  each  side  of  the  csesura  corresponding  to  the  two  courses  of  educ- 
tion, but  either  or  both  of  them  may,  and  in  general  will,  coincide  with  the 
csesura. 

For  greater  simplicity,  we  may  suppose  the  constant  terms  given  in  ratio 
only,  and  not  in  magnitude,  so  as  to  obviate  the  necessity  of  paying  any 
attention  to  the  accidental  pauses  as  distinguishable  from  the  csesura.  The 
cases  where  they  are  so  distinguishable  are  always  exceedingly  limited  in 
number.  Their  existence  arises  solely  from  the  fact  of  the  introduction  of 
-x~'\.,-y-\,  &c.,  and  not  -x,~y,  &c.,  in  lieu  of  x,  y,  in  applying  the 
method  of  eduction. 

A  per-reducible  binary  system  is  one  in  which  all  the  coefficient  groups 
are  prime  groups  distinct  from  each  other. 

Being  prime  and  distinct,  none  of  them  can  be  in  syzygy.  Such  a  system 
admits  of  a  double  process  of  eduction,  giving  rise  in  general  to  two  distinct 
forms  of  solution.  But  it  may  happen,  in  some  very  special  cases,  that  these 
two  solutions  are  identical  in  form  as  well  as  in  value. 


he  system 

a>  +  3y  +  7^  +  9i  = 

bordered  matrix 

0         1 

3         i 

-1         0 

2         3 

-3     -2 

0         1 

-4     -3 

-1         0 

*  Delivered  at  King's  College,  London,  June,  1859. 
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Here  each  solution  is  the  same,  namely, 


2i; 


,  meaning 


'  1,  3,  4;     - 

1,3,4;     1,2,3' 

But,  if  the  constant  terms  in  the  ahove  system  were  Hi  and  ^^  respec- 
tively, the  bordered  matrix  would  be 

4i 
-5i 


0 

1 

8 

4 

-1 

0 

2 

3 

-s 

-2 

0 

1 

-4 

-8 

-1 

0 

giving  rise  to  the  two  equal  s 


4i: 


8  of  connumerants, 
and 


1,3,4;     -1,2,3;  1,  3,  4;  ^- 1,  2,  3;" 

In  this  example  the  matrix  happens  to  be  per  symmetrical,  which  is  the 
reason  of  the  denumerati\'es  being  the  same  in  each  solution. 
This  is  avoided  in  the  example  below  of  the  system 
x  +  2y+    s:+    t=:7i  ] 
a:  +  Sy+23+4-t=  12i\  ' 
for  which  the  bordered  matrix  is 


-2i 

-i6i 


0 

1 

1 

3 

-1 

0 

1 

5 

-1 

-1 

0 

2 

-3 

-5 

-2 

0 

—  5i    —  3i        2i       16* 
giving  rise  to  the  two  equivalent  solutions 


2.'; 


'  2,  5,3;     -2.  i,  iV 
,        ,      16i;        2*"~2; 

^'""•s        vir3^-irir5i'"''2r37Tii-i7Tr2r 

A  simpl/y-reducihle  system  is  one  for  which  the  coefficient  groups  i 
prime  and  distinct  on  one  side  of  the  ctesura  only. 

Exam/pie : —  x-Y^y  —  4m'] 


The  eduction  from  the  x  side  gives  rise  to  the  equation  of  2y  =  m,  of 
which  the  denumerant  is  ^.    Thk  is  the  true  solution,  whereas  the  eduction 
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from  the  y  side  gives  rise  to  the  denumerant  of  2x  =  6m,  that  ia,  1,  which  is  a 
false  solution,  owing  to  the  group  (2,  4)  being  a  non-prime  group. 

If  in  a  binary  system  the  groups,  which  are  either  non-prime  or  repeated, 
or  noii-prirae  and  repeated,  represent  ratios  (between  quantities  given  in 
algebraical  sign)  which  are  all  less  or  all  greater  than  the  corresponding  ratio 
of  the  constant  terms,  the  system  is  still  depreasible  by  eduction  commenced 
from  that  side  of  the  system  on  which  the  groups  of  the  kind  mentioned  do 
not  fall. 

Gorollary.  A  single  non-prime  group,  or  a  single  sequence  of  any  number 
of  identical  groups,  can  in  no  case  hinder  a  binary  system  from  being  soluble 
by  eduction. 

The  above  remark  is  true  also  A  fortiori  for  ultra-binary  systems. 

It  should  be  noticed  that  A  is  a  non-prime  group  unless  a  =  ±  I.  {For 
non-prime  we  may  in  future  use  the  term  composite.) 

Exaraple :—  ^x-\-'2.y  +  z+    t  =  i\ 

Here  the  coefficient  groups  of  x  and  y  are  both  of  them  composite;  but, 
the  caesura  falling  between  p  and  z,  the  denumerant  required  will  be  the  sum 
of  the  connumerants  of  the  two  resultants  in  respect  to  t  and  z,  that  is, 

1.  6,  9;     -1,4.  6;' 

""'"""s  i:IVri7tii- 

If  a  system  is  affected  with  composite  or  repeated  groups  on  each  side  of 
the  caesura,  its  denumeration  may  be  made  to  depend  on  systems  where  such 
groups  exist  on  only  one  side  of  their  respective  csesuras*. 

15x  +  4>y  +  9z=  11*J  ' 
If  we  form  a  ternary  system  as  follows : — 
10x  +  2y  +  Zz      =    5V  ) 
16a>  +  iy  +  9s       =  H*   k  which  call  S', 
px  +  qy  +  rz  —  t  =  —  ml 
*  In  oettain  special  oases  the  composite  groups  may  be  reduced  in  uuiober  by  substituting  a 
conneetiva  of  the  equations  in  Ilea  of  one  of  tteni,  as  in  the  example 

wbioh  ia  apparently  irreducible,  but  whicb,  put  under  the  equivalent  form 
10(  -  72  -   Sy-  5i) 

becomes  Bimply-reduoible. 
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where  p,  q,  r,  m  are  any  positive  integers  whatever,  it  is  apparent  that  the 
omni-positive  solutions  of  S'  may  be  found  from  the  omni-positive  solutions 
of  S,  and  to  each  of  the  latter  will  correspond  one,  and  only  one,  of  the 
former.  Hence  the  denumerant  of  S  is  the  same  as  the  denumerant  of  8', 
and,  if  p,  q,  r  are  so  chosen  that  10,  15,  p ;  2,  4,  5 ;  3,  9,  r  are  all  prime 
groupSj  dS',  and  therefore  ffS,  may  he  made  to  depend  on  the  denumerants 
of  a  certain  set  of  new  binary  systems  obtained  by  the  eduction  of  S'.  Thus 
let  p=  1,  q=l,  r=  1,  wi  =  0,  so  that  the  auxiliary  equation  becomes 

-(  =  0. 


^  +  2/  +  £- 

n^S'  may  be 

represented  by 

10(-    8^-7^  = 

-Ki,S'by 

2t+    Hx+    s  = 

R,S'  by 

3f+    7ic-    1/  = 
9i  +    6i»  -  5)/  = 

R,S'  by 

10ii,-+    2j/  +  Sz  = 
15ic+    4-y  +  9z  = 

It  will  be  seei 

1  therefore  that 

%  +  9«  =  lli]  ■  '""^  "■"  °"8'""'  "?"<"»  * 


B,S';    iR,S';   i.iS.S';    mi   ..i.=R,S' 
a:  y    «  2    y    »■ 

respectively  represent  the  systems  following : — 

101-    8j-f2=    5fl 
\bt-lly-es  =  Uil ' 

21+    e-    8a!  =    5i  +    8) 
U  +  bs-Un-Ui+ni' 

3(  +    y-'Ja!=    5i  +  61 
9i  +  5y  -  6a!  =  Hi  +  Ij' 

-  lOic  -  2y  -  32  =    oi  +  15) 

-  15!C  -  4y  -  9^  =  111  +  28j  ■ 


(1) 
(2) 
(3) 
(*) 


All  these  four  systems  are  definite ;  in  the  first  of  them  the  natural  order 
of  the  groups  is 

/lO     -1     -    H\ 
U5     -6     -lir 

in  the  others  the  natural  order  is  that  in  which  they  are  written.     The  first 
two  only  will  be  definite -positive,  the  last  will  be  definite -negative,  and  the 
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last  but  one  neuter  i(  i>0,  negative  if  i  =  0,  and  the  denumerant  required 
will  be  the  difference  between  the  denumerants  of  the  two  systems 

10p-7q-    8r=    oi] 

Up-Qq-llr=lli\' 
2p+   q-   8r=    5i+    81 

In  each  of  these  systems  there  is  one,  but  only  one,  of  the  original  non- 
prime  groups,  and  no  new  ones  have  been  introduced. 

Consequently  they  admit  of  being  depressed,  and  the  final  result  will  foe 
an  aggregate  of  simple  denumerants. 

If  we  had  applied  to  jS'  a  different  course  of  eduction  as  follows  : — 

z  zy  zyx 

it  may  easily  be  seen  that  all  these  systems  likewise  would  be  definite,  and 
only  the  first  of  them  definite- positive.  Hence  a  second  solution  of  the 
question  will  be  QR^S',  that  is, 

$i.  Hi; 
3,9;  7,6;  -1,-5;' 
which  is  of  a  depressible  form,  there  being  only  one  affected  group  (3,  9),  and 
may  be  educed  into  a  linear  function  of  simple  denumerants. 

Dispersion  process  defined. 

Cases  which  resist  its  application, 

Theorem.  The  denumeration  of  any  equation-system  whatever  may  be 
made  to  depend  upon  the  denumeration  of  systems  that  shall  contain  no 
composite  groups,  and  at  most  only  one  set  of  repeated  groups,  and  which 
will  consequently  be  depressible. 

Proof  of  this  theorem  in  case  of  binary  systems. 

Definition  of  meaning  of  kG-,  and  of  kG  ±  IG',  where  G,  G'  represent  any 
two  coefficient  groups  of  a  system,  and  k,  I  are  any  two  integers*. 

Lemma  I.  A  system  S,  containing  the  coefficient  group  G,  may  be  made 
to  depend  for  its  denumeration  upon  systems  in  each  of  which  the  coefficient 
groups  are  the  same  as  in  S,  except  that  kG  tabes  the  place  of  G. 

Lemma  2.  A  system  S,  containing  the  groups  G  and  G',  may  be  made  to 
depend  upon  two  systems,  in  one  of  which  the  coefficient  groups  are  the 
same  as  in  G,  with  the  exception  that  H  replaces  G,  and  in  the  other  the 

*  In  a  definite  ternary  system,  where  all  the  coefficient  groups  are  prime  groups,  it  may  be 
shown  that  the  only  possible  oases  of  syiiygy  are  where  F-G  or  F+G-H  {F,  G,  H  denoting 
ooeffioient  groups  of  the  system). 
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same  as  iu  (?,  with  the  exception  that  H  replaces  6',  where  H  is  G—  G'  or 
G'~G. 

Note  that,  if,  instead  of  the  coefBcient  group  G  in  any  definite  system, 
first  any  other  group  If  and  then  —  H  be  substituted,  one  at  least  of  these 
substitutions  must  leave  the  deformed  system  definite. 

Lemma  3  (Corollary  to  Lemma  1).  Any  equation-system  may  be  made  to 
depend  for  its  denumeration  on  equation -systems  in  each  of  which  one  of  tKe 
equations  has  all  its  coefficients  positive  units. 

It  follows  from  this  lemma  that,  if  a  binary  equation -system  is  free  from 
syzygy  (that  is,  from  equalities  of  ratios  between  the  coefficients  of  different 
variables),  its  denumeration  may  be  made  to  depend  upon  that  of  systems 
which  [their  coefficient  groups  being  all  different  ajid  of  the  form  (a,  1)] 
are  per-reducible.  But,  if  there  be  e  sets  of  syzygies  in  the  given  system, 
there  will  be  e  sets  of  repebitions  in  the  groups  (a,  1)  in  each  of  the  deduced 
systems. 

Leinm,a  4.  In  the  case  immediately  above  supposed,  the  e  sets  of 
8jzygetic  groups  in  the  deduced  systems  may  be  replaced  by  e  other  syzygetic 
sets  of  groups  of  which  all  but  one  are  of  the  form  {a,  1),  {a,  1),  ... ;  (h,  1), 
(6,  !),(&,  1),  ...,&c.,  and  that  one  of  the  form  (o-,  0);  (o-,  0) ;  (<r,0),.... 

Lemma  5.  Any  system  of  the  form  last  supposed  may  (by  virtue  of 
Lemma  2)  be  replaced  by  two,  in  one  of  which  ±{a  —  krr,  1)  takes  the  place 
of  (a,  1),  and  in  the  other  ±{a  —  k<j;  1 )  takes  the  place  of  (rr,  0),  k  being  so 
chosen  that  (a—ka-,  1)  is  distinct  from  every  other  coefficient  group  associated 
with  it  in  the  same  system. 

Lemma,  6.  Hence,  by  r^eated  application  of  this  last  process  of  replace- 
ment, the  number  of  syzygetic  groups  in  the  deduced  systems  may  be  con- 
tinually reduced  until  we  arrive  at  systems  in  one  class  of  which  all  the 
groups  {a-,  0}  have  disappeared,  and  in  the  other  class  of  which  all  the 
syzygetic  groups  except  those  of  the  form  (a;  0)  have  disappeared. 

Lemma  7.  Hence,  so  long  as  e  is  greater  than  1,  the  deduced  systems 
will  eventually  none  of  them  contain  more  than  (e  —  1)  sets  of  groups  in 
syzygy,  and  thus  we  must  eventually  arrive  at  systems  in  none  of  which  will 
be  found  more  than  a  single  set  of  groups  in  syzygy,  which  may  be  taken 
indifferently  of  the  form  (a,  1)  or  (a,  0). 

Consequently  the  denumeration  of  every  binary  system,  if  free  of  syzygies, 
may  be  made  to  depend  on  the  denumeration  of  per-reducible  systems ;  and, 
if  not  free  of  syzygies,  on  the  denumeration  of  simply  reducible  systems. 

A  similar  demonstration  may  be  extended  to  systems  of  a  higher  order 
than  the  second.  Consequently  every  denumerant  of  an  order  higher  than 
the  first  may  be  made  to  depend  on  denumerants  of  a  lower  order,  and 
eventually  upon  simple  denumerants. 
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Examples  of  Reduction  of  Persyzygetic  Systems. 

Let  the  given  system  S  be 

le  +  y  =m\ 

z  +  t  =  n]' 
and  suppose  m  not  less  than  n.     Making 

we  obtain  tbe  systems 

u  +  y-z       =m\ 

which  is  RxS',  say  T;  and 

u  +  t  +  J:         =(«-l)) 
x  +  y  =  m  ]' 

which  is  -  R^S',  say  U. 

X 

Since  =  =  S'  contains  the  equation 

—  x  —  s  —  n  =  % 
the  eduction  is  complete,  and  the  required  deuumerant  =GT  —  QU. 
T  arranged  in  natural  order  becomes 

-s        ■^u  +  y  =  m, 
the  csesura  falling  between  t  and  u.     Accordingly  we  obtain 
n-\-m;      m  —  1 ; 
'l,  1,  1;~T71^ 
_{n  +  m  +  \){n  +  m  +  2)      m(m  +  l) 
~  2  2         ■ 

In  like  manner 

1,1,1;       -1,1,1;       1,1,1;  2 

forn  —  1  —  m  is  negative.     And  we  have 

_.,     (»  +  »  +  l)(..  +  m  +  2)     m(».+  l)     »(»+l) 

as- 2 2  2 

-2=±2^±2l+^  =  („  +  l)(„+l), 

which  is  evidently  the  correct  answer,  being  the  product  of  the  denumerants 
of  the  two  given  equations  taken  independently. 
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Second  Example : —       x  +  1/  +  0  =  m) 

By  the  same  method  as  above,  we  obtain 

where  Tis  ?  +  (  +  (?  ^n) 

-s        +(9  +  M  +  y  =  mj  ' 
and  J/ is  w  +  f  +  ^  +  a;  =?i-l] 

6  -^-  X -V  y  =  m      )' 
the  caesura  in  T  falling  between  &  and  it,  and  in  JJ  between  x  and  y.     Hence 
(72'  = 


1,1,  1,1;      I,  1.1,1;     2,  1,  1,1;' 
Ti,,.,.  .TO       m  +  n;        m-Ji-3;        m-\\  n-\\    ^ 

™'"'     ™-in7vr;+T7vriT~T7iXT;-irrTT;* 

Example  of  a  composite  group  and  a  syzygy  falling  on  opposite  sides  of 
the  caesura.  Problem : — To  express  the  residue  of  q  in  respect  to  ^  as  a  linear 
function  of  simple  denumerants. 

If  we  call  X  the  required  residue,  we  have 

x-Vpy  =  q,    a:<p, 
or  .a:^py=.q, 

x  +  z    =p~\. 
Hence  the  required  residue  is  the  denumerant  of  the  system 
py  +  t-{-u       =2-1, 

t  +  M  +  3=jJ-2, 

in  which  the  coefficient  groups  are  in  natural  sequence. 

In  its  present  form  the  system  is  irreducible,  because  the  ctesura  falls 
between  y  and  t  (observe  that  p,  0  is  a  non-prime  group);  but,  by  the  method 
above  given,  the  denumerant  of  this  system,  by  virtue  of  the  subsidiary 
equation 

becomes  the  difference  between  the  denumerants  of 
(l-p)«        -\-u+pv  =  q~l\ 
t  +  z  +  u  -y-2t 

*  The  value  of  thia  exptession  will  evidently  be  the  sum 

(«  +  l)(.  +  l|  +  ,.  +  (.-l)(.-l)  +  «e.  +  (m-.  +  l|, 

M»-n)(- 


{--l)^^¥^ 
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and  of  (1  -j))j/+y  +  w+i  =  (5~l)  +  (p-  l)  =  5+p-2i 

)/  +  34-M+(  =  (>-2)-l  =p-S       f" 

The  second  sjfstem  is  neuter,  for  all  the  coefficient  groups  put  in  apposi- 
tion with  the  constant  group  give  determinants  with  negative  values. 

Hence  the  required  expression  is  simply  the  denumerant  of  the  first 
system,  in  which  the  c^sura  falls  between  u  and  v.  {p,  0)  being  a  composite 
group,  the  eduction  must  be  commenced  from  the  t  side,  and  accordingly  we 
obtain  the  series 

(q-l)+(p-l)(p-2);  _^         W-1);         ^    q-p  +  1; 

(p-i),p,p;  -(p-l),i,p;    -p,-^?; 

_p^-Sp  +  q  +  l;  q-p;        .<i-^P\ 

p—\,p,p;        \,p—\,p;      \,p,p; 
as  the  expression  required  for  the  residue  of  q  in  respect  to  p. 


SIXTH  LECTURE*. 

Simple  Partition. 

Resolution  of  an  integer  into  a  defined  number  of  parts. 
With  or  without  repetition. 

TT— 3  -s — ^ — ;  expresses  the  r-ary  partibility  of  n  when  repetitions  are  allowed; 

r+1 

1,  2,  3,  .. 


the  same  when  repetitions  are  excluded. 


Proof  of  the  above  formulse  by  Ferrers'  method. 

When  n  is  great  compared  with  r,  these  two  functions  approach  to  a 
ratio  of  equality. 

The  generating  function  for  partitions  without  repetition. 
Indefinite  resolution  of  numbers  with  and  without  repetition. 
Generating  functions  for  both  these  binds  of  indefinite  resolutions. 
Euler's  Series  Mirabilis,  and  its  application. 
Remark  on  indefinite  parfeWcwi  with  the  elements  1,  2,  4,  8,  &c. 
Partition  or  composition.     Partible  number.     Elements. 
*  Delivered  at  King's  College,  London,  July  4tli,  1859. 
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Construction  of  equation-system  whose  deniimerant  is  the  number  of 
compositions  of  n  with  unrepeated  elements. 

The  negation  of  the  possibility  (for  integers)  of  the  equation  af  +  y^  —  s^ 
capable  of  being  transformed  into  the  affirmation  of  an  analytical  identity  by 
the  method  of  partitions. 

Resolution  of  integers  into  a  given  number  of  parts,  how  treated  by 
Sir  John  Herschel  and  others. 

Formul.  „t  reduction  j-^»J-^  =  ^^ \ .  +  i;^:""-^^- 

Objeations  to  this  method  :—(l)  As  inductive  instead  of  direct  (besides 
being  limited  to  a  mere  special  case  of  partition).  (2)  As  excessively  prolix 
and  unmanageable.     (3)    As  leading  to  an  amorphous  result. 

Mr  Cayley's  improved  method.     The  true  form  of  representation. 

The  lecturer's  discovery  of  the  general  analytical  solution. 

The  provisional  method  superseded. 


Fiinda/mental  Theorem  in  Simple  Partition. 

where  Zr„(a,  /3,  7,  ...  X)  indicates  the  sum  of  the  homogeneous  powers  and 
products  of  a,  /3,  7,  ...  ^  of  the  nth  degree,  and  a,  /3,  7,  ...  A,  are  respectively 
roots  of 

a!''  =  l,  y''  =1,  s^=l,  ...  m'  =  1. 
7 . 
Example:—  Y't:  -  i"^  (p^  +  P^ '^  +  ■■■+<^0' 

where  2  includes  six  sums  corresponding  to  the  following  six  systems  of 
values  p,  <r ;  namely, 

1,  1;  -1,1;   l,p;   -l,p;  l.p'';  -hp\ 

p  meaning  a  root  of  p'  +  p  +  l=0. 


S.(p.q.r) 


(p-q)(p-r)      ig~p)(q-r)      (r-p}(r~q)' 


Sn  to  q,  r,  »)  -  j-^ 


{p-q)(p-r){p-s) 
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In  applying  this  formula  to  the  preceding  axiom,  several  or  all  of  the 
quantities  p,  g,  r,  &c.,  will  become  equal  inter  se,  because  the  equations 
a'  =  \,  h^  =  l,  ct  —  \,  ...  have  the  root  unity  in  common,  and  will  have  other 
roots  in  common  unless  a,  /9,  7,  ...  are  all  prime  to  each  other. 


The  value  of  2 


'/'Pi 


when  Pi  —  Pu^  ■••  Pb+1  t 

''  T:2:k:v(|)'*?- 

Every  distinct  root   of  m™  =  1,  where  in,  is  the   least  comm.oii  multiple  of 
a,b,e,  ...  I,  furnishes  a  distinct  expression  to  the  sum  and  gives  rise  to  a 

separate  term,  in  the  complete  analytical  expression  for  — -,  -■  - — j- .     Such 
a  term  is  called  a  wave.     Reason  for  this  name. 

There  are  as  many  waves  as  distinct  factors  in  a,b,c,...l',  every  such 
factor  as  q  giving  rise  to  a  term  Wq. 

If  a,  b,  c,  ...  I  become  the  series   of  natural   numbers  1,  2,  3,  ...  r,  the 
number  of  waves  is  r. 


jpfr_ 


abc.l^  [I  -(p.')-"][l  -{P^')'1  ■■■  [1  -(pe')-']  ■ 
where  p  is  a  primitive  root  of  p'  =  1,  that  is,  a  root  not  belonging  to  p**  =  1. 

The  only  cases  where  the  quantity  under  the  sign  of  summation  reduces 
to  a  single  term  is  when  g  =  1,  for  which  case  p  =  1,  and  when  g  =  2,  for 
which  case  p  =  —  1. 

Wj  considered.     It   is   non-periodic.     It  is   the  coefficient  of  C  in  the 
-^-^i^,  when  the  Euierian  function 
1 


(l-r)(l-(')...(l-(0 
is  supjiosed  capable  of  being  represented  under  the  form 
<j>t         ft 

l-(   1-t  '"  l-t 
It  is  also  the  mean  of  the  m.  algebraical  forms,  m  being  the  least 
[*  Cf.  p.  91  above.] 
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multiple  of  a,  6,  c,  ...  I,  which  represent  — r~"-' 7-;  when  n  is  made  to  go 

through  the  m,  forms 

km ;  km  4- 1 ;  km  +  (m  —  1) ; 

a,  h,  c,  ...  I;'    a,b,c,...l;'  '"    a,  b,  c,  ...  I; 

It  is  therefore  the  mean  value  of  - 


a,b,c,  ...  I;' 
Ws  is  (— )"  B,  where  B  is  the  coefficient  of  ■-  in 


a6c  ...  Ai  (1 -e-»')(l  ~e-'")...(H-e-*')(H-e-«)' 
a,b,  ...  being  the  odd,  and  ...  k,l  the  even,  integers  among  a,b,c,  ...  k,  I. 


values  of  n.  and  A—B  the  mean  of  the  same  for  odd  values  of  n. 

Observe  that  the  degree  in  n  of  Wi  is  one  unit  less  than  the  number  of 
the  elements  a,b,c,  ...  I;  in  the  algebraical  part  of  W^,  is  one  unit  less  than 
the  number  of  even  elements  among  a,  b,  c,  ...  I,  and  in  general  Wg  is  one 
unit  less  than  the  number  of  elements  which  contain  ^  as  a  factor. 

Provisional  notation  co_i,  oor  explained. 

The  equations 

coi  tj>  (0  =  coi^^  [f  <j>  (()].     co,t  <f>  ((0  =  C0(  </.  {T) 

identically  true. 

Mode  of  developing 


(!■«■)• 


[1  —  (/3e')~''][l  —  (pe*)~*]  ...  to  i  terms' 
under  the  form  /p" .  e*"-^  ;  where 

-K  =  S  log  [1 -(/>«■)-•]■ 
This  an  essential  part  of  the  theorem. 

The   expression    for    — =— j;  in  terms  of  u  being  known,  log(]  — /cb")  is 

known  by  integration  from  the  identity 

'i  I      /I      1  „.       —ke"'      ,  1 

jjl0g(l-fe",  =  — j-  =  l-j-^.,, 

so  that  in  the  first  and  second  waves  the  only  numerical  constants  to  be 
determined  are  the  numbers  of  Bemouilli. 
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Thus  when  p  =  1,  corresponding  to  TF,,  jB  becomes 

2Jiog(«o-f+f«^*-2:^.«^^*+2:37fT:«^""*^-^ 

=  log  (a,  ffl,  ...«()+*  log  *- iSa .(+ 2^  {SdO  *'- 2~8^  ^^'''^  ***  ^^■' 
so  that  nt  —  R  becomes 

and  e"'-^  = — ^^^  g^t-iS.ms,P+&e. . 

ai^s ...  (fci 

and,  finally,  W,  = ^ co._  )e'"-A'.''+ir=-V,*,**-T5rij^s,i«±&o.} 

where  v  =  n  +  \'Za. 

Ill  like  manner,  when  p  =  —  1,  corresponding  to  Tf^,  if  di,  a^-  -■■  <*c  are  the 
even,  and  h^,  b^,  ...  6^  the  odd,  elements, 

R=t\og(l-  e-^)  +  S  log (1  +  e-"'), 

and  we  shall  obtain 

where  v^n +  i{ai  +  a^+  ... +a^  +  bi  +  h^+  ...+b^), 

si  =  2a',     o-j  =  Si', 


Calculation  of  Mean  Values  for  any  given  Number  of  Elements. 

Ewamvle  1.     To  find  the  mean  value  of  — ; — - — ;- . 
^  a,  b,  c,a; 

This  will  be  the  coefficient  of  t^  in 


abed 
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Example  2.     To  tind  the  mean  value  of   -  , — ^'-.  — - . 
a,  b,  c,  a,  e; 

This  will  be  the  coefBcient  of  t*  in 


■^"1.2.. 


1 

^1152^ 


■^  2880 


s,f 


ahcde ]24     24  "' """  Ul52  "^  2880^] 


Emamples  of  Arithmetical  Calculation  of  Simple  Senvmerants. 
Examiple  1,     To  find  the  complete  expression  for  i— s^rr-- 

W.  =  c», ^^±^ 

8  8|2;         2;    t' 


3 1(1 -(>)(l~/>-)(T-p')(l -(.'■)) 
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Thus  the  complete  analytical  value  of  -    o'o".  is 

{n  +  ^r       7        l{n;     « - 1 ;)      1( 
12  144'^812;         2:    f^gl 


the  arithmetical  value  of  -    -a'—^r  is  the  nearest  integer  to  -^ —  ^      ,  as  hai 
been  early  observed  under  a  different  form  of  statement  by  Mr  De  Morgan. 

Example  2.     The  same  process  applied  to         '.^    will  give 
■~2'.4"16t2;         2;    )■ 


-e-"){l-i-'<!-")a-e-")' 


.i(i-i')(i-i)  (i-i')a-»')) 


W,  -  co_,  S 


(I  -  «•«-')  (1  -  e'e-')  (1  -  e-") 

(where  «•  +  «•  +  »•  +  9'  +  9"  +  »  +  1  =-  0) 


-7'(l-e')(l-«') 


[9«+9"+5- 


-  29"+«} 

+  4;  ,  »  +  5; 
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Thus  the  complete  value  of      a.\  .>  expressed  in  terms  exclusively  of 

I-  =  ji  +  6, 
is  the  following : — 

j_  L.  _  11} + i  fc  _ '^U  M'^=i' -  4 

561       4J     1612;       2;  J     4(  1;       Ij 

The  limibing  values  of  the  sum  of  the  second,  third,  and  fourth  waves  for 
any  value  of  n  will  be 

16^4^7      112 
on  the  positive  side,  and 

1       1      2_-53 
"^16      4      7""  112 
on  the  negative  side. 

Hence  the  difference  between  the  exact  value  and  -zy.  must  lie  between 

56 
123       ,  -117 
224  224  ■  ■ 

So  that  in  the  greatest  number  of  cases  the  nearest  integer  to  ^^ — ^ — 

gives  the  value  of  '|^- ;  and  the  result  can  never  be  in  error  by  more  than 
a  single  unit. 

An  analogous  approximate  form  of  representation  can  be  made  for  the 
number  of  modes  of  composing  an  integer  with  any  number  of  elements, 
mutually  prime  to  each  other. 

Observe  in  the  foregoing  expression  that  the  form     ■   _  '  is  always  paired 

with  -:  and  —  [which  in  the  actual  case  under  consideration  is   a^X 

affords  no  exception,  for  this  may  be  expressed  as 

1  (f  +  O;     I'-O;] 

2  1   ?;    ^    q;    \- 

Neither  does  --^— --' (in   the   actual    case  'j,  for  this  may  be  ex- 

pressed as 

2  I  2r;  2r;  ) 

The  sign  of  the  pairing  may  be  positive  or  negative  according  to  a  rule- 
which  the  exhibition  of  the  result  worked  out  in  the  following  examples  will 
render  clear. 
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EoMmple  3.     The  denumerant  ' .  ,   expanded  in  a  similar   manoer, 

gives  rise  to  the  following  expression  : — 


im  W 


351  I  aii'+t; ,  "->;    -+>;    "-t;! 

■  2lf      9  1    3 1  3 ;  3  ;  3 ;    ( 


5  ^  144     720     2 ' 

120      ■ 

Thia  arithmetical  mode  of  statement,  how  capable  of  extension  to  any  set 
of  elements  following  the  natural  ordei:  of  the  prime  numbers,  and  to  other 
cases. 

-  in  its  expanded  form  is 


Example  4.     The  denumerant       o  o  j.'] 


5,  6,  7 ; 
id  by  the  following  function  of  v,  which  here  represents  n  + 14,  namely, 

_  13419   „     190325) 

72,5760  Is      "■"  "^     10     "  126    f 


J^(.._77l/^;_;^-lA 
^768 {2       6t\2;         2;    ) 

*  1621    3;  3;    (        972(V3;     3;i     V    3;  S;   Ji 

Observation.  Provided  that  — ^7-'  shall  be  understood  to  signify  the  same 
thing  as  V; ,  every  wave  in  the  above  expansion  remains  entirely  unaltered 
when  V  becomes  —  v. 

'  The  arithmetical  value  of  i"~5"a~3~K~fl~?'  '^  o'>vii>iialy  tLe  nearest  integer  to 
5760(5  10       ("^1536^2;        2;    J        162  (   3 ;  3:   i   ' 
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A  priori  view  of  the  form  of  such  expansions  of  — r — =-  . 

First,  the  algebraical  part  is,  as  it  ought  to  be,  a  homogeneous  function  of 
n;  a,b,G,  ...I. 

Secondly,  the  change  of  v  into  —  v  either  leaves  the  expansion  absolutely 
unaltered,  or  unaltered  save  as  to  algebraical  sign. 

This  depends  on  the  theory  of  the  denumerantive  functions  as  distinguish- 
able irom  denumerants.  The  latter  discontinuous  quantities,  the  former 
continuous. 

Binary  denumerants  have  in  general  several  functions  attached  to  them, 
namely,  one  less  than  the  number  of  their  denominatives*. 

All  generated  forms  have  arithmetical  and  functional  values. 

Example.     The  form  u„  generated  by 

Property  of  the  denumerantive  function  ^(n,  a,  b,c,...  I)  to  — ,  ■-■ — j-  ; 
namely,  that 

(f)(n,a,b,c,  ...  0  ^  ±  0  (™''  ff,  i,  C  ■  ■  ■  i), 
if  n  +  n'=-a-b-c...~l, 

the  +  sign  being  used  when  the  number  of  elements  is  odd.  and  the  negative 
sign  when  it  is  even. 

This  explains  the  pairing  of  the  terms  observed  in  ' — =-.     Great 

importance  of  this  fact  of  pairing. 

The  number  of  modes  of  dividing  n  into  seven  parts  is  represented  by  the 
above  formula,  namely,  with  repetitions  and  zero  values  of  parts  allowed  by 
making 

v  =  n+li, 

with  repetitions  and  zero  values  disallowed  by  making 

v^n-14,, 
with  repetitions  allowed,  but  zero  values  disallowed,  by  making 

(r  —  l)r          (r-l)r 
And  so  in  general  with  the  values  n  +  ^  — -j —  ;  n  —  — -r ;  n—r  respec- 
tively substituted  for  v. 

Mr  Kirkman's  representation  of  partitions  to  the  modulus  7. 

*  This  is  when  the  form  zero  is  not  counted  as  a  function.  Zero  oeeure  as  a  form  once  only 
in  aimple,  but  twice  over  in  binary  dennmerants. 
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Example  5.     Expansion  of  ^~7r^^~~c'  ^  ^  function  of  n. 

ir280|S       6      ^   48)*768i    2:  2:    ',\         12) 


where 


»  +  *: 
21 


-)4(^-^)-(^ 


Observe  the  substitution  of  the  colon  for  the  semicolon  above  and  below 
the  line  in  the  fraction- form  to  distinguish  a  denumerantive  function  irom  a 
denumerantive  proper.  The  arithmetical  value  of  the  foregoing  is  the  nearest 
integer  to  the  sum  of  its  first,  second,  and  third  waves ;  and  in  the  two  latter 
it  is  only  necessary  to  retain  those  terms  which  contain  j-^  and  v  respectively. 

On  the  expression  for  the  number  of  waves  when  the  denominatives  of  a 
denumerant  or  the  elements  of  a  partition  are  given. 

On  the  blending  of  waves,  and  its  advantages  in  some  cases,  as  when  the 
elements  are  all  prime  to  each  other  without  all  being  absolute  primes. 

Easy  mode  of  deducing  the  fundamental  theorem,  by  the  application  of  a 
formula  in  the  calculus  of  residues  to  the  Eulerian.  Its  capital  importance  in 
the  theory  of  partitions. 

Close  of  the  analytical  portion  of  the  course. 

SEVENTH   LECTURE*. 

The  representation  of  systems  of  linear  equations  by  clusters  of  points 
recalled. 

,  A  single  equation  by  a  cluster  of  points  in  a  line,  of  two  simultaneous 
equations  by  a  cluster  of  points  in  a  plane,  three  simultaneous  equations 
by  a  cluster  of  points  in  space — geometrical  criterion  between  definite 
and  indefinite  systems. 

The  linear  cluster  which  corresponds  to  a  single  equation  is  unique  in 
form,  not  so  the  plane  cluster  which  corresponds  to  two,  or  the  solid  cluster 
*  Delivered  at  King's  OoUege,  London,  July  11th,  1869. 
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which  corresponds  to  three  equations.  One  arbitrary  parameter  enters  into 
the  former,  three  into  the  latter. 

All  such  clusters  balance  about  their  respective  origins  with  the  same 
weights  at  corresponding  points. 

Clusters  so  related  might  be  termed  homobaric. 

Mechanical  representation  of  the  property  of  homobarism  by  a  series  of 
jointed  parallelograms  having  two  axes  in  common  (see  Fig.  A),  [Plate  I. 
at  the  end  of  the  volume.] 

Criterion  between  definite  and  indefinite  systems  recalled. 

"To  determine  the  chance  that  three  points  thrown  anywhere  within  a 
parallelogram  may  contain  the  centre." 

Solution  of  this  problem  by  theory  of  definite  and  indefinite  binary 
equation-systems  with  three  variables  alluded  to. 

The  chance  is  ^ths  against  the  points  including  the  centre,  whatever  the 
form  or  dimensions  of  the  parallelogram. 

Hence  the  chance  is  ^ths  against  three  points  capable  of  being  taken 
anywhere  in  an  indefinite  plane  including  a  given  fourth  point  in  the  same 
plane. 

But  it  would  be  incorrect  to  infer  from  this  that  the  chance  of  some  three 
out  of  four  points  (capable  of  being  taken  anywhere  in  an  indefinite  plane), 
including  the  fourth,  is  f ;  it  will  be  much  less  than  this. 

Explanation  of  this  seeming  paradox.  Geometrical  and  analytical  modes 
of  treating  this  second  question  alluded  to. 

Experimental  method  of  verification.     New  game  of  odd  and  even. 

The  natural  order  of  the  variables  in  a  single  homonymous  equation 
recalled. 

Unless  definite  there  is  no  natural  order. 

The  importance  of  obtaining  such  natural  orders  to  the  theory  of  com- 
pound partition,  namely,  in  applying  the  process  of  eduction.  Example  of 
natural  and  disturbed  order. 

General  analytical  condition  of  normal  sequence. 

Difficulty  of  seeing  any  natural  order  among  the  rays  of  a  solid  cluster ; 
it  will  presently  appear  that  such  orders  do  exist,  but  that  instead  of  one 
natural  order  there  are  several ;  the  number  depending  (1)  upon  the  number 
of  points  in  the  cluster,  (2)  upon  the  mode  in  which  the  rays  are  grouped, 
subject  to  the  observation  that  the  distinct  modes  of  grouping  in  the  view  of 
this  theory  are  always  limited  in  number,  and  determinable  a  priori. 

Passage  by  perspective  from  the  grouping  of  rays  in  a  plane  to  the  group- 
ing of  points  in  a  line;  from  the  grouping  of  rays  in  solido  to  the  grouping  of 
points  in  a  plane ;  and  from  the  grouping  of  rays  in  plu-space  to  the  group- 
ing of  points  in  solido. 
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Observe  that  in  studying  the  character  of  an  equation -system  no  attention 
need  in  the  first  instance  be  paid  to  the  primary,  because  the  process  of 
eduction  concerns  the  vaiiables  only,  and  not  the  constant  terms  in  the 
system  ;  by  the  act  of  taking  the  perspective,  the  origin  no  longer  appears — 
thus,  nothing  is  left  but  a  perspective  cluster  or  group  of  points,  as  many  in 
number  as  the  variables  of  the  system. 

Theorem.  The  number  of  classes  of  definite  binary  systems  of  linear 
equations  for  any  given  number  of  variables  is  one,  because  there  is  but  one 
species  of  arrangement  of  a  given  number  of  points  in  a  line.  The  number 
of  classes  of  definite  ternary  systems  of  equations  with  r  variables  is  the 
number  of  distinct  modes  of  grouping  together  r  points  in  a  plane ;  the 
number  of  classes  of  definite  quaternary  systems  of  equations  withr  variables 
is  the  number  of  distinct  modes  of  grouping  together  r  points  in  space. 

Observe  the  fact  of  space  being  made  subservient  through  the  method  of 
perspective  to  systems  of  linear  equations  greater  in  number  than  the  so-called 
dimensions  of  space. 

In  determining  the  natural  order  in  a  binary  system,  the  perspective  group 
may  be  substituted  for  the  cluster,  provided  the  line  of  projection  cuts  all  the 
rays  on  the  same  side  of  the  origin,  so  tiiat  a  line  through  the  origin  parallel 
to  the  line  of  projection  falls  outside  the  cluster;  but,  if  this  condition  is  not 
observed,  the  order  will  be  disturbed.  (See  Fig.  B.)  [Plate  I.  at  the  end  of 
the  volume.] 

In  like  manner,  for  a  ternary  system,  the  plane  of  projection  must  be 
supposed  to  be  drawn  parallel  to  a  plane  through  the  origin  external  to  the 
solid  cluster. 

Observation  on  Plane  and  Solid  Groups,  considered  as  representing  definite 
Ternary  and  Quaternary  Equation- systems  respectively.  If  we  suppose  a 
ternary  system  of  which  one  of  the  equations  is  of  the  form 

a;-(-3/-|-a  +  ..,-)-M-l  =  0, 
the  others  being 

aw-i-by  -ircz-V  -..-\-lu  -  wi  =  0, 

cw;  +  j3;^  +  72  +  .  - .  -I-  X.M  —  /i  =0, 

such  a  system  may  evidently  be  represented  by  a  group  of  points  in  a  plane 
whose  coordinates  are 

(o,«)(i,/3)(c,7)...{i,\);(«.,rt 
and  X,  y,  z,  ...  u;  —\, 

will  be  the  weights  to  be  placed  at  these  points  respectively  in  order  to 
balance  each  other. 
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Moreover,  if  we  start  with  any  definite  ternary  system,  we  may  substitute 
for  one  of  the  equations  in  it  a  homonymous  equation  reducible  to  the  form  of 


all  homonymous  multiples  of 

Consequently,  the  form  of  the  plexus  of  principal  derivatives  which 
depends  essentially  only  on  the  relations  of  algebraical  signs  in  the  coeffi- 
cients of  these  derivatives  will  be  the  same  whether  the  system  be  considered 
as  involving  explicitly  ce,  y,  e,  ...  u,  or  x ,  y',  z',  ...  u',  and,  consequently, 
every  definite  ternary  system  of  equations  whatever  may  be  represented 
in  its  essentia!  properties  of  form  by  a  plane  group  of  points,  in  lieu  of  a 
solid  cluster  of  rays.  And  in  like  manner,  without  going  from  hypersolidity 
to  the  solid,  we  see  that  any  definite  quaternary  system  may  be  represented 
by  a  group  of  points  in  solido. 

The  property  indicated  of  the  self-balancing  group  in  piano  being  sub- 
stitutable  for  the  solid  cluster  with  its  centre  of  gravity  at  the  origin  may  be 
deduced  easily  from  this  more  general  theorem,  that  if  two  groups  of  weighted 
points  are  in  perspective  about  a  given  point  G,  and  the  weights  at  the 
corresponding  points  in  the  two  groups  are  in  the  Inverse  ratios  of  their 
distances  from  6,  if  one  of  them  has  its  centre  of  gravity  at  G,  the  other  also 
will  have  its  centre  of  gravity  there.  Hence,  if  one  of  these  groups  be 
considered  as  a  derivative  from  the  first,  and  all  the  points  of  the  derivative 
group  be  brought  to  lie  within  the  same  plane,  it  must  become  self-balancing, 
siijce  otherwise  a  plane  group  of  statical  points  would  have  its  centre  of 
gravity  outside  the  plane. 

Notice  that  the  geometrical  construction  for  determining  whether  a 
system  of  equations  is  definite  or  indefinite  would  fail  for  a  quaternary 
system,  but  the  analytical  method  operative  through  the  principal  plexus 
continues  to  hold  good. 

Ternary  Systems,  and  Plane  Growps. 

Imagine  a  sphere  to  be  drawn  with  the  origin  of  a  solid  cluster  as  its 
centre ;  the  general  arrangement  of  the  points  on  the  sphere  will  correspond 
to  the  arrangement  of  the  points  on  the  perspective  plane,  and,  when  con- 
venient to  do  so,  the  one  may  be  substituted  for  the  other. 

Illustration  by  examples  with  four  and  five  points. 

Recall  eduction  and  the  condition  of  its  giving  rise  to  definite  systems, 
namely,  that  the  systems  deduced  by  the  successive  deformations  of  the  given 
system  shall  remain  definite,  that  is,  external  to  the  centre.     If  a  group  of 
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points  on  a  sphere  be  oonbained  within  the  boundary  of  a  hemisphere,  the 
centre  wiil  be  externa!  to  such  group ;  but,  if  the  bounding  contour  of  the 
group  formed  by  arcs  of  great  circles  cover  more  than  half  the  sphere,  the 
centre  will  be  contained  within  the  group.  The  eifeet  upon  the  spherical 
perspective  of  a  cluster  representing  a  ternary  system  of  equations  due  to  the 
change  of  a  variable  tc  into  — «  ia  to  make  the  point  corresponding  to  the 
coefficients  of  x  pass  to  the  opposite  end  of  the  diameter  passing  through  it ; 
such  a  change  may  be  termed  a  reversal  of  the  point,  and  the  point  so 
obtained  the  opposite  of  the  original  point.  The  problem  of  normal  orders 
for  ternary  systems  may  therefore  be  stated  geometrically  as  follows  :— 

A  given  number  of  points  being  contained  within  a  hemisphere,  to 
discover  what  orders  of  sequence  of  these  points  will  possess  this  property 
that  on  the  first,  second,  third,  &c,,  to  the  last  of  them,  one  after  the  other 
undergoing  reversal,  the  transformed  group  shall  never  occupy  more  than 
half  the  surface  of  the  sphere. 
From  this  it  follows  that,  if 

xyz . . .  tuv 
be  a  normal  sequence,  vut ...  xyz 

will  be  so  likewise,  for,  if  we  denote  the  opposite  points  to 

xyz  ...uv  by  afy'z' ...  u'v', 
respectively,  it  is  clear  that,  if  the  g 

x'^s    ... 

xYz  ... 

m'y'z'  ... 


xyz    ... 
are  respectively  contained,  each  within  their  own  hemispheres,  the  groups 


■e'u   ...  zysc 

v'u-  ...  zy'm  I 
will  each  also  be  contained  in  hemispheres  opposite  to  the  former,  taken  in 
reverse  order. 

The  coniour  of  a  spherical  group  defined. 

What  is  meant  by  a  peripheral  and  what  by  an  internal  point  to  a  group 
on  a  sphere. 
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Again,  to  obtain  the  law  of  normal  sequences,  we  have  the  following 
propositions : — 

(1)  Any  sequence  x,  y,  z,  t,  ...  u,  v,  w  of  points  in  a  sphere  will  be  a 
norma!  order  of  sequence,  provided  the  following  condition  is  satisfied,  namely, 
that,  on  joining  those  points  with  each  other  in  the  order  of  their  succession 
by  area  of  great  circles,  the  broken  line  or  spherical  zigzag  ao  formed  shall 
be  capable  at  every  one  of  its  angular  points  of  being  divided  into  two  parts 
by  a  great  circle  which,  does  not  cut  the  line  at  any  other  point ;  for  evidently 
in  such  ease,  if  we  draw  a  great  circle  through  a  point  u,  which  does  not  cut 
any  of  the  sides,  or  any  other  angle  except  u,  the  points  an,  y,  z,  t  being  all 
reversed,  will  lie  together  with  u,  w  in  a  hemisphere  bounded  by  the  great 
circle  so  drawn. 

(2)  A  normal  sequence  of  points  in  a  group  cannot  be  bounded  at  either 
extremity  by  an  interior  point  of  the  group.  For,  on  joining  the  opposite 
of  such  exterior  point  with  the  closed  figure  surrounding  that  point,  we 
evidently  obtain  a  figure  clasping  the  hemisphere  bounded  by  the  gi'eat  circle 
perpendicular  to  the  diameter  through  these  points,  and  stretching  into  the 
hemisphere  beyond.  On  the  other  hand,  a  normal  order  may  always  be 
commenced  from  any  peripheral  point  in  the  group  at  pleasure,  for,  if  u,  v,  y, 
z,  (v,  t  be  any  group  contained  within  a  hemisphere  H,  and  u'  a  point  in  the 
contour,  it  is  apparent  that  u,  v,  y,  z,  x,  t,  u'  will  also  be  contained  within  the 
same  hemisphere  H,  so  that,  in  fact,  one  way  of  characterizing  a  normal 
sequence  would  be  as  a  sequence  in  which  each  point  in  turn  becomes  a 
peripheral  point,  alike  when  all  the  points  preceding  as  when  all  the  points 
following  it  are  reversed. 

(3)  No  arc  joining  y,  z,  two  consecutive  points  in  a  normal  sequence 
X,  y,  z,  t,  u,  V,  w,  a,  can  cut  uv  any  other  such  arc,  for  it  is  clear  that,  if  yz 
crosses  wo,  x  will  be  contained  within  the  triangle  y'uv  (y  meaning  the 
opposite  point  to  y),  and,  consequently,  z  wilt  not  be  external  to  tuvweon/y, 
as  it  must  he  if  the  given  order  is  normal. 

(4)  It  follows  also,  as  an  immediate  corollary  from  2,  that  no  point  (  can 
be  contained  within  the  contour  of  xyz  or  within  that  of  uvwro. 

Hence  (5)  it  follows  from  (3)  and  (4)  that  the  two  spherical  areas  bounded 
respectively  by  the  contours  of  xyz,  uvwrn  have  no  part  whatever  in  common, 
and,  consequently,  may  be  separated  by  a  great  circle  drawn  through  (. 

Hence,  combining  the  conclusions  of  (1)  and  (6),  we  arrive  at  the  theorem 
that  the  sole  necessary  and  sufficient  condition  for  determining  x,  y,  z,  t,  u,  v, 
vj,  M  to  be  in  normal  sequence  upon  a  sphere  is  that  through  any  point 
as  (  a  great  circle  can  be  drawn  upon  the  sphere  not  cutting  this  line  in  any 
other  point;   and,  consequently,  the  sole  necessary  and  sufficient  condition 
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for  a  number  of  points  in  a  plane  group  being  in  normal  sequence  is  that  the 
zigzag  formed  by  drawing  straight  hnes  from  any  one  point  to  the  next  in 
the  sequence  shall  be  capable  of  being  cut  in  twain  at  any  of  its  angles  by  a 
right  Une. 

General  definition  of  a  diatomic  line  continuous  or  discontinuous  in  a 
plane  or  in  space  (see  plate)  [at  the  end  of  the  volume]. 

The  condition  of  normal  sequence  may  be  extended  from  plane  to  solid 
groups,  that  is,  from  ternary  to  quaternary  equation -systems,  the  sole 
necessary  and  sufficient  condition  for  determining  a  normal  order  of  points, 
as  weli  in  solido  as  in  piano,  beiiig  that  the  zigzag  following  the  succession 
of  the  points  in  the  order  shall  be  a  diatomic  line. 

In  order  to  depress  a  ternary  system  so  as  to  make  its  denumerant 
depend  upon  binary  denumerants,  we  must  be  able  to  form  orders  of  normal 
sequence  among  its  variables. 

Every  such  order  will  or  may  furnish  two  distinct  forms  of  solution, 
provided  the  requisite  conditions  of  relative  primeness  and  asyzygeticism 
are  satisfied. 

The  easiest  way  of  determining  such  normal  orders  is  by  means  of 
diatomic  lines  drawn  from  point  to  point  of  the  representative  plane  group. 

Every  ternary  system  may  be  identified  by  means  of  its  principal  plexus, 
as  will  presently  be  shown  with  some  specific  form  of  group,  corresponding 
in  number  to  the  number  of  the  variables  in  the  system.  It  becomes 
necessary,  therefore,  to  facilitate  the  solution  of  the  problem  of  denumeration 
of  ternary  systems,  to  classify  and  register  the  distinct  forms  of  arrangement 
of  plane  groups  (and  in  like  manner,  in  order  to  make  denumerants  of  the 
fourth  order  depend  upon  those  of  the  third,  we  must  begin  with  classifying 
and  registering  the  various  dispositions  of  which  a  given  number  of  points  is 


Plane  Groups. 

For  three  points  only  one  species  of  arrangement  is  possible,  and  all  the 
orders  are  normal  orders. 

For  four  points  two  distinct  arrangements  only  are  possible,  namely, 
of  four  points  external  to  one  another,  or  three  points  with  a  fourth  point  in 
the  interior. 

Morph  defined — its  geometrical  and  analytical  meaning. 

Exclusion  of  syzygetie  cases. 

The  morph  corresponding  to  the  one  case  (see  piate)  [at  the  end  of  the 
volume]  will  be  the  following  : — 

xy  :     yz  :     zt  :     tx  : 
x\z   y.t. 
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Ther 


)rpli  corresponding  to  the  other  case  (see  plate)  will  t 
zt  :      xt :     yt: 
y.s   z:x  x:y. 
Accordingly,  the  plexus  of  principal  derivatives  to  every  definite  ternary 
system  with  four  variables,  omitting  the  constant  terms,  wiU  be  of  o 
other  of  the  two  following  forms: — 

ny  —  pt  - 


3  or  the 


cy  +  ds  = 
es+ft  = 
ga:+  ht  ^ 
as  -i-  bt  = 


1st  form, 


ay -^3 

72  —  &c  =  ?[■   2nd  form. 


CX+  dt  = 
ey  +  ft  -^ 

The  constants  are  of  course  not  independent  of  each  other,  nor  are  the 
signs  of  the  quantities  left  unexpressed,  but  symbolized  by  ?,  independent. 
How  to  assign  the  laws  of  the  dependence  is  not  material  to  our  immediate 
object. 

By  means  of  these  two  forms,  we  can  by  examination  of  the  plexus  of 
principal  derivatives  to  a  ternary  system  of  linear  equations  with  four 
variables,  ascertain  whether  it  corresponds  to  the  form  of  group  in  Figs.  2,  3, 
or  to  that  in  Fig.  4. 

The  normal  orders  belonging  fco  these  groups  respectively  are  shown  in 
the  plate  [at  the  end  of  the  volume]. 

If  we  proceed  now  to  the  groupings  of  five  points,  we  shall  find  that  the 
only  essentially  distinct  arrangements  are  the  following: — 

Five  points  all  external  to  each  other. 

Four  points  with  one  inside. 

Three  points  with  two  inside. 

No  differences  of  any  other  kind  than  those  above  denoted  will  give  rise 

>rphs 


to  any  diiference  in  the  character  of  the  mo 

rph  resulting.     The  th 

corresponding  to  these  three  arrangements 

are  the  following: — 

stu :     tux :     uxy  :     xyz  : 
zt  :  x    tu,  :  y     ux  :  z     xy  :  t 

y'^  '  I   1st  form, 

ztAi  :      xtu  :      xyu  : 

2nd  form, 

suix    tu:y 

yz  -.t    cd  :  2    wy  :  t 

.j,.| 

ztu  :     xtu  : 

,(»: 

uz:y   v^:x 

yt:z    xf.s 

xz:y 

yu  :  X 
xt  :  y 

.  3rd  form. 
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And  by  simply  observing  whether  the  principal  plexus  has  three,  four, 
or  five  homonymous  derivatives,  the  perspective  representation  of  any  definite 
ternary  system  of  linear  equations  with  five  variables  can  be  identified  with 
one  or  the  other  of  the  Figures  5-7,  8-11,  or  12-15.  The  diatomic  zigzags 
expressing  the  normal  orders  to  these  figures  are  given  in  the  plate. 

So  far  we  have  found  that  the  number  of  morpha  has  followed  the  pro- 
gression 1  ;  2  ;  3  ;  arising  from  the  fact  that  there  are  no  essential  ditferences 
of  position  of  a  point  or  a  couple  of  points  within  a  triangle  or  of  one  point 
within  a  quadrilateral.  Veiy  different  is  the  case  for  a  figure  of  six  points, 
corresponding  to  a  definite  ternary  system,  with  six  variables.  The  following 
cases  arise  : — 

(1)  The  six  points  may  be  at  the  angles  of  a  hexagon. 

(2)  Five  of  tlie  six  points  may  be  at  the  angles  of  a  pentagon,  and  the 
interior  point  may  occupy  any  one  of  three  essentially  distinct  regions,  each 
such  position  giving  rise  to  a  distinct  species  of  morph  confined  to  the  inner. 

These  three  distinct  kinds  of  position  defined, 

(3)  Four  of  the  points  may  be  external,  and  the  pair  of  points  within 
occupy  six  distinct  kinds  of  position. 

These  six  different  relative  positions  described. 

Finally,  tliree  of  the  six  points  may  be  external,  so  that  the  figure  may  be 
viewed  as  a  triangle  within  a  triangle,  and  there  will  be  six  distinct  relative 
positions  of  triangles  so  related. 

These  six  different  relative  positions  described. 

There  are  thus  in  all  sixteen  different  classes  of  arrangement  of  six  points 
in  a  plane,  and  therefore  sixteen  different  classes  of  ternary  systems  with  six 
variables. 

The  normal  orders  for  each  of  these  sixteen  cases  have  been  completely 
worked  out  by  Captain  Noble,  R.A.,  and  the  numbers  for  each  figure  attached 
to  them  in  the  plate  (16-31). 

On  the  arrangement  of  plane  groups  in  natural  families. 

Classes  belong  to  the  same  natural  family  which  are  capable  of  appearing 
simultaneously  in  the  same  course  of  the  same  process  of  eduction. 

Any  two  classes  of  systems  belong  to  the  same  family  which  may  be 
obtained  from  one  or  other  by  altering  the  signs  concurrently  of  one  or  more 
of  such  of  the  coefficient  groups  as  may  be  so  altered  without  the  system 
ceasing  to  be  definite.  If  in  the  morph  of  any  class  we  make  any  letter  pass 
from  right  to  left  of  the  colon,  and  vice  versa  throughout,  and  after  such 
change  the  morph  still  contains  characters  of  the  form  xyz ...  u:  correspond- 
ing to  homonymous  principal  derivatives,  the  morph  so  obtained  will  belong 
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to  the  same  family  with  that  from  which  it  is  derived.  Thus  from  one  morph 
all  others  of  the  same  family  may  be  derived  by  simple  inspection  and 
transposition. 

Conversion  defined. 

Scales  of  derivation  in  general  are  divaricative,  but  for  principal  family 
are  lineal. 

Example  four-,  five-,  and  six-point  systems. 

How  to  determine  a  priori  what  letters  in  a  given  morph  are  convertible. 

Examples  in  six-point  systems. 

The  number  of  families  for  six-point  arrangements  is  four. 

The  two  classes  of  four-point  systems,  and  the  three  classes  of  iive-point 
systems,  belong  respectively  to  a  single  family.     Proof. 

Numerical  and  natural  modes  of  classifying  groups  contrasted. 

The  principal  class  and  principal  family  of  any  r-point  group  defined. 

The  tactical  rule  which  serves  to  define  any  normal  order  in  the  principal 
class.     Example  in  five-point  system.     Example  in  six-point  system. 

In  four-  and  five-point  systems  all  the  classes  belong  to  the  principal 
family,  there  being  no  other. 

The  numerical  system  of  arrangement  in  families  gives  rise  to  a  new 
question  in  the  partition  of  numbers. 

Thus  a  seven-point  system,  and  an  eight-point  system  arranged  after  the 
numerical  system,  consist  respectively  of  families  which  may  be  typified  as 
follows  -.— - 

7     6,  1     5, 2     4,  3     3,  4     3,  3,  1 
8     6,  2     5,  3     4,  4     4,  3,  \     3,  5     3,  4,  1     3,  3,  2 

Theorem.  All  classes  of  the  same  family  may  be  derived  from  one  another 
by  perspective  projection. 

Conversion  balls  and  their  use. 

Theorem.     Normal  orders  aj:e  orders  of  perspective  sequence  (see  plate). 

Application  of  perspective  regions  to  finding  normal  orders  by  exhaustive 
method. 

The  position  of  the  eye  must  be  external  to  the  group. 

The  entire  plane  outside  the  group  may  be  divided  into  as  many  distinct 
perspective  regions  as  there  are  normal  orders  (see  plate). 

A  ship  tacking  along  a  diatomic  zigzag  is  continually  making  angular 
way  in  reference  to  a  point  taken  anywhere  in  some  determinate  region. 
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Normal  orders  of  points  in  space  are  also  orders  of  double  perspective 
sequence,  a  line  of  view  and  planes  of  light  being  substituted  for  the  point  of 
view  and  rays  of  light. 

Four-,  five-,  and  six-point  systems  in  space,  like  three-,  four-,  and  five- 
point  systems  in  planes,  ave  reducible  respectively  to  one,  two,  and  three 
classes. 

The  clft*«es  of  quaternary  point-systenas  like  those  of  ternary,  and  by  the 
same  method,  may  be  arranged  in  natural  families. 

Keasons  for  believing  a  higher  or  more  complex  colligation  of  classes 
possible  for  quaternary  systems. 

Although  the  geometry  of  dispositions  does  not  explicitly  recognise 
distinctions  groimded  on  magnitude,  still  the  relations  which  it  contemplates 
must  admit  of  quantitative  discrimination. 

The  ccesura  in  the  eduction  process  following  any  normal  order  of  the 
variables  ;  how  determined  geometrically  for  ternary  or  quaternary  systems 
by  the  principle  of  denudation ;  conformity  of  this  with  the  rule  for  binary 
systems. 

How  the  neutral  region  in  a  normal  order  which  does  not  exist  for  binary 
arises  for  ternary  and  higher  systems  (see  plate). 

Eisample,  The  distances  from  each  other  of  four  points  in  a  plane  being 
given  (six  quantities  connected  by  one  equation)  it  must  be  possible  to  form 
one  or  more  rational  functions  of  these  quantities  of  which  the  values  as 
positive  or  negative  must  serve  to  discriminate  between  the  two  kinds  of 
disposition  in  which  four  points  may  be  grouped. 

General  character  of  the  new  geometry  of  disposition. 

"It  is  the  theory  of  permutation  of  space." — Cayley. 
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TH^ORIE  DES  NOMEEES. 

{Emtrait  d'une  Lettre  adreaaiie  A  M.  HEnuiTE  par  M.  Sylvester.) 

[Comptes  Eendus  de  VAcad^inie  des  Sciences,  L.  (1860),  p.  367.] 

...En  d^signant  par  {n;  a,  6)  le-  nombre  des  solutions  entiferes  et  positives 
de  I'^quation 

ax+hy=r 

pour  la  s^riedes  valeurs  r  =  0,  1,  2,  ...,  n,  j'ai  obtenu  ces  deux  theorfemcs  : 

1".     Soit  Ti  +  1  =  kah  +  n,  on  aura 

{n\a,h)^k  —— 2 +  <"  ;  «.  &)■ 

Cette  relation  permet  ddj&,  de  remplacer  n  par  son  r^sidu  minimum  auivant 
le  module  ah  dans  {n ;  a,  b). 

2".     Soit  II  un  nombre  entier  inferieur  k  ab;  on  pourra  determiner  les 
eutiers  positifs  a'  et  b'  de  manifere  a  avoir 

ab'  —  ba  =  1, 
a'  etaot  inoindre  que  a,  et  b'  moiudre  que  b.     Cela  pose,  si  I'on  deaigne  par 
E  (id)  rentier  compris  dans  une  quantity  quelconque  x,  et  qu'on  pose 

on  aura  ("  ;«,&)  =  {"' ;  a',  b')  -  9!, 


5!^ 


^hHt)]-r-^^)- 


Par  ce  second  theoreme  on  pent  diminuer  les  deux  coefficients  a  et  b,  en 
les  rempla9ant  par  a'  et  b';  done  en  le  joiguant  an  pr4e6dent  et  appliquaut 
success ivement  les  deux  propositions,  on  voit  qu'on  pourra  exprimer  {n ;  a,  b) 
par  une  serie  contenant  au  plus  autant  de  termes  qu'il  a  de  fonctions  eon- 

vergentes  vera  j-. 
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TH^OEIE  DES  NOMBRES. 

{Extrait  d'wne  Lettre  adres3&  A  M.  Hekmits  par  M.  Stltebtbe.) 

[Oomptes  Rendus  de  VAcadimie  des  Sciences,  L.  (1860),  p.  489.] 

La  somme   2    B  li-j  ou  £(fl?)  designe,  suivant  I'usage,  I'entier  conteiiu 

dans  la  quantity  x,  et  qui  joue  uii  si  grand  r^le  dans  la  th^orie  des  r^sidus 
quadratiques,  pent  ae  calculer  compl^tement  par  la  m^thode  suivante,  plus 
simple  et  plus  facile  que  celle  d'Eisenteiii  pour  determiner  seulement  si  la. 
aomme  est  paire  ou  impaire.  Je  d^veloppe  -  sous  la  forme  d'une  fraction 
continue  avec  ces  conditions,  que  le  nombre  des  quotients  soit  impair  et  que; 
chaque  quotient  de  rang  impair  aprfes  le  premier  soit  pair,  ce  qu'on  r^lisera 
en  faisant  le  premier  quotient  congru  k  p  suivant  le  module  2,  Soit  done 
ainsi  i 


Les  quotients  ttj,  a,,  ...,  a^^  ^tant  pairs,  Mi,  a^,  etc.,  quelconques,  et  e^,  e^,  etc, 
egaux  a  +  1,  on  aura,  en  faisant  ^^  =  e,,  e^,  .-■  e;. 


S    E 


(^|)  =  ^  [( P  -  2)  ^  -  2  S2X,,_.  +  ia,i  -  2)  X^]]. 


A  cette  proposition  je  joindrai  la  suivante  qui  en  est  une  generalisation. 

Soit  k  un  diviseur  quelconque  de  ^  —  1 ;  et  supposons  que  dans  le  d^velop- 
pement  en  fraction  continue 

p  _  Si 


tous  les  quotients  a  partir  de  a^  soient  multiples  de  k,  le  premier  a^  6tant. 
congru  a  p  module  Jc ;  alors  on  aura 

2f 
Les  conditions  Monc^es  seront  toujoura  d'ailleurs  possibles,  si  !'on  a  4  <  5„ 
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NOTE    SUE   CEETAINES   SfilUES    QUI   SE   PESSENTENT 
DANS  LA  THEOBIE  DES  NOMBKES. 

\GompUs  Rend^is  de  VAoad^mie  des  Sdsmes,  L.  (1860),  p.  650,] 
SoiT  ^  [    )  5e  plus  grand  nombre  entier  contenu  dans  la  fraction  -  ,  et 

en  supposant  g  — 1  divisible  par  k.  II  exisbe  entre  trois  fonctions  quelcon- 
ques  F,  qui  ont  les  monies  valeurs  de  p,  q,  k,  mais  oi  la  quantity  (  varie  en 
reatant  moindre  que  k,  I'^quation  alg^brique  suivante : 


^ir-i){i"-i')^- 

Quand  I'  +  I"  =  k,  cette  relation  devient 


ce  qu'on  pent  vMfier  par  un  proc^d^  tout  ^Mmentaire.  II  existe  aussi  entre 
les  fonctions  F,  oil  &  et  ^  restent  lea  inSmes,  p  e,t  q  efcant  changes  entre  eux, 
r^quation 


Pour  le  eas  de  i  =  1,  ce  th^orfeme  a  ^t^  d^j^  donn^  par  Eisenstein,  qui  a 
enprim^  alors  la  fonction  F  par  uoe  s^rie  trigonom^trique  finie.  Maia  quel 
que  Boit  I,  je  auis  parvenu  Jl  exprimer  d'une  manifere  analogue  cette  fonction, 
et  dans  le  mSme  ordre  d'id(5es,  c'est  egalement  par  une  adrie  trigonoimStrique 
que  j'ai  ^t^  amen^  k  representer  les  valeurs  de  p'  et  q',  moindres  que  p  et  q, 
satisfeisaut  k  I'^uation 

p'q  -  g'p  =  1, 

valeurs  qu'on  obtienfc  habituellement  par  le  proc^e  du  plus  grand  commun 
diviseur. 


y  Google 


30. 


SUR  LA  FONCTION   E{w). 

[Comptes  Rendus  de  l'Acad4m-ie  des  Sciences,  l.  (1860),  pp.  732 — 734.] 

SoiBNTp  et  q  deux  quantit^s  positives  quelconques,  X  uue  qua^tit^  moin- 
dre  que  la  plus  petite  valeur  a  qui  reude  en  mSme  temps  ap  et  aq  entiers, 
de  sorte  que,  ^  et  §  ^taut  incomraensurables,  X  est  arbitraire ;  mais  si  I'on 
e  que  ces  quantit^s  aient  un  plus  grand  commun  diviaeur  k,  on  aura 


Gela  etaiit,  je  dis  qu'on  aura  I'egalite  suivante : 

"3;"s(„2)+"r'*(„2)=*(.rt*(M). 

Supposons-la  satisfaite,  en  eifet,  pour  toutes  les  valeurs  de  X  inf^rieures  k 
une  certaine  limite,  et  faisons  croitre  X  par  degrds  insensibles  k  partir  de 
cette  limifce.  Aucun  des  membrea  de  I'^quation  ne  changera  de  valeur 
qa'autant  que  \p  ou  \q  deviendront  des  nombres  entiers,  ce  qui,  par  hypo- 
th^ae,  n'arrivera  jamais  en  mSme  temps.  Siipposons  que  Xp  le  premier 
devienne  entier :  S,  ce  moment  la  seconde  somme  du  premier  membre  s'aug- 

mente  de  ^fX.^.-l,  c'est-jl-dire  de  E{Xq),  la  premifere  ne  changeant  pas. 

Quant  au  second  membre  de  I'^quation,  il  eat  Evident  que  E(Xq)  ne  change 
pas,  mais  E(Xp)  est  augment^  d'une  unit^,  done  le  second  .membre  comme 
le  premier  s'aceroit  de  E(Xp).  Done  le  theorems  subsiste  pour  la  premiere 
valeur  de  \  qui  fait  varier  les  deux  membres  de  I'^quation,  par  consequent, 
pour  la  seconde,  la  troisifeme,  etc.,  et  enfin  pour  toutes  les  valeurs  infMeures 
a  la  plus  petite  quantity  qui  rend  en  m§me  temps  Xp  et  Xq  entiers.  Done, 
etant  vrai  pour  X  —  0,  le  theorfeme  a  lieu  ^galemenb  pour  toutes  les  valeurs  de 
\  moindres  que  la  limite  eupposfe. 

Si  Ton  supprime  la  restriction  admise  5, 1'^gard  de  X,  j'observe  que  toutes 
les  fois  que,  cette  quantite  croissant  d'une  manifere  continue,  Xp  et  X^  devien- 
nent  entiers  en  mSme  tempa,  I'espression 


■'.(„!). 
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recevra  un  accroissement 

E  (Xp)  +  E  {\q)  =  Xp  +  Xq, 
tandis  que  E  (Xp)  +  E  (\q)  ne  recevra  que  1 'accroissement 
XpXq  -  (Xp  -l){\q-l)  =  Xp  +  Xq  - 1. 
Par  cone^quent,  on  aura  pour  toutes  les  valeurs  de  X,  I'^gaiit^  suivante : 

oh  L  designe  combien  de  fois  pte  et  qx  deviennent  entiers  loraque  x  croH  de- 
z^ro  a  X,  ou,  si  Ton  veut,  le  nombre  des  solutions  positives  moindres  que  X  de 
r^quation 

{p  +  q)x  =  E(px)  +  E(qx). 

Supposons  maintenant  p  et  5  entiers,  etX  =  -r,ketk'  etant  aussi  entiers 

avec  la  condition  k'  <  k  En  d&ignant  par  e  et  f  les  residus  minima  positifs. 
de  p  et  5  suivant  le  module  k,  les  quantit^s  k'e  et  k'f  soient  toutes  deux 
moindres  que  k  et  le  tlieorfeme  se  pr4sente  sous  la  forme  suivante : 

i  ^-(i)-  £  *(.|)=(IT(^-)(»-/)- 

Lorsque  e=l, /=1,  les  in^galitfe  I/e<k,  k'f<k  ont  s4parement  lieu  et  on 
obtient  1' Equation 

„=o        V    ql  „=o  V    p/  k^ 

qui  donne  le  theor^me  d'Eisenstein  en  posant  ^'  =  1.  On  voit  aussi  qu'on 
aura  toujours  si  e  et  /  sont  les  residus  minima  de  p  et  5  par  rapport  au 
module  k, 

«^o      V  q)      «-o      V  pJ  k^ 

II  m'a  paru  qu'une  demonstration  tellement  simple,  on  peut  pi'esque  dire 
intuitive,  de  la  proposition  fondamentate  de  la  th^orie  des  residus  quadra- 
tiques,  par  I'emploi  d'une  variable  continue,  ne  serait  pas  sans  interet  pour 
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ON    PONCELET'S   APPROXIMATE   LINEAR   VALUATION 
OF   SURD   FORMS. 

[Philosophical  Magazine,  xx.  (1860),  pp.  203—222.] 

M.  Poncelet's  method  of  approximately  representing  surd  forms,  and 
more  particularly  the  square  roots  of  homogeneous  quadratic  functions,  by 
linear  functions  of  the  variables,  is  given  in  Crelle's  Journal,  Vol.  XIIi.  1834, 
pp.  277 — 291,  under  the  title  "  Sur  la  Valeur  approch^e  des  radicaux."  By 
this  method,  as  applied  to  two  variables,  the  resultant  of  two  forces  in  a 
plane  may  be  approximately  expressed  as  a  linear  function  of  its  two  com- 
ponents, a  case  fully  considered  by  M.  Poncelet;  and  tables  have  been 
worked  out  applicable  to  this  case,  which  appear  to  have  been  found  of  great 
utility  in  some  important  problems  of  mechanical  and  practical  engineering. 
Bub  the  illustrious  author  of  this  beautiful  method  has  left  his  theory 
imperfect  in  respect  of  its  application  to  three  variables. 

To  supply  this  slight  but  not  unimportant  omission,  and  to  indicate  how 
this  more  general  case  admits  of  being  treated,  more  especially  with  reference 
to  the  approximate  representation  of  the  resultant  of  three  forces  in  space  as 
a  linear  fiinction  of  its  three  components,  is  the  object  of  this  communication. 
At  the  close  of  the  memoir  referred  to,  M.  Poncelet  uses  these  words  :— 
"  II  serait  inutile  de  ponsser  plus  loin  cet  examen  (referring  to  a  discussion 
of  the  form  •^{a^—b^)),  attendu  que  dans  les  applications  de  la  m^canique  aux 
machines  les  radicaux  de  la  forme  nJ^a^  —  P)  sont  rarement  a  consid^rer. 
Nous  en  dirons  autant  de  eeux  de  la  forme  •J{a^  +  &'  +  if),  qui  repr^sentent 
la  r^aultante  de  trois  forces  rectangulaires  entre  elles  et  situ^es  dans  I'espace. 
D'ailleurs,  si  Ton  connait  les  limites  entre  lesquelles  demeurent  compris  lea 
rapports  des  composantes  a,  h,  c,  ou  de  leurs  r^sultantes  partielles  V(«''+&'),  &c-. 
on  pourra  toujours  ramener  ce  cas  au  premier  de  ceux  que  nous  avons 
examines,"  meaning  to  the  case  of  \J{a?  +  6").  Now,  in  the  first  place,  it  is  not 
clear  how  this  reduction  can  be  effected  in  general,  or  indeed  in  the  vast 
majority  of  cases  that  might  be  proposed.     For  instance,  if  we  have  given 
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d <  V(i°  +  d'),  a>h,  a>c,l  do  not  see  how  after,  according  to  M.  Poncelet's 
process,  V'(a'  + 6^  + c')  is  put  under  the  form  aa-VQ-JiJf-i-d')  by  aid  of  the  limit 
a  <  ■J(b''  +  c%  any  use  can  be  made  of  the  other  limits  a  >  6,  a  >  c  in  further 
reducing  this  to  the  ultimate  form  «a  +  a'^b  +  ^'0g.  Or  if  we  take  the  still 
simpler  case,  where  a,  b,  c  are  left  unlimited,  in  whatever  way  we  attempt  to 
proceed  we  shall  obtain  different  approximations,  according  to  the  order  in 
which  we  effect  the  successive  reductions. 

Furthermore,  in  those  'few  exceptional  cases  where  the  process  indicated 
by  M.  Poncelet  leads  to  the  use  of  all  the  limits  given,  the  form  arrived  at 
is  not  and  never  can  be  the  true  best  form,  defined  as  such,  according  to 
M.  Poncelet's  own  principles,  as  that  which  within  the  given  limits  has  its 
maximum  proportional  error  the  least  possible.  Thus  M.  Poncelet  indicates 
as  the  linear  form  for  VCa'+^'+c^),  when  the  given  limits  are  a'>i^+o°,  fx?, 
■96046a  + -382016  +  ■15827c,  with  a  maximum  error  textually  quoted  from 
his  memoir,  ^OSOT.  It  will  be  seen  hereafter  that  the  true  best  linear  form 
gives  a  maximum  error  about  one-tenth  less  than  this.  But  it  would  be 
quite  easy  to  give  examples  in  which  the  maximum  error  by  Poncelet's 
process  should  exceed  in  an  indefinite  proportion  the  necessary  maximum 
error.     This,  for  instance,  would  be  the  case  if  we  imposed  the  limitations 

a?+y'-'>  \z^,     y'^-^z^>  \a?,     «^  +  a^  >  Xy'', 

on  taking  \  inferior  but  indefinitely  near  to  2. 

The  geometrical  method  of  demonstration  given  by  M.  Poncelet  for  the 
case  of  two  variables,  labours  under  the  inconvenience  of  beginning  with  a 
figure  of  three  dimensions,  and  consequently  does  not  admit  of  being  carried 
beyond  that  case,  although  the  results  for  three  variables  geometrically  stated, 
when  the  conditions  of  the  question  are  set  under  an  appropriate  form, 
are  precisely  analogous  to  that  obtained  by  M.  Poncelet  for  two  variables ; 
for  whilst  his  construction  is  begun  in  space,  his  result  subsides  to  a  repre- 
sentation in  piano.  But  between  these  two  cases  there  is  a  very  marked 
distinction ;  which  is,  that  whilst  for  a  surd  radical  with  two  variables  every 
change  in  the  limits  proposed  gives  rise  to  a  change  in  the  corresponding 
linear  form,  such  is  never  the  case  with  a  surd  form  with  three  or  more 
variables,  unless  the  limits  be  expressed  by  a  single  linear  inequality  between 
the  variables  which  enter  into  the  surd  form,  and  the  surd  form  itself  Thus, 
for  instance,  if  •J{x^  +  y''-Vz'')  is  to  be  represented  linearly  within  the  limits 
z>  x,  s  >  1/  (for  greater  conciseness  I  throughout  suppose  the  variables  to  be 
positive),  the  linear  representation  will  be  precisely  the  same  as  for  the  single 
limit  z>^J{ci?  +  y'^),  or,  which  is  the  same  thing,  e  —  tj^  't/(af  +  y^  +  s^)>0;  and 
accordingly  for  the  problem  with  three  variables  there  is  usually  a  pre- 
liminary question  to  be  solved,  namely,  to  find  the  single  inequality  of  the 
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kind  proposed  which  involves  the  satisfaction  of  the  given  limits,  and  is 
capable  of  being  substituted  for  them  without  increasing  the  maximum 
proportional  error.  This  preliminary  question  may  be  reduced,  as  will  be 
seen,  to  an  elementary  geometrical  form,  and  is  strictly  tantamount  to  the 
problem  following :— Imagine  a  pincushion  with  a  number  of  pins  stuck 
into  it,  to  find  the  least  ring  which  can  be  made  to  take  them  all  in, — 
a  problem  proposed  by  myself  some  four  or  five  years  ago  with  reference  to 
points  in  a  plane,  in  the  Quarterly  Mathematical  Journal,  and  of  which 
Professor  Peirce  of  Cambridge  University,  U.S.,  has  favoured  me  with  a 
complete  solution,  which  is  equally  applicable  to  the  sphere,  the  case  with 
which  we  shall  be  principally  concerned  in  what  follows. 

I  shall  begin,  then,  with  supposing  R  to  be  an  integer  homogeneous 
quadratic  function  of  te,  y,  z,  where  x,  y,  z,  H  are  subject  to  the  linear 
inequality -4fl;  +  jBi/ +  C^—V-S  >  0.  The  geometrical  solution,  as  such,  will 
be  seen  to  be  equally  applicable  to  the  case  of  two,  and  the  analytical  repre- 
sentation to  which  it  leads  to  any  number  of  variables. 

The  problem  to  be  solved  is  to  find  a  linear  form  Lo)  +  My  +  Nz  such  that 

Ij(D  +  Mv  -4-  JVs 
the  greatest  value  of  — j^ 1  shall  have  the  least  possible  arith- 
metical  magnitude,   without  regard  to  sign  as  positive  or  negative,  for  all 
values  of  x,  y,  z  satisfying  the  proposed  inequality. 

It  is  clear  that,  as  the  entire  question  is  one  of  ratios,  we  may  subject 
so,  y,  z  to  the  condition  expressed  by  -E  =  1  without  affecting  the  result ; 
in  other  words,  we  may  consider  tc,  y,  z  as  the  coordinates  of  a  point  limited 
to  lie  on  the  segment  of  the  surface  i2=l  cut  off  by  the  plane  Aa:+By+Cz=l. 
Suppose,  then,  that  Lx  +  My  +  JSfz  is  the  linear  form  sought.  The  propor- 
tional error  is  Lx  +  My  +  Nz  —  1 ;  so  that  if  we  draw  the  plane 

Lm  +  My  +  Nz -1^0, 
the  error  is  expressible  geometricatly  (paying  no  attention  to  sign)  as  the 
quotient  of  the  perpendicular  upon  this  plane  from  any  point  x,  y,  z  in  tiie 

La)  +  My  +  Kz- 

p-- ,  oiviuea 

origin  to  the  same  plane,  namely,  -r/rn.  M'iA.mv  ■^^"'^^'  then,  the 
geometrical  question  to  be  resolved  is  simply  to  draw  a  plane  for  which  the 
greatest  value  of  this  quotient,  restricted  to  points  within  the  segment, 
shall  be  the  least  possible.  From  this  it  is  immediately  seen  to  follow,  that 
the  portion  of  the  surface  cut  off  by  the  plane  Lx  +  My  4-  JVs  -  1  =  0  must  be 
a  portion  of  the  segment  cut  off  by  the  given  plane  Ax  +  By  +  Gz  -  I  =  0. 
And  its  actual  position  may  be  determined  by  means  of  a  principle  generally 
known,  but  which,  as  it  will  occupy  but  a  few  words,  it  may  be  well  to 
.  deduce  from  first  principles. 
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Suppose  there  are  (r  +  1)  quantities,  each  containing  the  same  system  of 
r  parameters ;  for  greater  brevity,  say  three  quantities,  p,  q,  r,  each  functions 
of  the  same  two  parameters  X,  /i :  let  us  call  the  greatest  of  the  quantities 
p,  J,  )■,  corresponding  to  assigned  values  of  X,  /i,  the  dommant ;  so  that, 
according  as  we  change  X.,  fi,  the  name  of  the  dominant  is  liable  to  change ; 
and  that  we  wisfa'to  find  M  the  minimum  value  of  the  dominant  upon  the 
supposition  that  the  variations  of  p,  q,  r  in  respect  to  A.  or  ^  are  never 
simultaneously  zero,  and  may  be  made  positive  or  negative  at  will ;  then  M 
will  be  found  from  the  equations  M=p  =  q=r.  For  if  we  had  M  =  p  and 
p>q,P>r,  by  varying  at  will  X  or  /i  we  could  make  hp  negative;  and  con- 
sequently since  by  hypothesis  p  differs  sensibly  from  q  and  r,  the  dominant 
oi  p+hp,  q  +  bq,  r  -I-  &■  would  necessarily  be  less  than  that  of  p,  q,  r,  and 
thus  M  would  not  be  the  minimum  dominant. 


In  like  manner,  if  M  =  p  =  q,p>r,  we  could  by  means  of  the  equations 


£'^  +  55  "'  =  "''■ 

SO  determine  SK,  Sfi  as  to  diminish  simultaneously  p  and  q ;  and  thus  the 
dominant  oi  p  —  e,  q—t!,r +  Br  would,  as  before,  be  less  than  that  of  p,  q,  r. 
The  same  reasoning  applies  to  anynumber  (j'-I-I)  functions  of  r  variables. 
And  if  the  number  of  functions  should  exceed  r  + 1,  it  would  still  serve  to 
show  that  when  the  dominant  is  a  minimum,  {r  + 1)  out  of  the  whole 
number  of  the  functions  must  all  alike  represent  that  dominant.  Thus 
leaving  for  a  moment  in  our  original  problem  the  ease  of  three  variables, 
and  going  down  to  that  of  only  two  variables,  in  which  case  we  have  to  deal 
with  a  curve  of  the  second  order  in  lieu  'ol'  a  surface,  and  are  to  suppose  that 
a  segment  of  such  curve  is  cut  off  by  a  right  line  A,  and  are  required  to 
draw  another  right  line  B  such  that  the  maximum  square  of  the  quotient 
of  a  perpendicular  upon  B  from  any  point  in  the  segment  by  the  perpen- 
dicular from  the  centre  upon  B  is  to  be  a  minimum,  we  evidently  have  to 
solve  the  same  problem  as  if  we  had  to  find  the  least  value  of  the  dominant 
of  three  quantities  involving  two  parameters,  two  being  the  number  of 
constants  required  to  fix  the  line  B ;  those  three  quantities  being  the  squares 
of  the  firactions  whose  numerators  are  the  three  perpendiculars  from  the 
extremities  of  A,  and  from  the  vertex  of  the  arc  cut  off  by  B  upon  B,  and 
their  denominators  the  perpendicular  upon  B  from  the  origin  ;  accordingly 
the  line  B  must  be  so  chosen  as  to  make  the  three  perpendiculars  in  the 
numerators,  without  reference  to  sign,  all  equal,  so  that  B  is  parallel  to  A, 
and  bisects  the  sagitta  of  the  segment  cut  off  by  A,  that  is,  the  . 
perpendicular  from  any  point  in  the  segment  upon  A. 
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In  the  case  of  R  being,  as  originally  supposed,  a  function  of  x,  y,  z,  we 
may  take  an  indefinite  number  of  points  in  the  section  of  the  surface  iJ  =  1 
made  by  the  plane  ^a7  +  i?y+ (7^— 1=  0,  and  the  summit  of  the  segment 
made  by  the  plane  to  be  determined  Lx  +  My-YNz  =  1,  and  may  show  by 
the  same  reasoning  as  above  (there  being  now  three  parameters)  that  four  of 
these  perpendiculars  must  be  equal  inter  se,  which  proves,  to  begin  with,  that 
■at  all  events  the  two  planes  must  be  parallel;  and  then  the  reasoning  applied 
to  two  functions  of  one  parameter  will  further  show  that  this  plane  must 
bisect  thesagitta  of  the  segment  cut  off  by  the  given  plane  Ax-^  By+Cz-~l—0*. 
And  we  have  now  a  geometrical  solution  of  the  question,  which  it  is  import- 
ant to  observe  is  in  genera!,  but,  as  will  be  presently  seen,  not  universally 
■applicable  to  the  case  when  the  limiting  relations  of  x,  y,  z  are  defined  by 
means  of  the  position  of  a  variable  point  limited  to  lie  within  a  triangular 
area  upon  the  surface  S  =  l,  whose  sides  are  determined  by  the  traces  upon 
that  surface  of  three  planes  drawn  through  the  origin ;  the  plane  drawn 
through  the  angular  points  of  this  triangle  will  then  take  the  place  of  the 
plane  Am  +  By  +  (?3  —  1  =  0  in  the  preceding  investigation. 

The  next  thing  to  be  done  is  to  obtain  the  quantities  L,  M,  N  in  terms  of 
A,  B,  G,  and  the  coefficients  of  R,  which  is  an  easy  matter  to  accomplish. 
Let 

R  =  0^"+  by"  +  GS!''  +  2/yz+2gzx+  2ka)y  =  <j){!e,  y,z), 

-and  call  J,  vi,  %  the  coordinates  at  the  summit  of  the  segment ;  the  equation 
to  the  tangent  plane  at  that  point,  which  is  of  the  form  Ax  +  By  +  Gs  =  0, 
will  be  identical  with 

(af  +  k^  +  gO^  +  (Af  +  bv  +fO  y  +  (9^  +fv  +  cf )  Z  =  1. 
Hence  it?  +  /wj  +  p?  =  — , 

and  — 1+-  jj+-f=l; 

*  The  absolute  liberty  of  the  plane  sought  for  (Lx+My  +  Ni  —  T)  to  take  np  all  poaitions  in 
space,  and  the  absence  of  singular  points  in  the  segment  cut  off  by  tlie  plane  Ax  +  By  +  Cs  —  1, 
suffice  to  show  that  the  conditions  of  variation  necessary  tor  the  legitimate  application  of  the 
theorem  employed  above  are  satisfied.  If  the  minimum  domiuaiit  is  not  at  one  of  the  points  of 
ec[nality  given  Ly  the  theorem,  it  must  lie  either  at  some  minimum,  or  at  all  events  at  some 
singular  poiut  of  one  of  the  functions  of  the  system  to  wbioh  the  dominant  belongs,  or  elae  at 
some  point  corresponding  to  the  contour,  bo  to  say,  if  there  be  one,  of  the  apace  within  which  the 
parameters  ate  ooctainei.  In  the  case  before  os,  the  parameters,  however  chosen,  to  fis  the 
position  of  the  plane  are  perfectly  independent,  so  that  there  is  no  limiting  contour;  and  it  is 
obvious  that  the  functions  i:epiesenting  the  distances  concerned  from  this  variable  plane  have  no 


y  Google 


186  On  Poncelet's  approximate  [31 


and  therefore 


1  P<}>(A,B,  0)^ 


where  A0  is  the  discriminant,  and  Pip  the  polar  reciprocal  of  0(^,  fi,  G). 
Hence 

VA    ' 
and  the  perpendicular  upon  the  tangent  plane  is 

_        1  IF 

V(iH-B'+C")V  A' 
Consequently  the  mean  between  this  and  the  perpendicular  upon  the  given 
plane  is 

i_ yp+ya 

and  therefore  the  equation  to  the  plane  required  is 
r,       VP  +  VA 

so  that         i-4^^,     M.4^B,     N=^^C. 

Lx  +  My  +  iV^r  heing  the  approximate  representation  of  ^[ji  {x,  y,  s)},  and  the 
maximum  error  being  evidently 

yP-VA 
VP  +  VA" 
These  results  are  perfectly  general,  and  apply  to  a  quadratic  radical  of  an 
integer  homogeneous  quadratic  function  of  any  number  of  variables ;  thus 
for  Vj^  (it'i  y,  ^'  i)]  the  linear  representative  form  is 

2VA.J.  aVA-g  2VA.(?  2  VA .  i) 

VP  +  VA*^V-P  +  \/A^"''VP  +  VA^^VP  +  VA  ■ 

masiraa  or  minima  Talaea.  I  do  not  (nor  ought  I  to)  pretend  to  have  presenteil  tlie  tieoretioal 
principles  inyolved  in  the  limitation  of  the  general  law  of  equality  with  all  the  logical  rigour  and 
precinion  of  which  tte  subject  might  admit,  aa  this  would  be  beside  my  present  object,  which  is 
not  to  call  in  question  the  grounds  of  admitted  truth  applicable  to  the  question  in  band,  but  to 
advance  it  one  step  furtter  in  the  direction  of  practical  application. 

•  We  see  from  the  above,   that  if  Ax  +  By-l,  or  Ax-i-By+Ct=^1  be  the  equation  to  the 
h    d  1  1  pi  f        egni     t    f      1  ne  or  surface  of  the  second  degree,  the  ratio  of  the 

p    p     d   til        t  hi  pi        f    m  the  centre  of  the  line  or  surface  and  the  vertex  of 

th        gm     t       p    t     ly         wh   h       th    same  thing,  of  a  ray  to  any  point  in  the  segment  to 
hp-t         fth         ypd      d       t    cepted  between  the  line  or  surface  and  the  tangent  at  the 
t  P         d  1  y  V"^    V^     It  m  y    t  first  sight  appear  strange  that  P  should  be  of  the 

/  f        01  rt        (      i  f  nant] ;  hut  it  must  be  remembered  that  the  axes  to 

wbhhl  fee       dthdre  referred  are  supposed  to  be  orthogonal,  and  for 

'e  indistinguishable. 
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and  the  greatest  proportional  error  is  still 

VP  +  VA ' 

D  signifying  the  discriminant,  and  P  the  polar  reciprocal  of  0  (^ ,  B,  C,  D). 

For  the  sphere,  the  perpendicular  upon  any  tangent  plane  being  1,  the 
linear  form  ought  to  be  that  obtained  from  the  equation  Ax  +  By  +  Cz  =  K, 
where 


or  K^^y{A'  +  B'  +  G')  +  l], 

that  is  to  say,  the  approximation  is 


the  maximum  error  being 

^/{A'  +  B'-i-G-')- 


^{A'  +  B'  +  G')-\ 
which  is  easily  seen  to  agi'ee  with  the  general  formulie  above  given. 

When,  as  is  usually  the  case  in  applying  these  results,  the  plane 
Ax  +  By  +  Os  —  1  =  0  is  not  directly  given,  but  is  to  be  found  as  the  plane 
passing  through  three  given  points  whose  coordinates  are  a,  b,  c;  a',  h',  c  ; 
ft",  h",  o"  respectively,  we  may  use  the  equations 


-f' 

-|. 

C- 

H 

F-{Vc"-b",!)  +  (b"a- 

bc"}  +  (bc' 

-  b'o), 

G  =  (cV  -  cV)  +  (c"a  - 

»")  +  («» 

-c'o), 

B-(a'b"-a"b')  +  {a"b- 

ab")  +  {ab' 

-o'i), 

a,     b, 

c 

e= 

a',    b', 
«",   b". 

e" 

But  it  may  also  sometimes  be  needful  in  practice,  as  will  presently  appear, 
to  determine  the  plane  with  immediate  reference  to  only  two  points  upon 
the  surface. 
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AppUcation  to  the  surd  form  which  represents  the  resultant  of 
three  forces  at  right  angles  to  each  other. 

Here  R  =  ^(af  +  y^  +  '^),  and  R=l  represents  a  sphere.  Two  cases  will  be 
shown  to  arise.  The  first,  the  more  frequent  one,  is  that  already  alluded  to, 
where  a  limiting  plane  has  to  be  drawn  through  three  given  points.  For  this 
case,  using  F,  G,  H  in  the  sense  in  which  they  have  immediately  above  been 
employed,  the  linear  representation  of  \/{x^  +  ^  +  z^)  becomes 

2F  2G  IE 

Q^n'^^Q  +  N^'^Q  +  N^' 

with  a  maximum  proportional  error 

N-Q 
N  +  Q' 
N  representing 

The  second  case  is  where  the  limiting  plane  has  to  be  drawn  through  two 
points  upon  the  sphere  so  as  to  cut  it  in  a  circle,  of  which  the  line  joining 
the  two  points  is  a  diameter. 

In  this  case,  calling  the  coordinates  of  the  two  points  respectively  a,  ^,  7 ; 
«'.  yS'.  7'.  and  writing  aa'  +  ^8'  +  77'  =  m,  it  is  easily  seen  that  the  perpen- 
dicular upon  the  limiting  plane  is  .  /  — = —  >  ^''^^l  consequently  the  perpen- 
dicular upon  the  plane 

U  +  My^H.-l   i.   l{l  +  ^fiii)|. 

Aiso  this  plane  being  parallel  to  the  limiting  plane,  is  perpendicular  to  the 
line  joining  the  origin  to  the  point 

o  +  a'    ^+_^'    7-t-y 
'^'^■^'■"2"""2      ■      2      ' 
and  therefore 

0  +  ^- 


P  9 


Vf(<.  +  «')'  +  (^+/3')'+(7+7')'l      21' "^V      2 
that  is  to  say, 


=  i[V12(i+».)l+(i  +  ™)]; 
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80  that  the  linear  form  required  is 

with  a  maxitiium  proportional  error 

V2-V(l+i^) 
V2  +  V(l  +  m) ' 

(m  is  of  course  identical  with  the  cosine  of  the  angle  between  the  radii 
joining  the  two  given  points.) 

The  conditions  of  inequality  which  obtain  between  «,  y,  z  may  be,  and 
usually  will  be,  such  as  correspond  to  the  limitation  of  the  point  {w,  y,  z)  to 
an  aiea  contiined  within  a  triangle  or  polygon  upon 
the  surface  of  the  sphere  Thus  take  X,  Y,  Z  each 
a  quadrant  apait  fiom  the  other,  the  points  where 
the  surface  of  the  spheie  f^-\-y'  +  z'^=  1  is  pierced  by 
the  a\es  If  no  limitation  is  placed  upon  the  values 
oi  J-  y  z  tuithei  than  the  one  throughout  supposed 
of  their  remaining  always  positive,  the  limiting  area 
ttiUbeXrz     IfwB'iuppose 

z>k^/{al'  +  y% 

we  may  take  tan  XK=k,  and  drawing  the  small  circle  KK\  ZKK'  will  he 
the  limiting  area ;  if,  again,  z<h  \J(a^  +  ^),  KK'  YX  will  be  the  limiting  area ; 
if,  again,  z  <  k 'J{a^  +  y'),  z>lx,  z>my  be  the  limiting  conditions,  taking 
taniX  =  i,  tanJlfr^m,  and  drawing  LY.  XM  to  intersect  in  0,  KK'MOL 
will  be  the  corresponding  area,  and  so  in  general.  Even  so  simple  a  set  of 
conditions  as  z>  x,  s>y  it  is  seen  will  give  rise  to  a  quadrilateral  area, 
limited  in  the  figure  by  ZLOM,  when  ZL=^ZM  =  ^5".  Thus,  then,  we 
approach  the  preliminary  question  to  which  allusion  has  been  already  made, 
which  is  to  determine  the  least  circle  that  will  cut  off  from  a  given  sphere 
a  segment  containing  a  given  system  of  points  lying  upon  it.  The  solution 
is  precisely  the  same,  substituting  arcs  of  great  circles  for  right  lines,  as  the 
problem  of  drawing  upon  a  plane  the  least  circle  containing  a  set  of  points 
given  in  the  plane. 

We  may,  in  the  first  place,  obviously  reject  all  those  points  that  are 
contained  within  the  contour  formed  by  arcs  joining  the  remaining  points,, 
so  that  the  case  of  points  lying  at  the  angles  of  a  convex  polygon  alone 
remains  to  be  studied,  Now  if  we  confine  our  attention  even  to  the  simplest 
case  of  a  system  of  three  points,  we  shall  see  at  once  that  two  cases  arise.. 
If  a  circle  be  drawn  through  them,  and  these  three  points  do  not  lie  in  the 
same  semicircle,  no  smaller  cii'cle  than  this  can  be  drawn  to  contain  the 
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three ;  but  if  they  do  lie  in  the  same  semicircle,  it  is  obvious  that  a  circle 
described  upon  the  line  joinir^  the  outer  two  as  a  diameter  will  be  smaller 
than  the  circle  passing  through  all  three,  and  will  contain  them  all.  It  was 
this  simple  but  striking  fact  in  the  geometry  of  situation  which  led  me  to 
propose  the  question  for  any  number  of  points  in  the  Quarterlp  Mathematical 
Journal;  and  as  Prof.  Peirce's  exhaustive  method  of  solution  has  not  appeared 
in  print,  1  may  take  this  occtision  of  presenting  it. 

Let  A,  Z,  B,  G,  D,  E  be  the  given  points.  Let  AZB  be  a  circle  whose 
centre  is  drawn  through  A,  Z,  B,  chosen  so  as  to  include  all  the  others;  then 
ii  A,  Z,  B  are  not  contained  in  the  same  semicircle, 
AZB  is  the  circle  required.  But  if  AZB  be  leas  than 
a  semicircle,  as  in  the  figure,  we  may  first  reject  tiie 
consideration  of  all  the  points  contained  between  the 
arc  AB  and  its  chord.  We  must  then  find  0',  0",  &c„ 
the  centres  of  the  circles  pa.ssing  through  A,  B,  G ; 
A,  B,  i),  &c, :  these  will  all  lie  in  the  same  straight 
line  0'0"0.  Selecting  the  one  nearest  to  0,  say  0", 
we  describe  the  corresponding  circle,  in  which  AC  will 
now  take  the  place  of  AB  in  the  former  circle.  If  the  points  A,  B,  G  are  not 
contained  in  less  than  a  semicircle,  that  is,  if  ABC  is  an  acute-angled  or 
right-angled  triangle,  ABC  is  the  circle  required ;  but  if  they  do  lie  within 
the  same  semicircle  so  that  ABG  forms  an  obtuse  angle,  B  will  now  have  to 
be  rejected,  and  we  must  find  a  new  centre  as  before,  and  so  on  continually. 
By  this  process  we  must  inevitably  at  last  exhaust  all  the  given  points ;  and 
the  final  circle  so  obtained  will  be  the  circle  sought,  unless  the  three  points 
through  which  it  has  been  drawn  are  distributed  over  the  same  semicircle, 
in  which  case  the  circle  required  is  that  described  upon  the  chord  joining  the 
two  extreme  points  as  its  diameter.  The  solution  will  evidently  be  unique, 
and  (as  already  hinted  at)  merely  require  the  construction  upon  the  sphere 
either  of  a  circle  passing  through  a  certain  set  of  three  out  of  all  the  given 
points,  or  else  passing  through  only  two  of  them,  so  as  to  be  perpendicular 
to  the  radius  bisecting  their  joining  line. 

If  we  imagine  an  india-rubber  band  (similar,  we  may  suppose,  in  form  to 
a  "  parlour  quoit "  but  more  elastic)  having  the  faculty  of  maintaining  its 
figure  always  circular,  or  which  is  more  simple  in  the  case  before  us,  capable 
of  maintaining  itself  in  the  same  plane,  and  imagine  this  sufficiently 
stretched  over  the  surface  of  the  sphere  to  contain  all  the  given  points 
(represented  by  very  minute  pins'  heads  given  upon  it),  this  band  will  by  its 
contraction  upon  the  surface  of  the  sphere,  however  originally  placed,  imitate 
the  steps  of  Prof  Peirce's  method  of  solution ;  and  after  (it  may  be)  passing 
through  and  quitting  successive  sets  of  three  points,  come  to  a  position  of 
geometrical  equilibriwn,  either  when  its  circumference  contains  a  triad  of  the 
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given  points  lying  at  the  angles  of  an  acute-angled  triangle,  or  a  dnad  at  the 
extremities  of  one  of  its  diameters*. 

The  following  observation,  which  conatitutes  a  veritable  theorem,  and  is 
presupptraed  in  Prof.  Peirce's  solution,  ia  very  important : — "  Any  circle  being 
found  which,  either  passing  through  three  of  the  given  points  such  that  no 
two  of  their  joining  lines  form  an  obtuse  angle,  or  which  described  upon  the 
line  joining  two  of  the  given  points  as  a  diameter,  includes  all  the  rest,  is  the 
minimum  circle  which  contains  all  the  points  of  the  given  cluster ;  so  that 
one,  and  only  one,  circle  exists  satisfying  the  above  alternative  condition." 

It  may  be  instructive  to  proceed  to  the  application  of  the  method  now 
fully  explained  to  some  of  the  more  salient  cases  of  inequality,  it  being 
understood  that  these  cases  are  given  to  afford  some  general  notion  of  the 
precision  of  the  method,  and  by  no  means  as  specimens  of  such  as  it  would 
be  applied  to  in  practice,  for  which  the  limits  I  shall  suppose  would  be  far 
too  wide  to  furnish  any  useful  result. 

Example  1.  x,  y,  z  unlimited.  Here  the  values  of  F,  G.  H,  Q  are  the 
minor  determinants  of  the  matrix, 

0,  0, 

1,  0, 


F=G  =  H=l,  Q=l,  and  the  linear  approximation  to  /^{x^  +  y^  +  z^)  becomes 

-^l^^  +  &c.,  or  (V3-1)*  +  (V3-1)3/  +  (V3-1)^,  or  say 

■73025ic  +  ■73025*/  +  "73025^, 

■  The  aniieied  ia  a,  more  complete  and,  I  think,  a  correct  account  of  what  would  happen  to 
the  band  under  the  supposed  conditions.  It  will  begjo  to  moye  paraUel  to  its  own  plane,  and 
continue  so  to  do  actil  it  oomea  in  contact  with  one  of  the  physical  points  (call  it  A)  upon  the 
aurface  of  the  sphere.  Supposing  that  the  position  of  equilibrium  is  not  then  attained  bj  the 
band  pasaing  at  the  same  moment  through  one  other  point  at  the  opposite  eitremity  of  a,  diameter 
to  A,  or  through  two  other  of  the  given  points  forming  a  non-obtuse -angled  triangle  with  A, 
it  will  begin  to  revolve  (always  contracting  the  while)  about  a  tangent  at  jl  to  its  interseetion 
with  the  sphere  as  an  asia,  until  it  meets  a  second  of  the  given  points,  say  B,  If  the  line  All  is 
a  diameter  of  the  band,  cadit  qurcstio,  the  problem  is  solved.     If  not,  the  band  will  go  on  further 

contracting,  revolving  meanwhile  round  AB  as  an  ajcis  until     '"  "     '"  ' "    " "^ir  in 

virtue  of  the  oontraotion  of  the  band's  ditnensions  (and  so  the  sfore 

this  can  take  place  the  band  is  arrested  at  a  third,  point  C,  ei  igled 

triangle  with  AB  and  so  solving  the  problem,  or  else  an  obt  and 

lying  esterior  to  the  are  AB  on  one  side  of  it  or  the  other ;  line 

joining  C  with  the  eitreniily  of  AB  nearest  to  it,  will  (it  ap]  is  of 

rotation  for  the  band,  which  will  quit  the  ftirther  extremity  of  ition 

will  continue  with  an  intermitting  change  of  axes,  until  at  last  tue  Dana  eiiner  nnas  oul  lor  itselt 
an  axis  which  in  the  course  of  the  oontraotion  becomes  a  diameter,  or  else  brings  the  band  into 
contact  witb  a  third  point  forming  a  non-obtuse-ang!ed  triangle  with  such  axis,  in  either  of  which 
cases  the  minimum  periphery  is  attained,  the  contraction  comes  to  an  end,  and  the  problem 
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with  a  maximum  proportiona!  error 

^4^,  or  2 -V3- -26895. 

The  corresponding  error  for  v'(*'+3'')  under  the  form  82843;+ -828%  is  -17160, 
or  about  two-thirds  of  the  one  in  question*. 

2  >V(y* +  ;»').     Here  the  determining  matrix  is 

0,       0,        1,     1 

0,     ^lh    Vi     i 

Vi,        0,     V^,     1 

^=6  =  ^^ -^  =  -207107 

Q  =  h 
N'=F^-hG^  +  H'=l~^^=  -292893 
N=-5illd6 

M+Q  =  l-04119(i         N-Q=  ■041196. 
Thus  the  linear  approximation  becomes 

■397825«  +  -397825^  +  -9604303, 
with  a  maximum  error  -039493, 

Example^.  s>  ^/{y^  +  a^),y>a:.  This  is  M.  Poncelet's  example  (Create, 
Vol.  XIII.  p.  291).  His  a,  b,  c  correspond  respectively  with  my  s,  y,  a:;  there 
are  some  misprints  in  line  6  of  this  page  (in  M.  Poncelet's  Memoir)  which 
may  perplex  the  reader ;  it  is  intended  to  stand  thus  i 

S  V(a=  +  b'  +  0")  +  0S'  V(6'  +  c=)  =  V(«=  +  6=  +  c=) .  (S  +  ^S'  ^^±^~Jj  . 

Here  the  determining  matrix  corresponds  to  the  area  ZKN  (the  coordinates 
of  iff  being  found  from  the  equations  e^  —  x''  +  y^,  y  =  x,  z'^  +  x^  +  y^'=  1),  and 
the  matrix  will  be  as  subjoined. 

*  It  would  hftve  been  more  eiaot  to  have  treated  this  aa  a  case  of  a  circle  to  be  drawn  through 
four  points,  iiamely,  Z  the  middle  points  of  ZX,  ZY  and  the  middle  or  lowest  point  (in  reference 
to  2)  of  tlie  small  circle  drawn  througll  these  two,  anct  having  Z  for  its  pole.  But  it  is  easily 
seen  that  the  small  circle  drawn  tlirongh  tlie  three  former  will  contain  the  one  last  named,  for 

45° 


tlie  tangent  of  its  oiroutar  radina  will  be  ^2  ><  tj 

n  -^ ,  and  consequently  its  summit  will  be  further 

from  Z  than  from  the  point  in  question.     A  s 

other  examples. 
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=  Vi 


0, 

0, 

i, 

HiVi- 
2  Vi  =i 


0, 


h    Vi, 
I,    Vi, 

,/J  ■  -146417 


»"- '887161,       N^ 
The  maximum  error  therefore  is  ^ 


=  'Olo^,  or  ahoiit  one-tenth  less 


.  '1637, 


F 

a 

ff-lVi  =  '363653 
Q  =  %VJ  = -353553 

jy-  =  J"  -KJ-  +  S"  -  -If  -f  I  -1 4  -  7  vj 

.s^_JV24'o 
=  2'625  -  2474874 
=  ■150126 
.'741014,       S-Q  = 

33908 
^741014" 
than  that  given  by  M.  Fencelet's  form. 

_2F_  _  6066  ^ 
N  +  Q     370bi 
2g    _  14645 
JV+Q"  37051' 
^ff    _  3535; 
JV  +  g~l7051^ 

The  last  of  these  quantities  is  less,  the  first  two  greater,  than  the  corre- 
sponding coefficients  in  M.  Fencelet's  form. 

Examples  i  and  5.  The  inequality  system,  ^{d'-\-y'')>  i:>y>a;/is  repre- 
sented by  the  triangle  KNQ,  and  the  corresponding  determining  matrix 
will  be  _ 

I  0,  Vi.  Vi, 
I  i.  i.  Vi, 
i  "Jh    Vf,    Vi, 

So,  too,  the  inequality  system,  v'(«-  +  y^)<s<y>  x,  has  for  its  locus  the 
triangle  ZKN,  its  determining  matrix 

0,  Vi,  Vi. 
i.  VJ, 
0,       1, 

It  would  be  superfluous  to  go  on  multiplying  numerical  examples,  that 
may  be  left  to  those  who  feel  the  want  of  the  Tables  which  this  method 
affords.     If  the  limiting  conditions  were  supposed  to  be  s  >  j/,  2  >  fl^,  this 


.  -9542. 
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would  correspond  to  the  quadrilateral  ZK'OK  in  the  last  figure :  it  may 
easily  be  ascertained  that  a  circle  passing  through  K'ZK  would  contain  0, 
and  would  have  its  centre  between  iV"  and  Z,  Hence  by  the  application  of 
Peirce's  law,  we  know  that  the  minimum  circle  in  this  case  is  that  which  can 
be  drawn  through  K'ZK,  and  consequently  the  linear  form  and  maximum 
error  will  be  precisely  the  same  as  for  the  simpler  case  already  considered, 
z  >  V('^  +  if)-  On  the  other  hand,  if  the  conditions  imposed  were  simply 
z  <m,  z  ^y  (conditions,  be  it  remembered,  far  wider  than  ever  would  be 
admitted  in  practice),  the  limiting  figure  becomes  XQY;  and  since  MO<MX 
or  MY,  the  centre  of  the  circle  through  XOY  would  fall  under  X  Y,  so  that 
the  limiting  circle  in  this  case  would  be  that  having  M  for  its  pole;  the 
linear  substitutive  form  would  not  contain  z,  bub  would  be  the  same  as  if  s 
did  not  appear,  namely  -geOie^H- ■960467^,  with  -03954  as  the  maximum 
praportional  error.  The  same  remark  would  apply  to  the  system  of  con- 
ditions z < Xic,  z<Xy  for  any  value  of  X  not  inferior  to  v^- 

The  conditions  z>  x,  z>y,  s  <  Vi*^  +  y^)  would  correspond  to  the  limiting 
area  KKO,  which  would  give  rise  to  the  determining  matrix, 

0, 

The  condition  z  <  \/{x''  +  y^}  would  correspond  to  a  limiting  ax&a.,KK'XY. 
If  KY  be  bisected  in  G,  and  K'X  in  G',  and  G'YGX  intersect  in  H,  it  is 
obvious  that  a  small  circle  may  be  described  with  H  as  its  pole  passing 
through  all  four  points  X,  Y,  K,  K',  which  will  be  the  minimum  circle  of 
limitation.  To  assign  the  determining  matrix,  we  may  take  any  three  of 
these  four  points,  as,  for  example,  Y,  X,  K,  which  will  give 


■Ji, 

■Jh 

1 

0, 

■Ji. 

1 

Vi, 

VJ. 

1 

0,     1, 


VJ,    0, 


This  gives 


g  =  Vi- -70711, 

F=^/i,  e-Vi.  ff-l-Vl-'2928 
i\^^  =  f-V2  =  1-085786, 
J- =  1-04200, 

ff+g- 1-7 1911,      AT- e- -33189. 
The  linear  approximation  is  accordingly 

■8090ii;  +  -8090?/  +  -33ol2, 
with  a  maximum  proportional  error  -1914 
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Finally,  iai:  s>y,y>  le  the  limiting  triangle  will  be  ZKO,  the  determin- 
ing matrix 

j     0,       0,        1,     1    . 

0,    Vi    Vi    1 

I  Vi,    v'h    Vi,    1 
F=  Vi  -  VJ  =  -1297,     G  =  Vi  {1  -  V^l  =  -1692, 
ir=V'^  =  '4082, 
if=  =  |-V|-V|  =  '21207, 
if  ==-4605,  i\'"-|-Q=:-8687, 

Q  =  V^  =  -4082,  ^^  -  Q  =  -0023. 

The  linear  approximation  is  "2986ic  +  'SSd5y  +  'USQTs,  with  a  maximum 
error  '06  (more  precisely  '0602).  This  is  a  trifle  beyond  half  as  much  again 
as  the  maximum  error  of  the  best  linear  approximation  to  \/{ai'  +  y^},  subject 
to  the  limitation  x>y,  which  (see  Poncelet's  Memoir,  p.  280)  is  a  little 
under  -04. 

Poncelet  has  shown  that  for  fjfa?  +  y'^),  when  x,  y  are  the  coordinates  of  a 
point  limited  within  a  sector  whose  bounding  radii  make  angles  ^  and  i/r 
with  the  axis  of  X,  the  approximate  linear  form  is 

cos^(^  +  ^)_^_  ^  sin^(0  +  -f) 
A  —  lie  (fi  —  itr 

coa^  ^— —  '  coa'  ---n-—- 

4  4 

with  a  maximum  error  tan-i— , —  , 
4 

In  like  manner  it  follows  immediately  from  the  method  given  in  the  text, 
that  if  the  summit  of  the  limiting  segment  make  angles  X,  fi.,  v  with  the 
axes  of  X,  7,  Z,  and  its  spherical  radius  be  p,  the  approximate  expression 
for  V(i<^  +  y^  +  ^0  is 

cosX.     ,  cos /J.        cos  V 

aP  iP  -^P     ' 

cos^^-        cos'^        eoa^n 

with  a  maximum  error  tan^^,  which  expreasions  are  the  precise  analogues  of 

the  former,  as  will  immediately  appear  from  the  consideration  that  the 
summit  of  the  spherical  segment  corresponds  with  the  centre  of  the 
circular  are. 

As  an  example  of  the  use  of  these  formulas,  suppose  the  given  limits 
to  be 

x<^{y''  +  z%     yK^iz'  +  x^),     z<.J{x'  +  f-). 
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If  we  bisect  the  quadrants  XY,  YZ,  ZX  in  L,  N,  M  respectively,  the 
variable  point  will  be  limited  to  lie  in  LMN,  and 
the  base  of  the  corresponding  segment  will  be  the 
circle  passing  through  LMN  whose  summit  will  be 
at  E,  the  point  where  the  perpendicular  to  XY  at  L 
and  the  arc  bisecting  the  angle  X  meet. 
Here  then  we  have 

p  =  Lfi,    \  =  jj,  =  v  ^  XJi, 
tan  p  =  cos  45°  =  Vii  t;ot.  X  =  V^, 


_V3- 


=  i{l  +  Vil,     cosX  = 


V2 


2     V3  +  V2  ■ 
Hence  the  linear  approximation  i 


a/S  +  ^2  ^ 


=  2(^3-^/2)  (a. +  2/ +2} 
=  ■6356744  («  +  ?/  + 2), 
with  a  maximum  proportional  error  5  —  V24  =  "10102. 
More  generally,  if  we  assume  the  system  of  conditions 

^|{x'  +  If)  >  cz,  >Jif  +  z')  >  ex,  ^{^  +  x^)  >  cy, 
c  being  any  number  intermediate  between  1  and  V^,  if  in  the  figure  annexed, 
we  take  tan  ZK  =  tan  ZK'  =  o,  and  join  KK'  by  a 
small  circle  intersecting  YM,  which  bisects  ZX,  in  iJ, 
0  remaining  still  the  summit  of  XZY,  it  is  easy  to 
perceive  that  the  limiting  area  will  be  included  within 
the  triangular  space  cut  out  between  KK'  and  the 
two  other  analogous  small  circles ;  X,  i>;V  will  remain 
the  same  as  before,  and  OR  will  represent  p.  Accord- 
ingly we  have  from  the  quadrantal  triangle  ZYR, 
cos  ZR  =  sin  iJ  7  cos  RYZ, 


sm  RY 
RY^inn- 


V  c'  +  l' 


tan  p  =  tan  iiO  =  tan  (_R F  -  0  F)  - 


A^)- 


.V2 


„(1^V(C--1)) 


lV(0--l)-2) 
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When   c  =  a/S,   this   vanishes ;    and   when   c  >  \/2,   the    conditions    become 
incompatible. 

The  equations  tani^  =  , /-^ — ^  ,  or  cos  20  =  "a-T"y  ■  ^"^^ 

p  =  <j>-  tan"'  VS  =  ^  -  54°  44', 
are  well  adapted  for  logarithmic  computation.     Suppose 

c  =  I,     cos  20  =  -  ^i  =  -  44,     20  =  180"  -  63°  54'  =  116^  6', 
0  =  5S"3',     p  =  3°19', 
giving  a  maximum  error  tan  (1°  39'  30")'  =  -000837.5.     The  linear  form  corre- 
sponding to  this  is 


Wi_ 


[x  +  y  +  z]=  -BllSx  +  -5778^  +  -57782. 


1  +  cos  p  ^ 

If  c  <  1,  the  formula  changes ;  the  limiting  area,  from  a  triangle,  becoming 
a  hexagon  through  all  the  angles  of  which  a  circle  will  admit  of  being  drawn, 
which  circle  wil!  give  the  limiting  segment,  p  becomes  the  third  side  of  a 
spherical  triangle  of  which  the  other  two  sides  are  tan~^  V^  and  tan~'  c 
respectively,  and  the  included  angle  45" ;  so  that 

""  p  -  \/ht+^) + \/3-(i +5) "  '^ + ^°*  s/nh^) ' 

and  the  maximum  error,  that  is  tan^^,  becomes 

Vl3(l  +  c=)}+l+Vc' 
The  only  real  difficulty  in  extending  M.  Poncelet'a  method  in  the  manner 
pursued  in  the  above  unpretending  study,  consisted  in  forming  a  clear 
preconception  of  the  mode  in  which  any  given  system  of  limits  require  for 
the  purpose  in  view  to  be  regained,  namely,  as  enveloped,  so  to  say,  in  a 
single  condition  (no  wider  than  absolutely  necessary)  expressed  by  a  linear 
equation  between  the  given  surd  function  and  the  variables  which  enter 
into  it, 

I  may  in  conclusion  just  observe  that  if  the  relative  values  of  the  variables 
be  limited,  not  by  a  system  of  conditions  giving  rise  to  a  polygonal  area  of 
limitation,  but  by  a  condition  expressed  by  the  positivity  of  a  single  homo- 
geneous function  of  the  variables  of  any  degree,  the  variable  point  will  then 
be  limited  by  the  intersection  of  the  sphere  with  a  cone,  and  we  should  have 
to  solve  a  preliminary  geometrical  problem  of  circumscribing  a  spherical 
curve  by  the  least  possible  circle, — a  question  which  I  have  neither  leisure 
nor  inclination  to  discuss,  but  to  which  I  believe  Mi-  Cayley  has  paid  some 
attention. 
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Before  taking  final  leave  of  inj  readers  and  the  subject,  I  devote  a  word 
to  the  inverse  case  of  Three  Rectangular  Forces.  This  is  the  case  where  the 
resultant  and  two  of  the  rectangular  components  are  given,  and  it  is  the 
third  component  which  is  to  be  expressed  linearly  in  terms  of  them.  In  this 
case  an  approximate  expression  is  to  be  found  for  ^/{z^  —  y^—i)?),  and  the 
geoiuetrical  locus  which  replaces  the  sphere  becomes  an  equilateral  hyper- 
boloid  of  revolution  of  two  sheets. 

If  the  variable  point  be  supposed  to  be  limited  to  a  segment  of  one  sheet 
of  the  hyperboloid  cut  off  by  the  plane  Ax  +  By  +  Gz  =  l,  the  discriminant  of 
^  —  y^  —  of  being  1,  and  its  polar  reciprocal  of  the  same  form  as  itself,  the 
approximate  linear  form  of  the  surd  becomes 

2gg  2%      2Ax 

with  a  maximum  proportional  error 

1-^{G^-B^-A') 

To  envelope,  however,  any  given  arbitrary  system  of  inequalities  between 
the  cooi-dinates  x,  y,  z  on  the  hyperboloid  within  a  single  condition, 

Ax  +  By+02-l>0, 
becomes  a  geometrical   problem  of  somewhat  greater   difiiculty  than   the 
corresponding  one  for  the  sphere,  and  I  do  not  propose  to  enter  upon  the 
discussion  of  it  here. 

I  shall  content  myself,  as  M.  Poncelet  has  done  in  the  corresponding  case 
in  piano,  with  exhibiting  a  single  numerical  application  of  the  method. 

Suppose  the  given  limits  to  be  defined  by  the  equations 
s=>f  (j/^  +  ic"),     y>a!. 
Here  it  is  obvious  that  the  enveloping  co7idition  will  be  expressible  by  means 
of  the  equation  to  a  plane  drawn  through  three  points  on  the  hyperboloid, 
the  coordinates  of  one  of  which  are  found  by  writiug 

y=0,     ^  =  0; 
of  a  second  by  writing 


and  of  the  third  by  writing 

z^-^(f  +  a:')^0, 

and  for  all  three 

,'-f-a,^^ 

Hence  we  obtain  the  matrix 

1,       0,    0, 

V3,    V2,    0, 

V3,       1,    1, 
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And  if  we  call  the  minors  obtained  by  leaving  out  the  first,  second,  third, 
fourth  columns  respectively  .ff,  G,  F,  Q,  the  linear  form  becomes 

2gy 


with  a  maximum  error 

And  since 

Q  =  V2,     ^=^2,     -G  =  v'3-1,     -J'  =  (v'2-l)(V3-l), 
we  have 

•J(H^-G'-F')  =  l-l'IU  and  Q=l-4142, 
so   that  the   representative   form    becomes    l-093s— 'ofiOy— '089^,   with    a 
maximum  relative  error  of  about   094. 


y  Google 


32. 

MEDITATION  ON   THE   IDEA   OF   PONCELET'S   THEOREM. 
[Philosophical  Magazine,  xx.  (1860),  pp.  307—316.] 

Hitherto  Poncelet's  theorem  has  been  regarded  as  a  method  sui  generis 
and  complete  in  itself;  but  in  truth  it  is  but  the  first  germ  or  rudiment  of  a 
vast  and  prolific  algebraical  theory ;  and  not  only  so,  but  the  principle  which 
it  contains  admits  of  applications  of  the  utmost  value  in  various  dynamical 
and  analytical  questions,  which  it  is  sui^prising  should  have  been  allowed  to 
lay  so  long  dormant.  For  the  present,  however,  I  mean  to  confine  myself  to 
a  very  brief  indication  of  one  direction  in  which  the  theorem  admits  of  being 
generalized.  And  first  I  will  make  a  remark  upon  so  simple  a  matter  as  the 
extraction  of  the  square  root,  which  seems  to  have  escaped  observation, 
and  at  all  events  is  so  far  from  being  generally  known,  that  two  of  the 
highest  authorities  for  mathematical  erudition  in  this  country  whom  I  have 
consulted  on  the  subject  provisionally  accept  it  as  new. 

Let  r  be  an  approximate  value  of  ViV;  then  by  that  mode  of  application 
of  Newton's  method  of  approximation  to  the  equation  a^=^  which  is  equi- 
valent to  the  use  of  continued  fractions,  we  may  easily  establish  the  following 
theorem,  namely,  that 

r^  +  N     r^SrN     r'+Sr^N  +  N'     r' +  lOr'N  +  ovN'         ^ 
2r      '     ^r'  +  N  '        4^7^  + irN'      '     or*  +  lOr^N  +  W  '   '" 
win   be   successive   approximations   to   ^/N,  whose  limits  of  error  can  be 
*  In  other  words,  if  r  be  the  first  approsimatioa  to  iJN,  the  ith  apptosimation  will  be 


o  that  the  relative  error  becomes 


j^, 


in  which  form  the  theoram  ia  self-subsistent,  ancl  needs  no  proof.  But  the  fact  remains  interesi 
ing,  that  the  application  of  Newton's  method  of  approsimation  to  the  equation  x^^N  will  b 
found  k)  lead  to  the  form  abovs  written  at  the  ith  step  of  tbe  process  oondacted  after  the  cob 
tinned- fraction  fashion. 
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assigned  when  a  limit  to  the  error  of  the  first  approximation  )•  is  given.  The 
coefficients  of  the  qlh.  approximation,  it  wili  be  observed,  are  for  the  numerator 
the  alternate  binomial  coefficients 

and  for  the  denominator  the  intennediate  ones, 

q,  q    ^      3    ' 

Mr  Cayley  has  reminded  me  that  the  third  approximation,  —  .^     ^  ,  is  a 

special  case  of  a  formula  for  any  root  of  N  given  in  the  books;  and  to 
Mr  De  Morgan  I  am  indebted  for  a  hint  which  has  led  me  to  notice  that  all 
these  forms  may  be  deduced  from  the  Newtonian  method  of  approximation*. 

If  we  call  the  j'th  approximation  ^{i,  r),  we  shall  find  that  the  functional 
equation  ^  \j,  ^  (i,  r)]  =  <ft  (ij,  r)  will  be  satisfied ;  which  is  not  so  mere  a 
truism  as  might  at  fii-st  sight  be  supposed,  as  any  one  may  satisfy  himself  by 
studying  the  analogous  theory  for  cubic  or  higher  roots,  a  part  of  the  subject 
to  which  r  may  hereafter  return. 

Now  as  to  the  limits  of  accuracy  afforded  by  the  successive  approxi- 
mations. Let  e  be  a  known  limit  to  the  relative  error  of  the  first  approxi- 
mation r,  by  which  I  mean  that  I  .-^ — )  <  e\  For  greater  simplicity, 
I  take  separately  the  cases  where  r  is  too  great  and  r  is  too  small. 

1.  Let  t/N<r  <(l+e) /JN;  then  the  errors  will  be  throughout  in 
excess;  and  we  may  assign  as  a  limit  of  error  to  the  ith  approximation  a 
quantity,  say  ej,  which  is  a  known  function  of  e,  namely,  -,-;,-zr, — r^ — y,  which 

it  may  be  noticed  is  less  than  ^^ . 

2.  Let  a/N >r>(l  —  i)) /JN ;  then  the  errors  will  be  alternately  in  defect 
and  excess,  and  to  the  ith  approximation  we  may  assign  a  limit  of  error  ijj, 

*  The  expanfiion  (after  Newton)  of  .y W  introduces  the  binomial  ooefficieiilis^-a  curious  fact ! 
What  are  the  analogous  integers  whiah  the  co  a  tinned -fraction  process  applied  to  ^N  will  produce? 

\  If  we  write 

E,  =  fl(e,0  and  „,  =  &(,,  f), 
then  if  i  be  any  odd  number, 

and  if  i  be  any  evan  number, 
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We  may  now  apply  these  results  to  Poncelet's  linear  approximate  repre- 
sentation of  V(a  +  hx  +  (Mi').     Suppose  /+  go;  is  the  first  approximation,  as 
found  by  Poncelet's  method,  with  a  maximum  relative  error  e,  then 
{f+gief  +  {a-\-hx  +  caf') 

will  be  a  much  closer  approximation,  with   a  relative  error  never  exceeding 
g        in  excess,  nor  ^ in  defect.     So  a  still  nearer  approximation  will  be 

F-T-? r; — -, ,   With    a   relative    error  never   esceedinET 

xcess,  nor  -  — ^ ^  in  defect,  and  so  on.     The  marvellous 


+  6e  +  3e^  4  - 

facility  which  these  formula  afford  for  the  calculation  of  elliptic  and  ultra- 
elliptic  functions,  and  not  merely  for  their  computation  as  by  a  method  of 
quadratures,  bub  (which  is  of  far  greater  importance)  their  quasi-repre- 
sentation  under  circular  and  logarithmic  forms,  with  assignable  limits  of 
proportional  error,  will  be  illustrated  in  a  future  communication.  As  regards 
the  idea  of  substituting  rational  for  irrational  functions,  I  have  only  to-day 
learned  from  Mr  Cayley  that  I  am  anticipated  in  this  by  Mr  Merrifield*, 


Or  more  simply,  if  the  error  in 
the  first  and  3j  the  ith  limit  o£  > 

■  excess  be  treated  as  positive,  and  in  delect  as  negative,  and  S  be 
srror,  we  shall  have 

andcftllirgS,  =  e(i,Sl, 

5-           ^^^         - 

e{j,dii,s)}=d(ij,s). 

Thus,  then,  if  we  call  ^^ 

-  =  >px,  fix  will  correspond  to  the  (3«)th  order  of  appro simation. 

and  the  absolute  value  of  the  ei 

Tor  will  be  less  than 

23^' 

{i  +  Sf-S^' 

By  way  of  esample,  suppose  we 

take  6  as  our  first  approximation  to  ^'31,  'lien 

'4<n. 

and  it  we  make  ^x^^^^^^ ,  m 

!  shall  have 

f*6  -.JSl  :;I  +  w  -.1, 

where 


i'_l' 


wliieh  serves  to  exemplify  the  prodigious  rapidity  of  the  approximation  in  this  method  of  estraet- 
ing  the  square  roots  of  numbers. 

*  I  quite  ooncnr  with  Mr  Merrifield,  and  in  facf  before  being  mad  q  amt  d  th  the 
existence  of  his  paper,  had  emitted  the  same  opinion  (among  otheis  to  D  B  h  dt  £  B  lin), 
that  the  substitutive  meiJiod,  consisting  in  the  employment  of  rational  fu  t  in  pi  f  the 
radical,  affords  by  far  the  most  expeditious  means  for  the  calculation  f  11  pt  fan  ti  ns  of 
all  orders,  eapeoially  the  third,  and  supersedes  the  necessity  for  the  con  trn  t    n     f  special 
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in  a  paper  very  recently  read  before  the  Eoyal  Society,  but  not  yet  printed 
in  the  Transactions'*. 

aoiiiiarj  tables.  I  believe,  however,  that  my  substitutions,  founded  on  Poncelet's  views,  ai-e  in 
general  the  best  that  can  be  employed  for  the  pnrpose.  In  addition  to  other  advantages  they 
possess  this,  which  deserves  notice — that  as  we  know  a  pnori  a  superior  limit  to  the  proportional 
error,  the  arithmotlottl  values  of  the  integrals  to  wbioli  Oiej'  are  applied  may  be  brought  out 
correct  to  any  required  place  of  decimals,  without  its  being  necessary  to  calculate  and  compare  a 
superior  and  inferior  limit  to  the  integral,  either  one  of  these  lieing  sufScient  In  my  method  to 
indicate  its  own  reliable  degree  of  preoision. 

*  In  general  it  ia  obvious,  if  <px  between  the  limits  a  and  b  retain  always  the  same  sign, 
and  ^x  within  theee  limitB  be  sometimeB  greater  and  Boaietimee  lesB  tban  <f^,  but  the  dlEferenoe 

between  them  be  always  less  than  f^s,  then  I  da;  (!':(  will  differ  from  |  dx  <l/x  "by  considerably  \esa 
than  e  I  dxipx.  Paradoxical,  however,  as  it  may  at  first  sight  appear,  there  are  extreme  cases 
where  this  difference  tends  to  a  ratio  of  eq.ualitj  with  i  j  dxifix.  The  complete  elliptic  function 
of  the  first  order  may  be  made  to  furnish  an  example  of  this.    Let 


(so  that  6'=  1  -  c%  and  let 


it  follows  from  Poncelet's  theorem,  that  for  all  values  of  ic  intermediate  between  0  and  1,  ^  will 
differ  Trora  if>x  by  less  than  c0x. 

Now  it  will  easily  be  found  by  ordinary  integration  that 

r  dx^x  =  ^^  log  ^  +  |tan-i  ^  . 
Hence  /   da^ipx  mu.=!t  be  always  less  than 

,1,   ,■                                                                     I  ,       1  +  c      1,        ,6 
that  IB,  <._iog- h-tan~'  -, 

when  e  beoomes  indefinitely  near  to  unity ;  that  is,  when  b  becomes  indefinitely  small,  this 
approaches  indefinitely  near  to  log  -  +  -  .  But  we  know,  by  a  theorem  of  Legendre,  that  the 
approximate  value  for  the  integral  in  such  case  is  log  - ;  so  tbat  the  superior  limiting  value  of 
I  dx^x,  found  by  the  application  of  Poncelet's  method,  approaches  in  this  instance  indefinitely 
near  to  the  value  itself.  The  explanation  of  this  is  easy.  As  ^  approxiaiates  to  tinitj,  the  only 
important  values  of  x  in  the  integral 

T'  dx 


1 

.ML 

-  .■)+»%•( 

J{{l~i 

•)(i- 

e^^ii 

i")J(l-.-) 

^^ 

2 

n-- 

2 

.  '- 

s/2  +  l' 

are  those  which  lie  in  the  iiamediate  vicinity  of  1 ;  and  for  all  such  values  the  relative  ei 
a  negative  ni 
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The  method,  however,  of  Mr  Merrifield  in  working  out  this  conception  is, 
I  believe,  entirely  different  from  that  here  indicated :  how  the  many  mathe- 
maticians of  a  practical  stamp,  English  and  foreign,  who  have  worked  with 

It  is  not  a  little  remarkable  that  so  rude  an  application  of  Poneeiet'a  method  should  serve  to 
indicate  almost  with  the  force  of  rigorous  deraonstratioji  the  opprosimate  formula 

F  (e) =log  T  +  constant, 
when  c  approaches  indefinitely  near  to  unity,  the  constant  left  undetermined  being  known  to  be 
less  than  log  2  +  - , 

je  made  absolutely  rigid  if  we  set  about  to  find  an  inferior 
1 

e  shall  find  without  dlffioalty 

['  ^d,r=-log?^|^^,  where  7  =  ^(1  +  6=), 

nd  consequently  we  shall  obtain  as  an  inferior  limit  to  F  (c)  ilie  expression 
l+y-by+i 
'^ 7-1  +  6  y-b' 


log  — 


which  approaches  indefinitely  near  to  log  j  aa  c  approaches  indefinitely  near  to  unity.     It  is  thus 

seen  that  Legecdre's  F{e),  when  c  is  indefinitely  near  to  1,  lies  between  Ic^  -  and  log-  +  -  ; 
the  arithmetical  mean  between  these  limits  is  logT-  +  j,  that  is,  logT  +  l'W95,  differing  by  only 
■0923  from  the  true  value  log  j +Iog4.  Of  course,  when  the  form  ot  F(<^)  in  the  case  supposed  is 
known,  namely,  log  y  +  C,  there  is  no  difficulty  in  determining  G  (as  may  be  seen  in  Verhulst's 
Traiti  ^a  Foitctiom  EUi'pUq^xes) ;  but  the  prooess  above  given  of  throwing  the  general  yalue  of  P(c) 
between  limits,  is,  I  believe,  by  far  the  easiest  and  most  natural  method  of  obtaining  this  form. 
The  limits  themselves,  it  should  be  noticed,  have  virtually  been  found  by  the  method,  simple  to 
liaivele,  of  writing  ^(1- A')=^(p^  +  g^),  wliere  p  —  sli)-  -a;^)  and  q  =  Tix,  and  then  substituting 
for  —. — ^= — —r, ,  — ~  as  an  inferior,  and  .£, — %:  as  a  aunerior  limit  in  the  quantity  to  be  integrated. 
Closer  and  calailable  limits  ad  libitum  io  the  integral  may  be  arrived  at  by  substituting  for 
—TT—. — ST  one  or  the  other  of  the  two  following  rational  functions  of  p,  q,  aGcording  as  we  wish 
to  obtain  an  inferior  or  superior  limit  to  the  integral,  namely, 

ip  +  q+^{}fi  +  q'')]i-{p  +  q-^{p'^  +  q^}\i 1 

^P  +  qi-^/^F^  +  q^))*  +  {p  +  q'^^^  +  q^)l''^/{p^'  +  ^'')' 

in  which  formula  the  greater  i  is  taken  the  closer  will  be  the  approximation.  I  am  not  aware 
that  any  of  these  limits  to  J*'  (e)  (even  the  simplest  of  whicb,  namely,  those  given  above,  may  have 
some  value  for  computational  purposes,  ancl  have  fallen  thus  very  incidentally  in  my  way)  have 
ever  before  been  noticed. 

It  is  not  unworthy   of   notice   tliat    the    second    superior    limit    to    —   .^ — g- ,    namely, 
-, ,,„.„,  is  an  arithmetic  mean  between  tlie  first  superior  ancl  first  inferior  limits,  and 

ip+i){p'  +  r) 
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Poncelet's  method  during  the  last  quarter  of  a  century,  should  have  managed 
to  overlook  so  obvious  and  important  an  extension  of  the  principle  and  its 
applications,  I  find  hard  to  realize ;  and  my  wonder  is  even  greater  that 
I  should  not  have  been  anticipated  twenty  years  ago,  than  that  I  should 
have  been  anticipated  so  recently.  But  the  algebraical  theory  to  which  this 
estertsion  points  the  way  is  replete  with  interest  of  a  far  higher  order  than 
its  applications  to  practice ;  for  plainly  the  derived  approximate  fractions, 
however  sufficient  for  the  purposes  of  computation,  are  not,  nor  ever  can  be 
the  best  and  closest  of  their  respective  kinds*.     To  fix  the  ideas,  let  us 

conseqaeutly  our  second  superior  limit  to  the  integral  when  b  ia  indefinitely  small  becomes 
log  r  i-  7  .  which  bringa  the  oonetant  Hiuoh  nearer  to  its  true  value  than  did  the  uae  of  the  first 
limit ;  and  as  this  approximation  will  evidently  not  stop  at  the  seoond  step  of  the  procesB,  we 
may  safely  infer  that  the  integral  derived  from  either  formula  when!  =  co  (for  all  values  of  6, 
whether  finite  or  indefinitely  small),  not  merely  bears  to  i'(c)  a  ratio  differing  infinitely  little 
from  that  of  equality,  but  is  abeolntely  equal  to,  and  may  for  all  analytical  purposes  be  employed 
to  represent  F{c). 

I  have  been  at  the  trouble  of  oalonlating  the  inferior  limit  affordetl  by  the  second  approxima- 
tion, and  find  that  for  b  indefinitely  small  it  is  logy  +  ^-js  i  ti^at  is,  logi-  +  l'2977  ;  the  superior 
limit  has  been  shown  to  be  log  -  +  1-4786,  the  mean  is  therefore  log-  +  l-3881|  difiering  by  only 
■0018  from  the  true  value  !  As  the  constant  continues  for  all  values  of  i  to  be  a  multiple  of  ir, 
the  ith  approximations  a  supra  and  ab  infrli,  which  are  always  effeotible,  will  give  (on  mating; 
i  =  a> )  two  new  expansions  for  ir,  one  in  finite  aim  ally  in  excess,  the  other  infinitaaimally  in  defect 
of  its  true  value  espreseed  as  a  multiple  of  log  3,  whioh  it  might  vfell  repay  the  trouble  ot  some 
young  analyst  to  develope. 

'  That  the  fractional  forma  derived  from  the  linear  substitutive  form  are  not  the  best  of  their 
respective  kinds,  appears  immediately,  so  far  as  the  derivatives  of  the  odd  order  (subsequent  to 
the  first)  are  conoerned,  from  the  consideration  that  the  limits  of  error  in  exc^s  and  in  defect 
will  he  actually  attained  for  values  of  a;  lying  within  the  prescribed  limits ;  but  these  errors, 
e;  and  ?jj  (when  (  =  j|,  which  ia  true  by  hypothesis),  are  never  equal,  the  former  (the  extreme  error 
in  defect)  being  always  the  greater  of  the  two ;  hut  if  any  such  derivative  were  the  best  of  its 
kind,  the  absolute  values  of  the  extreme  errors  of  excess  and  defect  ought  to  be  equal  to  each 
other.  But  more  generally,  if  possible,  let  the  ith  derivative  to  L  (x)  (where  L  (a;)  represents  the 
radicallinear  approsimant /»  +  ii  to ^{a  +  bii  +  c^),  say  QIa;)),  namely, 

aximum  value  oi  this  must  be  equal  (to  the  sign  jjj-ee)  to  the  value  whioh  it  has  when  we  give  to 
either  of  its  extreme  connecting  values.  Now  obviously  the  above  ia  a  maximum  only  when 
id  therefore  when  pp  is  a  maximum  ;  but  by  hypothesis,  the  value  of 


be  supposed  the  best  of  its  kind:   then  the  relative  error  ia  7?-    -A  „    7^       ii'h'  *"''  "^^ 


Lx-Qx 

x,  say  m,  which  makes  this  a  maximum,  gives  to  -r —  1  the  same  value  with  the  opposite  sign 
to  that  which  it  would  have  in  writing  for  ic  either  of  its  limiting  values,  say  ft  or  ft'. 
Thus  we  have  two  equations  ior  determining  -^,  --^— ,  namely, 
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confine  ourselves  to  the  second  Ponceletic  approximation  to  \/(a  -Vhx-\-  ar>), 

namely,  that  which  has  the  form   — J^ ,  where  X,  u,  v  are  to  be  deter- 

•"  1  +  5* 

mined.     The  problem  to  be  solved  is  the  following. 

Let  X-\-  fi!c  +  v:i?=V, 

(1  +  qx)  V(ffl+  &^  +  CO?)  =  U; 

it  is  required  to   assign  the   four  constants  X,  fj.,  v,  q,  so  that   the 


least  possible.     Some  little  way,  but  only  a  little  way,  into  the  solution  of 
this  problem  we  can  look  in  advance.     In  the  first  place,  if  we  seek  for  the 

/V     y 

values  of  ( -ij  —  1 1  ,  we  obtain  the  rational  equation 


maximum  v 


which  will  easily  be  seen  to  be  a  cubic  (not  a  biquadratic)  equation  in  x. 

Call  (-.i- 1  )  =  i^(«) ;  then  the  three  roots  of  this  equation  being  named 

^1,  ^2.  ^1:  the  law  of  equality  explained  in  my  preceding  paper  would  seem  to 
show*  that  we  must  be  able  to  satisfy  the  following  equations, 

which  amount  to  four  independent  equations,  the  precise  number  of  constants 
X,  /J,,  V,  q  to  be  determined.  So  in  like  manner  the  ith  rational  approximant 
will   contain   2i   disposable   constants ;   the   differentiation  of  the  quantity 

analogous  to  jj  will  give  rise  to  an  equation  of  the  (2*  — l)th  degree;  and 

,(is-)'^(£-)*='->-M{i-y-(s^)v^ 

Thus,  snppoae  i  =  2,  we  should  obtain  fi'om  the  second  equation  -—=  -  -^ .  "'hieh  is  incoa- 
sisteut  with  the  first ;  so  if  i^'6,  we  should  obtuin  {-^]  =  (  q^)  ,  and  therefore,  on  account 
of  the  first  equation,  -^:  =  1;  and  so  in  hke  manner  tov  anj  value  of  j,  we  should  derive  one  or 
roore  nitmerical  values  for  -^ ,  wHoli  is  absurd,  since  this  quantity  is  a  function  of  k.  k',  the  two 
connecting  values  of  x. 

*  Is  it  not,  however,  somewhat  uncertain  whether  the  equaUties 

must  all,  in  all  oases  (that  is  to  say,  for  all  given  values  of  the  limits)  subsist?  since  the  law 
of  equality  will  not  apply  to  such  values  of  x  as  lie  without  the  prescribed  limits,  and  noii  constat 
A  priori  that  the  roots  of  tie  cubic  do  all  lie  within  tliese  limits.  The  subject  at  the  very 
threshold  is  beset  with  doubts  and  difBoulties  of  a  peculiar  kind,  which  we  can  hardly  hope  to 
overcome  without  calling  in  geometriciil  iraagination  to  our  aid. 
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there  will  be  2i  —  1  +  2,  that  is,  2i  +  1  functions  of  these  2*  quantities  to  be 
equated,  which  furnish  precisely  the  required  number  of  equations  to  make 
the  problem  definite.  It  is,  however,  apparent  that  in  solving  these  equa- 
tions we  shall  find  a  multiplicity  of  systems,  by  which  I  mean  a  definite 
number  of  systems  of  values  of  the  disposable  constants  which  will  equally 
well  satisfy  the  equations.  For  instance,  in  the  theory  of  the  second 
approximation,  the  equalities 

will  be  satisfied  by  supposing  Xi  =  a!^  =  Ws*.  But  it  is  by  no  means  evident 
a  priori  that  this  system  of  equalities  will  correspond  to  the  absolute 
mimmum  of  which  we  are  in  quest:  nay,  though  even  we  had  ^iW,  =  0iCa=^ai3, 
those  equations  do  not  necessarily  imply  Xi  —  Xi  =  x^.  Of  the  multiphcity  of 
solutions  referred  to,  one  only  gives  the  true  minimum;  but  to  assign  d,  pnori 
the  distinguishing  marks  of  this  truest  and  best,  hie  lahor,  hoc  opus  est,  It 
will  be  delightful  to  iind,  if  it  turn  out  to  be  true,  that  for  the  best  form, 
P  . 

-^  representing  t/X  (P  being  a  rational  function  of  the  *th  degree,  and  Q  of 

the  (i—  l)th  in  x),  the  rational  quantity 

must  be  a  perfect  (2i  — l)th  power  of  a  linear  function  of  *■;  but  in  the 
present  state  of  my  ignorance  I  dare  not  do  more  than  affirm  that  there  is  a 
bare  probability  in  favour  of  this  being  true :  whoever  shall  iirst  succeed  in 
■discovering  the  true  form  of  the  expression  will  have  established  a  remark- 
able theorem.  Here  for  the  moment  I  break  off,  contented  with  having 
pointed  to  a  thecrry  as  yet,  if  the  expression  may  be  allowed,  sleeping  in  its 
cradle,  but  destined,  I  am  persuaded,  at  no  distant  day  to  set  in  motion 
as  large  a  mass  of  algebraical  thought  as  has  been  set  in  motion  by  the 
never-to-be-forgotten  Hessian  discussion  of  the  flexures  of  the  cubic  curve, — 
the  turning-point  between  the  old  algebra  and  the  new. 

Henceforward  Poncelet's  theorem  figures  no  longer  as  a  detached  method, 
a  mere  stroke  of  art  in  aid  of  the  computer,  but  becomes  integrally  attached 
to  the  grand  and  progressive  body  of  doctrine  of  the  modern  algebra. 

*  If  this  is  so,  we  shall  have  for  deteiminiug  Ibe  four  constants  the  following  equations ; 

But  more  probable  than  this  saema  the  conjecture,  that,  supposing  a:,,  x^,  x^  to  be  arranged  in 
the  order  of  their  relative  magnitudes,  the  detecuiining  equatiouB  might  be 

a;j  =  I3 ,     ^  —  ^b  —  ijix.^  ~  -  ^^1 . 
Or  ia  it  possible  that  the  character  of  the  solufjoo  maj  he  diecontinuoua,  and  may  depend  upon 
the  magnitudes,  relatiTe  or  absolute,  of  the  giTeo  limits  a  and  b?    Probably  Dr  Tohebitoheff 
would  be  able  better  than  any  other  living  analyst  to  answer  these  queries.     But  what  an  endless 
vista  of  future  research  does  the  prosecution  of  the  PoneeletLo  method  open  out  to  us ! 
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NOTES  TO  THE  MEDITATION  ON  PONCELETS  THEOREM, 
INCLUDING  A  VALUATION  OF  THE  TWO  NEW  DEFINITE 
INTEGEALS 

P     log  cos  ij,  dip  Plog  [1  +  V{1  -  &°(cos  <^)'|]  tZj> 

J,V(l-6'(coa«r     J,  v'|l-ii'(™*)"l 

[PhUoaophical  Magazine,  XX.  (1860),  pp.  .525 — 533.] 

Note  A. 

The  method  given  in  the  October  Number  of  the  Magazine  for  approxi- 
mately representing  a  quadratic  surd  by  a  rational  fraction  is  equally 
applicable  to  a  surd  of  any  degree.  To  fix  the  ideas,  suppose  we  wish  to 
approximate  in  this  manner  to  ^M. 

If  we  assume  P  as  the  first  approximation,  and  make 

L~l'  +  {/R,     At  =  P  +  piyR,     N-P  +  p'f/R, 
where  p'  =  1,  and  write 

#,-i<+  «'+  if', 
F,- e  +  ^M<  +  pS', 
r,-  L'  +  p  M'  +  p-N\ 

F.-J-w,   r,-^^Rt.   r,=fR<. 

we  may  easily  establish  the  following  propositions,  which  indeed  are  almost 
self-evident  :^ 

(1)  Each  U  and  F  is  a  rational  iraction. 

(2)  When  i=  00  ,  each  U=R'<,  each  V^Ml 

(3)  For  all  finite  values  of  i,  R^  is  intermediate  between  the  least  and 
greatest  JJ,  and  R^  between  the  least  and  greatest  V. 
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So  in  general  if  k  is  any  prime  number,  we  may  form  {k—  1)  cycles,  each 
cycle   containing  k   fracbions   [xrasessing   precisely  analogous  properties   as 

regards  representing  approximately  and  limiting  the  successive  powers  of  W'. 
By  means  of  these  formulae  [the  theory  of  which  might  be  extended  to 
algebraic  quantities  of  every  order  {in  AbeVs  sense  of  the  word)],  we  obtain 
a  complete  command  over  the  integration  of  surd  quantities  in  general  as 
they  may  appear  in  any  physical  problem,  being  thereby  enabled  to  represent 
the  integrals,  not  merely  arithmetically,  but  analytically  (which  is  of  much 
higher  importance)  by  logarithmic  and  circular  functions  to  any  degree  of 
accuracy  that  may  be  required,  and  with  known  assignable  numerical  limits 

Note  B. 

This  note  relates  to  the  concluding  paragraph  of  the  long  note  at  page  313 
in  the  October  Number  of  the  Magazine  [203,  above].     I  find  that  the  Vth 
inferior  Hmit  to  ^(c)  — logTi  when  c  differs  indefinitely  little  from  unity 
given  by  the  method  therein  explained,  is 
2fc-l 

and  that  the  superior  limit  is 

log-j-  +  o"-+-  ^  ; — 77 -, m7°<*^  Msm^     . 

When  *"=  00  these  limits  of  course  come  together,  and  the  finite  sums  resolve 
themselves  into  the  definite  integral 

2  j"^  ,  coa  T  _, ,  .      ,  „ 

-      »'^  -/M   ,-/  ' ^  '^os  ^  (sm  t)', 

■JTJt,        V[l+(sinT)^| 

of  which,  therefore,  the  value  must  be  log  2.     Hence,  writing  (sin  r)^  =  cos  2d, 

we  obtain 


V(cos2^)    Va  4' 


Note  C. 


It  may  be  shown  that  any  of  the  expressions  for  W*  derived  from  making 
i  =  oo  in  the  general  formulae  given  in  Note  A,  are  in  fact  tantamount  to  its 
representation  as  a  definite  integral  of  a  very  simple  kind.     I  shall  not  go  into 
s.  II,  14 
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the  proof  of  this  here ;  it  may  he  sufficient  to  indicate  that  it  depends  upon 
the  fact  that  the  equation  of  infinite  degree  (<^a;)*  +  ('i/ricy  +  (afl;y  +  &c.,  may 
be  resolved  into  sets  of  factors  of  a  known  form.  In  the  question  before  us, 
the  function  to  be  so  resolved  is  the  denominator  of  any  one  of  the  quantities 
analogous  to  !7  or  T^  in  Note  A ;  and  ^x,  -y^x,  ^x ...  become  linear  functions 
of  fc  with  imaginary  coefficients.  Its  resolution  into  ftictors  is  rendered 
possible  by  the  circumstance  that  only  two  of  the  quantities  ^,  i|f,  ^ ...  can 
bear  a  finite  ratio  to  each  other  for  any  given  value  of  x,  and  consequently  all 
the  roots  of  the  equation 

are  contained  among  the  roots  of  several  binary  equations 

(.i»y  =  (,fa,y,  (*«)<- (»«)',  &c.: 
which  are  the  roots  of  any  one  of  these  equations  {as  for  example  of  the  first) 
that  belong  to  the  given  equation  will  be  determined  by  the  condition  that 
they  must  make  the  norms  of  all  the  other  functions  (for  example  of  ^le) 
indefinitely  small  as  compared  with  the  norms  of  those  two  which  appear  in 
it  (for  example  <l>a!,  -^x).  In  this  manner,  if  the  total  number  of  the  functions 
is  A,  supposing  0,  if-, ^  ...  to  be  all  linear  functions  of  «,  each  binomial  equation 

out  of  its  entire  stock  of  i  roots  will  contribute  — ^  roots  available  towards 

«  2 
the  solution  of  the  given  equation.  Mr  Cayley  has  remarked  to  me 
the  analogy  between  this  determination  and  Newton's  method  of  finding 
the  form  of  the  several  parabolic  equations  y  =  ca^  which  represent  the 
branches  of  a  given  algebraical  curve  at  its  origin.  In  the  equation  to 
the  given  curve  ex*'  is  to  be  substituted  for  y ;  the  terms  will  then  all  become 
powers  of  x  (an  infinitesimal)  whose  indices  will  be  linear  functions  of  X ; 
every  pair  of  them  in  turn  is  equated  to  zero,  and  of  all  the  values  of  X  thus 
obtained  only  those  will  be  preserved  which  cause  the  two  equated  linear 
functions  of  X  belonging  to  any  given  pair  of  terms  to  be  less  than  all  the 
others,  and  consequently  the  terms  themselves  (whose  indices  the  linear 
functions  are)  infinitely  greater  than  all  the  other  terms. 

Linear  functioi^  of  a  variable  figure  in  both  investigations,  namely,  in 
Newton's  as  indices  of  the  same  infinitesimal  quantity,  in  mine  as  quantities 
whose  infinite  index  is  the  samef ;  but  the  logic  and  mode  of  propedure 
(utterly  unlike  as  are  the  questions  in  their  origin  and  subject  matter)  is  the 
same  in  either  case. 

*  My  friend,  M,  Jordau,  oi  the  Ecole  des  Mines  (autfior  of  a  remarkable  thesis  on  grou^i), 
has  developed  some  interesting  geometrical  consequencea  arising  out  of  tha  stady  of  this 
equation,  whiuh  I  hope  he  may  be  induced  to  publish. 

+  1q  a  word,  Newton's  equation  is  an  exponential  one  made  up  of  nothings,  mine  an 
algebraical  one  made  np  of  inf 


y  Google 


33]        Notes  to  the  Meditation  on  Poneelet's  Theorem       211 

Note  D, 

The  remark  contained  in  the  preceding  note,  as  to  the  effect  of  represent- 
1 
ing  JV*  by  an  infinite  rational  fraction  being  identical  with  that  of  expressing 
it  as  a  definite  integral,  combined  with  a  consideration  of  the  cause  of  the 
success  of  the  pai-ticular  method  referred  to  in  Note  B,  has  led  me  to  the 
investigation  following,  of  the  value  of  the  complete  elliptic  function  of  the 
first  species.     As  usual  denoting  it  by  F{g),  we  have 


T(c)- 

-\>^- 

1 

-c=(si 

„e« 

where 

'^T: 

-c'^  (sin  6)^  + (COS 

1 9)W 

7  = 

=/: 

''*(1 +»■)-(#  +  «■) 

(sine 

f 

vi(i+«')(o'+«-)r 

Let  ic  =  tan  0,     6  =  VCl  —  ^)  i  then 

where 

_  f"  J  ,  J      log  (COS  j.)      ]       I  >  , ,  l°g[l  +  Vll->'(g"'ff|] 

It  will  presently  appear  that  these  two  definite  integrals  are  equal  to  one 
another ! 

Let  F5,=  I   (cos0)=Mog(cos<^)(i<(). 

Then  we  may  easily  establish  the  formula  of  reduction, 
_2r-l  1.3..5..(2r-3)    -r , 

'"        2r       ■"     2.4.6..(2>--2)2i-2' 

U— 2 
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aud  since  (as  is  well  known)  T^o  =  ^  log  2,  we  have 


2.4.6  ^\ 


Hence,  by  expanding  the  denominator  in  a  aeries  proceeding  according  to 
powers  of  (cos  ^'f,  it  is  readily  seen  that  the  first  integral  becomes 


?2  + 


©"(■««-o)'-(H)'('»^-o-o)'--}- 


To  find  the  second  integral,  we  must  obtain  the  general  terra  in  the 
expansion  in  a  series  of  powers  of  t  of 

log|l  +  V(l-f)( 
V(l  - 1-) 
(where  t  stands  for  b  cos  <i>),  that  is,  of 


Tb)/-(1 


rt       Now 


-V(T^)*''  +  ^<'-'">'^"' 


l-V(l-<-)j''    ^"-' 


v(i -(■);(   tv(i-!")(  "     '((■(■(! -(■)•) 

1  V(l  -  f)         1  2ff-l 

-1,2 


(V(l-f)     f 
_i    1    i^,_kiJ, 

~("     2     2.1         2.4.6 
Hence,  writing 

logll  +  V(l-f)l_, 


:  2  +  ?,(■  +  ...  +  K^Jf^  +  JTaC 


y  Google 


33]        Notes  to  the  Meditation  on  Poncelet's  Theorem       213 

and  equating  the  coefficients  of  P",  we  obtain 

2i  (Si  -  1)  (Z.  -  if «_)  +  (2.- -  1)  Jr._,  =  -  i44;t^^2r"*  ■ 
1.3.6... 2«-3 


2.1.6...(2i-2)(2<)'' 


=  lK^  +  ©'('»'5^-A)"+(o)'('°^^-0-5^)'*  +  M- 

Thus,  then,  we  obtain  the  following  remarkable  equalities*: 

-  log  i  ji-(6) + 2  f  #  'alliyil^^l^ffl , 

*  &     ^  '        Jo  VH  -6-'(cos<^)=} 

r^  ,,  logfH- Vjl  -fr'fcosAW]      /■"  ,  log  (cos  0> 

r_  J'  d^F(b.  *)  cot  J  =  J  J'(c)  +  i  log  hFib). 

When  6  is  indefinitely  small,  it  is  obvious  from  either  of  these  equations 
that 

J.(c)._?l„g6|  +  21og2-log|, 

Legendre's  well-known  formula  previously  referred  to. 

The  equality  of  the  fiist  two  definite  integrals  in  the  sorites  above  given, 
ia,  as  we  have  seen,  a  consequence  of  the  equality 

iog{i+V(i-^°)}  ^l^de  aog  cos  e + log  cos  e  (cos  ey  t^ 

v'(l-p)  -^Jn 

+  log  COS  ^(cos  eyf  +  Sec.}, 

[*  The  ceaiier  may  be  glad  to  have  the  relereooes :  Sehldmileh  Zeitschrift,  u.  (1857),  pp.  *9, 
Hi  i  TortoUni  Amnalt,  iii.  (1860),  p.  354.     See  also  below,  p.  29S.] 
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Hence  we  have 

r      log  cos  g  7rlog{l  +  V(l-6°)}^ 

J^l-b^cos^y  2         v'(l-'>") 

The  extreme  facility  and  brevity  with  which  the  method  in  the  text  gives 
the  value  of  ^(e)  for  6  indefinitely  small  is  worthy  of  notice,  as  in  the  usual 
text-books  it  is  obtained  by  a  veiy  indirect  and  circuitous  process.  We  may 
obtain  in  like  manner  the  value  of 

P  ,.  \  1 


Jo       {l-esing)'v'{l-c=(sin^)=} 
on  the  Bame  supposition  as  to  c,  whether  1  —  e  vanishes  with  1  —  c  or  remains 
finite  when  c  =  l.     On  the  latter  supposition,  the  definite  integral  in  question 
-  has  for  its  value 

1,2  1     ,  2 

When  e=\,  this  becomes  infinite;  when  e  =  ~\,  the  second  term  becomes 

^logT  +  j-;    when  e  =  0,  it  is  logr. 

Subtracting   the    half   of   the    latter   integral    from   the   former,  we  shall 
obtain 

p^^q-sin^r    1 

Jo'^^-(S^^)^=2' 
which  is  easily  vei-ified. 

By  taking  successively  e  =  'ij(—n},  e=  —  iyj(—n),  and  adding  together  the 
halves  of  the  two  integrals  corresponding  to  these  suppositions,  we  obtain 
the  ultimate  value  of  the  complete  elliptic  integral  of  the  third  kind,  namely, 

(^  d6  1 


Jo  1  +  m {sin  Oy '  V|l  -  c^ (sin  €f\ ' 
from    the   general   formula  above   given,  always  of  course   subject  to  the 
condition  that  c  is  supposed  indefinitely  near  to  If. 

•  From  this  it  will  readily  be  aeen  that  when  n  ia  any  integer  we  may  obtain 

f'i  log  C09  9 

jo  {l-b-'{cosey\'' 
by  processes  of  differentiation  in  a,  form  involving  only  algebraical  and  logarithmic  iiuantitiea, 
and  so,  from  wliat  precedes,  when  n  is  any  half-integer,  in  terms  of  suoh  quantities  and  of 
complete  elliptic  funetiona. 

+  It  seems  to  be  espected  of  every  pilgrim  up  the  alopea  of  the  mathematical  Parnassus,  that 
he  will  at  some  point  or  other  of  his  journey  sit  dowa  and  invent  a  definite  integral  or  two 
towards  the  increase  of  the  common  stock.  The  author  of  these  notes  has  been  somewhat  late 
in  aoquitfeng  himself  of  this  debt  of  honour,  but  ventures  to  hope  that  the  prinoipal  results 
contained  in  the  test  above  maybe  thought  not  nnworthy  of  a  place  in  aome  future  edition  of  that 
noble  and  sumptuous  monument  of  Dutch  learning,  industry,  and  fine  taste,  the  invaluable 
collection  of  definite  integrals  by  M.  Bierens  de  Haan, 
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ON    THE   PEESSUEE   OF   EARTH   ON   REVETMENT   WALLS. 

[Philosophical  Magazine,  XX.  (1860),  pp.  489—499.] 

Part  I. 

Critique  of  the  Hypothesis  of  Parallel  "  Planes  of  Rwpture." 

The  ensuing  investigafciou  deals  with  the  pressure  of  Mathematical  earth. 
By  mathematical  earth,  I  mean  earth  treated  according  to  the  idea  of 
Coulomb,  namely,  as  a  continuons*  mass  separable  by  planes  in  all  directions, 
but  whose  separating  surfaces  exert  upon  one  another  forces  consisting  of  two 
parts,  one  of  the  nature  of  ordinary  friction,  the  other  of  so-called  cohesion. 
Of  the  latter,  for  greater  simplicity,  I  shall  commence  with  taking  no  account, 
so  that  the  matter  with  which  we  have  to  deal  becomes,  so  to  say, "  a  frictional 
fluid."  If  we  isolate  in  idea  any  element  of  this  fluid — suppose,  to  fix  the 
ideas,  a  molecule  bounded  by  plane  faces,  this  molecule  will  be  kept  at  rest 
by  its  own  weight,  the  pressures  on  the  several  faces,  and  the  forces  of 
friction  acting  along  these  faces :  these  last-named  forces  are  limited  not 
to  exceed  the  product  of  the  corresponding  pressures  by  a  certain  coefficient, 
termed  the  coefficient  of  friction. 

In  order  to  render  the  inquiry  before  us  quite  definite,  let  us  begin  with 
supposing  two  vertical  side  walls  and  a  back  of  solid  immoveable  masonry, 
between  which  the  earth  is  piled  up  in  a  determinate  form,  fronted  by  a  pier 
of  given  specific  gravity,  whose  minimum  thickness  is  to  be  determined  by 
the  condition  that  it  may  just  suffice  to  prevent  the  pier  from  being  either 
forced  forward  or  turned  round  over  its  further  edge.  The  earth  is  thus 
of  course  supposed  to  have  only  one  free  face,  being  entirely  supported  at  the 
sides  and  the  back  by  the  masonry  just  spoken  of  The  problem  then  that 
we  have  to  solve  is  evidently  the  following : — "  Of  all  the  possible  states 
of  equilibrium  of  the  earth  consistent  with  the  assigned  conditions,  to 
determine  that  one  which  shall  make  the  greater  of  two  quantities  to  be 

*  The  only  essential  quality  of  our  iuatliema,tioal  earth  which  differentiates  it  from  aocual 
*nlgar  earth  ta  this  of  cotainaity. 
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named  the  least  possible," — one  of  these  quantities  being  the  thickness  of  the 
wall  determined  by  the  condition  that  its  friction  with  the  ground  shall  be 
juat  eqiial  to  the  sum  of  the  horizontal  pressures  on  the  wall,  the  other 
by  the  condition  that  its  moment  about  the  edge  most  remote  from  the  earth 
shall  be  just  equal  to  the  sum  of  the  moments  of  the  entire  thrust  upon  the 
wall  at  each  several  element  thereof  in  respect  to  the  same  edge. 

Whenever  Coulomb's  method  leads  to  a  right  solution  of  the  problem 
of  revetments,  the  thrusts  on  the  several  elements  of  the  wall  will  be  all 
parallel ;  and  it  may  easily  be  seen  that,  in  solving  the  problem  for  this  case, 
we  are  solving  the  problem  of  making  the  statical  sum  of  the  thrusts  a 
minimum ;  and  the  result  will  be  the  same,  whether  the  pier  can  only 
be  pushed  bodily  on  its  base,  or  can  only  turn  over  an  edge,  or  can  do  both 
one  and  the  other.  But  it  must  obviously  be  erroneous  to  assume  as  a 
universal  principle,  that  in  the  state  bordering  upon  motion,  or  what  is  going 
still  further,  in  a  state  antecedent  to  this,  the  statical  sum  of  the  pressures 
will  be  a  minimum ;  and  if  Mr  Moseley's  "  principle  of  least  resistance," 
quoted  by  Professor  Bankine,  means  this,  I  have  no  scruple  in  proclaiming 
iny  entire  dissent  from  such  an  assamption.  I  do  not  here  enter  at  all  into 
the  question  of  determining  pressure,  except  in  the  state  of  equilibrium 
bordering  upon  motion ;  and  in  that  state  common  sense  points  out  that  it  is 
not  the  pressure  or  sum  of  pressures,  but  the  effect  of  such  pressure  or 
pressures  in  inducing  motion  in  a  certain  possible  manner,  or  in  any  one  out 
of  a  choice  of  possible  manners,  that  governs  the  determination  of  the 
minimum.  This  principle  of  least  resistance  is  one  of  the  shoals  upon  which 
Mr  Rankine's  investigation  appears  to  me  to  have  split. 

Be  it  observed  that  the  only  physical  assumption  which  I  propose  is  this, 
that  if  equilibrium  can  be  'preserved  consistently  with  the  imposed  conditions, 
eqmUbriwm  will  be  preserved.  Without  such  a  supposition  the  question  would 
be  incapable  of  treatment  without  further  laws  regulating  the  interior  forces 
than  we  suppose  given.  The  legitimacy  of  such  an  assumption  cannot,  I  think, 
be  seriously  called  into  question,  and  once  made,  the  problem  of  determining 
the  wall's  thickness  becomes  a  purely  mathematical  question;  one  undoubtedly 
of  great  difficulty,  but  perfectly  determinate,  and  falling  under  the  dominion 
of  the  Calculus  of  Variations,  as  will  easily  be  recognized  from  the  circum- 
stance that  the  integration  of  the  general  equations  of  equilibriuin,  if  it  could 
be  performed,  would  necessarily  contain  arbitrary  functions,  whose  form 
would  have  to  be  assigned  so  as  to  make  a  certain  quantity  or  the  greatest 
of  a  set  of  quantities  a  minimum ;  but  the  peculiar  manner  in  which  the 
internal  forces  are  defined  as  subject  to  satisfy  not  an  equation  or  system  of 
equations,  but  a  law  of  inequality,  must  render  it  a  task  exceeding  the 
present  powers,  at  all  events,  of  the  writer  of  this  paper,  to  arrive  at  a  result 
by  the  direct  application  of  the  Calculus  referred  to.     In  order  to  pave  the 
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way  to  the  discussion  of  bhe  more  general  inquiry,  I  shall  commence  with 
examining  whether  under  any  and  what  circumstances  the  forced  solution 
of  Coulomb  and  his  followers,  founded  upon  the  notion  of  what  have  been 
(it  seems  to  me  incautiously)  termed  planes  of  fracture  or  rupture  (but  which 
really  mean  no  more  than  planes  for  which  friction  at  each  point  thereof 
is  acting  with  its  utmost  energy,  that  is,  if  we  please  so  to  say,  planes  of 
greatest  frictional  energy*),  is  the  true  solution;  that  is  to  say,  I  shall 
investigate  under  what  conditions  the  surfaces  of  "rupture  "  or  "of  greatest 
energy  of  friction  "  are  or  can  be  planes ;  and  I  shall  easily  be  able  to  ascertain 
these  conditions,  and  to  prove  that  when  they  are  satisfied  (but  not  otherwise) 
the  results  of  the  received  theory  are  exact. 

Professor  Rankine,  in  the  light  in  which  he  appears  in  a  paper  published 
in  the  Transactions  of  the  Royal  Society,  is  not  to  be  ranked  among  those 
whom  I  have  called  the  followers  of  Coulomb.     He  is  entitled  to  the  merit  of 

*  It  is  obvious  that  the  notion  of  the  planes  in  question  being  the  planes  in  wHoh  the  earth 
■would  begin  with  crumbling,  if  the  equilibrium  were  distncbed  by  the  wall  giving  way  (for  ancll 
is  the  idea  intended  to  be  oonTeyed  by  their  being  called  planes  of  rupture),  ia  quite  irrelevant  to 
the  determination  of  their  position,  and  to  the  eolution  of  the  question  of  the  thrust  in  the  wall, 
m  g  a  phyai  al  fact  for  whioh  there  is  no  just 
ID  t  phy  al  p  eesa,  whioh  unoonsoiously  has 
m  th  m  ppears  to  me  to  be  the  following, 
t  t    g    t    ta  full  energy,  and  sinoe,  when 

f  11  fey  tl  fore  a  change  must  have  taten 
m  t  n  t  k  plane  along  it,  which  change  does 
N  w  y  hang  must  operate  in  time,  therefore 
!8  of  greatest  friction  before  it  can  have  tak  n  place 
as  proceeding,  and  fraught  with  errors  fam  lia  to 
f  m  the  conditions  of  equilibrium  to  those  of  m  p  at 
and  not  statical,  must  decide  the  incipient  dir  t  n 
ibvious  when  we  reflect  that  the  friction  m  ght  b 
be  treating  of  a  perfect  fluid,  in  wM  1  a  e  tiie 
would  motion  take  place  in  determinat  d  ect  n 
3  id  giving  way.  A  notable  esaraple  of  th  mport  nt 
t  d  q  1  b  m  afforded  by  the  question  (whioh,  I  am  f  m  d 
.,  II  g  Cambndg  )  f  finding  the  tension  of  a  tope  by  which  a  b  t  t 
full  ot  water,  with  a  cork  tied  to  its  bottom,  is  fastened  to  a  fixed  point,  at  the  moment  h  h 
faatening  is  cut  or  gives  way.  At  that  moment  the  vertical  pressure  in  the  bottom  of  th  b  k  t 
supposing  the  specific  gravity  of  the  cork  to  be  one-iourth  that  ol  water,  if  it  could  b  t  mat  d 
on  statical  principles,  that  is  with  reference  to  the  elevation  of  the  surface  of  the  fluid  [and  m 
non-mathematical  phy        t        ght       ily      pp        t       Id  b    so      t  m  ted        ce  m  t       h  t 

yet  taken  place,  h  tm      ly      m         ]  w     Id  b   th 
Tfater,  together  w  th  f       t  m     th  t    f  th    co  k       i 
be  la      used  by  th        tt    g    f  th      t      g    wher 
take  place     f        nu^  d  w  ward  mm     t  m  m    t 
cork  upwards  and  tb     w  t      d  w  w  rds,  p    t     f 
as  d  wnwa  i  m    m^  f    ce        J  eq       tly      ly 

up  n  th    bu  k  t   ]    t  h         v:ll  p 

which  bea  s   t    wh  oo      q  f  th 

expended  in  low  nng  th    t  p     f  th  h 
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having  perceived  that  the  received  hypothesis  rested  on  no  solid  foundation, 
and  of  having  been  the  first  (publicly  at  least)  to  assert  that  the  equations  of 
internal  equilibrium  must  be  resorted  to  for  the  satisfactory  discussion  of  the 
question ;  hut,  notwithstanding  the  sincere  esteem  in  which  I  hold  the  great 
abilities  of  this  gentleman,  I  have  been  compelled  to  come  to  the  conclusion, 
and  trust  to  be  able  to  satisfy  himself,  that  the  use  he  has  made  of  these 
equations  is  illusory,  and  that  his  results  bear  upon  their  very  face  a 
demonstrable  character  of  error. 


Under  the  supposed  data,  it  is,  if  not  obvious,  at  all  events  assumed  by 
all  writers  on  the  subject,  that  the  equilibrium  of  every  vertical  section  of  the 
earth,  parallel  to  the  side  walls,  may  be  determined  per  se,  and  that  we 
may  treat  the  qu^tion  as  one  regarding  space  of  only  two  dimensions. 
I  shall  therefore,  with  a  view  to  clearness,  treat  of  the  equilibrium  of  any  one 
such  section;  the  molecules,  whose  equilibrium  is  to  be  considered,  will  be 
spoken  of  as  hounded  by  lines  instead  of  planes,  and  so  we  shall  speak  of  lines 
instead  of  planes  of  "  rupture,"  and  we  may  thus  conform  our  language  to  the 
relations  of  the  figure  actually  represented  upon  the  paper. 

For  the  benefit  of  those  to  whom  the  conditions  of  molecular  equilibrium 
are  new,  it  may  be  weli  to  indicate  briefly  how  they  may  be  obtained,  still 
keeping  within  our  prescribed  framework  of  two-dimensioned  space  (although 
the  reader  will  not  experience  the  slightest  difficulty  in  extending  them 
to  space  of  three  dimensions)*.  Through  any  point  in  the  interior  of  the 
plane-mass  at  rest,  imagine  a  small  rectilinear  element  to  be  drawn.  The 
entire  molecular  force  exerted  on  this  actual  element  might  be  termed 
the  thrust;  but  by  the  thrust  I  shall  understand  the  unit  of  thrust,  cor- 
responding to  the  weli  known  conception  of  V7nt  of  ptesime  for  the  particular 
case  of  a  fluid  ma'.a  This  thrust  (or  unit  of  thrust)  may  be  imagined 
separated  into  two  paits,  one  perpendicular  to  the  element   which  may  be 

*  I  ba^e  purposely  begun  with  the  beginning  Lecause  I  wish  to  give  perfect  precitjon  to  the 
tetma  Thrust,  Pressure,  aad  Btres'!  as  I  shall  ute  them  Some  recent  authors  on  meehanios 
have  wiehed  to  dieticgaisli  foioe  measured  statically  from  force  measured  b;  aoocleration,  by 
giving  to  the  former  the  name  of  pressure  But  BUreli  an  leeeseary  coufusion  la  introduced  into 
methanieal  language  when  we  are  therebi  reduced  to  apeak  of  tie  pressure  of  frittion  and  ought 
to  enunciate  the  cardinal  law  of  friction  by  stating  that  the  premure  of  friction  bears  to  the 
preisure  of  pressv-re  a  certain  limiting  relation  I  acknowledge  an  objection  acaroelv  l^fl  valid 
(except  that  it  has  antiqmtj  to  plead  in  esense)  to  the  use  of  the  term  aoeeleiating  toroe  aa  we 
jnaj  be  therebj  reduced  to  apeak  of  the  accelerating  foice  of  a  retarding  influence  as  fnotion  oi 
of  an  influence  which  does  not  necessarily  either  accelerate  or  letird,  aa  in  the  ease  of  a 
centEipetal  pull  upon  a  body  moving  uniformly  in  a  circle.  I  think  this  difficulty  m  language 
may  be  met  to  some  extent  by  giving  to  force,  usually  called  accelerative,  the  designation  of 
aiteraative,  and  to  force  measured  by  weight  or  momentum  that  of  quantitative  tococ  There  is 
no  magic  in  names,  however  well  selected,  but  there  may  be  a  great  deal  of  mischief  arising  out 
of  a  confused  and  nncertain  nomenclature. 
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termed  the  pressure,  the  other  parallel  to  it,  which  may  be  termed  face-force 
[for  the  case  we  shall  have  more  especially  to  consider,  the  face-force  receives 
the  name  oi  friction,  and  is  limited  to  be  less  than  the  pressure  multiplied  by 
the  so-called  coefficient  of  friction].  As  the  element  acted  upon  turns  round, 
the  thrust  changes  in  magnitude  and  direction,  and  to  the  totality  of  the 
thrusts  going  forth  in  all  directions  from  a  given  point  we  may  give  the  name 
of  stress*.  We  shall  now  be  able  to  obtain  two  sorts  of  conditions— one 
giving  the  necessary  law  connecting  the  various  Antsts  of  the  same  stress,  the 
other  expressing  the  law  of  the  variation  of  the  pressure  and  facial  force 
(together  constituting  the  thrust)  upon  an  element  given  in  direction  in 
passing  from  one  stress  to  another ;  we  may  call  these  respectively  the 
equations  of  distribution  and  the  equations  of  variation. 

Let  PQRS  be  any  infinitely  small  molecule  bounded  by  lines  at  right 
angles  to  one  another.     Since  this  is  kept  at  rest  by  its  own 
weight,  by  the  lines  of  pressures  perpendicular  to  QR  and  PS, 
and  the  other  pair  perpendicular  to  PQ  and  RS,  and  by  the  >v 

facial  forces  acting  along  PQ,  QR,  RS,  SP  respectively,  if  we  pA. — ^ft 
call  f  the  face-force  [that  is,  the  unit  of  face-force]  on  PS,  it  is  \/ 

obvious  that  the  corresponding  quantity  for  QR  will  differ 
from  it  by  an  infinitely  small  quantity ;  in  like  manner  f  may 
be  taken  as  the  face-force  on  QR,  PS  respectively.  Hence  the  couples 
whose  moments  (f.  QR)  x  QP  and  (/' .  PQ)  x  QR  respectively  must  be  equal 
and  opposite,  or  in  other  words,  f  being  understood  to  act  to  or  from  Q, 
according  as  /'  acts  to  or  from  Q,  we  must  have  f=f'.  To  fix  the  ideas, 
conceive  the  face-forces  to  tend  towards  Q.  Let  us  now  consider  the 
equilibrium  of  the  triangular  molecule  PQR.  Call  the  pressure  on  PQ  {R), 
the  pressure  on  RQ  (P),  the  face-force  on  PQ  or  QR  {Q).  In  comparison  with 
the  thrusts  on  the  faces  of  our  triangular  molecule,  gravity  or  other  impressed 
forces  may  be  neglected  as  giving  rise  to  quantities  of  an  inferior  order 
of  s 


Let  QP,  QR  be  regarded  as  two  fixed  rectangular  axes,  and  let  QPR=0. 
Let  the  pressure  and  face-force  on  PR  (always  understanding  thereby  the 
units  of  such  forces)  be  called  N  and  F  respectively  {F,  to  fix  the  ideas,  being 
taken  to  act  from  P  to  R).  Then  resolving  the  forces  perpendicular  to  PR, 
we  obtain 

N.PR^R.PQ.cosQPR  +  P.QRcosQRP 

+  Q.PQ sin  QPR  +  Q.QR sin  QRP, 
or 

N  =  R  (cos  ey  +  2Q  COS  e&ine  +  P  (sin  Oy ; 

•  ThTii,  stress  stands  in  somewhat  the  same  relation  to  its  component  thrusts,  as  a  radiant 
point  to  the  luminous  rays  which  it  emits. 
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and  resolving  parallel  to  PR,  we  have 

F^PR  =  R.PQsm  QPB -P.QR sin  QRP 

+  Q.PQ cos  QPR  -Q.QR cos  QRP, 
or 

F^(R- P)sm0coBd. 

Imagine  now  QPR  to  be  represented  by  a  single  point  0.  R,  P  are 
respectively  the  pressures,  and  iV  the  face-force  ("  units  of  pressures  and 
of  face-force")  on  elements  drawn  in  the  orthogonal  directions  OX,  OY; 
JV  the  pressure,  and  F  the  face-force  on  an  element  drawn  in  the  direction 
OP,  making  an  angle  ff  with  OX.  Obviously,  therefore,  if  we  draw  in  all 
directions  from  0  lines  whose  lengths  are  as  the  inverse  square  roots  of  the 
pressure-part  of  the  thrust  acting  on  those  lines,  calling  the  length  of  line 
corresponding  to  &,  r,  we  have 

^  =  E (cos 9r  +  2Q sin  0cose  +  P (sin d)\ 
R,  Q,  P  being  constant  quantities. 

Consequently  the  locus  of  the  extremities  of  these  lines  is  a  conic ;  and 
taking  new  axes  of  coordinates  in  the  directions  of  the  principal  axes  of  this 
conic,  and  understanding  by  R  and  P  the  pressures  perpendicular  to  those 
axes  respectively,  the  equations  obtained  assume  the  form 

iV"= ii  (cos  ey  +  p  (sin  ey,  (i) 

-f=(ii:-P)sin^.cos^;  (2) 

showing  that  in  elements  in  the  directions  of  the  principal  axes  the  face-forces 
vanish,  and  the  thrusts  become  purely  pressures,  that  is,  forces  perpendicular 
to  the  surfaces  upon  which  they  act.  R  and  P  are  of  course  essentially 
positive,  as  otherwise  the  molecules  would  be  subject  to  a  force  of  separation 
instead  of  compression,  and  consequently  the  conic  in  question  is  an  ellipse. 
The  total  value  of  the  thrust  =  V(-^'  +  F^) 

=  ^{R"  (cos  ey + p^  (sin  ey}.  (a) 

R  and  P  will  evidently  be  in  the  directions  in  which,  for  a  given  point, 
the  entire  thrust,  as  well  as  the  pressure-part  of  it,  is  the  least  and  greatest. 
These  directions  may  be  said  to  be  those  of  "  principal  thrust."  If  we  start 
from  any  point  and  proceed  from  that  point  always  in  the  direction  of  a  line 
of  principal  thrust  so  as  to  form  a  continuous  curve,  two  such  curves  cutting 
each  other  at  right  angles  will  intersect  every  point  of  the  mass  at  rest, 
of  which,  in  the  case  of  mathematical  earth,  I  may  state,  by  way  of  anticipation, 
that  only  one  can  cut  the  free  surface  when  that  surface  is  supposed  to  form 
part  of  a  horizontal  plane. 

These  lines  may  also  be  termed  the  principal  lines  of  pressure,  or  simply 
the  lines  of  pressure ;  and  this  name  may  be  considered  indifferently  to  have 
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reference  either  to  the  fact  that  the  thrust  in  the  direction  of  the  tangent  at 
any  point  in  any  such  curve  is  the  thrust  acting  upon  the  normal,  or  to  the 
fact  that  the  thrust  upon  the  tangent  at  any  point  is  in  the  direction  of  the 
normal ;  as  either  one  of  such  conditions  implies  the  other. 

The  cosine  of  the  angle  between  the  pressure  and  the  thrust  will  be 

ii(co3g)^  +  P(sln^)^ 

^ [R'^  (cos  ey  +  P' (sin  df]' 

which,  calling   the   principal   semiaxes  of  the  ellipse  referred  to  a  and  b 

respectively,  and  the  rectangular  coordinates  of  any  point  therein  x  and  y, 

becomes 

0=^6=  1 


^(M:)  v'S-S 


which  is  equal  to  the  perpendicular  from  the  centre  on  the  tangent  divided 
by  the  radius  vector,  showing  that  the  direction  of  the  thrust  on  any  radius 
of  the  ellipse  in  question  is  in  the  direction  of  the  conjugate  diameter,  whereby 
it  is  seen  that  the  line  of  thrust,  and  the  line  thrust  upon,  stand  in  a  reciprocal 
relation  to  each  other. 

I  may  add  the  cursory  remark  as  regards  the  value  of  the  total  thrusts  in 
the  case  more  immediately  before  us,  that  [as  is  apparent  from  the  equation 
(a)]  they  will  be  represented  in  relative  magnitude  by  the  radius  vector 
drawn  in  the  direction  of  the  line  thrust  upon,  to  meet,  not  the  ellipse 
of  pressures  just  described,  but  another  ellipse  whose  major  and  minor  axes 
are  to  one  another  in  the  duplicate  ratio  of  the  other  two. 

If  we  wish,  however,  to  present  the  above  results  in  a  form  more  im- 
mediately translateable  into  the  actual  case  of  nature,  I  mean  that  of  space 
with  three  dimensions,  it  becomes  expedient  to  use  a  different  ellipse,  or 
rather  the  same  ellipse  in  another  position,  to  represent  the  stress  at  any 
point. 

In  the  equations  above  found,  connecting  JV  and  F  with  P,  Q,  R,  6  is  the 
angle  made  with  a  fixed  axis,  not  by  the  line  of  pressure  R,  but  by  the  element 
on  which  this  pressure  is  exerted.     Let  0  be  the  angle  made  by  the  pressure 

itself,  so  that  <l>  =  6  +  -^ ,  then  we  have 

^= P  (cos  ^f  -  2Q  sin  ^  cos  .^  +  i£  (sin  ^f 

F=(P-R)am^coa4>. 
And  the  same  process  as  has  been  already  employed  will  serve  to  show  that 
we  may  construct  an  ellipse  such  that  the  inverse  square  of  the  radius  vector 
in  every  direction  may  represent  the  magnitude  of  the  presswe   in  that 
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direction  (that  is  the  magnitude  of  the  normal  part  of  the  thrust  upoa  the 
element  perpendicular  to  that  direction),  and  in  this  ellipse  the  radius 
vector  and  perpendicular  to  the  tangent  at  each  point  will  represent  the 
corresponding  directions  of  pressure  and  thrust,  which  obviously  will  coincide 
for  the  directions  of  greatest  and  least  pressure. 

If,  now,  we  go  out  into  space  of  three  dimensions,  it  will  readily  be 
anticipated,  and  may  easily  be  proved,  that  an  ellipsoid  whose  radii  vectores 
represent  the  relative  magnitudes  of  the  inverse  square  roots  of  the  pressures 
takes  the  place  of  the  ellipse,  the  thrusts  and  pressures  correspond  respectively 
(m  direction)  to  the  normal  and  radius  vector  at  each  point,  and  in  three 
directions,  at  right  angles  to  each  other,  these  latter  come  together. 

It  is  desirable  that  the  reader  should  bear  in  mind  that  the  ellipse 
of  which  I  have  spoken  is  in  fact  only  a  principal  section  of  this  ellipsoid. 
The  assumption  which  (following  in  the  track  of  my  predecessors)  I  shall 
make,  that  the  greatest  energy  of  friction  exerted  at  any  point  will  be 
exerted  in  some  direction  in  a  vertical  plane  parallel  to  the  revetment  wall, 
will  be  seen  from  what  follows  a  little  further  on,  to  imply  that  every  such 
plane  contains  the  radius  vector  which  makes  the  greatest  angle  with  the 
normal,  and  consequently  the  section  of  the  eOipsoid  of  stress  with  which  we 
are  dealing  will  be  the  plane  of  greatest  and  least  thrust,  or  greatest  and 
least  pressure.  By  way  of  aid  to  the  imagination  in  seizing  this  subtle 
conception  of  stress  (a  real  conquest  in  physical  ideology  due  to  the  last 
quarter  of  the  present  century,  although  its  fii'St  germ  may  be  recognized  in 
the  much  earlier  molecular  view  of  the  circumambient  pressures  round  about 
each  internal  point  of  a  perfect  fluid),  I  have  gone  thus  briefly  into  the 
generation  of  the  ellipse  and  ellipsoid  above  described ;  but  I  shall  have  very 
little  occasion,  except  for  occasional  facility  of  reference,  to  have  resort  to 
them,  as  the  equations  (1)  and  (2)  will  suffice  for  my  purpose  in  the  present 
inquiry. 

These  are  the  equations  which  govern  the  distribution  of  stress ;  and  it 
may  be  convenient  to  confer  upon  the  ellipse  whose  radii  vectores  are  in 
length  inversely  as  the  square  roots  of  the  pressures  acting  upon  them,  the 
name  of  the  ellipse  of  pressures,  in  order  to  obviate  any  possibility  of  the 
position  of  this  ellipse  being  confounded  with  that  of  the  one  which  would, 
I  believe,  more  ordinarily  go  by  the  name  of  the  ellipse  of  stress.  Every 
point  in  the  mass  is  the  centre  of  such  an  ellipse ;  and  those  ellipses,  if 
properly  drawn,  will  represent  completely,  and  on  the  same  scale,  the 
magnitude  and  distribution  of  the  pressures  round  about  any  point.  It  is 
almost  needless  to  add  that  for  a  perfect  fluid  these  ellipses  would  become 
circles. 

Let  us  now  proceed  to  establish  the  law  of  the  variation  of  the  stresses, 
or,  to  speak   more   accurately,  of  the   thrusts   acting  on   planes   drawn  iu 
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any  given  directions,  on  passing  from  one  point  of  the  mass  to  another. 
Returning  to  our  little  rectangular  element  PQRS,  and  considering  the  lines 
PQ,  PS  to  be  given  in  direction,  so  that  we  may  consider  PQ  =  dx  and 
PS^dy,  and  calling  the  units  of  pressure  on  PQ  and  RQ  L  and  N,  the  unit 
of  face-force  M,  the  impressed  forces  of  acceleration  X  in  the  direction  of  x, 
and  Y  in  the  direction  of  y,  and  the  unit  of  mass  p,  by  simple  estimation 
of  the  forces  in  the  directions  of  x  and  y  respectively  we  obviously  obtain, 
due  attention  being  paid  to  the  mode  of  fixing  the  positive  directions  of 
X  and  Y, 

dL     dM  _    y 

dy      dx      "   ' 

dN_     dM_^  X 

dx       dy      "    ' 
If,  as  in  the  case  with  which  we  shall  have  to  deal,  the  sole  impressed 
force  is  that  of  gravity,  and  if  we  treat  the  weight  of  a  unit  of  the  mass 
as  unity,  and   make  the   axis  of  x  horizontal  and  that  of  y  vertical,  the 
equations  become 

dL     d_M^^ 

dy      dx        ' 

dN     dM  ^^ 

dx      dy 

These,  being  the  equations  which  control   the  law  of  the  variation  of  the 

thrusts  estimated  in  given  directions  in  passing  from  one  stress  to  another, 

I  call  the  equations  of  variation  of  stress. 

I  now  proceed  to  the  application  of  the  principles  above  set  forth 
to  the  treatment  of  the  particular  question  in  hand. 

Let  fi  be  the  coefBcient  of  friction  of  the  earth  upon  itself,  and  fj,  =  tan  X, 
so  that  \  is  the  angle  of  repose ;  by  this  is  to  be  understood  that  the  thrust 
on  any  element  can  never  make,  with  the  perpendicular  to  that  element,  an 
angle  greater  than  \.  Now  the  general  law  of  the  distribution  of  stress 
proves  that  the  actual  angle  between  the  perpendicular  to  the  element  and 
its  thrust  will  in  two  directions  be  zero.  Hence  at  any  given  point  it  will 
pass  through  all  gradations,  from  zero  up  to  a  certain  limit.  Here  presents 
itself  the  question.  Is  that  limit  X,  or  can  it  be  X  for  every  point  in  the  mass  ? 
As  we  have  no  right  to  assume  d  priori  that  this  limiting  angle  in  that  state 
of  equihbrium  which  we  wish  to  determine  must  be  equal  to  X  throughout 
the  mass,  and  obviously  it  will  not  be  so  for  actual  cases  of  equilibrium  which 
arise,  we  want  a  name  to  distinguish  the  maximum  ratio  which  friction  bears 
to  pressure  in  any  specified  stress  from  the  absolute  maximum  which  this 
ratio  is  capable  of  attaining.  We  may  name  the  former  the  coefficient  of 
frictional  energy;  and  for  every  point  where  this  is  equal  to  the  absolute 
coefficient  of  friction,  we  may  say  the  friction  of  the  stress  is  at  its  maximum 
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energy.  Let  (/a)  be  the  coefficient  of  frictional  energy  for  any  given  stress, 
and  (X)  =  tan~'  (/*)  the  corresponding  angle  of  repose,  [We  may  also,  if  we 
please,  term  (^)  and  (X)  the  relative  coefficient  and  relative  angle  of  repose 
respectively,  that  is,  relative  to  any  assigned  stress.]  Let  the  ratio  between 
the  maximum  and  minimum  thrust  of  any  stress  be  called  'f:  a  simple 
relation  connects  7  and  (\)*. 

For  calling,  as  before,  L  the  pressure,  and  M  the  face-force  (now  the 
friction),  we  have  by  equation  (1), 

X  =  P(coe5)=  +  i^(siQ^)^ 
jlf  =  (P-B)sin^coge, 
R  =  P'f. 

M 
tan  iX)  =  (^)  =  maximum  value  of  y  . 

To  find  this  maximum,  we  have 

8  (cot  5  +  7' tan  ^i  =  0. 
Hence  7tan^  =  l, 

and  therefore  cot  Ck)  =  ^ -, , 

therefore  (1  -  7O  -  27  tan  X  =  0, 

,  -  sec  (X)  -  ta„  (X)  -  l^i^  =  t.n  («•- (^) . 

This  equation  expresses  the  universal  relation  between  the  form  of  the 
ellipse  of  pressures  for  any  stress  and  the  relative  angle  of  repose  for 
such  stress. 

The  problem  we  have  just  solved  may  be  presented  advantageously, 
in  order  to  make  the  impression  of  it  more  vivid  (as  it  is  of  cardinal 
importance),  under  a  geometrical  point  of  view.  Taking  any  radius  vector 
of  the  elUpae  of  pressures,  the  angle  between  it  and  its  conjugate  radius 
is  90°  at  any  vertex ;  at  some  point  therefore  it  will  be  at  a  minimum,  and 
this  minimum  will  be  the  complement  of  the  relative  angle  of  repose. 

From  the  preceding  investigation,  it  will  easily  be  seen  that,  to  find  the 
ray-directions  which  give  this  minimum,  we  have  only  to  construct  a  rectangle 
circumscribing  the  ellipse,  and  either  of  its  two  diagonals  will  be  in  the 
direction  required,  and  the  angle  between  either  such  ray  and  the  principal 
axes  plus  or  minus  half  the  angle  between  it  and  the  normal  (which  angle  is 
the  relative  angle  of  repose)  will  be  half  a  right  anglef. 

•  ThiB  relation  and  its  importance  are  well  known  to  Professor  Eanfcine. 

+  In  fact  the  diameters  which  coincide  with  the  direotiona  of  these  (tiagonaJs  are  conjugate 
diameters,  equally  inclined  to  the  principal  asee;  and  these,  as  I  auppoBemust  be  well  known,  ace 
the  conjugate  diameters  whose  inclination  to  each  other  is  a  m 
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35. 

ON   THE   EQUATION 

[Quarterly  Journal  of  Mathematics,  in.  (1S60),  pp.  186^1&0.] 

P{m)  I  use  to  denote  the  nomber  of  integers  less  than  m  and  prime  to  it 
except  when  m  =  l,  in  which  case  P(m)  =  l.  ^{  —  j  I  use  to  denote  the 
integer  part  of  — ,  or  the  whole  of  ■  -  if  —  is  an  integer. 

Then  evidently  if  we  use  —  to  denote  unity  when  in  contains  r  and  zero 
in  all  other  cases 

Again,  it  is  well  known  that  the  factora  of  any  binomial  function,  as  for 
instance  x'^—l,  are  made  up  of  the  prime  factors  of  all  the  binomial  factors 
of  a^*  — 1  as  a;*—  1,  a?  — 1,  ic*  — 1,  te°  —  1,  ic''' —  1,  and  consequently  that 

which  equation  may  also  be  easily  proved  independently  (vide  note  at  end). 
Let  now 
£(5)pW  +  i;(^j)p(™-l)  +  «(^)p(„-2) 

+  -+«(y)-P(l)-»,.- 
Then  Bg£i)p(„-1)  +  Ji;^?l^)p(m_2) 

+  ...+£(!!^)P(l)-«„. 


y  Google 


226  On  the  Equation,  <&c.  [35 

Hence     w„,  - m^^,  =  ~ P (m)  +--- --P(m  -  1)  -f  ...  +^  P(l)  =  m. 

Hence  Mm  =  «i  — s —  +  0, 

and  since  «[  =  1  we  must  make  G  =  0,  and 

_      m  +  1 

as  was  to  be  shown. 

Note. — Proof  of  the  equation 


Let  a,  b,  c...  be  the  prime  factors  oi in,  so  that 

m^a"  .h^  .c'*  ..., 

and,  for  example,  suppose 

m  =  ft" .  6^ .  cv. 

Then  the  numbers  contained  in  ra  may  be  divided  into  groups  aa  follows ; 
one  group  in  which  a,  b,  c  all  appear,  another  in  which  only  two  of  the  letters 
a,  b,  c  appear,  a  third  in  which  only  one  of  them  appears,  and  finally  unity 
in  which  none  of  them  a 


The  sum  of  the  numbers  of  integers  prime  to  m  and  leas  than  it  for  the 
factors  in  the  first  group 

=  (a"-'  +  «•-=+...  +  1)  (6^-'  +  ;<3^  +  . . .  +  1)  (ev-i  +  cy'  +  . . .  +  1) 

x(«-l)(6~l)(c-l) 
=  (a''-l)(i^~l){cv-l). 
In  like  manner  the  sum  of  the  numbers  of  auch  integera  for  the  factors  in 
the  second  group 

=  (a,-  -  1)  {¥  ~  1)  +  (a-  -  1)  (cv  _  1)  +  (68  _  1)  (cv  _  1), 
for  the  third  group 

=  (a"-l)  +  (J3_l)  +  (cy-l), 
and  for  unity 
=  1. 
Hence  the  total  sum  of  such  factors 

=  a" .  &^  <;T 


as  was  to  be  shown,  and  so  in  the  like  manner  whatever  may  be  the  number 
of  prime  constituents  a,b,o  ...inm. 

Q.  E.  D. 
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P.S.  1.  By  successive  integration  the  theorem  first  established  maybe 
generalized,  ^d  preserving  the  same  notations  as  before,  it  emerges  into  the 
following  proposition  :    [cf.  the  form  helow] 

SiP(i')' 


L 

1.2.. 

■ ''" 

.4(m'). 

r.% 

4-f 

'(•■) 

2 

111 

.■-' 

m(m  +  l)(27; 

»  +  !) 

2.3 

or  observing  that 

P(i«)-i«-i.P(i), 

m(m  +  l)(2,»H-l) 
3 

JSxample,  let  m  =  5, 

5P(5)-20, 
4P(l)-8,     ^(})  =  1, 
3P(3)-6,     i'(J)-l, 
2P(2)  =  2,     J(j)=2, 
«?)  =  =, 
20x2  +  8x2  +  6x2  +  2x6  +  .5x6 
=  110, 

Or  we  may  use  the  theorem  under  the  form  following : 
S<[p(i')xs|«(")p].S(«'), 

where  it  is  to  be  observed  that 

jS^''  moans  l''  +  2''+  ...  +  q''. 
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Exatnple,  let  r  =  3, 

4.1 C^P"|      _     *^ 1/     \  t /\ * / 


hm^ 


Thus  let  K  =  4, 

then  S{|)  =  1,  i^^-1,     P(#)- 16x2-32, 

«(«  =  !,  i^-1,     -P{S')=    9x2  =  18, 

««)  =  2.  ^iV-5.     -PW-    *xl=    i, 


2.3 


,  P(P). 


2.3 

US  +  20  +  30  - 100, 


P.S.  2.     The  fundamental  theorem  in  its  simplest  terms  is  as  follows  : 
If  ii,  %  ...  V  be  any  arbitrary  positive  integers 

»'  -  <S)'  \f  ((i,)")  P  l(i)'-) . . .  P  (i,.,)  X  ^j^J  ; 
the  (S)'  meaning  merely  the  sign  of  summation  r  times  repeated. 

Example,  let  r  =  2,    n^  4, 

4  is  divisible  by  1  x  1,  2  x  1,  4  x  1, 

1  X  2,  2  X  2, 
1  ;^,4, 
P(l)=l,  P(2)  =  l,  P(4)  =  2, 
1x1x1+1x1x1+1x1x2 
+2x1x1+2x1x1 
+4x2x1 
=  4  +  4  +  8-16  =  4'. 
It  is  obvious  that  this  theorem  must  be  ca.pable  of  being  reduced  to  ais 
algebraical  identity  by  writing  n  =  a"^ .If  .c^  . . .   as  I  have  shown  in  the  note 
above  for  the  case  r=  1. 

The  proof  is  left  to  the  ingenuity  of  the  reader. 
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SUR  UNE  PROPE.IETE  DES  NOMBRES  PREMIERS  QUI  SE 
RATTACHE    AU    TH:6oKEME    DE    FEEMAT. 

{Comptes  Rendus  de  VAcaddmie  des  Sciences,  Lif.  (1861),  pp.  161^163.] 

En  etudiant  les  propriet^a  arithm^tiques  des  nombres  de  Bernoulli  et  des 
autrea  nombres  qui  leur  sont  analogues,  je  suis  tomb6  tout  r&emment  sur 
une  representation  du  residu  par  I'apport  au  module  p^  de  la  m^me  fonction 
exponentielle  r^"'  dont  le  th^orfeme  de  Fermat  enseigne  que  le  residu  par 

rP-^  -  1 
rapport  k  p  est  I'unite.      Nommon.3   le   nombre    entier le  quotient 

de  Fermat,  dont  p  sera  dit  le  module  et  r  la  base.  En  supposanfc  que  la 
base  est  un  nombre  premier,  je  trouve  qu'on  peut  exprimer  son  residu  par 
rapport  au  module  au  moyen  d'une  serie  de  fractions  dont  les  d^nominateurs 
seront  tous  les  nombres  inf^rieurs  au  module  p,  et  les  numi^rateurs  des 
nombres  periodiques  qui  ne  dependent  que  de  la  base  r. 

En  effet,  si  le  module  est  un  nombre  premier  impair,  les  fractions  qui 
expriment  ce  residu  auront  pour  d^nominafceurs  successifs  p—1,  p  —  ^, 
p—3,  ...,2,  l,et  pour  num^rateurs*  le  cycle  toujours  r^pAe  1,2,  3,  ...,r  —  l,r, 
sauf  k  entendre  que  le  cycle  des  num^rateurs  commence  avec  le  terme  qui 
1 


est  congru  k 

-  par  rapport  a  r. 

Par  exemj 

lie,  soit  r~5,  nous  aurons  d's 

cette  regie 

5»-i  _  1 
P 

-^31+^32+^ 

L  +  Jl. 

-3     y-1 

^4,...., 

quand  p  est  de  la  forme  10^  +  1, 

niais*  [h  c 

aus8  de  2  X  3  a 

i  1  (mod  5)] 

3            4 

%4b^. 

1           2 

quand  p  est  de  la  forme  10k +  2.  II  est  bon  de  remarqiier  que  la  somme 
des  reciproques  des  denominateurs  ^tant  congrue  k  zero  pour  le  module  p, 
on  peut  angmenter  ou  diminuer  simulfcan^ment  (k  volont^)  tous  les  termes 

[•  See  eotreution  below,  p.  241,] 
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du  cycle  d'un  m^me  nombre  quelconque,  et  cons^queniment  pour  le  cycle 
1,  2,  3,  ,..,  r,  on  peut  substituer  un  cycle  plus  sym^trique  dans  lequel  le 
terme  au  milieu  sera  z^ro.  Ainsi  on  trouve  en  prenant  r  =  3  (auivant  le 
module  p) 

SP-'  - 1  _         1  1  1  1  1 

p       ~     p  —  1     p  — 3     p  —  4i     p  —  6     p  —  7'"' 

^  _  J_  _!_  _1 1_  _^     1 

p-2     p  — 3     p  —  5     p-&"'  ' 

selon  que  p  est  de  Ha  forme  6?i  + 1  ou  6n  —  l  respectivement. 

Par  exemple,  faisona  p~7,  alors 

c'est-a^dire  =  104  (mod  7). 

Prenons  encore  p  —  11,  alors 

1      1      1      1      1      1      .^^r.      .      ^«3'"-l 
9-8  +  fi-5  +  3-r^-^  +  '-'^  +  *'-^"**  =  ^i- 

c'est-a-dire  =  22  x  (3°  +  l)(mod  11). 

Eeste  k  donner  la  s^rie  pour  le  cas  ou  ta  base  du  quotient  de  Fermat  est 
le  nombre  2  [cf.  p.  235  below].     Par  ce  cas  on  trouve 

gj--!  _  1  _     2  2         __2_        2  2 

p       ~p  —  S     p  —  4<     p  —  i     p-~6     p  —  11       "' 

*  ^__2_     _2_      _2_     _2_  2_ 

**"  ^ p-2'^ p-S'^ p-Q'^ p-7'^p-lO'^  "" 

selon  que  p  est  de  la  forme  4/c+l  ou  ik  —  1  respectivement.  On  peut 
enoncer  des  th^oremes  plus  generaux  en  Bubstituant  pour  p  et  p  —  I  un 
nombre  quelconque  et  un  indicateur  mEtximum  respectivement.  Pour  !e 
moment  je  me  borne  k  faire  une  remarque  surla  constitution  arithm^tique 
des  nombres  de  Bernoulli  et  des  norabres  analogues  qui  entrent  dans  le 
d^veloppement  des  s^cantes,  dont  I'^tude  m'a  conduit  a  la  loi  donn^e  plus 
haut.  Q^^"^*"  *^^  nombres  de  Bernoulli,  on  sait  d^ja  par  le  th^orfeme  public 
presque  simultanement  par  MM.  Clausen  et  Staudt,  que  le  d^nominateur 
de  Bn  est  uu  produit  de  puissances  simples  de  nombres  premiers,  ^tant 
compost  du  produit  de  tous  les  nombres  premiers  qui,  diminu^s  par  I'unit^, 
sent  diviseurs  de  2?i.  Mais  on  parait  ne  pas  avoir  fait  la  remarque  impor- 
tante  que  le  num^rateur  de  £„  contiendra  tous  tes  facteurs  de  n  qui  ne  sont 
pas  puissances  des  facteurs  du  d^nominateur,  de  telle  sorte  que,  si  n  contient 

[*  The  eign  of  every  term  in  the  second  expression  should  be  changed.     Stern,  Creltc,  Bd  c. 
(1887),  p.  188.] 
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p^,  mais  ne  contient  pas  p  —  l,\e  nutnerateur  de  S„  contiendra  p' ;  comme 


corollaire,  on  pent  remarquer  que,  p  ^tant  un  nombre  premi 


ler  quelconque. 


3  num^rateur  de  £p  contiendra  toujours  p.  Quant  aux  nombres  de  la  s^rie 
pour  la  secante  qu'oa  peut  nommer  les  nombres  d'Euler  qui  le  premier  en 
a  fait  le  calcul,  et  qui  sont  tous,  comme  on  sait,  des  nombres  entiers  et 
positifa,  et  que  je  propose  de  denoter  par  le  symbole  E,  voiei  une  propriety 
dont  i!s  jouissent. 

D^signons  par  p  un  nombre  premier  tel  que  p—l  an  plus  g^n^ralement 
(p  —  l)p*  soit  un  facteur  de  2«;  alors,  dana  le  cas  ou  p  est  de  la  forme 
4A  +  1,  p*+^  sera  un  facteur  de  En,  mais  dans  le  cas  oil  p  eat  de  la  forme 
ife— 1,  p^'   sera   un   faeteur   de   2  (— 1)"""^  +  ^„.      On   comprend  que   E^ 

exprime  le  coefficient  de  - — ^ — —^  dana  le  developpement  de  s^cante  de  x. 

Par  parenthfese  il  sera  bon  de  remarquer  qu'en  combinant  les  deux  regies 
pour  Bn  et  E^  on  voit  que  le  d^ominateur  de  leur  produit  ne  peut  les 
contenir  comme  facteurs  aucuna  nombres  premiers  de  la  forme  ik  + 1. 

Euler  a  fait  le  calcul  des  E  jusqu'^  E,,  mais  a  donne  une  valeur  erron^e 
de  cette  demifere  qui  a  ^te  corrigee  par  M.  Rothe,  dans  le  Journal  de  Grelle, 
dans  un  M4moire  communique  par  M.  Ohm*.  Selon  ma  rfegle  E,  +  %  doit 
contenir  les  trois  facteurs  3,  7,  19,  ce  qui  s'accorde  avec  la  vaieur  donn^e 
par  Rotbe,  mais  non  pas  avec  ceile  d'Euler.  C'est  k  propos  de  ma  nouvelle 
th^orie  des  partitions  des  nombres  que  je  me  suis  int^resse  sp^cialeraent 
aux  nonabres  de  Bernoulli  et  d'Euler,  qui  tous  les  deux  font  une  partie  dea 
developperaents  qu'elle  exige;  en  effet,  on  a  besoin  dans  cette  th^orie  de 

pf 
toutes   les   especea   de   nombi-es   dont   la   fonetion  generatrice  est  i  --_— 

(3  ^tant  un  entier  quelconque  donn^,  et  p  une  racine  de  I'unit^  d'un  degr^ 
quelconque).  Selon  le  degre  de  I'equation  dont  p  est  une  racine  primitive, 
on  peut  les  nommer  des  nombres  bernoulliens  (ou  si  Ton  veut  sous-bemoul- 
liens)  d'un  tel  ou  tel  ordre.  Jusqu'a  present  on  parait  n'avoir  tenu  compte 
que  des  nombres  bernoulliens  du  premier  et  du  second  ordre  (qui  sont  lies 
entre  eux  par  le  facteur  exponentiel  si  bien  connu)  et  de  ceux  du  quatrifeme 
ordre  auque!  appartiennent  en  effet  lea  nombres  dits  d'Euler.  Mais  ces 
nombres  pour  tous  les  ordrea  possedent  des  propri^t^s  aritbm^tiques  trfes- 
dignes  d'etre  etudi^es;  j'espere  pouvoir  y  revenir  et  avoir  I'honneur  d'en 
faire  le  sujet  d'une  nouvelle  communication  el  I'Acad^mie. 
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ADDITION   A   LA   NOTE   INS^REE   DANS   LE   PR^CfiDENT 
COMPTE   RENDU. 

[Comptes  Rendus  de  I'Aaademie  des  Sciences,  Lii.  (1861),  pp.  212—214.] 

Dans  la  Note  que  j'ai  eu  I'honneur  de  presenter  lundi  dernier  k  I'Acade- 
mie  et  qui  a  4t^  inseree  aii  Gompte  rendu,  j'ai  fait  connaitre  [p.  231  above] 
le  r^sidu  du  nombre  E^  par  rapport  au  module  ^'+',  pour  le  cas  oil  n  cou- 
tient  le  facteur  (p—^)p\p  etant  un  nombre  premier  impair.  II  restait  k 
exprimer  ce  meme  r^sidu  dans  le  cas  de  p  =  2,  e'est-&.-dire  dans  le  cas  oil  n 
contient  le  facteur  2'.  Je  trouve  alors  que  S„  est  congru  a  1  suivant  le 
module  2'"*'^. 

Mais  j'ai  obtenu  en  meme  temps  un  autre  th^oreme  tres-general  et 
trea-utile  pour  ce  genre  de  calculs ;  voici  en  quoi  il  conaiste.  Si  n  et  n'  sont 
des  tiombres  entiers  ditfi^rents  de  z^ro,  et  que  2n  et  2k'  soient  congrus  suivant 
le  module  (p  —  1)  jA  on  aura 

1°  {-)»  E„  -  {-)»'  E^.  (mod  p'+'), 

lorsque  p  sera  un  nombre  premier  impair, 

2"  E„  =  E„.(mo<i2'), 

lorsque  Ton  aura  j)  =  2,  c'est-£i-dii  e  lorsque  >i  et  n'  seront  congrus  par  rapport 

k  2*-  *. 

Si  Ton  se  rappelle  que  E,  —  l  et  que  Ton  combine  la  dernifere  partie  de  ce 
tli(5orfeme  avec  celui  qui  se  trouve  ^nonce  plus  haut,  on  amve  immMiatement 
k  cette  cons^uence  remarquable,  que  :  Tout  nombre  d'Euler  est  de  la  forme 
ik  +  l.  Cette  loi  si  simple  pai'ait  avoir  dchapp^  k  I'iliustre  inventeur  de  ces 
nombres  puisque  la  valeur  qu'il  a  donn^e  pour  E^  est  de  ia  forme  ik  —  1. 
En  se  reportant  aux  th&rfemes  que  j'ai  obtenus,  on  ne  peut  gufere  commettre 

*  Un  th^rfluje  lont  &  fait  analogue  doit  avoit  Hen  pour  les  nombres  de  Bernoulli  dtt  2"'°  ordre, 
o'est-i-dire  pour  les  nombres  qui  multiplient  ^ — 5 — 5-  dans  le  dSveloppement  de  — — ^  en  eerie. 
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d'errem-s,  sans  lea  reconnattre,  dans  le  calcul  des  noinbres  E.  Par  exemple, 
en  partant  des  quatre  valeurs 

■on  peat  affirnier  k  prioi'i  que  E^  apparbienb  k  fcoutes  les  formes  liueaires 

5&  +  1,    11^+1,     13A;+9,    16fc  +  l,    17^+1; 
•en  outre,  a  cause  de  la  forme  du  double  IS  de  I'indice  9,  lequel  contient  les 
fecteurs  6,  2  X  3,  18,  on  sait  que  E^  appartlent  encore  aux  formes  linefairea 
1k-%     9h-2.     l^h-2. 

La  valeur  24048  79661  671  obtemie  par  Euler  ne  satisfait  k  aucune  de  ces 
huifc  conditions;  celles-ci,  au  contraire,  aont  toutes  v^rifi^es  par  la  valeur 
24048  79675  441  donn^e  par  M.  Rothe.  Ainsi  on  pent  non-seulement  affir- 
mer  que  la  premiere  valeur  est  erronee,  mais  encore  on  a  tout  lieu  de  croire 
k  I'exactitude  de  la  aeconde,  quoique  M.  Rothe  ne  I'ait  pas  justifi^e  en  pr6- 
sentant  les  details  de  ses  calculs. 

Je  remarquerai,  en  terminant,  que  ie  th^orfenie  ^nonctj  plus  haiit  offre  ie 

moyen  de  reconnaltre  si  un  nombre  premier  donn^  p  pent  figurer  comme 

facteur  dans  quelqu'un  des  termes  de  la  suite  ind^finie  E,  _ou  dans  quelqu'un 

■des   termes  de  la  suite  E±a,  tiree  de  la  premifere  en  angmenfcant  ou  en 

diminuant  sea  termes  d'un  mSme  nombre  donne  a.     Car  si  cette  circonstance 

se  prfeente,  k  I'^gard  de  I'une  de  ces  suites,  p  sera  n^cessairement  facteur 

p  —  \ 
■d'un  au  moins  des  *— ^ —  premiers  termes  de  cette  suite,  et  meme  de  I'un 

■des  -~K-  premiers  termes  dans  Ie  cas  de  a  =  0.     On  reconnalt  I'exactitude 

de  ce  dernier  point  en  se  rappelant  que  tous  les  nombres  premiers  4^+1 
.^tant  facteurs  des  nombres  d'Euler,  il  n'y  a  lieu  de  conaiderer  que  les 
diviseurs  4fc  —  1 ;  or,  d'aprfes  le  th(5orfeme  de  la  Note  pr^cedente,  Ep_-^  ne  peut 

Stre  divisible  par  p  qutand  ce  nombre  est  de  la  forme  4/c  — 1.  Par  exemple, 
I'inspection  des  quatre  premiers  noinbres  d'Euler  1,  5,  61,  5  x  277,  suffit  pour 
■demontrer  qu'aucun  des  nombres  de  la  suite  ind^finie  E  n'est  divisible  par  3, 
7  ou  11. 

Des  considerations  analogues  s'appliquent  sans  difficulte  aux  diviseurs  p^. 
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NOTE    RELATIVE    AUX    COMMUNICATIONS    FAITES    DANS 

LES   S:6ANGES   DES    28   JANVIER   ET   4   F^VRIER   1861. 

{Extrait  d'%ne  Lettre  adremee  d,  M,  Sbhbkt  par  M.  Sylvester.) 

{Gorivptes  Bmdus  de  I'AcadSmie  des  Scimwes,  ill.  (1861),  pp.  307,  308.] 

Dans  la  Note  que  j'ai  eu  I'honneur  de  presenter  r^cemment  k  TAcademie 
et  qui  a  ^t6  inser^e  au  Compte  rendu  de  la  stance  du  4  f^vrier  dernier,  j'ai 
fait  connaitre  un  th^orfeme  qui  lie  entre  elles  deux  congruences,  dont  I'une 
se  rapporte  aux  indices  des  aombres  d'BuIer  et  I'antre  h  ces  nombres  eux- 
mSmes ;  et,  en  meme  temps,  j'ai  avance*  qu'un  th^oreme  analogue  doit  avoir 
lieu  pour  lea  nombres  de  Bernoulli.     Voici  en  quoi  consiste  ce  th^oreme  : 

Soient  p  un  nombre  premier,  n  ct  n'  deux  nombres  entiers  dont  les 
doubles  2n,  2n'  ne  contiennent  aucun  des  facteurs  p,p  —  l,  et  soient  congrus 
Buivant  le  module  (p  —  1)^'  (i  etant  un  entier  quelconque  positif  ou  nul);  lee 
nombres  de  Bernoulli  £„  et  Bn'  aeront  life  entre  eux  par  la  congruence 


On  doit  remarquer  que,  d'apres  les  conditions  de  I'^nonce,  p  ne  peut  etre 
^gal  ni  ^  2,  ni  ^  3. 

Pour  donner  un  exemple  de  ce  theoreme,  prenons  n  =  1,  n=Vl\  les 
nombres  2re  et  2ji'  seront  congrus  par  rapport  a  11  —  1  et  aussi  par  rapport  h. 
(5  —  1)  5;  d'ailleurs 

R,_l     B^^  2  577  687  858  367 . 
7  "6'    17  ~  17  x6 


par  consequent,  on  aura 

if,     B,,         2  577  687  858  350 


7       17  102 

ce  que  Ton  peut  verifier  imm^diatement. 

*  Voir  ii  la  page  [232]  de  ce  volume. 


=  0     (mod  11x25), 


yGoosle 


38]  Note  relative  at(x  communications  235 

Je  profite  d&  cebte  occasion  pour  presenter  line  remarque  importaiite  au 

sujet  de  la  formule  par  laquelle  j'ai  exprim^  [p.  230  above]  le  r^sidu  de 

suivant  le  module  p,  dans  le  cae  ovi  I'on  a  r  =  2,  Cette  formule  peut  etre 
remplac^e  avec  avantage  par  la  suivante : 

111 

2"-^  -  1  _  2  2 2__ 

p        ~      p—l      p  —  2.      p-3       ■■■     ^  ^'' 

qui  eat  tout  h,  fait  semblable  aux  formtiles  relatives  an  cas  oil  r  est  un 
nombre  premier  impair,  et  qui  n'exige  pas,  comrae  celle  que  j'avais  tronv^e 
d'abord,  que  I'on  distingue  les  formes  4/;  +  1  et  4&  —  1  du  mcidule  premier  p. 

Pour  ce  qui  concerne  le  cas  ou  la  base  r  do  quotient  de  Fermat 

est  un  nombre  compose,  ii  n'y  a  aucune  difficult^  a  exprimer  le  r&idu  de 
ce  quotient  suivant  le  module  p,  par  des  suites  de  fractions  dont  les  denomin- 
ateurs  sont  les  nombres  inf4rieurs  a  p,  et  dont  les  num^rateurs  constituent 
des  cycles  esactement  comme  dans  le  cas  oil  r  est  un  nombre  premier.  Pour 
obtenir,  en  effet,  les  suites  dont  je  viens  de  parler,  ii  suffit  de  faire  usage  de 
la  congruence  Evident e 

(a6o...fe)'^^-l_(aP-^-l)  +  (&P-'-l)  +  (c^-'-l)  +  ...  +  (A^^-'-l) 

p  p  \        FJ' 

dans  laquelle  a,b,c,...,k,  d^signent  des  entiers  quelconques  ^gaux  ou 
inegaux,  Au  moyen  de  cette  congruence,  on  ramene  immediatement,  par 
de  simples  additions,  le  cas  oil  r  est  un  nombre  compost  au  cas  ou  cette  base 
est  un  nombre  premier. 


y  Google 


39. 


SUE  L'INVOLUTION  DES   LIGNES  DROITES  DANS   L'ESPACE 
GONSIDER^ES   COMME  DES  AXES   DE  ROTATION. 

[Oomptes  Rendiis  de  I'Academie  des  Sciences,  Lii.  (1861),  pp.  741 — ViS.] 

Note  presentee  par  M.  Chasles. 

On  sait  qu'on  peut  repi4senter  uu  ddplacement  infiniment  petit  qnel- 
conque  d'un  corps  rigide  an  moyen  des  rotations  du  corps  autour  de  sis  axes. 
En  effefc,  la  mdthode  usuelle  de  representee  ce  d^placement  au  moyen  de 
trois  mouvements  de  rotation  et  de  trois  de  translation  rentre,  comme  un  cas 
paiticulier,  dans  la  methode  dont  je  parle,  en  prenant  trois  axes  sur  les  six 
a  une  distance  infiniment  eloign^e  du  corps,  Cependant  il  n'est  pas  vrai 
que  la  disposition  des  six  axes  soit  arbitraire  dans  un  sens  absolu.  Car  si 
les  six  axes  sont  choisis  de  telle  fa9on  qu'on  peut  trouver  des  forces  qui, 
agicsant  dans  leurs  directions  sur  un  coi-ps  rigide,  feront  ^quilibre  entre  elles, 
les  rotations  autour  de  ces  axes  ne  restent  plus  ind^pendantea,  c'est-&,-dire 
une  rotation  autour  d'un  de  ces  axes  peut  §tre  decompos^e  dans  ses  rotations 
autour  des  autres,  et  cons^quemment  les  six  axes  n'4quivaudront  en  r^alit^ 
qu'^  cinq  tout  au  plus.  Dans  ce  cas,  on  peut  dire  que  les  six  axes  forment 
un  syateme  en  involution;  et  I'objet  de  cette  Note  est  de  pr^ciser  les  carac- 
tferes  g^ometriques  par  lesquels  on  peut  reconnaitre  une  pareille  involution 
et,  de  plus,  de  foumir  les  moyens  de  coustruire  un  tel  sywtfeme,  et,  en  snppos- 
ant  cinq  des  axes  donnas,  de  trouver  le  lieu  le  plus  general  du  sixi^me. 

L'auteur  traite  d'abord  les  cas  ou  les  droites  donnees  sont  en  nombre 
inftrieur  k  cinq,  et  oi  il  s'agit  d'en  determiner  une  de  plus  qui  fasse  avec  les 
droites  donnees  un  systeme  de  droites  pouvant  reprdsenter  les  directions 
d'un  systeme  de  forces  (ou  de  rotations,  ce  qui  revient  au  meme)  se  faisant 
^quilibre.  II  a  occasion  de  citer  la  Statique  de  M,  Mcebius  (Lekrbuch  der 
Statik ;  Lepzig,  1837),  et  surtout  un  M^moire  dans  lequel  ce  savant  g^omfetre 
a  traits  ces  mSmes  questions  ( Ueber  die  Zusammensetzung  unendlick  kleiner 
Drehmgen  ;  voir  Journal  de  Crelle,  1,  xviii,  p.  189 — 212), 
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II  eontinuo  ainsi : 

Je  passe  a.  la  question  (objet  principal  de  cette  Note)  dc  I'iiivolution  du 
nombre  maximum  de  sis  lignes.  Je  suppose  que  ces  Ugnes  soient  donn^es, 
k  I'exception  d'une  seule  dont  il  s'agit  de  determiner  le  lieu  geom^trique. 
Je  combine  les  cinq  lignes  donn^es  quatre  h.  quatre ;  et^  quand  cela  peut  se 
faire,  je  mene  deux  transversales  renconfcrant  les  quatre  droites  de  chaque 
combinaison.     L'on  aura  ainsi,  en  general,  cinq  paires  de  transversales. 

Dans  ees  circonstances,  je  suis  a  mgme  d'enoncer  la  proposition  g^om^tri- 
que  remarquable  qui  suit :  En  choisissant  arbitrairement  un  point  dans 
I'espace,  et  en  menant  par  ce  point  une  transversale  k  cbacune  des  paires  de 
transversales  nommdes  plus  liaut,  toutes  cea  transversales  ainsi  menses  (en 
general  au  nombre  dc  cinq)  se  trouveront  dans  le  m^nie  plan;  et  correlative- 
ment,  en  coupant  les  paires  de  transversales  par  un  plan  quelconque,  les 
droites  (g^n^raleraent  cinq  en  nombre)  qui  joignent  les  deux  points  d'inter- 
section  de  la  mSme  paire,  se  croiseront  toutes  dans  le  mSme  point.  Je 
nomme  un  plan  et  un  point  ainsi  d^termin^s  r^ciproquement,  pdle  et  plan 
polaire. 

Je  prende  arbitrairement  une  droite  qui  coupe  une  paire  quelconque  de 
transversales,  et  je  cboisis  a  volonte  deux  points  0  et  0'  sur  cette  ligne; 
je  ti'ouve  les  plans  polaires  respectife  de  0  et  0'  (ce  qu'il  est  toujoiirs  possible 
d,e  faire,  parce  qu'il  y  a  deux  paires  de  transversales  au  moins,  outre  la  paire 
couple  par  la  ligne  00'),  disons  P  et  P'.  Dans  le  plan  P,  je  prends  k  volonte 
deux  points  E  et  F,  et  par  .E  et  .f  je  mene  deux  lignes  qui  coupent  respec- 
tivement  les  deux  lignes  d'une  quelconque  des  paires  de  transversales  dont 
j'ai  parl^  et  qui  rencontrent  le  plan  P'  en  E'  et  F';  je  eonstruis  deux 
faisceaux  kontographiques  situ^s  dans  P  et  P',  pour  lesquels  les  rayons  00', 
OE',  OF'  correspondent  respectivement  k  O'O,  O'E,  O'F,  et  je  dis  que  toute 
droite  qui  coupe  deux  rayons  correspondants  quelconques  de  ces  deux  faisceaux 
sera  en  involution  avec  les  cinq  lignes  donn^es,  et  vice  versd,  chaque  ligne 
en  involution  avec  les  cinq  lignes  donn^es  coupera  deux  rayons  correspondants 
de  ces  deux  faisceaux. 

Jusqu'ici  j'ai  suppos^  que  la  ligne  commune  aux  deux  faisceaux  a  et^ 
cboisie  dans  une  direction  qui  traverse  les  deux  droites  d'une  des  paires  de 
transversales  connues.  Cette  restriction  peut  maintenant  Stre  aba,ndonn^e, 
ear  on  pouira  cboisir  pour  la  ligne  des  centres  des  faisceaux  une  droite 
quelconque  qui  coupe  deux  rayons  correspondants;  c'est-a-dire  une  sixifeme 
ligne  quelconque  qui  se  trouve  en  involution  avec  cinq  lignes  denudes,  pourra 
servir  de  rayon  commun  a  deux  faisceaux  plans  homographiques  ainsi  dis- 
poses que  cbaque  ligne  coupant  deux  rayons  correspondants  dans  deux 
faisceaux  sera  el!e-m§me  en  involution  avec  les  cinq  lignes  donn^es, 

J'ajoute,  comme  etant  compris  viitucllement  dans  ce  qui  precMe,  que  le 
lieu  de  toutes  les  lignes  qui  sont  en  involution  avec  les  lignes  donnt^os  et 
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passent  par  un  point  donne,  est  le  plan  polaire  de  ce  point  {selon  la  d^finitioD 
Gxpliqu^e  ci-dessus  du  p61e  et  du  plan  pplaire).  M.  Mcebius  avait  deja 
deniontr^  que  ce  lieu  doit  §tre  un  plan;  mais  11  avait  omis  de  donner  Ic 
moyen  de  la  construire. 

On  peut  aussi  remarquer  que  chacune  des  cinq  lignes  donndos  pasae  par 
deux  rayons  conespondants  dans  chaque  couple  de  faisceaiix  constniit  selon 
la  methode  foumie  plus  liaut;  la  m&tne  chose  aura  lieu  pour  cliaque  ligne 
droits  qui  se  trouve  dans  I'hyperboloide  dont  troia  quelconques  des  lignes 
donni^es  eont  des  generatrices;  etj'ajoute  que  six  lignes  quelconques,  cha- 
cune desquelies  passe  par  deux  rayons  correspond  ants  dans  un  couple  de 
faieceaux,  seront  en  involution  entre  elles. 

On  peut  donner  le  nom  A'axes  conjugu4s  k  chaque  paire  de  lignes  dont 
toutes  les  transversales  sont  en  involution  avec  un  systfeme  donrj^  de  cinq 
droites.  Ces  systfemes  d'axes  possedent  entre  eux  des  propriet^s  remarqua- 
bles  dont,  pour  le  moment,  je  veux  eeulement  indiquer  la  suivante :  On  pmit 
toujon-rs  mener  un  hyperbolo'ide  par  deuw  paires  quelconques  d^axes  conjuguis. 

Voici  les  propriety  m^tiiques  les  plus  frappantes  des  coupies  de  faisceaux 
homographiques  dont  il  est  question.  Les  deux  droites*  perpendiculaires  k 
la  ligne  des  centres  dans  les  deux  plans  de  rhomograpliie  seront  des  rayons 
■correspondants ;  en  consequence,  si  Ton  fait  tourner  I'uu  des  faisceaux  autour 
■de  la  ligne  des  centres  jusqu'Ji  ce  qu'il  se  trouve  dans  le  meme  plan  avec 
'I'autre  faisceau,  les  rayons  correspondants  s'entrecouperont  dans  une  ligne 
■droits  perpend  icu  I  aire  a  la  ligne  des  centres*,  et  je  trouve  que  le  point  oil 
cette  perpendicuiaire  coupe  la  ligne  des  centres  sera  le  pMe  du  plan  qui, 
passant  par  cette  ligne,  divise  en  deux  parties  egales  I'angle  diedre  form^ 
par  les  deux  plans  homographiques.  Nommons  ce  point  le  pivot  de  la  ligne 
des  centres :  j'aurai  tout  a  I'heure  i'occasion  d'y  revenir. 

Consid^rons  I'ensemble  de  tous  les  axes  conjogues,  c'est-a-dire  de  toutes 
les  paires  de  rayons  correspondants  de  tous  les  couples  de  faisceaux  apparte- 
nant  a  un  systeme  donn^  de  cinq  lignes,  je  dis  qu'on  peut  appliquer  dans 
les  directions  de  ces  deux  axes  deux  forces  dont  le  rapport  de  grandeur  sera 
absolument  constant  pour  le  systeme  donne,  de  fa^on  qu'elles  seront  statique- 
ment  ^quivalentes  a  deux  forces  de  grandeurs  con v enablement  ehoisies  dans 
les  directions  de  deux  autres  axes  conjugu4s  quelconques.  En  consid^rant 
■une  ligne  quelconque  coupant  ces  deux  axes  eomme  la  ligne  des  centres  d'un 
■couple  homographique  contenant  ces  deux  axes  pour  rayons  correspondants, 
les  deux  forces  qui  doivent  agir  dans  leur  direction  pour  balancer  les  deux 
forces  fixes  auront  des  moments  ^gaux  par  rapport  an  pimt  de  cette  ligne. 
Par  consequent,  si  Ton  connait  le  pivot  d'une  seule  ligne  de  centres  qui 
Tencontre  deux  axes  conjugu^s  fixes  porteurs  des  lignes  en  involution  avec 
un  systeme  de  cinq  lignes  donnees,  on  peut  construire  tous  les  couples  de 
[*  See  the  correction  bolow,  p.  2i4.] 
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faisceaux  homograpliiques  dont  lea  lignes  et  centres  rencontrent  ces  m^mes 
axes.  Car  non-seulement  3ea  plans  d'homographie  de  cliaque  couple  seront 
connus,  mais  le  rapport  anharmonique  de  ses  deux  faisceaux  le  sera  de  mSroe, 
et  cela  parce  que  la  position  des  pivots  devient  d^termin^e.  On  peut 
ajouter  que,  puisque  tons  les  pivots  appartenant  aux  memes  axes  conjugu^s 
doivcnt  itre  tres-61oign4s  de  ces  deux  axes  par  des  distances  perpendiculaires 
qui  sont  dans  un  rapport  constant  entre  elles,  le  lieu  g^om^trique  qui  les 
contient  toua  sera  une  surface  du  second  degr6  et  ^videmment  un  hyjDer- 
boloide. 

Puisque  tous  lea  axes  conjugues  appartenant  a  un  systeme  de  cinq  droites 
donn^es  peuvent  Stre  consid^r^s  comme  les  directions  de  deux  forces  qui 
Equivalent  statiquement  a  deux  forces  donn^es  en  grandeur  et  en  position, 
on  voit  par  ce  qui  a  ^t^  dit  plus  haut  que  I'ensemble  infini  de  toutea  les 
paires  de  forces  ^quivalentOs  entre  elles  possede  cette  propri^te  remarquable, 
d^j^  donn^e  par  M.  Mcebius  (Journal  de  Grelle,  t.  x.  p.  317),  que  les  trans- 
versalea  tirees  du  mSme  point  quelconque  dans  I'espace  de  mani^re  a  ren- 
contrer  les  directions  des  forces  dans  chaque  paire,  seront  situEes  dans  le 
m&me  plan,  qu'on  peut  nonimer  le  plan  polaire  au  point  donn^.  C'est  une 
polarity  rdeiproque  tout  aussi  uetteraent  definie  que  la  polarity  plus  ordinaire 
qui  se  rattache  k  une  surface  donnee  du  second  degrE.  On  voit  que  la  pola- 
rity dont  il  est  ici  question  peut  etre  consid^r^e  comme  se  rattachajit  a  deux 
paires  de  lignes  droites  qui  sont  les  generatrices  du  m^me  hyperboloide. 

Dans  une  couamunication  subs^quente,  j'ajouterai  brifevement  les  carac- 
teres  alg^briques  de  tous  les  cas  d'involution,  et  je  ferai  connattre  un  deter- 
minant (compost  de  determinants  obtenus  par  la  combinaison  des  coefficients 
des  Equations  de  six  ou  d'un  moindre  nombre  de  lignes  droites,  mises  sous 
leurs  formes  les  plus  generales)  au  moyen  duquel  on  peut  s'assurer  si  ces 
droites  sont  en  involution  ou  non,  et,  de  plus,  distinguer  entre  les  diverses 
espeees  d'involution,  et  m&me  reconnaitre  d'autrea  dispositions  singuliferes  de 
ces  lignes  qui  constituent  une  espfece  d'involution  imparfaite.  Toute  cette 
th^orie  d^oule,  aelon  ma  m^thode  de  la  trailer,  des  notions  les  plus  elemen- 
taires  de  la  statique  des  corp^  rigides. 
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NOTE   SUR   L'INVOLUTION   DE   SIX   LIGNES   DANS    L'ESPACE. 


[Comptes  Itendus  de  I'Aoademte  des  Sciences,  LO.  (1861),  pp.  815—817.] 

Designons  six  droites  par  les  chiffres  1,  2,  3,  4,  5,  6.  Prenons  les  Equa- 
tions de  chacune  de  ces  lignes  sous  la  forme  la  plus  g^n^rale  (en  nou3  servant 
de  coordonn^es  tetra^d rales),     Ainsi,  soit  la  ligne  i  d^fioie  par  les  (Equations 

«>«'  +  &(«/  +  Ci^  +  diU  =  0,    aiX  +  Piy  +  7;^  +  Sjm  =  0 ; 
et  de  meme  la  ligne  j  par  les  Equations 

ajX  +  bjy  +  CjZ  +  djU  =  0,     a^x  +  /3j »/  +  7;^  +  S;M  =  0, 
et  sous-entendons  par  i,j  le  determinant 

h<  Ci.  di 
^i.  fi,  Si 
h,     Cj,     dj 


Cela  etant  fait,  formons  le  determinant  (que  je  iiommerai  A^) ; 
1,  2     1,  3      1,  4     1,  5     1,  6     . 


2, 1 

2,3 

2,4 

2,5 

2,6 

3,1 

3,2 

3,4 

3,6 

3,6 

4,1 

1,2 

4,3 

4,0 

4,6 

5,  1 

5,  2 

6,3 

5,  4 

5,6 

6,1 

6,2 

6.3 

6,4 

6,6 

Si  les  six  droites  1,  2,  3,  4,  5,  6  sont  en  involution,  on 

A„  =  0; 
et  reciproquement  si  A^i^  0,  les  six  lignes  seront  en  ii 
En  nous  bornant  aiix  cinq  chiffres  1,  2)  3,  4,  5,  01 
minant  analogue  k  A^  (disons  Aj)  qui  ne  contiendra  que  cinq  lignes  et  cinq 
colonnes,  et  qui  sera  un  determinant  mineur  du  premier  ordre  du  grand 
determinant  A9.     De  mSme  pour  A4,  etc. 


ivolution. 

I  peut  former  un  d^ter- 
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Si  A(  =  0  et  As  =  0  (sans  que  tous  les  determinants  mineurs  du  premier 
ordre  de  A,  soient  z4ro),  les  cinq  lignes  1,  2,  3,  4,  5  formeront  un  systeme 
en  involution  entre  elles.  Si  tous  les  d^terminante  mineurs  du  premier 
ordre  sont  z^ro  (ce  qui  ne  suppose  qu'une  seule  condition  de  plus,  c'est-it- 
dire  troia  conditions  en  tout),  !es  six  lignes  de  1  a  6  seront  toutes  rencontrees 
par  la  m^me  droite. 

Si  A,  =  0,  Ab  =  0,  A4  =  0,  alovs  en  g^n^ral  les  quatre  lignea  de  1  ^  4 
seront  en  involution  eutre  elles;  je  n'insisterai  pas  ici  sur  lea  cas  possibles 
d'exception ;  j'ajouterai  seulement  que  si  Aj=0  sans  autre  condition,  les 
cinq  lignes  de  1  &.  5  seront  toutes  rencontr4es  par  !a  meme  droite.  Si  A4  =  0, 
sans  autre  condition,  les  quatre  lignes  de  1  ^  4  n'admettront  qn'une  seule 
transversale  qui  les  rencontre  toutes  quatre,  au  lieu  des  deux  qui  existent 
ordinsdrement  pour  quatre  droites  dans  I'espace.  C'est  M.  Oayley  qui  le  pre- 
mier a  fait  cette  dernifere  remarque.  De  plus  il  a  trouv4  ind^pendamment 
un  determinant  qui  est  ega!  it  la  racine  carr^e  de  A^  et  qui  consequemment 
eert  tout  aussi  bien  que  Ao  pour  definir  I'involution. 

L'espace  me  manque  pour  produire  ici  cet  autre  determinant,  mais  je  dois 
ajouter  que  c'est  d'une  grande  utility  dans  I'^tude  analytique  de  la  th^orie 
d'in  volution. 


Je  prie  qu'il  me  soit  permis  de  profiter  de  cette  occasion  pour  rectifier  une 
erreur  qui  s'est  glissile  dans  I'enonce  d'un  th^orfeme  donne  dans  les  Compies 
rendus  (26  Janvier  1861).  Dans  !e  second  paragraphe  de  la  Note  [p.  229 
above],  au  lieu  de  "pour  numerateurs  le  cycle  toujoitrs  rep4td.,par  rapport 
k  r,"  lisez  "  pour  numerateuva  le  cycle  toujours  rep^t^  des  nombres  entiers 

conerus*  k  -,  -,-....,-  et  compris  parmi  les  nombrea  1,  2,  3,  ...,  r."     Et 

P   P    P  P 

plus  bas  au  lieu  de  "mais  a  cause...  10&+2"  lisez:   "mais,  k  cause  de 
7x3  =  1  (mod  5), 

3  14  2  5 

p  —  1     p  —  2     p  —  3     p  —  4<     p—b 

quand  p  est  de  la  forme  lOfc  +  7." 
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NOTE   SUB  LES  27  DROITES  D'UNE  SURFACE  DU  3«  DEGRS. 
lOomptes  Jtendus  de  I'Acad^mie  des  Sciences,  Lii.  (IStil),  pp.  977 — 980,] 

Mes  recherches  sur  I'involution  d'axes  de  rotation  m'a  forcement  conduit 
a  ^tudier  les  propri^t^s  g^om^triquea  des  27  lignes  droites  qui  sonb  situees 
aur  chaque  surfa<:e  g^n^rale  du  3^  degr4,  et  j'ai  trouv6  un  th4orfeme  pour 
repr^senter  ces  lignes  d'une  manifere  a  6ter  toute  diifieult^  en  approfondis- 
sanfc  leurs  rapports  mutuels.  En  se  servant  de  ce  th^orferae  que  je  lui  ai 
communique,  M,  CJayley  est  parvenu  avant  moi  k  donner  une  constructioni 
g^om^trique  de  ces  27  lignea;  mais  sa  construction  exige  la  connaissance  de- 
8  droites  donn^es,  c'est-^-dire  d'une  ligne  droite  piise  comme  base,  couple 
par  3  paires  de  droites  qui  se  croisent  (et  dont  les  traces  sur  la  base  ferment 
tin  systeme  de  6  points  en  involution),  et  couple  aussi  par  une  1"  droite. 
C'est  une  consequence  de  la  th^orie  connue  de  ces  27  lignes  (comme  I'a  biea 
montre  mon  ami  distingu^),  qu'une  surface  du  3*  degre  peut  §tre  construite, 
qui  contiendi-a  ces  8  droites  (la  base  et  les  7  autres  lignes  qui  la  coupent). 

En  me  pr^vatant  d'une  autre  fa9on  de  mon  theorfeme,  je  suis  parvenu 
a  donner  une  construction  d'une  nature  semblable,  maia  plus  sym^trique  et 
plus  simple  que  celle  de  M.  Cayley,  au  moins  dans  des  donn^es  qui  pour- 
moi  sent  une  ligne  droite  coupde  par  5  autres  droites  sans  autre  condition. 

C'est  le  systfeme  de  droites  qui  s'offre  bout  naturellement  dans  !a  tbeorie 
de  m^canique  dont  je  m'occopais  et  dont  je  me  fus  propost?  de  prime  abord 
de  me  aervir  pour  r^soudre  la  question  au  temps  mgme  que  j'ai  re^u  de  la 
part  de  M.  Cayley  la  solution  avec  le  nouveau  systeme  de  donn^es  dont  j'ai 
parl^  plus  haut.  Voici  une  premifere  observation  qui  sera  utile  dans  la  suite,. 
En  prenant  5  lignes  droites  tout  k  fait  arbibraires,  disons  a,  b,  c,  d,  e,  en  les 
joignant  quatre  k  quatre,  on  peut  construire  5  systfemes  de  paires  de  trans- 
versales ;  mais  si  lea  5  donn^es  renconti'ent  la  mSme  droite,  disons  ic,  il  est. 
Evident  que  ces  5  paires  se  r^duiront  a  cebte  droite  et  5  autres  transversales ; 
or  il  esb  facile  de  d^montrer  que  ces  5  demiferes  seront  toutes  renconbr^es- 
elles-mfimes  par  une  autre  droite,  disons  | ;  ellea  peuvent  Stre  convenable- 
ment  nommeea  a,  0,  7,  8,  e;  oil  a  esb  la  seconde  transversale  k  b,  c,  d,  e;  jS 
it,  a,  c,  d,  e,  etc. 
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Je  fais  une  seconde  observation  trfes-importante,  voir  que  6  droites  dont 
5  sont  couples  par  la  6*,  sont  situeea  sur  la  m6me  surface  du  3"  degr^,  et 
r^ciproquement  tout  systeme  de  5  droites  sur  une  surfece  du  3°  degr^  qui 
ne  ae  coupent  pas  entre  elles  sont  couples  par  la  mSrne  droit,  Je  dois 
ajouter  que  si  5  droites  sont  toutes  coupees  par  les  inSmes  2  lignes  ijroites, 
on  peut  feii'e  passer  un  nombre  infini  de  surfeces  du  3^  degr4  par  ces  7  lignes, 
parmi  lesquellea  ae  trouveront  comprises  2  surfiices  r^glees,  et  le  th^orfeme 
r^ciproque  aura  aussi  lieu. 

Ecrivoua  les  12  lignes 

a,    b,     c,     d,    e 


f 

o^  on  suppose  que  a,  b,  c,  d,  e  sont  rencontr^es  par  x,  maia  non  par  aucune 
autre  droite,  et  que  a,  /3,  y,  B,  e  sont  les  5  transversales  it  a,  b,  c,  d,  e  prises 
quatre  k  quatre,  et  f  la  transversale  comiQune  a  a^jBe. 

Formons  encore  le  aj^tfeme  ABODE,  oti  A  est  la  transversale  a  xaa^, 
B  a  xhfi^,  0  k  wcy^,  D  a  xdS^,  E  h  xee^;  c'est-&.-dire  A  est  Tin  terse  cti  on 
des  plans  qui  passent  respectivement  par  ««.,  fa  et  de  meme  pour  B,  C,  D,  E. 

Finalement  menons  lea  10  transversales  d^sign^es  par  la  eombinaison 
des  symboies  dea  4  lignes  qu'elles  rencontrent  respectivement,  c'eat-&.-dire 
aab^,  aacj,  aadB,  aaee,  b^cy,  b0dS,  b0ee,  cydS,  cyee,  dSee.  II  est  bon  de 
remarquer  que  les  deux  droites  a,  0  ae  croisent,  comme  aussi  b,  a,  et  que 
aab^  signifie  I'interaection  des  deux  plans  de  a0,  ba.  Une  remarque  seui- 
blable  a  lieu  pour  les  autres  droites  de  cette  s^rie  de  10.  On  voit  qn'on 
a  obtenu 

1  +  5  + 5 +  1  +  5  + 10  =  27  droites. 

II  est  facile  de  d^montrer  g^oraetriquement  que  toutes  ees  droites  sont 
situees  sur  la  ni^me  surface  du  8*  degr^,  et  que  cette  surface  ne  contiendra 
pas  aucune  auti-e  ligne  droite  sur  elle,  Je  dois  ajouter,  pour  rendre  plus 
complfete  I'image  de  ee  systeme  de  27  droites,  que  !es  10  demieres  couperont 
chacune  6  autres  au-dessus  des  4  expriin^es  par  la  notation  quaternaire- 
m^me,  e'est-k-dire  aab/3  ne  rencontrera  pas  seulement  a,  a,  b,  ^,  niais  aussi 
0,  D,  E  et  cydB,  cyee,  dBee  et  ainsi  pour  les  autres,  de  sorte  qu'on  trouvera. 
fitcilement  que  cbaque  droite  des  27  sera  rencontree  par  10  autres,  chaque 
eombinaison  de  3  qui  ne  se  rencontrent  pas  par  3  autres  qui  ne  se  rencon- 
trent pas,  cbaque  eombinaison  de  4  qui  ne  se  rencontrent  pas  par  2  autres 
sur  la  surface,  etc.;  conform^ment  aux  beaux  r^sultats  de  MM.  Salmon  et 
Cayley,  d^ja,  il  y  a  longtemps,  donnas  daas  le  Cambridge  and  Dublin 
Mathematical  Journal. 

On  peut  resumer  en  pen  de  m.ots  la  construction  pr^cedente, 

16—2 
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5  droites  rencontr^ea  par  une  6^  it&at  donn^es,  on  construit  5  autres 
rencontrees  par  une  nouvelle  6*,  telles  que  chaqne  droite  d'un  dea  groupes 
de  5  rencontre  4  de  I'autre  groupe.  Lea  12  droites  ainsi  li^ea  s'entrecoupent 
(par  construction)  en  2  x  5  +  5  x  4,  c'est-a-dire  en  30  points,  et  cons^quem- 
ment  sent  situees  deux  a  deux  en  30  plans  dont  ehacun  joint  d'un  rapport 
de  r^proeite  avec  quelque  autre.  Les  intersections  de  ees  paires  des  plans 
r^ciproques  donnent  naissance  k  15  nouvelles  droites,  lesquelles,  combin«Jes 
avec  les  12  d^jJl  notnm^es,  constituent  un  systfeme  (le  plus  general  qui  peut 
exister)  de  27  droites  reelles  appartenant  a  une  surface  du  3*  degr6.  II  va 
sans  dire  qu'il  existe  des  surfaces  de  ce  degr^  pour  lesquelles  les  27  droites 
ne  sont  pas  toutes  rielles. 

Je  me  propose  de  faire  conatruire  en  fil  de  fer  ou  d'archa!  un  systfeme 
de  27  droites  par  la  methode  donnee  en  haut,  et  d'en  faire  des  copies  stereo- 
graphiques,  de  sorte  qu'on  pourra  eprouver  le  plaisir  inattendu  de  voir  avec 
les  yeux  du  corps  toutea  lea  droites  (le  squelette  pour  ainsi  dire)  d'une 
surface  du  3"  degr^  avec  leurs  135  points  d'intersection,  les  45  triangles  les 
hexagones  situfe  sur  le  mSrae  hyperboL  lide  et  des  autres  non  pas  ainsi  situ^s, 
et  lea  autres  merveilles  de  cette  involution  si  compliquee,  raais  en  mSme 
temps  si  symetrique, 

Je  prie  qu'il  me  soit  permis  de  profiter  de  cette  occasion  pour  rectifier 
une  erreur  dans  nia  communication  donniSe  dans  les  Comptes  rend-as  (15  avril 
1861):  Dans  le  4"  paragraphe*  les  mots  "les  deux  droites  perpendiculairea 

correspondants ;  en  consequence"  doivent  4tre  ray^s.     Plua  baa  dans 

le  mSme  paragraphe  les  mots  "perpendiculaire  k  la  ligne  des  centres"  doivent 
dtre  ray^,  et  dans  la  ligne  suivante  pour  "perpendiculaire"  on  doit  lire 
"  droite." 

La  belle  observation  de  M.  Chaalea  dans  le  memo  num^ro  des  Comptes 
rendus,  sur  une  m^tliode  de  trouver  un  systeme  de  6  droites  en  involution 
au  moyen  des  perpend iculaires  aux  trajectoires  de  6  points  dana  le  d^- 
placement  infiniment  petit  d'un  corps  rigide,  se  trouve  confirmee  par  une 
application  assez  simple  de  la  m4thode  des  velocites  virtuelles. 

Car  en  donnant  k  un  corps  rigide  sollicit^  par  6  forces  agissant  suivant 
des  lignes  droites  donn^es  6  d^piacements  arbitraires,  on  obtiendra  6  (Equa- 
tions independantes  et  homogenes  auxquelles  les  valours  des  6  forces  doivent 
satisfaire  pour  qu'elles  fassent  ^quilibre  entre  elles;  ce  qui  en  g^n^i-al  ue 
sera  pas  possible ;  mais  en  auppoaant  qu'un  des  d^placements  peut  ^tre 
effectu^  d'une  telle  manifere,  que  toutes  les  v^locit^a  virtuelles  des  6  points 
d'application  seront  nudes,  une  dea  aix  equations  disparattra,  c'est-a-dire 
deviendra  une  identite,  et  le  systeme  de  cinq  equations  lin^aires  qui  reatent 
admettra  une  solution." 

[*  p.  238  above.] 
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GENERALISATION  D'UN    TH^IOREME  DE  M.  CAUCHY*. 

[Comptea  Rendus  de  I'Acaddmie  des  Sciences,  Liii.  (1861),  pp.  6*4,  645.] 

Dans  son  M^moire  sur  les  arrangements,  1844,  M.  Cauchy  a  etabii  le 
th^orfeme  suivant : 

Soit  n  un  nombre  entier  doiiD^, 

aa  +  ^6  +  7C  +  . . .  +  Xi  =  ?j ; 
en  supposant  a,  b,  c,  .,.,  I  des  nombres  entiera  et  in^gaux,  a,  /J,  y,  ...,  A  des 
nombres  entiers,  et  eu  faisant  varier  de  toutes  les  maniferes  possibles  les 
valeurs  du  systfeme  a,b,e,  ....  I,  on  aura 

^■!ra.7r0...7r\a'b^  ...l>-        ' 
ou  -jra!  signifie  le  produit  1 . 2 , 3  ...  a;. 

Je  vaie  demontrer  qu'on   peut  exprimer  d'une  maoiere   tres-aimple  la 

j^.+S+...+A 

valeur  g^nerale  de  2  ——n — — r — ri n  pour  une  valeur  quelconque  d'une 

*  Tra.7r^...7rXa''6^...^*  "^  ^  ^ 

constante  a. 

En  effet,  il  est  tres-facile  de  voir  qu'en  posant  I'equation  en  oombres 
positifs  et  entiers 

a!i  +  a!^  +  X3+  ...+a)r  =  n, 
et  en  attribuant  k  a!i,a:^,  ....  ic,.  toutes  les  valours  possibles  qui  satisfont  a 
cette  ^uation  (en  regardant  comme  distinctes   les  solutions  qui  different 
dans  les  valeurs  de  x,  quoique  contenant  le  meme  systeme  de  valeurs),  on 
peut  representor  la  serie  (nomm^e  fonction  de  n  et  w)  sous  la  forme 
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Or  on  voit  immediatemeiit  que  l'(r,  K)n'est  autre  chose  que  le  coefficient 
de  t"  daus  le  d^velopperaent  de  la  fonction  g^n^ratrice  l^  +  n  +  q'''---)  > 
c'est-&-dire  dans  le  developpement  de  [log  (1  —  i)"']'.  Done  ^videmment  la 
serie  totale  sera  le  coefficient  de  ("  dans  le  developpement  de  e'"  i*w Id -«"']_ 

c'eat-k-dire  de  ("  dansfij — -\  . 

En  prenant  w  =  1,  on  voit  que  la  valeur  est  toujoura  I'unit^  pour  toute 
valeur  de  n,  ce  qui  est,  le  th^jreme  de  Cauchy.  En  prenant  <o  =  —  i,  i  ^tant 
un  nombre  entier  quelconque  plus  petit  que  n,  on  trouve  la  valeur  z^ro. 
Pour  le  caa  de  oi  =  —  1,  cette  remarque  avait  d^j^  ^te  faite  par  M.  Oayley, 
dans  le  Philosophical  Magazine  (mars  1861).     En  prenant  (i)  =  J,  on  trouve 

pour  la  valeur  de  la  s^rie  T"^"" — 9~~  '  "^  1"^  pent  se  deduire  aussi  par 

la  m^thode  dea  arrangements,  en  se  servant  du  th^oreme  que  le  nombre 
des  substitutions  de  2n  lettres  qui  peuvent  Stre  representees  par  des  egales 
d'un  rang  excluaivement  pair  est  [1.3.5  ...(2n—  1)]',  tli^orfeme  que  je  crois 
^tre  nouveau,  mais  qui  est  intimement  li^  au  tb^oreme  c^lfebre  de  M.  Cayley 
sur  la  valeur  dea  determinants  dits  gauches. 

Voici  une  dernifere  observation  que  je  fais  sur  le  th^oreme  g^ii^rai.  On 
remarquera  que  I'expositnt  de  (u^+P+^+J*  est  le  nombre  des  parties  dans  la 
partition  de  n,  representee' par  a.  repetitions  de  a,  /3  de  6,  ,..,  X  de  I: 
je  nommerai  done  0  +  3  +  7+ -..+X  yindice  de  cette  partition,  et  je  dis 
qu'etant  donne  le  nombre  de  ces  indices,  diaona  v  (nombre  qu'on  pent  trouver 
pour  une  valeur  quelconque  de  n  par  le  theoreme  tres-bien  connu  d'Euler 
sur  les  partitions  indefinies),  on  peut  faire  dependre  les  vaieura  de  ces  p 
indices  de  la  solution  d'un  systfeme  de  2/i  equations  algebriques  a  2/i  in- 
connues.    Car  pour  une  valeur  quelconque  de  m  on  connaitra  par  le  tb^orfeme 

du  texte  la  valeur  de  —  +■ \- ...  -\ — ~,  oil  i,,i^,  ....  i„  seront  les  indices 

q,      5=  9m 

cberebes,  et  g,,  q^,  ..,,  5^  des  quantites  inconnues,  mais  independantes  de  w. 
En  Bubstituant  pour  w  successiveraent  w,  to",  a^, ...,  a^  et  en  ecrivant  m\  =  Ir, 
on  aura  2/i  equations  de  la  forme 

^+i^-+...+^=c, 
?i     q^  q^ 

h  prenant  toutes  les  valeurs  de  1  jusqu'a  2/*,  On  peut  done  former  une 
equation  dout  dependra  la  valeur  de  chacune  dea  quantites  /i,  /,,  ...,  /^, 
et  consequemment  de  leurs  Jogarithmea  i^A^,  ■■•,\,  les  /:*  indices  de  la 
partition  ind^finie  de  w. 
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ADDITION  A  LA  NOTE  INTITULEE;  ■'Gf:NfiRALISATION  D'UN 
THi:OTl£:ME  DE  M.  CAUCHY,"  ET  INS^R^E  DANS  LE 
"COMPTE  RENDU"  DE  LA  STANCE  DU  7  OCTOBRE 
DERNIER. 

IGomptes  Rendus  de  VAoademie  des  Sciences,  Liii.  (1861),  pp.  722 — 725.] 

En  auivant  la  mSme  marche  que  dans  la  Note  dont  il  s'agit  [p.  245  above], 
on  parvient  trfea-facilement  k  r^soudre  une  question  \in  peu  plus  compliqu^e 
de  la  th^orie  des  arrcmgements,  savoir  :  Trouver  le  nombre  de  substitutions  de 
n  lettres  quon pmd  repr4senter  par  le  moyen  d'un  nombre  donn4  r  de  substitu- 
tions cyoliques  d'ordres  impairs. 

Pour  que  ce  nombre  ne  soit  pas  zero,  il  faut  que  n—r  soit  un  nombre 
pair  2* ;  alors  le  nombre  demand^  sera  la  somme  suivante, 

S  K'.'  +  i'.)  (-,'  +  -)  -  (-.•  +  •:) ...  W  +  ».)l 
oil  le  signe  S  se  rapporte  k  tous  !es  systemes  possibles  de  nombres  entiers 
"i,  "s,  ■■■<  "k  ■■•<  "i  qiii  satisfont  aux  in^galit^s 

l^e  >l'«-i+l,       Pe<n~l. 

D^signons  par  [n,  r]  le  tiombre  des  substitutions  exprim^  par  la  somme 
prec^ente,  et  par  (n,  r)  le  nombre  correspondant  pour  le  csis  oii  les  r  substi- 
tutions cycliques  sont  chacune  indiff^remmeut  d'ordre  pair  ou  d'ordre  impair. 
On  a  d^jfi.  trouv^  que  {n,  r)  est  la  somme  des  produits  de  m  —  r  quelconques 
des  nombres  1,  2,  3,  ...,(«  —  I),  et  Ton  voit  il  present  que  \n,  r"]  n'est  autre 

chose  que  la  somme  des  produits  de  — ^  facteurs  dont  chacun  est  le  produit 

d'un  terme  de  la  m&me  suite  de  nombres  par  le  terme  suivant     Et  de  mSme 
que  (m,  r)  satisfait  k  I'^quation  fonctionnelle 

<.^li'-^"-"''-'-(„-i,.), 
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la  Note  intituUe 
la  fonetion  \n,  r\  aatisfait  a  I'^quation  a 


comme  il  est  facile  de  s'eii  a 


Onpeutajouter  que  (n,r)  (pour  ft-rpositif)  et[«.r]  fpour  —^   positifj 

sont  tows  deux  divieibles  par  n  quand  n  est  un  nombre  premier.  Ce  theorfeme 
est  bieo  connu  en  ce  qui  coneerue  {n,  r),  mais  il  me  paralt  nouveau  &,  I'^gard 
de  \n,  r].  An  reste,  on  peut  appliquer  aux  deux  cas  la  m^me  demonstration 
fondle  siir  ce  que  le  nombre  de  produits  de  cycles  correspondant  h,  chaque 
partition  de  n  est  ^videmment  un  multiple  de  n. 

Voici  un  exemple  du  th^oreme  ^nonc^  au  commencement  de  cette  Note: 
Le  nombre  des  substitutions  de  6  iettres  qu'on  peut  representer  par  le  pro- 
duit  de  deux  cycles  d'ordres  impairs  sera,  d'aprfes  notre  formule  g^n^rale, 

2x12  +  2x20  +  6x20  =  184, 

ce  que  Ton  peut  verifier  bien  facilement  en  remarquant  que  ce  nombre  doit 
^tre 

6x24+10  x4  =  :84-. 

On  d4montre  encore  tr^s-fiicilement  que  le  nombre  total  des  substitutions 
de  n  iettres  representees  par  le  produit  de  substitutions  cycliques  d'ordres 
impairs  est 

[1.3. 5. ..(«-!)]' 
quand  n  est  pair  (c'est  le  mime  nombre  que  nous  avons  dej&  obtenu  pour 
les  substitutions  cycliques  d'ordre  pair),  efc 

»i[1.3.5...(n-2)P 
quand  n  est  impair. 

On  peut  donner  une  extension*  trfes- consider  able  aux  th^orfemes  &onc6s 
pr^c^demment,  en  consid^rant  le  nombre  des  substitutions  de  n  Iettres 
form^es  avec  les  produits  de  r  substitutions  cycliques  oil  I'ordre  de  chaque 
cycle  est  congru  a  un  nombre  p  par  rapport  a  un  module  donn^  ^. 

La  solution  depend  toujours  des  combinaisons  des  nombres  de  la  s^rie 
1,  2,  3,  ...,{n—  1).  Je  me  bornerai  ici  au  cas  de  /j  =  l  qui  est  le  plus  simple, 
en  exceptant  eelui  de  p  =  0,  dont  la  solution  est  evidente.  Dans  le  cas  de 
p  =  1,  le  nombre  cherch4  est  exprime  par  la  somme 

^n(ri+M-i)n(v,+^-i)...n(t.i+M-i) 

[*  Of.  below,  p.  293.] 
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o(i  Ton  fait  i— —  et  ou  les  nombres  v  sont  assujettis  aux  conditions 

Ve  >  Ve-i  +  ^  —  1,       Ve<n  —  \, 

et,  en  consequence,  on  peut  ^noncer  le  th^oreme  suivant : 

Si  n  est  un  nombre  premier,  r  et  fj.  deux  nombres  quelconques  donnas, 
la  somme  des  produits  de  r  groupes  de  fi  termeH  cons^eutifs  de  la  serie 
1 .2,3  .,.(51— 1)  (en  suppoaant  que  chaque  groupe  contient  des  nombres 
distincts  de  ceux  qui  sont  contenus  dans  chacun  des  autres  groupes)  sera 
divisible  par  n,  poorvn  que  fir  soit  inf^rieur  a  n. 

Dans  le  cas  de  /j,—  l,on  retombe  sur  le  th^oreme  si  connu,  assocl^  au 
th4oreme  de  Wilson. 

Comme  exeinple  du  nouveau  th^orfeme,  preuons  n=  11,  /i  =  3,  r  =  3.  On 
doit  trouver  et  Ton  trouvera  effectivement  que  la  somme 

1.2.3.4.5.6.7.8.  9 
+1.2.3.4.5.6.8.9.10 
+  1.2.3.5.6.7.8.9.10 
+  2.3.4.5.6.7.8.9.10 

est  divisible  par  11.  En  efFet  cette  somme  est  le  nombre  de  substitutions 
de  11  lettres  form^es  par  les  produits  de  deux  substitutions  cycliques  assu- 
jetties  k  ne  contenir  que.  1,  4,  7  ou  10  lettres.  Les  quatre  produits  qui 
figurent  dans  cette  somme  font  partie  des  cinquante-cinq  produits  qu'on 
devrait  prendre  dans  le  cas  correspondant  du  th^oreme  ordinaire  associ^  k 
celui  de  Wilson. 
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DEMONSTRATION  DIRECTE  DU  THEOREmE  DE  LAGRANGE, 
SUE  LES  VALEURS  NUM^RIQUES  MINIMA  D'UNE  FONC- 
TION  LIN^AIRE  A  COEFFICIENTS  ENTIERS  D'UNE 
QUANTITY  IRRATIONNELLE*. 

\_Comptes  Rendus  de  VAcaddmie  des  Sciences,  liii.  (1861),  pp.  1267—1272.] 

Apr6s  Euler,  je  me  servirai  du  symbole  {a,  b,  c,  ,..,  I)  pour  representer  le 
d^noin iaateur  de  la  fraction  cbnvergente  dotit  d,  h,  c,  ...,  I  aont  ies  quotients 
partiels,  de  sorte  que  {b,  c,  ...,  I)  repreaentera  ie  niim^rafceur  de  la  mSme 
fraction.     Soit  v  une  quantite  quelconque  incoin mensurable  h.  Tunit^, 

...     .  {h,...,k,k)  (b.  ...,k,k,l) 

(a,b,..,.,h,k)'      (a,  b,  ...,  h,  k,  I)' 

deux   r^duites  conaecutivea  de  v.     Comme  k  I'ordinaire,  je  nommerai  ces 

eonvergentes     ,  ^ ;  on  aura 

.  [i t.jt  +  e)]  __N  „,  .    1. 

[0,6,  ...,  i,  (i  +  «)]     D'  r 

on  en  conelut 


p-»} 


(6,  ...,  k,  la)(a,  b h,lc  +  e)-(a,  b h,  i  +  8)<Ii h) 

'  S 

^{b h,  k){a.  b k)  -  (a,  b h,  t)(b h) 

D 

'<■-<■ 
i  designant  le  nombre  des  quani.it^s  a,  h,  ...,  h. 

Faiaons  p—vq  =  A, 

ouaura  i>A=(-l)-fl.  (1) 

[*  Cf.  p.  306,  below.] 
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Prenons  (p  -  \)  —  i/  (j  —  /i)  =  A', 

X  et  /i  ^tant  des  nombres  entiers  quelconques,  tels  que  A'^  <  A',  avec  ex- 
clusion du  cas  OTijj  —  X  =  0,  g  —  /i=0;  alors 

B=(b,  ...,h,k)^-ia,b,  ...,h,k)\.)  ^  ' 

Done,  pour  que  A'°  aoit  moindre  que  A^,  A  et  B  doivent  fetre  de  signes 
■coEtraires,  k  moins  que  A  oa  B  soit  z^ro. 

Si  ^  =  0, 

X  =  r{b,...,h),     ij.  =  r{a,b,  ...,  h), 

if  =  r[(«,  h,  ...,  h}(b, ...,  Ii.  k)-(b,  ...,  h)(a,  b,  ...,  h,  &)]  =  (-  1)">, 
■eb  DA'  =  i-y(8  +  r), 

ce  qui  serait  contraire  k  I'hypothfese. 
De  rnSme  si  B  =  0, 

\=^r(b,...,h,k),    fi=r(a,b,-..,  k,  k), 
«b  DA'  devient 

de  aorte  que  A''^  ne  peut  pas  etre  au-dessous  de  A",  k  moins  que  r=l,ee  qui 
•donnerait 

■cas  dont  on  a  fait  exclusion. 

Done,  puisque  A  et  B  doivent  avoir  des  signes  contrairea,  -  sera  inter- 


ni^diaire  entre 


(& h.k)  (b,  ...,h) 


(a,  0,  ...,  ft,  k)        (a,  b,  ..,,  ft)  (a,  o,  ...,  A.  »  ) 

cons^quemment,  comme  il  est  trfes-facile  de  le  voir,  -  sera  de  la  forme 

(^ '-S 

(-•' '■;)■ 

Or  on  peut  supposer  -  ou  un  nombre  entier  ou  uoe  fraction  irr^ductible  plus 

graude  que  k ;  de  plus,  comme  ii  est  facile  de  d^montrer  que  cr .  [  t,  . . . ,  A,  - 1 , 

<r.  [a,  b,  ...,  h,-\  seront  premiers  entre  eux,  on  aura  nfcessairenient 

\  =  r(h,  ...,g.k)  +  s(b,...,g),    fi.  =  r{a,b,  ...,g,  h)  +  s{a,b,  ....g), 
avec  la  condition  r  >  As.  - 
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Done,  en  substituant  ces  valeurs  en  (2),  DA'  devient  egal  k 
i-y  0  +  rP  +  sQ, 
P  =  (&,  ...,k,k){a,b,...,h)-(a,b,  ...,h,k)(b,  ..., /()  =  (-!)% 
Q  =  e  [(&,  ...,  </,  h)  {a,  b,  ...,  (f)  -  {a,  h,  ...,  h)  (&,  ...,  3)] 

+  (b,  ...,  g.  h,  k){a,  b.  ...,  g)-(a.  b,  ...,  g,  h,  k){b,  ...,  g) 
=  ~e{~lY  +  {-Yk, 
(0  ^tant  ie  nombre  des  lettres  {a,  b,  ...,  h,  k),  e'est-a-dire  i+  1. 

Done  DA'  =  (-iy{O~80+r-sk).  (3) 

Maintenant,  imposons  k  volont^  sur  X  la  limite  \<p+p',  ou  bien  sur  ft 
la  limite  ^ <  q  +  q' ;  pour  fixer  les  id^es,  disons  X<p  +p' : 

p'^{h,  ...,k,k,l)  =  (M  +  l)(b,  ...,g,K)  +  l{h,  ...,g), 

p  =  {b,  ...,h,k)^k(b,  ...,g,h)  +  (b,  ....g); 
done  p'+p  =  {kl  +  k+  l)(&,  ...,g,  k)  +  (l+l)(h,  ...,g). 

Mais  X  =  )-(6,  ...,g,  k)+s{b,  ...,  g). 

Done  je  dis  que  s  ne  peut  pas  exe^der  I. 

Car  si  s^l  +  1, 

r,  qui  est  au  moins  &s+l,sera  S/rZ+A+l.et  \  ne  sera  pas  moindre  que 
p'  +p,  qe  qni  est  coatraire  a  I'hypothfese.     Done 

mais  r  —sk>  1, 

done  {-Y  i>A'  >  $. 

c'est-a-dire  >(-yi>A, 

et  Ton  peut,  de  la  m^me  maniere,  d6montrer  que,  si  P'<q  +  <(, 

{-Y  DA- >  (-Y  DA. 
Done  il  est  Evident  que  (p-qpf  sera  moindre  que  {m  —  yvf  si  x<p'  ou  si 
y  <([■     Toujours  excluant  Ie  cas,  on  a  en  inSme  temps 

Je  nomme  ce  r^sultat  la  conclusion  A. 


J'ajoute  une  observation  importante  pour  ce  qui  sort  immediatement 
de  la  forme  de  r4quation  (2) :  c'est  que  {DA'f  sera  plus  grand  que  (DAf 
si  \  =  0  pour  toQte  valeur  de  /i  >  0,  et  de  m^me  si  /i  =  0  pour  toute  valeur 
de  X  >  0,     Je  nomme  cette  observation  concl'osion  B. 
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En  vertu  de  ces  deux  concluBions,  on  peut  demontrer  trfes-facilemenb 
ce  qui  est  le  but  du  th^orfeme  Lagrange  donne  dans  les  Additions  de  I'AJgebre 

d'Euler,  c'est-^-dire  que  la  condition  ne'cessatre  et  suffisante  que  -  soit  une 

convergente  de  v  sera  que  la  valeur  {p  —  qv)  sera  toujours  augment^e  en 
diminuant  ou  p  ou  q,  ou  tous  les  deux. 

La  n6oe8sit6  de  cette  condition  d^ooule  imm^diatement  et  avee  aurabond- 
ance  de  la  conclusion  A,  qui  affirme  qu'un  changement  quelconque  de  p  qui 
ne  le  rend  pas  6gal  k  p',  ou  de  q  qui  ne  le  rend  pas  egal  a  q,  aura  I'efEet 
d'augmenter  p  ~  qv. 

Pour  prouver  que  la  condition  est  suffisante,  il  faut  montrer  que  si  a  et  6 
ne  sont  pas  simuitan^ment  de  la  forme  p,  q,  a  —  bv  peut  §tre  diminu^  en 
diminuant  ou  a  ou  b,  ou  tous  les  deux. 

Si  —  est  une  convergente  de  v  du  rang  e, 

—  une  autre  convergente  de  v  du  rang  i, 

1°.  Si  a=pg,  &  =  2j,  si  i>e,  il  d^coiile  de  la  conclusion  B,  que  {pe~  qe^f 
sera  plus  petit  que  {p^  ~  Qivy,  et  de  mfeme  si  e>i,  {pi  ~  qtvf  sera  plus  petit 
que  {pe  —  qivf,  et  cons6quemment  ^^  —  qiv  diminue  en  diminuant  ou  pe  ou  ^j. 

2°.  Si  I'une  au  moins  des  suppositions  faites  en  1°  n'a  pas  lieu,  par 
exemple  si  a  tombe  entre  p^  et  Pe+i,  en  vertu  de  la  conclusion  A,  (pe  —  bp) 
sera  plus  petit  que  a  —  bv,  et  de  meme  si  b  tombe  entre  qi  et  g^.,,  (a—  q^v) 
sera  plus  petit  que  a  —  bv. 

Done,  k  moins  que  a  =pe,  b  =  qg,  (a  —  bv)  ne  sera  pas  un  minimum. 

La  conclusion  A,  quoiqu'elle  n'ait  pas  et^  formellement  ^nonc^e  par 
M.  Hermite,  6tait  contenue  implicit ement,  je  dois  le  dire,  dans  une  belle 
demonstration  du  th^orfeme  de  Lagrange  fondee  sur  d'autres  principes  et  que 
M.  Hermite  a  bien  voulu  me  communiquer  H  y  a  un  an  ou  deux. 
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NOTE     ON     THE     NUMBERS     OF     BERNOULLI     AND     EULER. 
AND  A  NEW  THEOREM  CONCERNING  PRIME  NUMBERS.  . 

[Philosophical  Magazine,  XXI.  (1861),  pp.  127 — 136.] 
Following  the  accepted  Continental  notation,  I  denote  by  B„*  the  positive 
value  of  the  coefficient  of  (^  in     _   ^  multiplied  by  the  continual  product 
1.2.  3. ..2m. 

The  law  which  governs  the  fractional  part  of  B^  was  first  given  in 
Schumacher's  Nachrichtm,  by  Thomas  Clausen  in  1840 ;  and  almost  imme- 
diately afterwards  a  demonstration  was  furnished  by  Professor  Staudt  in 
Crelle's  Journal,  with  a  reclamation  of  priority,  supported  by  a  statement  of 
his  having  many  years  previously  communicated  the  theorem  to  Gauss. 

The  law  is  this,  that  the  positive  or  negative  fractional  residue  of  j5„ 

(according   as  n  is  odd   or  even)  is   made   up  of  the  simple  sum   of   the 

reciprocals  of  all  the  prime  numbers  which,  respectively  diminished  by  unity, 

are  contained  in  2k.     The  proof,  which  is  of  an  inductive  kind,  is  virtually 

as  follows:  Suppose  the  law  holds  good  up  to  (n  — 1)  inclusive;  if  we  expand f 

1                                  .                     .      SflJ^ 
Xx™  under  the  form  —^ af^,  we  shall  evidently  obtain  +  B„  under 

e^-1 

the  form  of  a  finite  series,  of   which  the  terms  are  numerical  multiples 

of  the  products  of  powers   of  a;  by  the  BernouUian  numbers  of  an  order 

inferior  to  the  nth.     If,  now,  we  make  x  equal  to  the  product  of  all  the 

primes  which,  diminished  by  unity,  are  contained  in  2n,  it  will  at  once  be 

*  Were  it  not  for  the  general  nsace  being  as  stated  in  the  test,  I  certainly  think  it  would  be 
fat  more  eonvenieut  to  ase  a  notatiun  agreeing  with  the  Continental  method  as  to  sign,  and 
nearly,  but  not  quite,  with  Mr  De  Morgan  5  as  to  iiuantity,  namely,  to  understand  by  B„  the 
ooefGoient  of  ("  in  Jf  V^"  '^^  positively,  so  that  B„  should  be  equal  to  aero  for  all  the  odd 

values  of  n,  not  excepting  n  —  l. 

[t  Si'"  denotes  ia"  +  3™+  ...  +  (ic  -  1]=".     Cf.  p.  2^7.] 
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seen  (on  inspection  of  the  series)  that  all  its  terras  become  integer  numbers. 

and  consequently +  S„  becomes  an  integer;  and  therefore  the  law  will 

hold  good  up  to  n,  since  it  may  easily  be  shown,  by  an  application  of  Fermat's 

theorem  and  elementary  arithmeticaJ  considerations,  that  if  JV  be  the  product 

of  any  prime  numbers  whatever,  and  if  p  is  the  general  name  of  such  of  them 

SiV"''        1 
as  diminished  by  unity  are  factors  of  [i,,  then  — ^-  +  S  —  is  an  integer. 

Hence,  .since  the  law  holds  good  for  m  =  1,  it  is  universally  true.  This 
theorem,  then,  of  Staudt  and  Clausen,  inter  alia,  gives  a  rule  for  determining 
what  primes  alone  enter  into  the  denominators  of  the  BernouUian  numbers 
when  expressed  as  fractions  in  their  lowest  terms ;  it  enables  us  to  affirm 
that  only  simple  powers  of  primes  enter  into  those  denominators,  and  to 
know  d,  •priori  what  those  prime  factors  are.  This  note  is  intended  to  supply 
a  law  concerning  the  numerators  of  the  BernouUian  numbers,  which  I  have 
not  seen  stated  anywhere,  and  which  admits  i)f  an  instantaneous  demonstra- 
tion, to  vnt,  that  the  whole  of  n  will  appear  in  the  numerator  of  B^,  save  and 
except  such  primes,  or  the  powers  of  such  primes,  as  we  know  by  the  Staudt- 
Clausen  law  must  appear  in  the  denominator. 

I  am  inclined  to  believe  that  this  law  of  mine  was  not  known,  at  all 
events,  in  1840,  from  the  circumstance  that  in  Rothe's  Table,  published  by 
Ohm  in  Crelle's  Journal  in  that  year,  which  gives  the  values  of  S„  up  to 
n  —  31,  the  numerators  are,  with  one  exception  (about  to  be  named),  all 
exhibited  in  such  a  form  as  to  show  such  low  factors  as  readily  offer  them- 
selves, but  for  B^  the  fact  of  the  divisibility  of  the  numerator  by  23  is  not 
indicated.  This  numerator  is  596451111593.912163277961,  which  in  fact 
=  23  X  25932657025822267968607.  It  is  obvious,  indeed,  under  my  law, 
that  whenever  ^  is  a  prime  number  other  than  2  and  3,  the  numerator  of  Bp 
must  contain  p,  because  in  such  case  p  —  1  cannot  be  a  factor  of  2p.  When 
J)  =  3  or  j»  =  2,  2p  always  contains  (p  — 1),  so  that  2  and  3  are  necessarily 
constant  factors  of  the  BernouUian  denominators,  and  can  therefore  never 
appear  in  the  numerators.  In  Schumacher  the  law  of  the  denominator  is 
given  as  "  a  passing "  (or  trance  ?)  "  specimen "  of  a  promised  memoir  by 
Clausen  on  the  BernouUian  numbers,  as  to  which  I  shall  feel  obliged  if  any 
of  the  readers  of  this  Magazine  will  inform  me  whether  it  has  appeared 
anywhere,  and  if  so,  where.  Now  for  my  demonstration  of  the  law  of  the 
numerators. 

By  definition,  B^  =  n  (2ji)  x  coefficient  of  P^^  in  j—^  .     Let  /^  be  any 

integer  number ;  then  +  (/i^  —  1)  £„  =  II  (2m)  x  coefficient  of  I^""'  in 
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(^-l)-(e»-.ii+,»-.i+...+e.) 
«»'  -  1 

f<y-2).'  +  fa-l) 


But  obviously,  by  Maclaui'in's  theorem,  the  coefficient  of  f"~'  Id  the  expan- 
sion of  this  last  generating  function  will  be  of  the  form  +  -^r-r^ — — pc  -  — is^  . 

where  7  is  an  inteerer,  and  therefore  -B»  will  be  of  the  form    - — -,---- — ^r . 

Suppose  now,  when   —r:, — -r-„ ^t  is  reduced  to  its  lowest  terms,  that  » 

(a  prime  contained  in  2n)  does  not  appear  in  the  numerator,  this  can  only 
happen  by  virtue  of  p  being  contained  in  /t™-^  (/i"'  —  1) ;  let  now  /t  be  taken 
successively  2,  3,  4,  ...  (p-1),  then  ^™  — 1  in  all  these  cases  is  divisible  by  p; 
and  therefore,  by  an  obvious  inverse  of  Fermat's  theorem,  (p  -- 1)  must  be 
contained  in  2«,  that  is,  'p  must  be  a  factor  of  the  denominator  of  5„  under 
the  Stand  t-Clausen  law,  which  proves  my  theorem. 

As  a  corollary  to  the  foregoing,  using  Herschel's  transformation,  we  see 
that  if /i  be  taken  any  integer  whatever. 


(I-i-A)^-'  +  2(l-|-Ay'-'+...-KM-l) 


it'"  — 1,,  ,_-  /*  —  !.,  /*— 1.  ' 

A''-^  +  ^A"-=  +  jLt  ^— ^  A''-^^- ...  4- /t  ^— g— A  + /i 

and  if  we  write  0^"'"'  instead  of  0"',  the  result  vanishes.  For  the  case  of 
/I  =2,  this  theorem  accords  with  one  well  known.  As  this  subject  is  so 
intimately  related  to  that  of  the  Herschelian  differences  of  zero,  I  may  take 
this  occasion  of  stating  a  proposition  concerning  the  latter,  which  (simple  as 

A''0"+'' 
n  (r) 

expression  for  the  sum  of  the  homogeneous  products  of  the  natural  numbers 
from  1  to  r,  taken  n  together.     For 


(«-'-)('>-'-  +  l).. •(«-!)« 


■,----,  ,+- 
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Hence  obviously 

that  is 

A'O"  «,  ■     ,    .  1  ■  1 

-  =  coeHicient  or  —  in  ,- 


=  the  sum  of  the  {n  —  r)ary  homogeneous  products  of  1,  2,  3,  ...  r. 

Thus,  then,  we  are  able  to  affirm,  from  what  is  known  concerning  — ^^ — 
(see  Prof.  De  Morgan's  Calculus),  that  the  r-ary  homogeneous  product-sum 
of  1,  2,  3,  ...n  (which  is  of  the  degree  Ir  in  n)  always  contains  the  algebraic 
iactor  n{n  +  \) ...  (n  +  r). 

Addendum,. — Since  sending  the  above  to  press,  I  have  given  some  further 
and  successful  thought  to  the  Staudt-Clausen  theorem.  Staudt's  demonstra- 
tion labours  under  the  twofold  defect  of  indii'ectness  and  of  presupposing  a 
knowledge  of  the  law  to  be  established.  In  it  the  Bemoullian  numbers  are 
not  made  the  subject  of  a  direct  contemplation,  but  are  regarded  through 
the  medium  of  an  alien  function,  one  out  of  an  infinite  number,  in  which 
they  are  as  it  were  latently  embodied ;  and  the  proof,  like  all  other  inductive 
ones,  whilst  it  convinces  the  judgment,  leaves  the  philosophic  faculty  un- 
satisfied, inasmuch  as  it  fails  to  disclose  the  reason  (the  title,  so  to  say,  to 
existence)  of  the  truth  which  it  establishes.  I  present  below  an  immediate 
and  a  direct  proof  of  this  beautiful  and  important  proposition,  founded  upon 
the  same  principle  as  gives  the  law  of  the  necessary  factor  in  the  numerators 
(namely,  the  arbitrary  decomposition  of  the  generating  function  of  Bernoulli's 
numbers  into  partial  fractions),  and  resting  upon  a  simple  but  important 
conception,  that  of  relative  as  distinguished  from  absolute  integers, 

I  generalize  this  notion,  and  define  a  quantity  to  be  an  integer  relative  to    , 
r  (or,  for  brevity's  sake,  to  be  an  rth  integer)  when  it  may  be  represented  by 
a  fraction  of  which  the  denominator  does  not  contain  r. 

The  lemma*  upon  which  my  demonstration  rests  is  the  following,  which 

*  This  lemma  ia  the  convenie  of  a  aelf-evideot  fact,  and  it  viftually  embofliea  a  principle 
reapecting  an  arithmetical  traction  strikingly  analogous  to  a  familiar  one  reEpeotiug  an  algebraical 
one ;  namely,  in  the  same  way  as  a  rational  algebraical  function  of  x  can  be  expressed  in  one, 
and  only  one,  wail  as  an  integral  fanction  augmented  by  a  sam  of  negative  powers  of  linear 
functions  of  t,  oo  a  rational  arithmetical  quantity  can  be  espressed  in  one,  and  only  one,  way  as 
an  integer  augmented  by  the  sum  of  negative  iiowers  of  simple  prime  numbers  multiplied 
respectively  by  numbers  less  than  euoli  primes.  In  drawing  this  parallel,  the  arithmetical 
quantity  —  nheiec<p,  is  regarded  as  the  analogue  of  the  algebraical  one  -nr^,f,y-  ^^  ^^  quite 
s.  11.  17 
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is  itself  an  immediate  corollary  from  the  arithmetical  theorem  that  if 
a,b,  c,  ...  I,  with  or  without  repetitions,  are  the  distinct  prime  factors  of  the 
denominator  of  a. fraction,  the  fraction  itself  may  be  resolved  into  the  sum  of 
simple  fractions, 

ABC,        L 

tt"     W     c  i* 

(itself  a  direct  inference  from  the  familiar  theorem  that  if  p,  q  be  any  two 
relative  primes,  the  equation  px  —  qy=c  is  soluble  in  integers  for  all  values 
of  c).  The  lemma  in  question  is  as  follows :  If  the  quantity  above  described 
is  representable  under  the  several  forms, 

— ,+  an  (ath)  integer,   r^+a  (6th)  integer,   ...  ^j  +  a  (/ctb)  integer, 

theu  it  is  equal  to 

-^  +  Tj  +  .  ■ .  +  ,-j  +  an  absolute  mteger. 

From  what  has  been  already  shown,  it  is  obvious  that  /t  being  any  prime 
number,  the  highest  power  of  (i  which  can  enter  into  the  denominator  of 
(/i^  —  1}  Bn  is  /A^",  and  consequently  i^"^Bn  is  an  integer  relative  to  fi.  Also 
ifc  .is  cleai-  that  only  those  values  of  /t  can  appear  in  the  denominator  of  £„ 
which,  diminished  by  unity,  are  factors  of  2re.     We  have,  moreover, 

(-)«-•  {fi^^  -  1)  B„  =  n  (2w)  X  coefRcient  of  i™"^  in  -  -,^-  -  -^ , 

.      -N 
that  is,  coefficient  of  i^""'  m  —, — -  ,  where 
e^'  —  1 

N=n  (2,0  {e^-« '  +  e<«-> '  +  ...  +  e'  -  (m  -  1)1 

=  Vit  +  j-s*'  + +  v^f"'  +  &c., 

where  obviously  v^,  v^,  ...  f™  are  all  integers,  and  the  last  of  them 

=  (/i  -  1  )^  +  (/i  -  2)^"  +  . . .  +  2^»  +  P". 

proper,  for  both  of  them  are  fractions  in  their  eimpleet  forms,  which  would  not  be  the  case  tor 

the  forraer  were  c  equal  to  or  greater  than  p,  since  in  such  case  -^  could  be  more  simply  expressed 

under  the  form  -f-.  +  -%  . 
pi  1     pt 

This  principle  amounts  to  an  afiirmation  that  the  equation  in  positive  integers, 

{b„.kl)x  +  [ab...l)y+...  +  {ab..,k)  t-{ab...  U)n^N, 

where  a,  J,  ...  i,  i  are  relative  primes,  and  W<:(a6  ...  kl],  alwajs  admits  of  a  solution,  which  may 

be  termed  the  priroitiTe  one,  and  which  will  be  uniiiue,  that  namely  in  which  x,  y,  ...  z,  t  are 

respectively  less  than  II,  h,  ...  k,  I. 
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Suppose  now  that  2«.  contains  (/i~  1),  then  by  Fermat's  theorem 

"^=(^-1)      [mod  ji]. 
Again,  a  very  slight  consideration*  will  serve  to  show  that  when  fi  is  any 
prime  other  than  2,  e^*  —  1  is  of  the  form 

II.  {t  +  /J^if  +  fJ.B^i^  +...+  fi^^in-it-"  +  &c,), 

where  Sj,  S^,  ...  S^n^-, ...  are  all  integers  relative  to  //,.     Now  suppose 

then  by  m\iltiplication  and  comparison  of  coeificients  we  obtain  the  identities 
following : 

?o  =  I'l-     $1  +  f^qoK  =  I's.     Ja  +  ^9iSi  +  ftqoB^  =  vs,  ... 

5™-i  +  M?an-i  Si  +  . . .  +  jW^t,  Sau-i  =  r^,, ; 

obviously  therefore  Jjn-i  =  fj.  'A.  {an  integer  relative  to  ^)  +  v^n.     Hence 

(—  1)"  Bn  =  (an  integer  relative  to  /i)  — — 
P- 

=  (an  integer  relative  to  /^)  +  -  . 
/* 

And  this  relation  obtains  for  any  value  of  jj.  other  than  2,  which  (or  a  pov^er 
of  which)  Gould  be  contained  in  2?i..  When  ^  =  2,  the  S  series  will  not  all  of 
them  be  the  doubles  of  relative  integers  to  2 ;  but  the  v  series,  on  account  of 
the  factor  II  (2n),  will  obviously,  up  to  v^^-^  inclusive,  all  contain  2  and 
i's„=  1;  consequently  g.is  will  be  twice  (an  integer  qm,  2)  +  l,  and  5„  will 

*  For  y,  beiiiK  a  prime  number  greater  than  3,  it  wa  put  .  (the  ooefiioieat  of  f  in  ei*'  -  1) 
under  the  form  of  (an  integer  qv,&  ft)  xji*,  we  have 

'--^(;)-KJ)-K?)-'°- 

=  or  >>' =^=  or  >^>1  when  r>2;  also  when  r  =  9,  i  =  9-£  f  —  j  =  2, 

Wlien  ^  =  2,  this  wonld  be  no  longer  true;  and  in  fact  it  is  easily  Been  that  in  this  case, 
whenever  ?■  is  a  power  of  3,  i  will  be  only  equal  to  1. 

For  the  benefit  of  my  younger  readers,  I  may  notice  that  the  direet  proof  of  the  theorem  that 
the  product  of  any  r  eonsecntive  numbera  must  contain  the  product  of  the  natural  numbers  up  to 
r,  or,  in  other  words,  that  the  trinomial  coefEoient  ^  ..  /■  where  »  +  »'  =  «,  is  an  integer,  is  drawn 
from  the  fact  that  this  fraction  may  be  represented  as  an  integer  guS  jl  (any  prime)  multiplied  by 

(E  (a)  meaning  the  integer  part  of  x],  so  that  i  is  necessarily  either  zero  or  positive,  because  the 
value  of  each  triad  of  terms  within  the  same  parenthesis  is  essentially  zero  or  positiye.  This  is 
the  natural  and  only  direct  procedure  tor  establishing  the  proposition  in  question. 

17—2 
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still  be  (an  integer  relative  to  ^)  +  -  as  before.     Hence  it  follows  from  the 
lemma  that  (—  1 )"  £„  =  an  absolute  integer  +  2  - ,  or 

Bn  =  an  integer  +  (-)"  S  -  , 

which  is  the  equation  expressed  by  the  Staudfc- Clausen  theorem*. 

My  researches  in  the  theory  of  partitions  have  naturally  invested  with 
a  new  and  special  interest  (at  least  for  myself)  everything  relating  to  the 
Bernoullian  numbers,  I  am  not  aware  whether  the  following  expression  for 
a  Bernoullian  of  any  order  as  a  quadratic  function  of  those  of  an  inferior 
order  happens  to  have  been  noticed  or  not.  It  may  be  obtained  by  a  simple 
process  of  multiplication,  and  gives  a  means  (not  very  expeditious,  it  is  true) 
for  calculating  these  numbers  from  one  another  without  having  recourse  to 
the  calculus  of  differences  or  Maclaurin's  theorem,  namely 


n"(2n)      ^         ^n{2)'li(2ft" 


^"         -^n(2-«-2)"  n(2)' 

in  which  formula  the  terms  admit  of  being  coupled  together  from  end  to  end, 
excepting  (when  n  is  even)  one  term  in  the  middle. 

To  illustrate  my  law  respecting  the  numerators  of  the  numbers  of 
Bernoulli,  and  its  connexion  with  the  known  law  for  the  denominators, 
suppose  twice  the  index  of  any  one  of  these  numbers  to  contain  the  factor 
ip  —  i)p\  where  p  is  any  prime;  then  this  number  will  contain  the  first 
power  ofp  in  its  denominator ;  but  if  the  factor  p^  is  contained  in  double  the 
index  in  question,  but  (^  —  1)  not,  then  p^  will  appear  bodily  as  a  factor  of 
the  numerator. 

*  I  ought  to  observe  that  in  all  that  has  preceded  I  have  used  the  word  integer  in  the  sense 
of  positive  or  negative  integer,  and  the  demonstration  I  have  given  holds  good  without  assuming 
B^  to  be  positive.  That  this  is  the  ease,  or.  in  other  words,  that  the  signs  of  the  suooeaaive 
powers  in  -j — -  ace  alternately  positive  and  negative,  may  be  seen  at  a  glanoe  by  putting 
t  =  2^{~l)d,  and  remembering  that  all  the  coefiicients  in  the  series  for  tan0  iu  terms  of  S  are 
necessarilj'  positive,  because  { 3^  )  tan  6  obviouslj'  only  involves  positive  multipleB  of  powers  of 
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It  has  occurred  to  me  that  it  might  be  desirable  to  adhere  to  the  common 
definition  of  "  Bernoulli's  numbers,"  but  at  the  same  time  to  use  the  term 

Bernoulli's  coeMcienta  to  denote  the  actual  coefficients  in  -: 


2(«'-l)' 

the  former  be  denoted  in  genera!  by  B^  and  the  latter  by  ^ic.vie  shall  have 

Iii  the  absence  of  some  such  term  as  I  propose,  many  theorems  which  are 
really  single  when  affirmed  of  the  coefficients,  become  duplex  or  even  multi- 
farious when  we  are  restrained  to  the  use  of  the  mvmhers  only. 

Postscript. — ^The  results  obtained  concerning  Bernoulli's  numbera  in  what 
precedes,  admit  of  being  deduced  still  more  succinctly;  and  this  simplification 
is  by  no  means  of  small  importance,  as  it  leads  the  way  to  the  discovery  of 
analogous  and  unsuspected  properties  of  Euler's  numbers  (namely  the  coeffi- 
cients of  tj7h~\  ill  the  expansion  of  sec  9),  and  to  some  very  remarkable 
\.l{ln) 

theorems  concerning  prime  numbers  in  general. 

In  fact,  to  obtain  the  laws  which  govern  the  denominators  and  n  umerators 
of  Bernoulli's  numbers,  we  need  only  to  use  the  following  piinciples: — 
(1)  That  II  being  a  prime  *,  "Zfi^  =  0,  or  =  —  1  to  the  modulus  fi,  according  as 
/i—  1  is  not,  or  is,  a  factor  of  n, — the  second  part,  of  this  statenaent  being  a 
direct  consequence  of  Fermat's  theorem,  the  first  part  a  simple  inference 
from  its  inverse,  (2)  That  e"*  —  1  is  of  the  form  fit  -f  fiH^T,  where  jT  is  a; 
aeries  of  powers  of  (,  all  of  whose  coefficients  are  integers  relative  to  fi,  except 
for  the  case  of  ;:t  =  2,  when  e^'  - 1  is  of  the  form  2*  -|-  21?  T.     We  have  then 


(;ti=''-l){-l)"fi„=n(2«).  coefficient  of*™- 


e^'-l 


integer  relative  to  fj,,  containing  n,  and  R—V^  +  2^'^+...-\-{iJ.-'  If^.      Hence 

(— )''S„  =  an  integer  relative  to  /i,  or  to  such  integer  -I — ,  according   as 

%i  does  not  or  does  contain  {fi  —  1),  which  proves  the  law  for  the  numerators; 

and  so  if  /i'  is  a  factor  of  n,  but  (/t  — 1)  not  a  factor  of  2?i,  —  will  vanish, 

and^"*  — 1  will  not  contain  /j.;  hence  (/i^  —  l)B„,  and  consequently -B«  will 
be  the  product  of  f/}  by  an  integer  relative  to  fj-,  which  proves  ray  numerator 
law.  ,     ,, 
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VFi)' 


So  by  extending  the  same  method  to  the  generating  function 
it  may  very  easily  he  proved  that  if  we  write 

every  prime  number  fj,  of  the  form  4n  + 1,  such  that  (/i  —  1)  is  a  factor  of  2)i, 
will  be  contained  in  E^;  and  every  such  prime,  when  of  the  form  4ji  — 1,  will 
be  contained  in  ^^  +  2  (— )"~^- 

I  call  the  numbers  S,,  E^,  ...  S„  Eider's  Ist,  2nd,  ...  mth  numbers, 
as  Euler  was  apparently  the  first  to  bring  them  into  notice.  In  the 
InsUtutiortes  Calculi  JDiff.  he  has  calculated  their  values  up  to  E^  inclusive: 
in  this  last  there  is  an  error,  which  is  specified  by  Rothe  in  Ohm's  paper 
above  referred  to ;  had  Euler  been  possessed  of  my  law  this  mistake  could 
not  have  occurred,  as  we  know  that  .^b  +  2  ought  to  contain  the  factors  19 
and  7,  neither  of  which  will  be  found  to  be  such  factors  if  we  adopt  Euler's 
value  of  Eg,  but  both  will  be  such  if  we  accept  Rothe's  corrected  value.  But 
in  still  following  out  the  same  method,  I  have  been  led,  through  the  study  of 
Bernoulli's  and  the  allied  numbers,  and  with  the  express  aid  of  the  former, 
to  a  perfectly  general  theorem  concerning  prime  numbers,  in  which  Bernoulli's 
numbers  no  longer  take  any  part.  Format's  theorem  teaches  us  the  residue 
of  r^~'  in  respect  to  fi,  namely,  that  it  is  unity ;  but  I  am  not  aware  of  any 
theorem  being  in  existence  which  teaches  anything  concerning  the  relation 

of     to  /t  (or,  which  is  the  same  thing,  of  the  relation  of  r^~'^  to  the 

modulus  fi^).  I  have  obtained  remarkable  results  relative  to  the  above 
quotient,  which  I  will  state  for  the  simplest  case  only,  namely,  that  where  r 
as  well  as  /i  is  a  prime  number.     I  find  that  when  r  is  any  odd  prime, 

s-^   +-^+^^  +  ...  +  -^',    (tomod.^, 

[i  /j.—  lfi—Z/j.  —  S  1 

where  Ci,  Cj,  c,,  ...  c^_,  are  conticually  recurring  cycles  of  the  numbers 
1,  2,  3,  ...  r,  the  cycle  beginning  with  that  number  r  which  satisfies  the 
cougruence  /xr  s  1  (mod.  r).     Since  we  know  that 

-^  +  ^-^  +  ^-^+...  +  ^30  (tomod.^) 

in  place  of  the  cycle  1,  2,  3,  ...  r,  we  may  obviously  substitute  the  reduced 
cycle 
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Thus*,  for  example, ,  when  fi  is  of  the  form  6n  +  1, 

1             1             1            1  ,    ,  ,     ^ 

= K  + ? -_-  ...  +  1,  (to  mod.  fj.), 

and  when  /a  is  of  the  form  6«  - 1, 

-11  1  1  ,    .  ,     , 

=  ■ ^  -1- s -"^■1 ?  ...  —  1,  (to  mod.  /a). 

When  r  is  2,  the  theorem  which  replaces  the  preceding  is  as  follows  f  : 
2^'-l 
M       ' 
when  /i  is  of  the  form  4re  +  I , 


^t  -  7     IX- 
and  when  /i  is  of  the  form  A 


^  +  &c.,  (to  mod.  /i), 


/i— 1     /t  —  2     ;t— 3     /i  —  i     /i—  0 

H a  H ff  +  &c.,  (to  mod.  fj.). 

When  r  is  not  a  prime,  a  similar  theorem  may  be  obtained  by  the  very  same 
method,  but  its  expression  will  be  less  simple.  The  above  theorems  would, 
I  think,  be  very  noticeable  were  it  only  for  the  circumstance  of  their  involving 
(as  a  condition)  the  primeness  as  well  of  the  base  as  of  the  augmented  index 
of  the  familiar  Ferraatian  expression  r^~', — a  condition  which  here  makes  its 
B  in  the  theory  of  numbers  (as  I  believe)  for  the  first  time. 


[*  Cf.  the  formulae  at  the  top  of  p.  230  above.  The  second  of  these  had  originaUy  a  wrong 
sign  throughout,  hut  has  been  oorreotea,  after  a  sentence  inserted  by  the  author  at  the  end  of  the 
paper  40  above  (p.  241),  not  reproduced  hare.] 

[t  The  sign  of  every  term  in  the  two  following  espreasions  should  be  changed.] 
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NOTE  ON  THE  HISTORICAL  ORIGIN  OF  THE  UNSYMMETRICAL 
SIX-VALUED  FUNCTION  OF  SIX  LETTERS. 

{Philosophical  Magazine,  xxr.  (1861),  pp.  369—377.] 

The  discovery  and  first  announcement  of  the  existence  of  the  celebrated 
function  of  six  letters  having  six  values,  and  not  symmetrical  in  respect  to 
all  the  letters,  is  usually  assigned  to  my  illustrious  friend  M.  Hermite,  to 
whom  M,  Cauchy  expressly  ascribes  it  in  a  memoir  inserted  in  the  Comptes 
Rendus  of  the  Institut  for  December  8,  1845,  p.  1247,  and  again,  January  5, 
1846,  p.  30. 

M.  Cauchy  adds  that  the  conversation  he  held  with  M.  Hermite  on  this 
subject  excited  in  himself  a  lively  desire  to  sound  to  its  depths  the  question 
of  permutations,  and  to  develope  the  consequences  to  be  deduced  from  the 
application  of  the  principles  relative  thereto,  which  he  had  himself  long 
previously  laid  down. 

I  was  not  at  that  date  in  the  habit  of  consulting  the  Comptes  Smdus, 
or  I  should  at  once  have  made  the  reclamation  of  priority  which  I  now  do, 
not  from  any  unworthy  motive  of  self-love  in  so  small  a  matter,  but  out 
of  regard  to  historic  truth.  It  is  a  ye.ar  or  two  since  I  first  learnt  that  the 
origin  of  this  function  was  usually  referred  to  M.  Cauchy  or  M.  Hermite ; 
but  although  aware  that  its  existence  was  known  to  myself  long  previous  to 
the  dates  quoted,  I  did  not  recollect  that  I  had  ever  communicated  it  to  the 
world  through  the  medium  of  the  press,  and  I  therefore  kept  silence  on  the 
subject. 

Turning  over,  a  few  days  ago,  for  another  purpose,  the  pages  of  a  back 
volume  of  this  Magazine,  my  eye  chanced  to  alight  on  a  footnote  to  a  paper 
of  my  own  inserted  therein*,  under  date  of  April  1844,  ''On  the  Principles  of 
Combinatorial  Aggregation,"  which  I  will  take  the  liberty  of  quoting  at 
length,  as  it  proves  incontestably  the  priority  which  I  lay  claim  to. 
r*  p.  92  of  Vol.  I.  of  this  Eeprint.] 
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"When  the  modulus  is  four,  there  is  only  one  syntheinabic  arrangement 
possible,  and  there  is  no  indeterminateness  of  any  kind ;  from  this  we  can 
infer,  d,  priori,  the  reductibility  of  a  biquadratic  equation ;  for  using  (j>,f,F 
to  denote  rational  symmetrical  forms  of  fiincfcion,  it  follows  that 

Fl/[tf3(a,  c),  (fi(b,  d)}\  is  itself  a  rational  symmetric  function  of  a,  b,  c,  d. 
[f{^(a,d),4>(h,c)}\ 
Whence  it  follows  that  if  a,  b,  c,  d  be  the  roots  of  a  biquadratic  equation, 
y{</)(a,  b),  (})(g,  d)\  can  be  found  by  the  solution  of  a  cubic:  for  instance, 
{a  +  b)x(c  +  d)  can  be  thus  determined,  whence  immediately  the  sum  of 
any  two  of  the  roots  comes  out  from  a  quadratic  equation. 

"  To  the  modulus  6  there  are  fifteen  different  synthemes  capable  of  being 
constructed.  At  first  sight  it  might  be  supposed  that  these  could  be  classed 
in  natural  families  of  three  or  of  five  each,  on  which  supposition  the  equation 
of  the  sixth  degree  could  be  depressed  ;  but  on  inquiry  this  hope  will  prove 
to  be  futile,  not  but  what  natural  affinities  do  exist  between  the  totals ;  but 
in  order  to  separate  them  into  femihea,  each  will  have  to  be  taken  twice 
over ;  or  in  other  words,  the  fifteen  synthemes  to  modulus  6  being  redu- 
plicated, subdivide  into  six  natural  families  of  five  each." 

The  six  families  above  referred  to  {in  which  it  is  to  be  understood  that 
p  .  q  and  q  .  p  are  identical  in  effect)  are  the  following :— 

/■t 


a.  d 


»■/ 

0.4 


/ 


/     6 


/ 


/ 


./ 


And  it  will  be  observed  that  every  two  families  have  one,  and  only  one, 
syntheme  in  common  between  them;  and  precisely  in  the  same  way  as  in  the 
note  above  quoted  it  is  especially  shown  that  the  one  single  natural  family 

\  a .b     c .d  \ 

a.c     b.d 
I  a.d    b.c   I 

gives  rise  to  a  function  of  four  letters  with  only  one  value,  so  the  six  functions 
analogously  formed  with  these  sis  families  obviously  give  rise  to  six  func- 
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tions,  which  change  into  one  another  when  any  interchange  is  effected 
between  the  letters  which  enter  into  them;  so  that  any  one  of  these  is  a 
function  of  six  letters  having  only  six  values,  I  conceive  that,  after  this 
reference,  no  writer  on  the  subject  wishing  to  specify  the  function  in  question 
would  hesitate  to  call  it  after  my  name. 

I  may  also  take  occasion  to  observe  that,  in  connexion  with  my  researches 
in  combinatorial  aggregation,  long  before  the  publication  of  my  unfinished 
paper  in  the  Magasine,  I  had  fallen  upon  the  question  of  forming  a  heptatic 
aggregate  of  triadic  synthemes  comprising  all  the  duads  to  the  base  15, 
which  has  since  become  so  well  known,  and  fluttered  so  many  a  gentle 
bosom,  under  the  title  of  the  fifteen  school-girls'  problem;  and  it  is  not 
improbable  that  the  question,  under  its  existing  form,  may  have  originated 
through  channels  which  can  no  longer  be  traced  in  the  oral  communications 
made  by  myself  to  my  fellow-undergraduates  at  the  University  of  Cambridge 
long  years  before  its  first  appearance,  which  I  believe  was  in  the  Ladies' 
Diary  for  some  year  which  ray  memory  is  unable  to  furnish. 

In  order  to  relieve  this  notice  from  the  mere  personal  character  which  it 
may  thus  far  appear  to  bear,  I  will  state  another  question  concerning  the 
combinatorial  aggregation  of  fifteen  things  which  may  serve  as  a  pendant  to 
the  famous  school-girl  problem. 


The  number  of  triads  to  the  base  15 


15  X  14  X  13 


<  91.     Let  it  be 


3.2.1 

required  to  arrange  these  into  91  synthemes,  in  other  Words,  to  set  out  the 
walks  of  15  girls  for  91  days  (say  a  quarter  of  the  year)  in  such  a  manner 
that  the  same  three  shall  never  all  come  together  more  than  once  in  the 
quarter.  Of  the  various  ways  in  which  it  is  probable  this  problem  may  be 
solved,  the  following  deserves  notice.  Let  15  letters  be  arbitrarily  divided 
into  5  sets,  namely, 


aAc 


fflstaCs;     aih^d; 


The  sets  as  they  stand  will  represent  one  of  the  91  arrangements  sought  for. 


which  I  call  the  basic  synthe 
follows  in  10  batches  of  9   each, 
following : — 

1  2  3 ;  4  5 
1  2  4;  3  5 
1  2  5;  3  4 
1  3  4;  2  5 
1  3  5;  2  4 


The  remaining  90  may  be  obtained  as 
Write  down  the  10  index  distributions 


14  5 

2  3  4 

2  3  5 

2  4  5 

3  4  5 


2  3 
1  5 


Take  any  one  of  these  distributions,  as  for  instance  2  3  5;  14,  and  proceed 
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(ta  ia  Cj 
as  follows: — In  respect  of  2,  3,  5,  conjugate  the  three  sets  Oj  6a  c^;  and  in 

(fj  hi  Os 
respect  of  1,  4,  conjugate  the  two  remaining  sets     '  ,'     ' . 
From  the  ternary  conjugation  form  the  nine  arrangements, 

Ofa   a,    "e 6a   ^3  ^s ^  C3   Cs 


as  (^  ^5 

62     63     C6 

C3  c,  a^ 

a,  a,  c, 

?-.     &.     «. 

Ca  Cs  b. 

«2  h  a. 

6=  <h  h 

Ci   C63   Cj 

a,  6,  6. 

h  C3  c, 

Ca  rts  «6 

ffla  S3   C, 

h  C3  a. 

C3   «3    fit, 

03  Cs  a, 

6,  ^3  b. 

(^63". 

Oa  c,  6, 

h  as  C6 

Ca  h  a^ 

tta   C,   Ce 

63     «3     »5 

C9     63     ^B 

L,  A  i, 

A  i.  A 

L,  L,  L, 

Again,  from  the  binary  conjugation,  form  the  nine  arrangements, 
Oi  h,  c,  a,  h^  c, 

tti    Ci    C4 


I  b,  c. 


.  b,  h 


bi  Ci  hj 


61    Ci    d. 


M,  M^  M,        M,  Mr,  M, 


<  M,. 


Now  combine  the  L  with  the  M  system,  each  L  with  some  M  in  any 
order  whatever ;  the  9  combinations  or  appositions  thiis  obtained  will  give  a 
batch  of  9  synthemes;  and  proceeding  in  like  manner  with  each  of  the  10 
distributions  of  the  indices  1,  2,  3,  4,  5,  we  shall  obtain  90  synthemes,  which 
together  with  the  basic  syntheme  complete  the  system  required.  The  M 
system  corresponding  to  any  distribution  of  the  indices  is  the  system  which 
contains  the  synthematic  arrangement  of  the  bipartite*  triads  which  can  be 
constituted  out  of  six  things,  separated  in  two  sets  or  parts,  and  is  unique. 
The  L  system  is  one  of  those  which  represents  the  synthematic  arrangement 
*  See  note  at  end  of  paper. 
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of  the  tripartite*  triads  of  nine  things  separated  into  three  sets  or  parts. 
I  have  set  out  above  one  in  particular  of  these  for  the  sake  of  greater  clear- 
ness ;  but  any  other  system  having  the  same  property  will  serve  the  same 
purpose,  and  a  careful  study  will  serve  to  show  that  the  total  number  of  i's 
corresponding  to  a  given  distribution  of  indices  will  be  (  )*.  Consequently 
the  total  number  of  LM'a  that  we  can  form  for  a  given  distribution  will  be 
{  )xl,2,3.4.5,6.7.8,9;  and  the  number  of  distinct  synihematic 
arrangements  satisfying  the  given  conditions  corresponding  to  any  assumed 
basic  syntheme  will  be  this  number  raised  to  the  tenth  power;  and  as  this 
vastly  exceeds  the  total  number  of  permutations  of  fifteen  things,  we  see, 
without  even  taking  ioto  consideration  the  diversity  that  may  be  produced 
by  a  change  of  the  base,  that  this  method  must  give  rise  to  many  distinct 
types  of  solution  (arrangements  being  defined  to  belong  to  the  same  or 
different  types,  according  as  they  admit  or  not  of  being  deduced  from  each 
other  by  a  permutation  effected  among  their  monadic  elements).  The 
common  character  of  all  these  allotypical  aggregations,  and  which  serves  to 
constitute  them  into  a  natural  order  or  family,  consists  in  their  being  derived 
from  a  base  formed  out  of  five  sets,  such  that  the  moiiopartite  triads  corre- 
sponding to  the  base  form  one  syntheme,  and  the  other  90  synthemes  each 
contain  a  conjugation  of  the  tripai'tite  triads  belonging  to  three  out  of  the 
five  sets  of  the  base  with  the  bipartite  triads  belonging  to  the  other  two  sets 
thereof.  There  is,  moreover,  no  reason  to  suppose,  or  at  ali  events  no  safe 
ground  for  affirming,  that  this  family  exhausts  the  whole  possible  number  of 
types  to  which  the  arrangements  satisfying  the  proposed  condition  admit  of 
being  reduced.  A  further  question  which  I  have  somewhere  raised,  and 
which  brings  the  two  problems  of  the  school-girls  into  rapport,  is  the 
following: — "To  divide  the  system  of  91  synthemes  satisfying  the  conditions 
above  stated  into  thirteen  minor  systems,  eaoh  of  which  satisfies  the  con- 
ditions of  the  old  problem,  that  is,  of  containing  all  the  duads  that  can  be 
made  out  of  the  fifteen  elements  once  and  once  only";  or  to  put.  the  question 
in  a  more  exact  form,  to  exhibit  thii-teeh  systems,  each  satisfying  this  last 
condition,  which  shall  together  include  between  them  all  the  triads  that  can 
be  made  out  of  the  fifteen  elements. 

The  reader  would  have  reason  to  be  dissatisfied  with  the  author's  reti- 
cence, were  he  to  leave  altogether  unmentioned  the  synthematic  aggregation 
of  the  binomial  triads  appertaining  to  the  same  three  triliteral  sets  or  noines ; 
but  space  forbids  my  doing  more  at  present  than  giving  one  of  these  aggre- 
gates, and  indicating  the  number  and  mode  of  generation  of  all  from  this  one. 
It  will  readily  be  seen  that  any  such  aggregate  will  be  made  up  of  two 
sub-aggregates,  which  I  shall  call  A  and  B  respectively,  of  which  one  bears 

"  Some  day  or  another  a  new  combinatorial  oaloiilus  must  come  into  being  to  fumisli  general 
solutions  to  the  infinite  variety  of  yueations  of  multifariovsjKss  to  which  the  theory  of  combina- 
torial aggregation,  alias  oompound  permutations ;  giyes  rise. 
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the  same  relation  to  the  disposition  of  the  nomes  in  the  order  123  456  789. 
as  the  other  to  their  disposition  in  the  order  123  789  456.  Thus  we  may 
take  for  our  A  and  B  the  following,  which  will  eaoh  contain  9  synthenies, 
the  total  number  of  synthenies  in  the  two  together  being  18*; — 


(A) 

124  567 

125  468 


126 

459 

783 

1S4 

568 

279 

135 

469 

278 

1S6 

457 

289 

231 

569 

187 

235 

467 

189 

286 

458 

179 

(B) 
894 


128 

795 

186 

129 

786 

453 

137 

895 

246 

188 

796 

246 

139 

784 

256 

237 

896 

154 

238 

791 

156 

239 

785 

146 

The  system  of  triads  contained  in  A  may  be  arranged  in  twelve  different 
aggregates  similar  to  the  one  given,  and  the  same  will  be  true  for  the  triads 
in  the  B;  so  that  the  total  number  of  the  combined  systems  will  be  144. 
All  the  permutations  which  leave  A  or  B  (separately  considered)  unaltered 
will  form  a  natural  group, — the  theory  of  groups  in  this,  as  In  every  other 
ca?e,  standing  in  the  closest  relation  to  the  doctrine  of  combinatorial  aggre- 
gation, or  what  for  shortness  may  be  termed  syntax.  I  have  elsewhere  given 
the  general  name  of  Tactic  to  the  third  pure  mathematicai  science,  of  which 
ojxier  is  the  proper  sphere,  as  is  number  and  space  of  the  other  two.  Syntax 
and  Groups  are  each  of  them  only  special  branches  of  Tactic.  I  shall  on 
another  occasion  give  reasons  to  show  that  the  doctrine  of  groups  may  be 
treated  as  the  arithmetic  of  ordinal  numbers.  With  respect  to  the  twelve 
varieties  of  the  A  or  B  aggregates,  they  may  be  obtained  from  the  one  given 
by  combining  the  substitutions  corresponding  to  the  six  permutations  of  the 
three  constituents  of  one  nome,  as  7,  8,  9,  with  the  permutation  of  any  two 
constituents  of  another,  as  5,  6.  But  I  have  said  enough  for  my  present 
purpose,  which  is  to  point  otit  the  boundless  imtrodden  regions  of  thought  in 
the  sphere  of  order,  and  especially  in  the  department  of  syntax,  which  remain 
to  be  expressed,  mapped  out,  and  brought  under  cultivation.  The  difficulty 
indeed  is  not  to  find  material,  of  which  there  is  a  superabundance,  but  to 
discover  the  proper  and  principal  centres  of  speculation  that  may  serve  to 
reduce  the  theory  into  a  n 

*  Thus,  ainoe  there  is  evidently  on 
of  all  three  kiuita  nill  be  1  +  18  +  9-28 


mononomial  syutheme,  the  total  number  of  aynthemcB 
=  -^1 — ,  aa  it  ehoulii  be,  ilie  total  number  of  triads  beii^ 


,  and  s  of  them  going  to  a  nynthei 
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I  put  on  record  (as  a  Christmas  offering  on  the  altar  of  science)  for  the 
benefit  of  those  studyiug  the  theory  of  groups,  or  compound  permutations 
(to  which  the  prize  shortly  to  be  adjudicated  by  the  iDstitube  of  France  for 
the  most  important  addition  to  the  subject  may  tend  to  give  a  new  impulse), 
and  with  an  eye  to  the  geometrical  and  algebraical  verities  with  which, 
as  a  constant  of  reason,  we  may  confidently  anticipate  it  is  pregnant,  an 
exhaustive  table  of  the  monosynt hematic  aggregates  of  the  trinomial  triads 
that  are  contained  in  a  system  of  three  triliteral  nomes.  Let  these  latter  be 
called  respectively  123 ;  456 ;  789  ;  then  we  have  the  annexed  :— 


Table  of  Synthei 


,1  Triads   to   base   3  . 


(1) 

(2) 

(3) 

(*) 

147  3S8  369 

147  258  369 

147  258  369 

147  268  369 

14S  259  367 

148  269  367 

148  259  367 

148  259  367 

149  257  368 

149  257  368 

149  257  368 

149  267  358 

157  268  349 

157  268  349 

157  269  348 

157  268  349 

158  269  347 

158  269  347 

168  267  349 

168  269  347 

169  267  348 

159  267  348 

169  268  347 

169  247  368 

167  248  359 

167  249  358 

167  248  359 

167  248  359 

168  249  367 

168  247  369 

168  249  357 

168  249  357 

169  247  358 

169  248  357 

169  247  35B 

169  257  348 

(5) 

(6) 

i.1) 

(8) 

147  258  369 

147  258  369 

147  258  369 

147  258  369 

148  267  359 

148  267  359 

148  269  357 

148  269  357 

149  268  357 

149  257  368 

149  257  368 

149  267  358 

157  249  368 

157  268  349 

157  288  349 

157  268  349 

168  269  347 

158  269  347 

168  249  367 

168  249  367 

159  248  367 

159  248  367 

169  267  348 

169  247  368 

167  259  348 

167  269  348 

167  248  369 

167  248  359 

168  257  349 

168  249  357 

168  259  347 

168  259  347 

169  247  358 

169  247  358 

169  247  358 

169  257  348 

The  discussion  of  the  properties  of  this  Table,  and  the  classification  of 
the  eight  aggregates  into  natural  families,  must    be  reserved  for  a  future 


Note. — A  triad  is  called  tripartite  if  its  three  elements  are  culled  out  of 
three  different  parts  or  sets  between  which  the  total  number  of  elements  is 
supposed  to  be  divided;  bipartite  if  the  elements  are  taken  out  of  two 
distinct  sets ;  unipartite  if  they  all  lie  in  the  same  set.  The  more  ordinary 
method  for  the  reduction  of  synthematic  arrangements  from  a  given  base  to 
a  linear  one  which  I  employ,  consists  in  the  separate  synthematizatioii  inter  se 
■of  all  the  combinations  of  the  same  kind  as  regards  the  number  of  parts 
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from  which  they  are  respectively  drawn.     Thus,  for  example,  if  the  distribu- 

tiou  of  the 7j tnads  to  the  base  30  into synthemes  be 

required,  this  may  be  effected  by  dividing  the  30  elements  in  an  arbitrary 
manner  into  15  parts,  each  pai't  containing  2  elements.  These  15  parts 
being  now  themselves  treated  as  elements,  are  first  to  be  conjugated  as  in 
the  old  IS'School-girl  problem,  and  each  of  these  7  conjugations  can  be  made 
to  furnish  6  synthemes  containing  exclusively  bipartite  triads.  The  same  15 
parts  are  then  to  be  conjugated  as  in  the  new  school-girl  problem,  and  the 
91  conjugations  thus  obtained  wili  each  furnish  4  synthemes,  containing 
exclusively  the  tripartite  triads.  These  bipartite  and  tripartite  synthemes 
will  exhaust  the  entire  number  of  triads  of  both  kinds,  and  accordingly  we 
shall  find 

7  X6  +  91  x4  =  406 

29  X  28 


A  syntheme,  I  need  scarcely  add,  is  an  aggregate  of  combinations  containing 
between  them  all  the  monadic  elements  of  a  given  system,  each  appearing 
once  only.  In  the  more  general  theory  of  aggregation,  such  an  aggregate 
■would  be  distinguished  by  the  name  of  a  monosyntheme.  A  disyntheme 
would  then  signify  an  aggregate  of  combinations  containing  between  them 
the  duadic  elements,  each  appearing  once  only,  and  so  forth.  Thus  the  old 
16 -school-girl  question  in  my  nomenclature  would  be  enunciated  under  the 
form  of  a  problem  "  to  construct  a  triadic  disyntheme,  separable  into  rnono- 
synthemes  to  the  base  15";  the  new  school  question,  as  a  problem  "to  divide 
the  whole  of  the  triads  to  base  15  into  monosynthemes  " ;  the  question  which 
connects  the  two,  as  a  problem  "to  exhibit  the  whole  of  the  triads  to  base  15 
under  the  form  of  13  disynthemes,  each  separated  into  7  monosynthemes." 

A  question  of  a  more  general  kind,  and  embracing  this  last,  wouid  be 
the  problem  of  dividing  the  whole  of  the  same  system  of  triads  into  13 
disynthemes,  without  annexing  the  further  condition  of  monosynthematic 
divisibility.  So  there  is  the  simpler  question  of  constructing  a  single  disyn- 
theme to  the  base  15  without  any  condition  annexed  as  to  its  decomposability 
into  7  synthemes. 
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ON  A  PROBLEM  IN  TACTIC  WHICH  SERVES  TO  DISCLOSE 
THE  EXISTENCE  OF  A  FOUR- VALUED  FUNCTION  OF 
THREE  SETS  OF  THREE  LETTERS  EACH. 

[Philosophical  Magazine,  xxi.  (1861),  pp.  515 — 520.] 

At  page  375  of  the  May  Number  of  this  Magazine*  (in  that  paragraph 
commencing  at  the  middle  of  the  page)  I  gave  a  Table  of  Sjmthemes,  correct 
as  far  as  it  went,  but  left  in  a  very  imperfect  state.  It  was  intended  to  be 
supplemented  with  a  material  addition  which  escaped  my  recollection  when, 
after  a  long  delay,  the  proofs  of  the  paper  passed  through  my  hands.  The 
question  to  which  this  Table  refers  is  the  following  ;— 

Three  names,  each  containing  three  elements,  are  given ;  the  number  of 
trinomial  triads  (that  is,  ternary  combinations,  composed  by  taking  one 
element  out  of  each  nome)  will  be  27,  and  these  27  may  be  grouped  together 
into  9  syiithemes  (each  syntheme  consisting  of  3  of  the  triads  in  question, 
which  together  include  between  them  all  the  9  elements).  It  is  desirable  to 
know : — 1st.  How  many  distinct  groupings  of  this  kind  can  be  formed, 
2nd;  Whether  there  is  more  than  one,  and,  if  so,  how  many  distinct  types 
of  groupings.  The  criterion  of  one  grouping  being  cotypal  or  allotypal  to 
another  is  its  capability  or  incapability  of  being  transformed  into  that  other 
by  means  of  an  interchange  of  elements.  Be  it  once  for  all  stated  that  the 
question  in  hand  is  throughout  one  of  combinations,  and  not  of  permutations; 
the  order  of  the  elements  in  a  triad,  of  a  triad  in  a  syntheme,  of  a  syntheme 
in  a  grouping  is  treated  as  immaterial.  As  we  are  only  concerned  with  the 
elements  as  distributed  into  nomes,  the  number  of  interchanges  of  elements 
with  which  we  are  concerned  is  6  x  6'  or  12.96  ;  the  factor  6'  arises  from  the 
permutability  nf  the  elements  of  each  nome  inter  se,  the  remaining  factor 
6  from  the  permutability  of  any  nome  with  any  other.  I  find,  by  a  method 
which  carries  its  own  demonstration  with  it  on  its  face,  that  the  number  of 
distinct  groupings  is  40,  of  which  4  belong  to  one  type  or  family,  and  36  to  a 
second  type  or  family. 

[*  p.  270  above.] 
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On  a  Four-valued  Function 


le  nomes  be  1 . 2 . 3,   4.5.6, 

7.8.9,  and  let 

c,  denote  1.4,  2.-5,  3.6 
c,        „       1.5,  2.6,  3.4. 
c,       „       1 . 6,  2 . 4,  3 . 5 

c,  denote  1.4,  2.6,  3.5 
4        „        1.5,  2.4,  3.6 
c,        „       1.6,  2.5,  3.4 

7,  8,  9 

7  denote  8,  9,  7 

9,  7,  8 

7,  9,  8 
7   denote  9,  8,  7 

8,  7,  9 

b,  denote  1.7,  2.8,  3.9 
h        „       1 . 8,  2 .  9,  3 .  7 
h        „        1 .  9,  2 .  7,  3 . 8 

b,  denote  1.7,  2.9,  3.8 
h        „       1.8,  2.7,  3.9 
k        „       1 . 9,  2 . 8,  3 .  7 

4,  5,  6 

^  denote  5,  6,  4 

6,  4,  5 

4,  6,  5 
^'  denote  6,  5,  4 

5,  4,  6 

a,  denote  4.7,  5.8,  6.9 
a,        „       4.8,  5.9,  6.7 
<h        „       4.9,  5.7,  6.8 

d,  denote  4.7,  5.9,  6.8 
a,        „       4 . 8,  5 .  7,  6 . 9 
%        „       4.9,  5,8,  6.7 

1,  2,  3 

a  denote  2,  3,  1 

3,  1,  2 

1,  3,  2 

o!  denote  2,  3,  1 

3,  1,  2. 

I  take  first  the  larger  family  of  i 
s  follows : — 


groupings ;  these  may  be  represented 


%a 

a,a 

flaa 

0,0' 

«,«' 

ajffl 

6./3 


Cs/ 


((.a' 

<!,«■ 

OjCl 

a,.' 

«.«- 

Osft 

t,fi' 

6.(3' 

i,l3 

i>,/3' 

kfi' 

i.^ 

C-r' 

S./3' 


S,/3   I  S,/3' 


i./3'  I  hp: 

<!.7 


*.y 


An  example  of  the  development  of  any  one  of  the  above  symbolisms  into 
its  correspondent  grouping  will  serve  to  render  perfectly  intelligible  the 
whole  Table. 


Let  it  be  required  to  develope 


4,^ 
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1.7  2.9     3.8 

1.8  2.7     S.9 

1.9  2.8     3.7 


4,  .5,  6 
=  5,  6,  4 


4,  6,  ; 

=  6,  5,  ^ 

5,  4,  ( 


the  development  required  is  the  following  :- 


1.7.4  2.9.5  3.8.6 

1.7.5  2.9.6  3.S.4 

1.7.6  2.9.4  3.8.5 

1.8.4  2.7.6  3.9.5 
1.8.6  2.7.5  3.9.4 

1.8.5  2.7.4  3.9.6 


3.7. 


1,9.6     2. 8.. 5     3.7.4 
I  1.9.5     2.8.4     3.7.6 

The  whole  of  this  lamiiy  of  36  may  be  represented  under  the  following 
condensed  form,  according  to  the  notation  usual  in  the  theoiy  of  substitutions. 

/   "'"        /123  123  123\      fa  a\      (aa.'  aa'\      faa  bS  c^\\ 

''^^    ^  {l23  231   312J  n.  J  ^  (.«'  .'J  ^  W  aa  ««)  ) ' 
\    a^a  I 

It  remains  to  describe  the  principal  and  most  symmetrical  family.  This 
contains  only  4  groupings,  and  may  be  represented  indifferently  under  any  of 
the  three  following  forms  : — 

Qi-jx  «!«'  «!«  «!«'  ii,;S  dj/S'  ii,/3  fci/S'  Ci7  C17'  Ci7  C17' 
MaO  ttja'  dja  a^d  or  63^  6^^  h^Q  b^^'  or  (^7  £^7'  c^j  c^y 
a^ct  OsO,'  %«  %«'         ^3(3  &s^  Js/S  iijyS'         C37  O37'  C37  Cs7'. 

In  developing,  it  will  be  found  that  each  of  these  three  representations  gives 
rise  to  the  same  family  of  groupings,  which  from  its  importance  it  is  proper 
to  set  out  in  full  as  follows ; — ■ 


.4.9  2.5.7  3.6.8 
.5.7  2.6.8  S.4.9 
.5.8  2.6.9  3.4.7 
.6.9  2.6.7  3.4.8 
.6.7  2.4.8  3.5.9 
.6.82.4.9  3.5.7 
.6.9  2.4.7  3.5.8 

1.4.9  2.5.7  3.6.9 

1.5.7  2.6.9  3.4.8 
1.5.9  2.6.8  3.4.7 

1.5.8  3.6.7  3.4.9 
1.6.7  2.4.9  3.5.8 

1.6.9  2.4.8  3.5.7 
1.6.82.4.73.5.9 

1.4.9  2.6.7  3.5.8 

1.5.7  2.4.8  3.6.9 

1.5.8  3.4.9  3.6.7 

1.5.9  2.4.7  3.6.8 

1.6.7  2.5.8  3.4.9 

1.6.8  2.5.9  3.4.7 

1.6.9  2.5.7  3.4.8 

1.4.8  2.6.7  3.5.9 

1.5.7  2.4.9  3.6.8 

1.5.9  2.4.8  3.6.7 

1.5.8  2.4.7  3.6.9 
1.6.7  2.5.9  3.4.8 
1.6.92.5.8  3.4.7 
1.6.82.6.7  3.4.9 

.  It  follows  at  once  from  the  above  Table,  that  if  3  cubic  equations  be 
given,  we  may  form  a  function  of  the  9  roots,  which,  when  any  of  the  roots 
of  any  of  the  equations  are  interchanged  inter  se,  or  all  the  roots  of  one  with 
all  those  of  any  other,  will  receive  onlyybw)"  distinct  values. 
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It  also  follows  that  we  may  form  with  9  letters  an  intransitive  group 
(of  Caiichy)  containing  —j-,  that  is,  54,  or  a  transitive  group  containing 

— j—  ,  or  324  substitutions.     So  the  family  of  3fi  groupings  lead  to   the 

216 
formation  of  an  intransitive  substitution  group  of  -ja~  ■  t^^t'  ^^^  ^^'  ^^^^  '^^  ^ 

transitive  group  of    „     -,  or  36  substitutions. 

8    7      5    4 
Since  9  letters  may  be  thrown,  in  —^  x  ~- ,  that  is,  280  different  ways, 

into  nomes  of  3  letters  each,  it  further  follows  that  by  repeating  each  of  the 
above  two  families  280  times  we  shall  obtain  new  families  remaining  unaltered 
by  any  substitution  of  any  of  the  nine  elements  inter  se,  and  consequently 
indicating  the  existence  of  substitution -groups  containing 

1.2.3.4.5.6.7.8.9        ,  1.2.3.4 .5^6 .7 .8.9 
280  X  36  " "  280  x  4 

that  is,  36  and  324  substitutions  respectively. 

In  the  above  solution  a  little  consideration  will  show  that  the  method  is 
■essentially  based  on  the  solution  of  a  previous  question,  namely,  of  grouping 
together  the  synthemes  of  binomial  duads  of  two  nomes  of  three  letters 
each,  which  can  be  done  in  two  distinct  modes,  which  (if,  for  example,  we 
take  1 .  2 .  S,  4.5.6  as  the  two  nomes  in  question)  are  represented  in  the 

notation   used   above   by   c^  and  6^  respectively.     So,  more   generally,  the 

groupings  of  the  ^-nomial  g-ads  of  r  nomes  of  s  elements  may  be  made  to 
depend  on  the  groupings  of  the  {q  —  l)-nomial  (q  ~  l)-ads  of  (r  -  1)  nomes  of 
s  elements  each.  The  more  general  question  is  to  discover  the  groupings 
and  their  families  of  the  synthemes  composed  of  j)-nomial  y-ads  of  r  nomes 
■of  s  elements,  of  which  the  simplest  example  next  that  which  has  been 
considered  and  solved  is  to  discover  the  groupings  of  the  synthemes  composed 
■of  54  binomial  triads  of  3  nomes  of  3  elements  each*. 

The  chief  difficulty  of  calculating  &  priori  the  number  of  such  groupings 
is  of  a  similar  nature  to  that  which  lies  at  the  bottom  of  the  ordinary  theory 
of  the  partition  of  numbers,  namely,  the  liability  of  the  same  groupings  to 
make  their  appearance  under  distinct  symbolical  representations.  Of  this  we 
have  seen  an  example  in  the  threefold  representation  of  the  principal  family 

*  I  liave  asoertainecl,  by  a,  direct  analytical  method,  since  the  aboTO  was  written,  that  the 
number  of  different  gronpiuge  of  the  aynthemea  composed  of  these  binomial  triads  ia  144.  The 
number  of  distinct  types  or  familiea  is  three,  one  containing  12,  another  24.  and  the  third  108 
groupings. 

18—2 


yGoosle 


276  On  a  Four-valued  Function  [47 

of  4  groupings  just  treated  of.  But  for  the  existence  of  this  multiform 
representation  of  the  same  grouping  we  could  have  affirmed  d,  priori  the 
number  of  groupings  to  be  2  x  3  x  2'  or  48,  whereas  the  true  number  is  only 
40,  I  believe  that  the  above  is  the  first  instance  of  the  doctrine  of  types 
making  its  appearance  explicitly,  and  illustrated  by  example  in  the  theory 
of  tactic.  It  were  much  to  be  desired  that  some  one  would  endeavour  to 
collect  and  collate  the  various  solutions  that  have  been  given  of  the 
noted  15-9chool-girl  problem  by  Messrs  Kirkman  (in  the  Ladies'  Diary),, 
Moses  Ansted  (in  the  Cambridge  and  Dublin  Mathematical  Journal),  by 
Messrs  Cayley  and  Spottiswoode  (in  the  Philosophical  Magazine  and  else- 
where), and  Professor  Pierce,  the  latest  and  probably  the  best  (in  the 
American  Astronomical  Journal),  besides  various  others  originating  and  still 
floating  about  in  the  fashionable  world  (one,  if  not  two,  of  which  I  remember 
having  been  communicated  to  me  many  years  ago  by  Mr  Archibald  Smith, 
F.R.S.),  with  a  view  to  ascei'taining  whether  they  belong  to  the  same  or  to. 
distinct  types  of  aggregation. 
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CONCLUDING  PAPER  ON  TACTIC. 

[Philosophical  Magazine,  xxii.  (1861),  pp.  45 — 54.] 

In  my  tactical  paper  in  the  May  Number  of  this  MagaziTie  [p.  264  above], 
I  considered  the  number  of  groupings  and  of  types  of  groupings  oi  synthemes 
formedout  of  triads  ofthreewomes  of  three  elements  each.  The  first  example  of 
considering  the  ensemble  of  the  groupings  of  a  clefined  species  of  synthemes 
{eaeh  of  such  groupings  being  subjected  to  satisfy  a  certain  exhaustive  con- 
dition) was,  as  already  stated,  furnished  by  me  in  this  Magazine.  April,  1844, 
In  that  case  the  synthemes  consisted  of  duads  belonging  to  a  single  nome  of 
6  elements,  and  the  total  number  of  the  groupings  was  observed  to  be  6, 
al!  contained  in  one  type  or  family.  The  total  number  of  synthemes  in  that 
instance  being  15,  and  there  being  6  groupings  of  5  synthemes  each,  it 
followed  that  in  the  whole  family  every  syntheme  is  met  with  twice  over; 
once  in  one  grouping,  and  once  in  another.  In  the  case  treated  of  in  my  last 
communication  to  this  Magazine,  the  total  number  of  the  synthemes  of  the 
kind  under  consideration  is  36  (for  it  may  easily  be  shown  that  the  number 
of  synthemes  of  »i-Qomial  n-ads  ofw  nomes  of  g  elements  eachis(1.2.3...g)"~'); 
and  as  each  grouping  contains  9  synthemes,  these  36  are  distributed  without 
repetition  between  the  4  groupings  of  the  smaller  of  the  two  natural  species, — 
a  phenomenon  of  a  kind  here  met  with  for  the  fii'st  time  in  the  study  of 
ayntaie.  If  now  we  go  on  (as  a  natural  and  irrepressible  curiosity  urges) 
to  ascertain  the  groupings  of  the  synthemes  of  binomial  triads  of  the  same  3 
nomes  of  three  elements  each,  we  advance  just  one  step  further  in  the 
direction  of  type-complexity  ;  that  is  to  say,  we  meet  with  the  existence  of  3, 
and  not  more  than  3,  types  or  species  in  which  all  such  groupings  are  com- 
prised. The  investigation  by  which  this  is  made  out  appeai-s  to  me  well 
worthy  to  be  given  to  the  world,  as  atfording  an  example  of  a  new  and 
beautiful  kind  of  analysis  proper  to  the  study  of  tactic,  and  thus  lighting  the 
way  to  the  further  opening  up  of  this  fundamental  doctrine  of  mathematic, 
the  science  of  necessary  relations,  of  which,  combined  with  logic  (if  indeed 
the  two  be  not  identical),  tactic  appears  to  me  to  constitute  the  main  stem 
from  which  all  others,  including  even  arithmetic  itself,  are  derived  and 
secondary  branches.     The  key  to  success  in  dealing  with  the  problems  of 


y  Google 


278  On  Tactic  [48 

this  incipient  science  (as  I  suppose  of  most  others)  must  be  sought  for  in  the 
construction  of  an  apt  and  expressive  notation,  and  in  the  diaeovery  of 
)ang\iage  by  force  of  which  the  mind  may  be  enabled  to  lay  hold  of  complex 
operations  and  mould  them  into  simple  and  easily  transmissible  forms  of 
thought,  I  must  then  entreat  the  indulgence  of  the  reader  if,  in  this  early 
grappling  with  the  difficulties  of  a  new  language  and  a  new  notation,  I  may 
occasionally  appear  wanting  in  absolute  clearness  and  fulness  of  expression. 

Lei  us,  as  before,  represent  the  nine  elements  by  the  numbers  from  1  to 
9,  and  suppose  the  nomes  to  be  1,  2,  3  :  4,  5,  6  :  7,  8,  9. 

If  we  take  any  syntheme  formed  out  of  the  binomial  triads  belonging  to 
the  above  nomes,  and  if  out  of  such  syntheme  we  omit  the  elements  1,  2,  3 
(belonging  to  the  1st  nome)  wherever  they  occur,  the  slightest  consideration 
will  serve  to  show  that  the  synthemes  thus  denuded  will  assume  the  form 
l.m.r,  p.q,  n,  where  I,  m,  r  may  be  regarded  as  belonging  to  one  of  the 
remaining  nomes,  and  p,  q,  n  to  the  other.  The  total  number  of  synthemes 
in  a  grouping  which  contains  all  the  binomial  triads  is  18,  because  the  total 
number  of  these  triads  is  54;  and  consequently  it  will  be  seen  that  every 
grouping  will  in  fact  consist  of  the  same  framework,  so  to  say,  of  combinations 
of  elements  belonging  to  the  second  and  third  nomes  variously  compounded 
with  the  elements  of  the  first  nome. 

This  framework  may  be  advantageously  divided   into  two  parts,  each 

containing  nine  terms,  and  which  I  shall  call  respectively  U  and  11.     Thus 

by  CT I  shall  understand  the  nine  arrangements  following  : — 

4.5.7,  8.9,  6;     4.5.8,  7.9,  6; 

5.6.7,  8.9,  4;     5.6.8,  7.) 

6.4.7,  8.9,  .5;     6.4.8,  7.1 

each  imperfect  or  defective  syntheme  being  separated  from  the  next  by  a 

semicolon,  or  else  by  a  change  of  line.     So  by  P"  I  shall  understand  the 

complementary  part  of  the  framework,  namely  :— 

8.9.6,  4.0,  7;     7.9.6,  4.5,  8;     7.8.6,  4.5,  9 

8.9.4,  5.6,  7;     7.9.4,  5.6,  8;     7.8.4,  5.6,  9 

8 . 9 . 5.  6 . 4,  7  ;     7  .  9  .  5,  6 . 4,  8 ;     7  . 8 . 5,  6 . 4,  9. 

It  is  of  cardinal  importance  to  notice  that  the  order  in  which  the  imper- 
fect synthemes  are  strranged  in  U  and  U  is  one  of  absolute  reciprocity.  It  is 
in  this  reciprocity,  and  in  the  fact  of  fT  or  U  being  each  in  strict  regimen 
(so  to  say)  with  the  other,  that  the  cause  of  the  success  of  the  method  about 
to  be  applied  essentially  resides. 

The  slightest  reflection  will  serve  to  show  that  every  complete  syntheme 
of  the  kind  required  will  be  of  the  form 

!  t^  X  p  I 


4.5.9,  7.8,  6 
5.6.9,  7.8,  4 
6.4.9,  7.8,  5 
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where  the  symbolical  multipliers  P  and  P  are  each  of  them  some  one  of  the 
forms  (by  no  means  necessarily  the  same)  represented  generally  by  the 
framework  of  defective  synthemea  hereunder  written  (defective  in  the  sei^e 
that  all  the  elements  of  the  second  and  third  nomes  are  supposed  to  be 
omitted), 

,  a,  be;      ,  b,  ca;      ,  c,  ah 

.a,bo 

,  c,  ab;       ,  a,  be 

or  else  by  the  cognate  framework 

,  a,  be;  ,  c,  ab 
,  b,  ca;  ,  a,  be 
,  c,  ab;       ,  b,  ea 

where  a,  b,  e  are  identical  in  some  order  or  another  with  the  elements  of  the 
first  nome,  namely,  1,  2,  3;  so  that  there  are  six  different  systems  of  a,  6,  c 
in  each  of  these  two  frameworks. 

No  other  combination  of  the  elements  in  f/"  or  ^  (all  of  which  l 
the  second  and  third  nomes)  with  the  elements  in  the  first  nome  is  p 
for  any  such  combination  would  involve  the  fact  of  a  repetition  of  the  same 
triad  or  triads  in  the  same  grouping,  contrary  to  the  nature  of  a  grouping. 
Hence,  then,  the  number  of  forms  of  P  and  of  P  being  twice  six,  or  12,  we  at 
once  perceive  that  the  total  number  of  groupings  is  12  x  12,  or  144. 

But  now  comes  the  more  difficult  question  of  ascertaining  between  how 
many  distinct  species  or  types  these  groupings  are  distributed.     If  we  study 
the  form  of  P  or  P,  it  is  obvious  that  it  will  be  completely  and  distinctively 
demted  in  brief  hy  the  twelve  forms  arising  from  the  development  of 
a  b  e  a  e  b 

b  c  a    anil    b  a  c  ;     videlicet 
e  a  b  e  b  a 

(I)  (2)  (3)  (4)  (5)  (6) 

123  231  312  213  132  3  21 
231  3  12  123  132  3  21  213 
312         123         231  321         213         132 

(7)  (8)  (9)  (10)  (11)  (12) 

132    213    321    231    123    312 

213    321    132    123    312    231 

321    132    213    312    231    123 

which  we  may  for  feeility  of  future  reference  denote  by 

Wj,  TT^,   TTj,   -jr,,  TTj  ...  -TTj.j. 

Now  as  regards  the  types:  since  the  order  of  the  elements  in  one  nome  is 
entirely  independent  of  the  order  of  the  elements  in  any  other,  it  is  obvious 
that  it  is  not  the  particular  form  of  P  or  of  P  which  can  have  any  influence 
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on  the  form  of  the  type,  but  solely  the  relation  of  P  and  P  to  one  another. 
In  order  then  to  fix  the  ideas,  I  shall  for  the  moment  consider  P  equal  to 
12  3 

2  3  1 

3  1  2. 

This  at  once  enables  us  to  fix  a  limit  to  the  number  of  distinct  types.  In 
the  first  place,  the  essentially  distinct  FORMS  of  the  first  column  in  P,  with 
respect  to  that  of  P,  may  be  sufficiently  represented  by  taking  the  two 
columns  identical,  or  differing  by  a  single  interchange,  or  else  having  no  two 
elements  in  the  same  place.  Hence  P,  so  far  as  the  ascertainment  of  types 
is  concerned,  may  be  limited  to  the  six  forms  following  r — 


w 

H 

(.1 

1  2  3 

2  1  3 

2  3  1 

2  3  1 

1  3  2 

3  1  2 

3  1  2 

3  2  1 

1  2  3 

m 

H) 

W 

1  3  2 

2  3  1 

2  1  8 

2  1  3 

1  2  3 

3  2  1 

3  2  1 

3  12 

1  3  2. 

But  again,  since  (jS)  and  (i;)  are  each  derivable  from  (a),(the  assumed  form 
of  jP)  by  an  interchange  of  two  columns  inter  se,  it  is  clear  that,  as  regards 
distinction  of  type,  i)  —  ^,  and  consequently  there  are  only  at  upmost  five 
types  remaining,  which  may  be  respectively  described  by  the  symbols 

\   JJa\      \   U^\      I   ^77  I     \   Uh\      \   Ue\' 
It  must  be  noticed  that  a  comprehends  or  typifies  the  squares  numbered  1 ; 
;S  those  numbered  7,  8,  9;  7  th<^e  numbered  4,  5,  6;  8  those  numbered  10, 
11,  12;  e  those  numbered  2,  Z. 

I  say  designedly  that  the  number  of  types  is  at  utmost  limited  to  these 
five.  But  it  by  no  means  follows  that  the  number  is  so  great  as  five ;  for  it 
will  not  fail  to  be  borne  in  mind  that  these  differences  have  reference  to  the 
peculiar  mode  in  which  we  have  chosen  to  decompose  in  idea  each  syntheme, 
by  viewing  it  as  a  symbolical  product  of  an  arrangement  containing  only  the 
elements  of  the  second  and  third  nomes  by  an  arrangement  containing  only 
those  of  the  first  nome.  But  the  uomes  are  interchangeable,  and  therefore 
it  may  very  well  be  the  case  that  two  types  which  appear  to  be  distinct  are 
in  reality  identical,  their  elements  in  the  groupings  appertaining  to  such 
types  having   absolutely  analogous  relations  to   different  orderings  of  the 
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nomea,  so  that  the  groupings  will  be  convertible  into  each  other  by  permuta- 
tions among  the  given  elements.  We  must  therefore  ascertain  how  the 
above  types,  or  any  specific  forms  of  them,  come  to  be  represented  when  we 
interchange  the  first  nome  with  either  of  the  other  two,  or,  to  fix  the  ideas, 
let  us  say  with  the  second. 


To  effect  this,  let  Uct.  Ua,  U0,  Uy,  UB,  Ue  be  actually  expanded ;  by  the 
performance  of  the  symbolical  multiplications  we  obtain^ 

1.5,7  8,9.1  6.2.3;  4.5.8  7.9.9  6.1.3;  4.5.9  7.8.3  6.2-11 
5.6.7  8.9.2  4.1.3;  5.6.8  7.9.3  4.1.2;  5.6.9  7.8.1  4.2.3 
6.4.7   8.9.3   5.1.2;    6.4.8   7.9.1   5.2.3;   6.4.9   7.8.2   a.l.sl 

8.1.3   17.8.64.5.39.2.11 


8.9.6  4.5.1   7.2.3  I  7.9.6 

8.9.4  5.6.3   7.1.3     7.9.4   5.6.3   8.1.2   |  7.8.4   5.6.1   9.5 

8.9.5  6.4.3    7.2.17.9.5   6.4.1   8.2.3      7.8.5   6.4.2   9.: 


8.9.6  4.5.1   7.2.3  I  7.9.6   4.5.3   8.1.2  I  7.8.6   4.5.3   9.X.3  I 

8.9.4  5.6.2   7.1.3     7,9.4   5.6.1   8.2.3      7.8,4   5.6.3   9.2,1 

8.9.5  6.4.3   7.2.1  |  7.9.5   6.4.3   8.1,3  |  7,8.5   6.4.1   9.2.3  | 


8.9.6   4.5.2  7.1.317.9.6   4.5.1   3.2.3   17,8.6   4.5.3  9.1.2 

8.9.4  S.6.1  7.2,3     7.9,4   5.6.3   8.1.2      7.8.4   5.6.2  9.1.3 

8.9.5  6.4.3  7.1.217.9.6   6,4.9   8.1.3  |  7.8.5   6.4.1  9.2.3 

8.9.6  4.5.2  7.1.3  I  7.9.6   4.6.3   8,1,2  I  7,8.6   4.5.1  9.3.3 

8.9.4  5.6.1  7. 2. 3      7, 9. 4   5.6.2   8.1.3      7.8.4   5.6.3  9.1.2 

8.9.5  6.4.3  7.1.217.9.5   6.4.1   8.2.3   |  7,8.5   6.4.9  9,1.3 

8.9.6  4.5.9  7,1.3  I  7.9.6   4.5.3   3,1.2   I  7,8.6  4.5.1  9.2.3 

8.9.4  5.6.3  7.1.2      7.9.4    5,6.1    8.2.3       7.8.4    5.6.9  9.1.3 

8.9.5  6.4,1  7.9.3     7.9.5   6.4.2   8,1.3      7.8.5   6.4,3  9.1.2 


Let  US  form  a  framework  with  the  nomes  1 .  2 . 3,  7 . 8  . 9  exactly  similar 
to  that  which  we  formed  before  with  4,5.6,  7.8.9,  and  let  T,  V  be  its  two 
parts  respectively  analogous  to  TJ,  XJ,  we  thus  obtain  for  V, 


1.2.7,  8.9,  3 
2.3.7,  8.9,  1 
3.1.7,  8.9,  2 


1.2.8,  7.9,  3 ; 
2,3.8,  7.9,  1 ; 
3.1.8,  7.9,  2; 


.2-9,  7.8, 
.3.9,  7.8, 
.1.9,  7.8, 


.3,  1.2,  7 


8.9.2,  3.1,  7 


7. 9.; 


1-2, 


1 . 2,  3 . 1,  f 


7.8.3,  1.2 
7,8.1,  2.3 


We  must  now  perform  the  unwonted  process  of  symbolical  division,  and 
obtain  the  quotients  of  Ua  by  V,  and  of  tla,  tl^,  iff,  Uh,  tie  by  V  (it  will  of 
course  be  perceived  that  it  is  known  a  priori  that  the  dividend  forms  of 
arrangement  are  actual  multipliers  of  the  divisors  V  and  F).  In  writing 
down  the  results  of  these  divisions,  which  will  consist  exclusively  of  elements 
belonging  to  the  nome  4.5.6,  and  of  which  each  term  will  be  of  the  form 
d,  e ./,  we  may,  analogously  to  what  we  have  done  before  for  greater  brevity, 
write  down  only  the  single  element  (tf),  and  omit  the  residue  (ef),  which  is 
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determined  when  (d)  i 
following : — 


determined.      We  shall   thus  obtain   the   quotients 


^-6  6  4 


y  fi  A . 


5  q  4 

-6  4  5 


^  =  5  4  6 

y       fi   .i   4, 


5  4  6 
-4  6  5 

6  6  4 


It  may  be  observed  that  these  divisions  may  be  effected  with  great 
rapidity  ;  because  when  three  out  of  the  nine  figures  (in  any  quotient)  not  in 
the   same  line  or  column  are  known,  all  the  rest  are  known.     Thus,  for 

1  in  tie  the  syntheme  which 

contains  1.2.7,  and  then  to  take  out  the  figure  in  that  syntheme  associated 
with  8 . 9  in  that  line,  namely,  4 ;  then  again  to  seek  the  syntheme  which 
contains  1.2.8,  and  to  take  out  the  figure  in  that  syntheme  associated  with 
7.9,  which  is  6;  and  finally  to  seek  the  syntheme  which  contains  2.3.7, 
and   then  to  take  out  the  figure  associated  with  8 . 9,  namely  5 ;  we  thus 

obtain  the  three  corner  figures  of  the  square  which  represents  — -  as  thus : 


of  which  the  six  remaining  figures  are  given  by  the  condition  that  in  no  line 
and  in  no  column  must  the  same  two  figures  be  found..  In  order  to  compare 
these  quotients,  or  rather  the  relations  of  the  first  of  them  to  the  remaining 
five  with  those  of  a  to  a,  ^,  y,  S,  e,  it  will  be  convenient  to  subtract  the 


constant  number 

3  from  each  fig 

columns ;  we  thus  obtain 

1  2  3 

2  3  1 

3  1  2 

7  " 

1  2  3 

2  3  1 

3  12 

..,  =  , 

r 

1  2  3 
3  ]    2 

2  3  1 

=  -..= 

tie 
J' 

3  12 

1  2  3 

2  3  1 

=  -7r,  =  € 

!,  and  to 


se  the  first  and  second 


3 

2 

1 

1 

3 

2 

2 

1 

3 

3 

2 

1 

2 

1 

3 

1 

3 

2 
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Thus,  for  greater  brevity,  considering  the  five  types  to  be  re] 


or  still  more  briefly  by 


a    /3     7 


and  calling  the  noraes  Ni,  N^,  Ns>  we  find  that  the  effect  of  interchanging  i^, 
and  Nj!  with  each  other  is  to  change 

a     /?     7     8     , 
into  a     y3     S     7     e. 

In  Uke  manner  it  may  be  ascertained  (and  the  student  is  advised  to 
satisfy  hiraseif  by  actual  trial  of  the  fact)  that  the  effect  of  interchanging  N, 
and  JVa  with  each  other  is  to  convert 

a     ,S     7     S     e 
into  a.     S     y     0     e. 

From  these  two  calculations  it  follows  that  the  effect  of  any  permutation 
between  2^\,  N.^,  N^  is  to  produce  a  permutation  in  0,  y,  S  inter  se,  but  will 
leave  a  and  e  unaltered*.  Hence  then  we  have  arrived  at  the  goal  of  our 
inquiry,  having  demonstrated  that 

I    ^«  I 
I   Va  I 
indicates  one  type, 

1   7«   I  I   Fa   I  I   Fa  I 

\   Vff  \'        I   Fy  !'        I   FS  1 
each  of  them  another  the  same  type,  and 

I    ^"  I 

I    Fe    I 

a  third  type, — and  bearing  in  mind  that 

(a)  belongs  to  ■n-i         exclusively, 

(e)  „  TT,,^, 

(7)  I.  '''■4.  '^m  "^a      „ 

(S)  „  TTifi,   TTii,   TTj,   „ 

*  This  reanlt,  by  the  aid  of  a  fice  observation,  may  be  moie  rapidly  established  uno  ietu 
{I  mean  by  one  ealonlation  instead  of  two)  as  follows.  Let  N^K^N^  be  made  to  undergo  a  cyclical 
inteiobange,  then  it  will  be  fonnd  that  ,8,  7,  5  also  undergo  a  oyclioal  intexchaiige,  whilst  n  and  e 
remMn  unchanged.  This  proves  that  p,  7,  S  are  only  different  phases  of  the  same  type,  whioh  is 
lufficiejit ;  for  aa  regards  a  and  e,  the  fact  of  the  number  of  individuals  which  they  represent 
being  unequal  inter  se,  and  also  unequal  to  the  number  contained  in  ^,  7,  S,  renders  it  ft  priori 
impossible  to  allow  that  they  oan  either  pass  into  each  other  or  into  the  forms  ^,  7,  5,  by  virtue 
of  any  iDteTohange  among  the  elements. 
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and  that  each  focm  of  ■n-  comprehends  12  groupings  due  to  the  12  forms  of 
Va,  we  Eire  enabled  to  afSrm  that  the  total  number  of  groupings  of  the 
binomial  triads  of  3  nomes  of  3  elements  each  is  144,  and  that  the  number  of 
types  or  species  between  which  these  144  are  distributed  is  3,  comprising 
12,  24,  and  108  respectively, — a  conclusion  which  it  would  almost  have 
exceeded  the  practical  limits  of  human  labour  and  perspicuity  to  have 
established  by  the  direct  comparison  of  the  144  groupings  of  18  synthemea 
each  with  each  other,  with  a  view  to  ascertain  which  admit  of  being  permut- 
able  into  each  other,  and  which  not. 

The  largest  species  of  108  groupings,  it  may  be  observed,  is  subdivisible 
into  3  varieties,  not  really  allotypical,  of  36  each,— the  characteristic  of  those 
groupings  which  belong  to  the  same  variety  being  that  they  permute 
exclusively  into  each  other  when  the  permutations  of  the  elements  are  con- 
fined to  perturbations  of  the  order  of  the  elements  in  the  same  nome  or 
nomes,  and  the  different  nomes  are  subject  to  no  interchange  of  elements 
between  themselves. 

Just  so  the  species  of  36  groupings  of  trinomial  triads,  treated  of  in  my 
preceding  paper,  subdivides  into  3  varieties  of  sub-families  characterized  by 
a  similar  property. 

The  total  number  of  modes  of  subdivision  of  9  elements  between  3  nomes 
being  280,  it  follows,  from  considerations  of  the  same  kind  as  stated  in  the 
May  Number  of  this  Magazine  [p.  2fi4  above],  that  there  exist  transitive  sub- 
stitution-groups belonging  to  9  elements  of 

^(9)  7r(9)  7r(9) 

280x12'       280x24'      280x108' 

that  is,  108,  24  and  12  substitutions  respectively. 

Again,  let  us  consider  the  question  of  forming  the  synthemea  of  the  triads 
of  a  single  nome  of  9  elements  into  groupings  where  every  triad  shall  be  found 
without  repetition.  "We  may  obtain  such  groupings  by  choosing  arbitrarily 
any  one  of  the  280  sets  of  3  nomes  into  which  the  9  elements  may  be 
segregated*,  and  then  forming  one  syntheme  with  the  three  monomial  triads 
(corresponding  to  such  set  so  chosen),  18  synthemes  (in  any  one  of  the  144 
possible  ways)  of  exclusively  binomial  triads,  and  9  synthemes  (in  any  one  of 
the  40  possible  ways)  of  exclusively  trinomial  triads ;  we  shall  thus  obtain  in 
all  280  X  144  x  40,  or  1,612,800  solutions  of  the  question  proposed ;  I  mean 

*  280  ia  also  evidently  the  number  of  synthemes  of  triads  belonging  to  one  nome  of  9 
elements.    In  general  the  number  of  r-ads  belonging  to  one  nome  of  svn 

:r(m«~l)^r{(m-l)n-ljir{(^-a)«-lS....r(»- 
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1,612,800  groupings,  all  satisfying  the  imposed  condition,  and  reducible  to  6 
genera*,  comprising  respectively 

4  X  12  X  280,     4  X  24  X  280,     4  x  108  x  280,     36  x  12  x  280,  . 
36  X  24  X  280,     36  x  108  x  280, 

that  is,  13,440,  26,880,  120,960,  120,960,  241,920,  1,088,640  individual 
groupings.  I  conclude  with  putting  a  grand  question,  more  easy  to  propose 
than  to  answer,  namely,  are  these  one  million  six  hundred  thousand  (and 
upwards)  groupings  (classifiable  under  six  distinct  genera)  all  the  possible 
modes  and  types  of  grouping  which  will  satisfy  the  conditions  of  the  question? 
and  if  not,  what  other  mode  or  type  of  grouping  can  be  found  ?  Were  I 
compelled  to  give  an  answer  to  this  question,  I  would  say  that  the  balance 
of  my  mind  leans  to  the  opinion  that  the  six  types  in  question  are  the  sole 
possible  types  of  solution;  but  I  do  not  pretend  to  rest  this  judgment  upon 
any  solid  grounds  of  demonstration,  nor  to  entertain  it  with  any  strong  degree 
of  assurance.  It  is  a  question  which  the  effort  to  resolve  cannot  but  react 
powerfully  on  our  knowledge  of  the  principles  of  tactic  in  general,  and  of  the 
-  theory  of  substitution-groups  in  particular ;  and  as  such  I  submit  it  to  the 
consideration  of  the  rising  chivalry  of  analysis,  seeking  myself  meanwhile 
fi-esh  fields  and  pastures  new  of  meditation. 

*  The  above  gmera  must  not  be  confonnded  witt  types  or  apeejes.  (In  my  preceding  eom- 
muiiioatioEE  I  may  inadvectently  have  used  the  word  family  as  uoinoident  with  type  ;  species  is 
the  proper  term.)  The  type  oi  a  total  grouping  in  the  problem  referred  to  in  the  teat  will  depend 
not  only  on  tha  particnlar  oorobination  of  the  types  of  the  binomial  and  trinomial  partial 
groupings  ■which  give  rise  to  these  6  (=3  >:  3)  genera,  but  ah 
3  oombiued.    The  number  of  groupings 


number  o£  permutations  of  the  elements ;  whereas  it  will  be  e 
in  one  of  the  above  genera  greatly  exceeds  that  numbSF,  whieh  ii 
12    3   4   5   0    7    8    9         362  H. 
Whatever  mybth  tlhtytl         t         f 

from  a  gen       f  mily  ythhhkdf  gt 

is  perfectly   1  imbg  thgp         fmpi 

one  anothe   hai      tehgflmt      ththdtf        tji 
are  in  anal  gy  w  th  th     d  fi        t      1  f   tl         m    f       t 

constant  pai  m  t         If   t    h  uld  t  t  th  t  th      1  is 

groupings  a         tth        1       It  fhhhqt  dn 

in  this  early       t  hllh        an  pi        tljfp 

families  of  g  ft  t        th  t  th      b  g      rs 

complete  n  t      1  t  m  1  j      It  w  11  f  in         t    g      bj    t 

types  are  in  1  d  J  w  th  h     f  th  g  b  1     gmg 

forgotten  tltteah^  P^         dfmt  t< 

01-  sublimated      C      h  bttt       grp 


o  the  relative  phases  of  the  types 
type  or  species  is  always  a  submnltiple  of  the 


that  the  number  of  groupings 
the  present  ea^  is  only 
0 

yp  p        ,  as  distinguished 

f      d     d  als,  in  pare  syntaii: 

whi  h         commutable  into 

f   h        ne  Ijpe  or  species 

n  ing      t  of  a  change  in  a 

e      h     d    d  thousand  and  odd 

t    th       t      11  follow  that  even 

a  g      ra,  but  of  distinct 

1 1  t    w  Ihin  themselves  a 

q      y  certain  how  many 

th      [  mily ;  and  be  it  never 

y      p  bl    of  being  extracted 
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REMARK   ON   THE    TACTIC    OF   NINE   ELEMENTS. 

[Philosophical  Magazine,  xxir,  (1861),  pp.  144—147.] 

At  the  end  of  my  preceding  paper  in  this  Magazine  for  July  [p.  284  above], 
I  hazarded  an  opinion  that  any  grouping  of  28  aynthemes  comprising  the  84 
triads  belonging  to  a  system  of  9  elements,  might  be  regarded  as  made  np  of 
1  syntheme  of  monomial  triads,  18  aynthemes  of  binomial  triads,  and  fl  of 
trinomial  triads,  the  denominations .  (monomial,  binomial,  and  trinomial) 
baving  reference  to  a  duly  chosen  distribution  of  the  9  elements  into  3  nomes 
of  3  elements  each.  This  conjecture  is  capable  of  being  brought  to  a  very 
significant,  although  not  decisive  test,  by  examining  a  peculiar  and  important 
■distribution  of  the  28  synthemes  into  7  sets  of  4  synthemes  each,  the 
property  of  each  set  being  that  its  12  triads  contain  amongst  them  all  the  36 
duads  appertaining  to  the  9  elements.  I  discovered  this  mode  of  distribution 
very  many  years  ago  ;  but  it  was  first  published  independently  by  a  mathe- 
matician whose  name  I  forget,  either  in  the  Philosophical  Magazine  or  in  the 
Cambridge  and  Dublin  Mathematical  Journal,  I  think  at  some  time  between 
the  years  1847-53,  A  similar  mode  of  distribution  exists  for  any  system  of 
■elements  of  which  the  number  is  a  power  of  3.  Without  pausing  to  give  the 
law  of  formation,  I  shall  simply  observe  that  for  9  elements  we  may  take  as 
3,  basic  arrangement  the  square 

12     3 

4     5     6 

7     8     9 

and  form  from  this,  by  a   symmetrical    method,  the   annexed  six  derived 

arrangements ; — 

712    723    923 

356    145    156 

489    689    478 

431    5  23    423 

756    764    856 

2  8  9    18  9    19  7 
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and  reading  off  each  of  these  squares  in  lines,  in  columns,  and  io  right  and 
left  diagonal  fashion,  we  obtain  the  7  sets  of  4  aynthemes  each  referred  to, 
namely 

123  456  789 
147  258  369 
159  2fi7  348 
168  249  357 

923  156  478 
914  257  368 


tl2 

356 

4S9 

734  158  269 

759 

164 

238 

768 

139 

254 

431 

472 

756 
358 

289 
169 

459 

362 

178 

468  379  162 


723 

145 

689 

716 

248  359 

749 

256 

818 

758 

219 

346 

523  764 

189 

671 

268 

349 

569 

241 

378 

548  279  ; 


958  264  317 
967  218  354 

423  856  197 
481  259  367 
457  261  389 
469  287  351 


If,  now,  we  take  any  distribution  of  the  9  elements  into  nomea  other  than 
123,  456,  789,  we  shall  find  that  some  of  the  synthemes  will  contain 
trinomials,  some  binomials  only,  but  others  (in  number  either  9  or  18, 
according  to  the  distribution  chosen)  will  contain  binomials  and  trinomials 
mixed;  but  if  we  adopt  123,  456,  789  as  the  nomes,  then  it  will  be  found 
that  the  remaining  27  synthemes  (after  escluding  the  monomial  syntheme 
123,  456,  789)  will  consist  of  18  purely  binomial  triads,  and  9  purely 
trinomial  triads.  The  former  will  consist  of  the  first,  second,  and  fourth 
synthemes  of  the  6  derived  groups ;  the  latter  of  the  second,  third  and  fourth 
of  the  basic  group,  and  of  the  second  synthemes  of  each  of  the  6  derived 
groups. 

It  may  be  remembered  that  there  are  two  types  or  species  of  groupings 
of  trinomial  ti'iad  synthemes  appertaining  to  3  nomes  of  3  elements ;  one  of 
these  species  contains  4,  the  other  36  individuai  groupings,  It  may  easily 
be  ascertained  that  the  grouping  above  indicated  belongs  to  the  first  (the  less 
numerous)  of  these  species.  Again,  there  are  3  types  or  species  of  groupings 
of  binomial  triad  synthemes  appertaining  to  the  same  system  of  nomes;  one 
containing  12,  one  24,  and  the  third  108  groupings.  The  grouping  with 
which  we  are  here  concerned  will  be  found  to  belong  to  the  second  of  these 
species, — that  denoted   by  the   symbols  in   my  paper  of  last  month. 

Hence,  then,  we  derive  a  very  considerable  presumption  in  favour  of  the 
opinion  which  I  advanced  at  the  close  of  my  preceding  paper  on  Tactic,  and 
derived,  too,  from  a  case  apparently  unfavourable  to  the  verisimilitude  of  the 
conjecture ;  for  a  natural  subdivision  of  28  things  into  7  sets  of  4  each  seems 
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at  first  sight  hardly  compatible  with  another  natural  division  into  3  sets  of  1, 
18,  and  9  respectively.  Notwithstanding  this  seeming  incompatibihty,  we 
have  found  that  the  two  methods  of  decomposition  do  coexist,  owing  essentially 
to  the  fact  that  the  7  sets  (of  4  synthemes  each)  stand  not  in  a  relation  of 
indifference  set  to  set,  but  are  to  be  considered  as  composed  of  a  base  and  6 
derivatives  indifferently  related  to  the  base  and  to  each  other.  The  theory 
of  these  7  sets  is  extremely  curious,  and  well  worthy  of  being  fully  investi- 
gated by  the  student  of  tactic,  but  cannot  bo  gone  into  within  the  limits 
suitable  to  the  pages  of  a  philosophical  miscellany. 

Before  taking  final  leave  of  the  subject  (at  all  events  for  the  present,  and 
in  the  pages  of  this  Magazine),  as  I  have  been  questioned  as  to  the  meaning 
of  the  important  word  "  syntheme,"  derived  from  auv  6tiiJ.a,  I  repeat  that  a 
"  syntheme  "  is  the  general  name  for  any  consociation  of  the  single  or  com- 
bined elements  of  a  given  system  of  elements  in  which  each  element  is  once 
and  once  only  contained.  A  notne,  from  vefina  (to  divide),  means  a  consocia- 
tion of  a  certain  number  out  of  a  given  system  of  elements ;  and  a  binomial, 
trinomial,  or  r-nomial  combination  of  any  specified  sort,  means  a  combination 
whose  elements  are  dispersed  between  2,  3,  or  r  of  the  nomes  between  which 
the  entire  system  of  elements  is  supposed  to  have  been  divided. 

P.S.  I  have  found  the  date  and  place  of  the  resolution  into  7  sets  referred 
to  in  the  text ;  it  is  given  in  a  paper  by  Mr  Kirkman,  Vol.  v.  p.  261  of  the 
Cambridge  and  D-uhlin  Mathematical  Journal  for  1850.  His  7  squares,  whose 
horizontal,  vertical,  and  two  diagonal  readings  (like  mine)  constitute  the  7 
sets  in  question,  are  substantially  as  follows  : — 

12  3 


7  8  9 

124  457  781 

567  891  234 

893  236  569 

712  145  478 

345  678  912 

689  <»23  35  6* 

"  By  ohangmg  the  positions  at  the  lines  and  oolnmns  ot  the  six  derivative  aquaiea,  which, 
maj  be  flone  withont  affecting  the  value  of  their  readmqe,  they  may  be  represented  under 
the  form  followine,  which  will  be  seen  to  render  much  clearer  their  relation  to  the  primitne 
squaie  — 

412     02d    423     I     239     129     1^7 

756     745     956         451    56S    453 

389     189     178     |    7SG     784    896. 
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On  assuming  123,  456,  789  as  fcbe  three  nomes,  the  28  aynthemes  contained 
in  the  sets  will  be  found  to  consist  of  purely  monomial,  binomial,  and  tri- 
nomial synthemes. 

Thus  there  would  he  an  additional  presumption  in  favour  of  the  supposed 
law  of  komonomial  resolubilitp,  provided  that  Mr  Kirkman's  solution  were 
essentially  distinct  in  type  from  my  own;  his  binomial  and  trinomial  systems, 
taken  separately,  coincide  in  type  with,  those  afforded  by  ray  solution,  not- 
withstanding which  it  would  not  be  lawful  to  assume  (indeed  I  had  at  first 
some  reasons  for  doubting)  the  identity  of  type  of  the  total  groupings  of 
which  these  systems  form  part ;  all  we  could  have  positively  inferred  from 
that  fact  would  have  been,  that  these  two  groupings  both  belong  to  the  same 
class  or  genus  containing  26,880  individuals,  the  second  of  the  six  referred  to 
at  the  close  of  my  last  paper ;  a  comparison  of  the  two  solutions  has,  however, 
satisfied  me  that  they  are  absolutely  identical  in  form. 
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ON  A  GENERALIZATION  OF  A  THEOREM  OF  CAUCHY 

ON  ABBANGEMENTS*. 


Magazine,  xxii.  {1861),  pp.  378—382.] 

In  a  paper  "On  the  Theory  of  Determinants"  in  the  Philosophical 
Magazine  for  March  in  this  year,  Mr  Cayley  has  referred  and  added  to  a 
theorem  of  Cauchy  deduced  from  the  ]atter's  method  of  arrangements, 
namely,  that  if  we  resolve  an  integer  «  in  every  possible  way  into  parts, 
to  wit  a  parts  of  a,  /3  parts  of  b,  ...  X  of  I,  (a,b,  g  ...  I  being  all  distinct 
integers),  then 

2r 


■"nix.u'n^.b»...nx.i'^ 

Now  both  Cauchy'g  theorem  and  Mr  Cayley'a  addition  to  it  (which 
essentially  consists  in  the  observation,  that  if  before  the  numerator  1  in  the 
above  quantity  under  the  sign  of  summation  we  write  (—)"+?+-+*■,  the  sura 
becomes  zero)  are  no  more  than  particular  cases  of  the  following  theorem  : 
namely,  that  if  instead  of  1  we  write  p«+P+-+'>  in  the  numerator  of  the 
quantity  under  the  sign  of  summation  (fi  being  stny  quantity  whatever), 
the  sum  becomes  expressible  as  a  known  function  of  p.  Nothing  can  be 
easier  than  the  proof. 

Let  the  a,  ;8,  7,  ...  X  in  the  preceding  statement  be  supposed  subject  to 
the  further  condition  that  their  sum  is  r ;  then  for  any  assigned  value  of  r 
(a  positive  integer)  it  is  easy  to  see  that  the  sum  of  the  terms  within  the 
sign  of  summation  in  Cauchy's  theorem  is 

where  a;,,  ai,, ...  x^  mean  ever^  system  of  values  of  at^,  x^, ...  «,  (permutations 
admitted)  which  satisfy  the  equation 

(It  should  here  be  observed  that  a,  ;3,  7.  ...  X;  a,  6,  c,  ...  ^  are  the 
[*  See  above  p.  245.] 
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which  satisfy  aa +  jS6  +  7C  + ...  + A.i  =  n,  permutations  being  excluded;  that 
is  to  say,  if,  for  example,  a,  0,  y  should  happen  to  be  equal  for  any  partition 
of  n,  the  values  a,  a;  a,  b;  a,  c  would  figure  only  once,  and  not  six  times, 
among  the  systems  included  under  the  sign  of  2.)     Hence  then  we  see  that 


where  jS,  is  the  coefficient  of  t"  in  (t  +  5  +  o  +  '^°-  *^  injin.]  ,  that  is,  in 
jloglr— —]>  ;  and  the  total  sum  designated  by  S  will  be  cousequentiy  the 
coefficient  of  t"  in 

that  is,  in  e'''''^Vi^/  ,  that  is,  in  (-■— ■■)  . 

Thus  if  ,5  =  1 ,  we  have  Cauchy's  theorem,  namely  S  =  1 ; 
Thus  if  p  =  —  1,  we  have  Cayley'a  theorem,  namely  S  =  Of ; 
and  in  general  for  any  value  of  p, 

^     p(p  +  l)...(p+n-l), 

^"  1.2...).  *■ 

*  For  if  we  take  a  system  of  values  satisfjing  (he  above  equation,  coasiating  of  a  equal 
■values  a,  p  equal  yaluee  6,  ...\  equal  Talues  I,  Boeh  a  Bystem  will  give  rise  in  S^-^ — —■  to 

,    ■;;  T,l"- ,  -T-^  repetitions  of  the  term ■--■    .  .  and  consequently  in   S-     —  .  —  to  a 

(iro)(ir^)...(T>.)  a". 6^. .,2''  i,3!;..,!C,    ^r 

total  value   ~ r .  condensed  into  a  single  terra  in  Oaueliy'B  theorem. 

t  Provided,  however,  that  nesoeedsl,  a  limitation  accidentally  omitted  in  Mr  Cuylej's  paper; 


Ho. a"  ...U.X.  f 
p  being  any  positive  integer  provided  n  is  greater  than  p. 
t  II  p  =  i.  we  obtain 


from  which  it  is  easy  to  inter  that  the  number  of  subatitutions  of  2ii  things  representalile  bj  the 
product  of  oyolioal  substitutions,  all  of  an  even  order,  is  {1 .3.5  ...  (2n-  1)}''.     If  p=  --J,   we 

1.1.3.,.ia«-l) 
2. 4. 6. ,.(2,0     ■ 
combining  ivhich  with  the  preceding  result,  it  is  easy  to  infer  that  the  numl>er  of  substitutions 
of  2n  things  representable  by  the  product  of  an  odd  number  of  oyolioal  substitutiona,  all  of  an 
even  order,  is  to  the  number  o(  such  representable  by  the  product  oE  an  even  number  of  oyclieal 
substitutions,  all  of  an  even  order,  in  the  ratio  of  n  to  (n-1).    The  former  of  these  two  theorems 
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In  this  theorem  is  in  fact  included  another,  namely,  that  if 

aa  +  ;35  +  ...+\Z  =  «.  and  a  +  ^  +  ...  +  \  =  r 

(permutations  not  admissible),  then 

g  Tin 

na.a-.n^.63...nA,.^ 

is  equal  to  the  coefficient  of  p""'  in 

(p  +  l)(p  +  2)...(p+«-l). 

This  coefficient  is  accordingly  (to  return  to  Cauchy's  theory  of  arrangements) 
the  number  of  substitutions  of  n  elements  capable  of  being  expressed  by  the 
product  of  r  cyclical  substitutions.  As,  for  instance,  the  number  of  substitu- 
tions of  four  elements  a,  b,  c,  d  capable  of  expression  by  the  product  of  two 
cyclical  sutetitutions  ought  to  be  the  coefficient  of  X  in  (X-|-1)(?l-|-2)(X-(-3), 
that  is,  11,  which  is  right;  for  the  number  of  substitutions  of  the  form 
(o,  b)  (c,  d)  will  be  3,  and  of  the  form  {a,  b,  c)  (d)  will  be  8.  In  conclusion, 
I  may  notice  that  by  an  obvious  deduction  from  this  last  theorem,  we  are  led 
to  the  well-known  one  in  the  theory  of  numbers,  that  every  coefficient  in  the 
development  of 

2(p  +  l)(p  +  2)...(p+«-l), 

except  the  first  and  last,  and  the  sum  of  these  two,  is  divisible  by  n  when  n 
is  a  prime  number;  and  indeed  we  can  actually  express  by  aid  of  it  the 
quotient  of  every  intermediate  coefficient  divided  by  n  as  the  sum  of  separate 
integer  terms  free  from  the  sign  of  addition. 

Postscript.  By  an  extension  of  the  method  of  generating  functions  con- 
tained in  the  text  above,  it  may  easily  be  seen  that  the  number*  of  substitu- 
tions of  n  letters  represented  by  the  products  of  r  cyclical  substitutions, 
where  the  number  of  letters  of  each  cycle  leaves  a  given  residue  e  in  respect 

is  intimately  allied  with  Mr  Cayley's  celebrated  theorem  on  "  skew,"  or  what,  for  good  reasons 
hereafter  to  be  alleged,  I  should  prefer  to  oall  polar  determinanta,  namely,  that  every  aaoh  of  the 
2nth  order  is  the  square  of  a  Pfafian.  -A.  Pfaffian  is  in  fact  a  anm  of  quantities  typifiable 
eomplelely,  both  as  to  sign  and  magnitude,  by  a  duadic  syntheme  of  2ji  elementa,  the  number  of 
whioh  is  readily  seen  to  be  1 .  3.  5...(2n- 1).  I  believe  I  shall  soon  be  in  a  condition  tc 
a  remarkable  estensJon  of  this  theory  to  embrace  the  eaae  of  Polar  Coiiaiattanta  and  Hypej-pfaffi 
'  For  this  nmnber,  divided  by  n  (n),  is  the  ooeffioient  of  i;"  in 


"'•Up   i 


say  —  {<l>xy. 


and  therefore  of  x'p'  in  e''**,  say  ip  {x,  p),  and  therefore  I  since  -^  =  rZ"^  ^"^  ^  "'^^  ^^  P"' 
under  the  form  2  —  i"  j  of  p*"  in  — ,  where  u„  is  defined  as  in  the  test. 
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to  a  given  modulus  fi,  may  be  made  to  depend  on  the  solution  of  the  equation 
in  differences 

_     p 

The  ease  where  e=  1  is  deserving  of  particular  notice. 

It  may  be  shown  by  means  of  the  above  equation  in  differences,  that  the 
number  of  substitutions  of  n  letters  formed  by  r  cycles  each  of  the  form 

fiK+l  (fi  being  constant),  say  0  (n,  r,  jit,  1),  where  is  necessarily  an 

integer,  may  be  found  by  taking  in  every  possible  way  — —  distinct  groups 

of  fi  consecutive  terms  of  the  series  1,  2,  3,  ...  (n~l);  the  sum  of  the 
products  of  every  such  combination  of  groups  is  the  value  required.  For 
example,  if 

J?  =  8,     r  =  3,     >i=2, 
^(8,  8,  2,1)  =  1.2. 3.  4.. 5. 6  +  1. 2. 3. 0.6. 7  +  1. 2. 3. 5. 6. 8 

+  1.2.3.6.7.8  +  2.3.4.5.6.7  +  2.3.4.6.7.8 

+  3.4.5.6.7.8. 
And  as  a  corollary,  since  it  may  easily  be  seen  that  <f>  (n,  r,  /*,  e)  is  always 
divisible  by n  when  n  ia  a  prime  and  fir  +  e<n,it  follows  that  the  sum  of  all 
the  possible  products  of  (any  given"  number)  i  distinct  groups  of  a  given 
number  r  of  consecutive  terms  of  the  series  1,  2,  3,...  (n  —  1)  will  be  divisible 
by  n  when  n  is  a  prime  and  ir<n—  1*.  When  r  =  1,  this  theorem  becomes 
identical  with  Wilson's,  already  referred  to. 

Finally,  it  may  be  noticed  th.'it  the  number  of  substitutions  of  n  letters 
formed  by  any  number  of  cycles,  all  of  an  odd  order,  will  be  the  coefficient  of 

a)"  in  (- )  ,  that  is,  {1 .  3  .  5  ...  (re—  1)}^  (the  same  as  the  number  that  can 

be  formed  with  cycles  all  of  an  even  order)  when  n  is  even,  and 

{1.3.o...(«-2)l-« 
when  n  is  oddf. 

*  For  inBtaiioe,  making  n  —  7,  r=2,  i  =  2, 


Itan-'a:)'"^ 


nd  ia  divisihie  by  7. 
+  By  taking  /i  =  2in  the  general  theoreni,  it  is  an  easy  inference  tiiat  if  we  write 

A^n:-^  A^X^** 

(r  +  i)(r  +  2)  +  (r  +  lH,-  +  y)(r  +  3)(r  +  4l''    "" 
A^  will  be  the  sam  ot  all  the  products  of  2i  integers  eompriaed  between  1  and  r  +  3i- 
be  formed  with  oombinationa  of  i  disticot  pa,ir8  of  oooaeoutive  integers ;  thus,  for  e 
ooeflioient  of  x™*  in  (tan""'  x)'  ougbt  to  be 

■wliieh  may  be  easily  veriiied. 
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NOTE  ON  A  DIItECT  METHOD  OF  OBTAINING  THE  EXPAN- 
SION OF  THE  SINE  OR  COSINE  OF  MULTIPLE  ARCS  IN 
TERMS  OF  POWERS  OF  THE  SINES  OR  COSINES  OF  THE 
SIMPLE  ABO  BY  MEANS  OF  DE  MOIVRE'S  THEOREM. 

{Quarterly  Journal  of  Mathemaidcs,  IV.  (1861),  pp.  159—163.] 

The  annexed  appears  to  be  the  most  direct  and  natural  method  for 
obtaining  the  known  formulEe  for  the  expansion  of  the  sines  and  cosines  of 
multiple  arcs. 

We  know  by  De  Moivre's  theorem,  that 

cos  2na:  =  (cos  jc)"'  —  2« .  ■ — ^ —  (sin  ley  (cos  xy~^  ■+  &c. 
Let  (sin  ^y  =  7,  then 

co8  2n^  =  (l  -7)"—  2w — s—  7(1  —7)""^ 

+  2n  -^-  .  -— -  .  -^-  7=  (1  -  yf-^,  &c. 

=  A„-  A:,y  +  A^'rf  -  A^'f,  &c. 
I  use  my  (px  to  indicate  the  coefficient  of  a:"  in  tf>x  expanded  in  a  series  of 
powers  of  x.     We  have  then 

A,  =  P,Q„  +  P,Q,+P,Q^+&c., 
where       P,  =  m^(l  +  *)»=  m,  (1  -  i)-i"-'+»  =  w^  (1  -  (2)-(n-r+ii_ 

P,  =  «,_,  (1  +  0"^'  =  <»>-i  (1  -  0-'"-^+^'  =  "v-.  (1  -  *=)-'"-^^-", 
P,  =  0.^,(1  +  i)"-^  =  ».-.  (1  -  ()-"•-+"  =  0,^.4  (1  -  ;^)-*-'-+", 
&c.  &c. 

e»=i  =  ".(i+(n 


2       " 
&c. 
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Hence  evidently, 

Ar  =  M^  {(1  -  i=)-^^+"  X  (1+  *)*"!  = « 

To  fix  the  ideas,  suppose  r  =  2,  then 


i+(»-i)(+ 


(»-l).(.  +  l)        (»-l).(.+  l)(„  +  2)    1 
+  "     ""irs"""  "^^  27374  'l 

(«+l)ii(.i-I)(n-2)  +  (»+2)(«  +  l)«(.i-l) 

1.2.3.4 
(.+  !)„(„- !)(„- !)  +  („+ 1)(,.  +  1)„(„-1) 

1.2.3x1 
»(»-l).i(.  +  l) 
■*"        1.2  X  1.2 

_  2n(n-l)..(.i+l)     2»(»-l)«(.  +  l)     »(n^  l);(i±i) 
1.2.3.4  1.2.3x1         "^       1.2x1.2 

'"'(l  +  '+O  +  rYjj+TT/o)'*"'-^)"'' 
and  so  in  general,  we  shall  have 

il,-«  («->■  + l)(n-r+ 2). ..(»  +  r-l) 

xa,„(l  +  (  +  j?j  +  ...  +  j^J 

2» 


1.2.3.4  ...  2r 


..(„._l)(„._4)...{n--{r-l)'), 


cos  2««  =  1  -  j^  (2  sin  j;)^  +  ^p^,,— J  (2  sin  «y  +  &c. 

In  like  manner  we  have 

cos  (2ii  +  1) «  -  cos  tc  1(1  -  7)"  -  i  (211  +  1)  2ii'/  (1  -  t)""'  +  &o.) 
=  cos  ^  {B„  -  5i7  +  if^T^  +  etc.}, 
where  £,-<»»  ((1  -  i")"'""^"  (1  +  ')"*'! 

=  ,„,  {(1 -()"■»-+»  X  (1+1)-+']; 

*  Note  well  thie  simple  change  in  the  form  of  the  generating  function;  in  it  the  point  and 
pith  of  the  method  resides. 
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and  making,  as  before 


B,  =  a 


.(—I)". 


(«-l)«(.+  l)        (.-l)«(»  +  l)(»  +  2)  J 
+  r.lTS         "^^  1.2,3.4  7 

(»  +  2)(»+1)«        (.+  2)(.  +  1).(»-1)    1 

+  rXS         ^* 1.2.3.4  'j 

.      .»,(e")x(«-l)»(»  +  l)(«+2), 
and  so  in  general, 

S,-a>„e-'l{»-r  +  l)(«-r+2).„»,..(»  +  r-l)(»  +  r)J 
_(„-r+l)(„-r  +  2)...(.  +  r),. 


and  thui 


coa(2ji  +  l)a;  =  cosa-4l-- 


I.2.S...  2r 

1.2.3.4  ^' 


a;y 


aa,y...&c.\. 


We  might  in  like  manner,  and  by  precisely  bhe  same  process,  obtain  the 
expressions  for  cos  2m^,  cos  (2m +  1)  a;  in  terms  of  cos  a:,  and  of  8in2ma;, 
sin  (2m  +  1)  «  in  terms  of  sin  a;  or  of  cos  ce,  but  these  results  may,  of  course, 
be  most  readily  found  by  means  of  obvious  processes  of  differentiation  in 
respect  to  the  arc  and  by  substitution  of  the  complement  for  the  arc  itself  in 
the  results  already  obtained. 


It  may  be  worth  while  to  show  here  how  the  same  elementary  theorem  as 
we  have  employed  above,  furnishes,  uno  ictu,  another  important  formula 
connected  with  multiple  arcs : 

by  Leibnitz's  Theorem, 

2ra-l    2J1-3 
2      ■      "2      " 


.5V(l-»?)(l-«)— 


,,      2n-l     2»i-3      5      2?i-l    ,,,         ,„        ,       „ 


K»-l)" 


2      ■       2      ■■"2 
-2      2n  -  1     2m  -  3 


"■      "2"     ■"2 

2n  -  1     2»  -  ; 


V(l-»')(1 -«.)"-(! +  «)■  +  « 
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^  {(1  - xr-' -A,(l- xr~^{l  +a:)  +  A,(l- w)"-' (1  +  *f  T  &c.], 
,       2n-\    2n-S      2K-{2r-l) 

mhiiivi  A..= ... ^^ ; 


,,(«-l)(»-2)...(>.-r) 

1.2...r 

2    2          2 
"  S'  5'"2r+l 

(2«  -  1)  (2»  -2)(&i-  3)  (2n  -  4) ...  (2«  -  (2r  - 

'1)1 

2.3.4.5...(2i-  +  l) 

1  ["2m(2w-1)...  (2w-2r)" 
2nL        l.2...(2r  +  l)       J' 

Hence,  making  x  =  cto^2ip, 

{£)"^^~-y^='-'-'-r-'' 

X  hn  (sill  .^)^-'cos  0  -  ^"^^"'i   2^3"     ^'  (si"^  0)'""''  ('^^^  **)'  ±  ^"^^  [ 

1.3.5...(2jt.-l)    {ain  0  +  ^/(-  1)  cos  0)°"  -  [sin  0  -  V(- 1)  cos  <f»l^ 
2V(-1) 

^  sin  271^ 


or  if  we  please  to  pass  to  the  more  general  form  by  a  linear  transformation, 
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NOTE  ON   CERTAIN  DEFINITE  INTEGRALS. 

[QuaHerly  Journal  of  Mathematics,  IV.  (1861),  pp.  319—324.] 

In  the  Institutiones  Calculi  Integralis,  Euler  has  investigated  the  value 

of  the  definite  integral  I     —^ — -^ ,  and  bia  mode  of  statemeat  seems  to 

imply  that  the  result,  as  well  as  the  demonstration,  was  his  own.  How  this 
may  be,  in  fact,  I  do  not  pretend  to  know :  in  the  Philosophical  Magazine  *  of 
December,  1860, 1  have  (under  another  notation)  investigated  the  values  of 

r      log"-'''      .„j  f»iosii^va-cv)i 

J,  V(l-«-)(l-«W)iiV|(l -«■)(! -o-*-)!' 

and  shown  them  to  be  equal,  but  of  course  with  contrary  signs,  and  the 
former  to  be  espressedf  by  \\og  cF {g)  +  ^ttF {H).  The  relation  of  which 
(in  regard  to  the  form  of  the  functions  of  which  ifc  is  composed)  to  the 
integral  of  its  differential  without  log  a:  in  the  numerator  is  so  strikingly 
to  the  relation  of  Euler's  more  simple  integral  (namely,  i^ir  log  2) 

V  -jpr— — j;  as  to  suggest  the  existence  of  some  genera!  theorem  in 

which  both  these  results  are  comprised. 

In  proving  the  equality  of  the  two  definite  integrals  in  question,  a  third 
integral  of  different  form  from  either  came  to  light.     In  fact,  it  is  shown  in 
the  paper  referred  to,  that 
iog(l+V(l-t)] 

V(i-t) 

=  —        d^  {log  (cos  <^)  +  (cos  ^)^  log  (cos  <^)(  +  (cosi^)^log(cos^)(°  +  etc.}, 

with  a  tacit  supposition  that  t  is  contained  within  the  limits  (both  inclusive) 
+  I  and  —  1,  within  which  limits  the  series  which  expresses  -^ — 7T^--^r; — 


to    I    c 


in  powers  of  (  remains  convergent. 

['  p.  213  above.]  [+  where  ^  =  1-1:^.] 
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If  now  we  make  1  —  i  =  c^  and  write  6 


'-I'- 


in  place  of  <f>,  we  have 
log(l  +  °) 


r"   log  cos  5d^ 

J  i,  1  -  s  (co8  ^)*  ^  J  J.  (^  ey + c  (cos 

with  the  restriction  that  c  must  he  positive. 

The  limits  of  convergency  imply  furthermore  (as  far  as  the  demonstration 
given  is  concerned)  that  c^  should  not  be  greater  than  2,  but  since  neither, 
side  of  the  equation  passes  through  a  critical  phase  in  any  sense  (that  is, 
as  regards  either  themselves  or  their  successive  differentials)  for  this,  or 
indeed  for  any  positive  value  of  c,  it  seems  to  follow  that  the  equation  must 
continue  good  from  c  =  0  to  c  =  oo ,  and  that  the  limitation  which  the 
cessation  of  the  convergency  of  the  intermediary  aeries  might  have  required 
to  be  placed  upon  the  subsistence  of  the  equation  may  in  effect  be  dis- 
regarded. Perhaps  also  it  would  be  desirable  to  inquire  whether  the 
equality  may  not  continue  to  subsist  for  imaginary  values  of  o  with  a  positive 
real  part. 

T2-        ■      ^-u       ,        p 2  fo  dSlogcos^  ,,log(l  +  c)    , 

Knowme  the  value  of  —       ,-7-^— ;,,„      „, -^tty^  ,  namely,  — ^--^ when 

*  IT  J  ^,\(sin  Of  +  (^  (coa  Of  Y '  ■"         c 

t  =  l,  we  may  obviously  obtain  an  expression  involving  only  logarithms  and 

algebraical  quantities  for  all  integer  values  of  i ;  indeed,  calling  the  above 

integral  Ui,  we  easily  obtain  the  formula  of  reduction, 

1~G'  d 

from  which  it  may  readily  be  shown  that  iti  will  be  of  the  form 

where  the  two  sets  of  numerators  are  constant,  the  law  of  which  it  may  be 
!  at  some  future  time  to  investigate.     It  should  be  noticed  that 
,  dui 


'-^>)i«gaH 


,     B,     B,     B, 


although  (1  +  c) 


in  the  denominator  of  -;- ,  it  does  not  make  its 
do 

Ui  by  reason  of  the  numerator  1  —  c^  in  the  expression  for  Awf . 
log(l  +  V(l-t)| 


■Thefseries  expressing 
been  derived,  is  the  following 

ioe[n-V(i-i)|^. 
■J(i-t) 


from  which  the  value  of  w,  has 


VI. 2^3. 1^5. 6/2. 4. ( 
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(see  Philosophical  Magazine*.  December,  1860,  p.  530,  where  V  is  used  in 
place  of  t)  but  since 

and  consequently 


2V(l-0  *  2(     2(V(l-0' 


log  |a  +  V(l  -  01  =  '"g  2  -  i^,  ( -  i^,  t=  - 1^1^,  ('  -  &c., 

the  more  natural  (as  the  more  obvious)  mode  of  deducing  the  ( 

of  the  powers  of  t  in  the  expansion  of  — -^  ,  would  seem  to  be  ti 

multiply  the  series  written  above  by  the  series 


'^2.4.6 

This  method  of  proceeding  would  however  in  fact  have  left  obscure  the 
true  nature  of  those  coefficients.  Let  us  perform  the  multiplication  in- 
dicated ;  we  shall  then  obtain,  by  comparison  with  the  expansion  already 
obtained,  the  following  veiy  far  from  obvious,  indeed  very  unlikely  to  be 
suspected  identity,  which  it  is  desirable  to  put  on  record ;  namely, 

1     1  1.3.5...(2i-3)  11^  l■3■5..■(2^-5) 

2"  2  2.4.6...(2j-2)  4'  2.4  2.4.6...(.2i-4V  ■■■ 

]  1.3.5...(2^-3)      1^  I.3.5...(2i-1) 

"•"2!: -2  2.4.6...(2i-2)      2?;       2.  4.  6. ..21 

2.4.6... 2i       (1.2      3.4  (2i-l)2ij" 

Thus,  for  example,  if  i  =  4, 

1    1.3.5      1.3   1.3      1.3.5    1      1.3.5.7 
2=  2 .  4 . 6  -  2 .  4^  2 . 4  ■*"  2 . 4 .  6=  2  ■''  2 . 4 .  6 .  8= 

_1.3.5.7  /   1  1  1  1   \ 

2.4.6.8U.2'''3.4'^5.f)'^7.8J' 

The  expansion  above  referred  to  leads  to  the  value  of  m,  through  the  inter- 
vention of  the  equality  [see  p.  212  above] 

established  in  the  paper  referred  to:  and  it  is  not  uninteresting  to  notice 

that  the  above  equality  enables  us  to  determine  the  value  of  the  integral  on 

the  left-hand  side  of  the  equation  in  a  series  of  descending  powers  of  n,  from 

[*  p.  213  above.] 


y  Google 


52]  Note  on  Certain  Definite  Integrals  301 

which  doubtless  many  new  conclusions  may  be  deduced.  The  first  term  in 
this  descending  series  being  j- ,  we  are  enabled  to  fix  the  degree  of  the 
integral,  when  n  becomes  infinite,  for  in  that  case 


1.3.5...(2m-1)_      //2      1^\ 1_ 

2.4.6... 2«  V  U' W      VM' 

0  that  for  ii  =  oo  , 


/.: 


(cob  £')"'  log  cos  Ode  =  f  -i— , ,  -^  =  S^,  ■ 

y         '        &  2  ^/{■Kv)     in      (2ni)= 

1  of  the  expansion  above  referred  to,  namely,  of 


a  of  descending  powers  of  —  ,  or  which  is  the  same  thing,  of 


^  +  1      2^+1      S/j.  +  l' 

in  a  series  of  ascending  powers  of  ft,  suggests  an  observation  which  may 
appear  to  amount  to  a  mere  futile  distinction,  but  which,  closely  examined, 
will  be  found  to  have  a  real  signification  and  importance. 

d_ 

The  above  series  being  obtained  by  means  of  the  equivalence  S  =  e*"  —  1 
will  readily  be  seen  to  import  Bernoulli's  numbers  in  such  a  manner  into  the 
development  that  the  latter  would  commonly  be  said  (like  all  the  series  of 
the  same  class)  to  be  absolutely  divergent,  incapable,  that  is  to  say,  of 
constituting  an  arithmetical  equivalent  to  its  generatrix  for  any  value  what- 
ever of  the  variable  fi.  The  distinction  I  would  draw  would  be  to  say  not 
that  the  circle  of  convergence  of  /j.  ceases  to  exist,  but  that  it  becomes 
indefinitely  small,  or  which  is  the  same  thing,  the  corona  of  convergence  for 
the  series  treated  ^  a  function  of  m,  has  its  inner  radius  indefinitely  large : 
so  that  for  ^  =  0  or  m  =  so ,  we  may  reason,  and  reason  with  perfect  safety, 
upon  the  equality  between  the  generating  function  and  the  series  as  subsist- 
ing in  an  arithmetical  sense  as  regards  not  only  fj,  or  m,  but  all  s 
powers  of  the  same.     [I  mean  that  supposing 

<p/i  =  ai,  +  Ui/j,  +  a^/i^+  ..., 
we  may  affirm  not  only  the  equality 

4>fi.-~a„  =  0, 
but  also 

tpfi—  Oil  =  0,     (ipfi  —  ai,)  -^ /j,  =  a,,     {'j>fji  —  (to  —  a,/i)  -^  //."  =  (Xj, 
and  so  on  when  /j,  =  0.] 
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This  fa,ct  of  the  character  of  arithmetical  equivalence  within  certain  limits 
not  absolutely  departing  even  in  the  case  of  series  considered  irreclaimably 
divergent,  may,  I  think,  serve  to  account,  a  priori,  for  the  phenomenon  of 
many  conclusiona  being  capable  of  being  truthfully  drawn  from  reasonings 
upon  them  in  which  they  are  treated  as  though  they  were  in  an  ordinary 
sense  convergent,  because,  in  fact,  part  of  the  attributes  of  ordinary  con- 
vergency  (all  such  indeed  as  are  not  nullified  by  the  radius  of  convergency 
becoming  infinitely  small)  must  continue  to  adhere  to  such  series. 

The  expansion  for 

I  1  1 

2»  +  ]       2?n-  :J  "^  2ji  +  3         ■ 

which  occure  in  the  expression  for  I     logcos  6{(so&9f^d0  in  a  series  proceeding 

according  to  powers  of  - ,  may  be  most  readily  obtained   by  means  of  the 
differences  of  zero,  as  follows  :  calling  2n  =  x,  we  have 


so  that  the  first  term  will  be  s-  or  — .     This  might  also  be  shown  in  a. 
strictly  arithmetical  method  as  follows :  let 

]  1 

^-(^+l)(^  +  2)  +  (a.  +  3)(^  +  4)-^ 

where 


ad  inj.  = 


<»;  +  l)(>,  +  2)^(»  +  3)(»  +  4)^ 


(ti!+\)(BC  +  Ti     (««;+3)(ea>  +  4) 
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e  being  any  real  poBibive  value  superior  to  unity,  and  cc  being  infinite. 
Then,  observing  tbat  eacb  partial  series  is  a  mean  between  the  products  of 
the  number  of  terms  in  it,  by  the  first  and  last  respectively,  we  have 
obviously  s  always  intermediate  to 

and  (f^)  +  fcll)  +  fcli),.fc; 

zex  ze^fl)  te^x. 

that  is,  between  5-  and  -^ ,  and  consequently,  is  equal  to  g- ,  as  before. 
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ON  THE  INVOLUTION   OF  AXES  OF  ROTATION. 

[Manchestw  British  Association  Report  (1861),  p.  12.] 

After  a  brief  statement  as  to  the  most  general  mode  of  representing  the 
displacement  of  a  rigid  body  in  space  by  means  of  angular  rotations  about 
six  distinct  axes  fixed  in  position,  it  was  shown  that  under  peculiar  conditions 
the  six  axes  would  become  insufficient,  being,  in  fact,  equivalent  to  a  smaller 
number,  in  which  ease  they  would  be  said  to  form  a  system  in  involution. 
Various  constructions  for  representing  such  and  similar  systems  were  stated, 
and  the  remarkable  conclusion  presented,  that  the  necessary  and  sufficient 
condition  for  three,  four,  five,  or  six  lines  being  thus  mutually,  as  it  were, 
implicated  and  involved,  consists  in  their  lying  in  ruled  surfaces  of  the  first, 
second,  third,  and  fourth  orders  respectively.  The  theory  of  involution 
originated  with  Prof.  Mobius,  by  whom,  however,  it  had  been  left  in  an 
imperfect  condition.  The  author  referred  for  further  information  on  the 
subject  to  some  recent  notes  by  himself  in  the  Oomptes  Rendus*  of  the 
Academy  of  Sciences  of  Paris,  and  to  certain  masterly  geometrical  investi- 
gations of  M.  Ohasles  and  Mr  Gayley,  to  which  these  had  given  rise. 
['  p.  236  above.] 
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ADDITION  A  lA  Dl^MONSTEATION  DU  TH^OREME  DE  LA- 
GRANGE SUR  LES  MINIMA  D'UNE  FONCTION  LIN^AIRE  A 
COEFFICIENTS  ENTIERS  D'UNE  QUANTITY  IRRATION- 
NELLE,   DONNEE  DANS   LA   STANCE   PR^C^DENTE*. 

[G&mptes  Rendus  de  I'Academie  des  Sciences,  liv.  (1862),  pp.  53 — 55.] 

On  peub  k  juste  titre  Clever  quelque  objection  contre  la  forme  donn^e  au 

th^orfeme    cit«5  en   taut  que  j'ai   pos^  comme  crit&riii/m,  dee  r4duites   —  d© 

rirrationnelle  v,  la  condition  que  la  valeur  de  f  —  qv  restera  plus  petite 
que  toute  valeur  qui  results  de  la  diminution  ou  de  p,  ou  de  q,  ou  de  p  eb  } 
simultan^ment  dans  eette  fonction,  tandis  que  le  oriterium  de  Lagrange  ne 
considere  que  I'effet  de  la  substitution  simultan^e  des  nombres  inf^rieurs  k 
p  &tkq.  On  rem^die  k  cet  inconvenient  et  en  mime  temps  on  simplifie  la 
demonstration  du  th^oreme  dont  il  est  question  en  donnant  un  peu  plus 
d'extenaion  h.  la  conclusion  nomm^e  A  dans  la  Note  prt5c6dente. 

Dans  I'equation  (3),  c'est-^-dire, 

I)^'^{-\fi^-se  +  r-ks), 
si  Ton  pose  5=^-1-1,     r  =  ks+\=kl  +  k  +  l 

(de  sorte  que  p  —  \  q—  /^  deviennent  simultan  lament  —  p',  —  q'),  on  aura 


=  {l  +  t)0^^^^     et     d-sd  +  {r. 


■ks) 


done  A'"  <  A°,  c'est-&.-dire  que  les  minima  p  —  qv,  p'  ~  q'v,  etc.,  vont  toujours 
en  diminuant;  mais  si,  s  restant  egale  h  I  +  I,  r  n'est  p^  prise  6gate  k 
ks +  i,  X  et  /i  tous  les  deux  exc^deront  p+p',  q  +  q'  respectivement.  Tel 
est  done  I'eifet  des  conditions  caract^ristiques  du  systeme  p,  q ;  pour  qu'il 
soit  possible  que  A'"  soit  moindre  que  A',  (p  —  Xf  ne  pent  pas  devenir  p'^ 
sans  qu'en  mime  temps  (q—pY devienne  cf^  et  r 
[*  p.  260  aboTe.] 
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Cons^quemment  a  la  place  de  iadite  conclusion  A,  on  peut  substituer 

t'enonc^  siiivaut,  c'esb-^-dire  —  etant  une  reduite  quelconque  de  v,p—  qv  s'aug- 

mentera  en  suhstituwnt  pour  p  im  nombre  quelconque  moindre  que  p'  ou  pour  q 
un  nombre  moindre  que  q,  pourvu  qu'on  ne  substitue  pas  en  meme  temps  p' 
pour  p  et  q'  pour  q. 

Avec  cet  ^noiic^,  on  peut  se  passer  tout  a  fait  de  ia  conclusion  B.  La 
preuve  que  la  condition  de  Lagrange  est  n^eessaire  d^coule  et  avec  surabon- 
dance  de  cet  ^nonc^ :   cela  saute  aux  yeux ;   et  quant  a  la  suffiaance  ou 


criterium,  on  n'a  qu'^  remarquer  que  si  j  n'est  pas  une  red' 

uite  de  V,  on  peut 

prendre 

a  >p^,  a^p.^u    b>qi,  b^  qi+„ 

et  alors                                     p^  -  qgv  et  pi  —  qiv. 

seront  toua  les  deux  Ka  —  hv.     De  plus,  on  aura 

p^<  a  et  q^<  b, 
ou  bien  Pi<<i  et  qi<b* ; 

done,  dana  tous  les  cas,  a—bv  diminuera  quand  on  diminuera  dans  une 
manifere  convenable  a  et  6  simultan^raent :  ce  qui  demontre  la  difference 
du  criterium  dont  il  a  6t^  question. 

*  On  u'a  piis  beBoin  de  dire  i^ue  rien  n'empgche  qas  e  ne  soit  Sgal  &,  i ;  raais  dans  ce  oas, 
comme  on  ne  pent  pas  avoir  eimultantoent  a  -Pt+i ,  b  =  q^j ,  la  oonolasiftn  du  teste  reste  bonne. 
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ON  THE  SOLUTION  OF  THE.LINEAR  EQUATION  OF  FINITE 
DIFFERENCES  IN   ITS  MOST  GENERAL  FORM. 
[Cambridge  British  Association  Report  (1862),  p.  188.] 

The  author  exhibited  (and  illustrated  with  examples)  a  simple  and 
readily  applied  method  of  obtaining  the  general  term  of,  and  consequently 
the  complete,  solution  of  aji  equation  of  finite  differences  with  any  number  of 
independent  variables,  a  question  which,  although  touched  upon  by  Libri  and 
laboriously  investigated  by  Einet,  had  hitherto,  to  the  best  of  his  know- 
ledge, remained  unsolved  even  in  the  case  of  an  equation  with  but  one 
independent  variable  with  non-constant  coefficients;  when  the  coefScients 
are  supposed  constant,  the  well-known  solution  flows  as  an  immediate 
corollary  from  the  author's  general  form.  Essentially  the  method  depends 
upon  the  adoption  of  a  natural  principle  of  notation  for  the  given  coefficients, 
according  to  which  each  coefficient  is  to  be  denoted  by  a  twofold  group 
of  indices,  the  number  of  the  double  indices  in  a  group  being  equal  to 
the  number  of  independent  variables  in  the  given  equation.  Thus,  sup- 
posing Um,n,p  ■■■  to  be  expressible,  by  means  of  the  given  general  equation, 
as  a  sum  of  m's  with  inferior  indices,  the  coefficient  of  M„,p,,r--.  in  that 
sum  must  be  denoted  by  the  double  index  group 

Vm,  n,  p  ...1 

U,  ",  7r...J* 
The  process  for  obtaining  the  general  term  in  u^^  j,_  j ...  is  then  shown  to  be 
i-educible  virtually  to  the  problem  of  effecting  the  simultaneous  decomposition 
of  the  integer  variables  x,  y,  z...  into  parts  in  every  possible  manner  and 
order  of  relative  arrangement,  the  magnitudes  of  such  parts  being  limited  by 
the  degree  or  degrees  of  the  given  equation  in  respect  of  these  variables. 
The  collective  value  of  the  terms  thus  obtained  constituting  the  complete 
solution  may  be  termed,  in  the  author's  nomenclature,  a  hyper-cumulant, 
whose  properties  and  their  applications  remain  to  be  studied,  as  those  of 
the  elementary  kinds  of  common  cumulants  have  been,  to  a  considerable 
extent,  in  the  ordinary  theory  of  continued  fractions.  The  first  stage  in  the 
process  of  constructing  the  terms  of  a  general  curaulant  or  general  hyper- 
cumulant  is  almost  identical  with  that  of  finding  the  coefficients  in  the 
expansion  of  a  power  of  a  polynomial  fiinction  of  one  or  several  variables, 
differing  from  it  indeed  only  in  the  circumstance  that  permutations  which 
lead  to  repetitions  in  the  latter  case,  represent  distinct  values  in  the 
former. 

20—2 
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SUR  UNE  CLASSE  NOUVELLE  D'^QUATIONS  DIFFfiUENTIELLES 
ET  D']&QUATIONS  AUX  DIFFERENCES  FINIES  D'UNE  FORME 
INT^GRABLE. 

[Comptes  Rendus  de  l'Acad4mie  des  Sciences,  LiV.  (1862),  pp.  129 — 132.} 

COMMENgoNS  par  le  caa  dea  differences  finies.     Repr^sentoiis  par  Aj^  le 
determinant 


,  %+»    ■ . .  u-c-H+i 


et  consider 01] s  1' equation 

A.=  C,  ...,  (1) 

ce  qui  au  fond  eat  auesi  general  que  si  nous  ^crivions  Aa,  =  Cy''. 

Je  dis  que  I'dquation  (1)  pourra  Stre  eatisfaite  par  la  memo  integrate 
que  celle  qui  satisfait  k  I'^quation 

Pi,  pi,  ...,Pi-ij  ^fcant  des  constantes.     Car  si  cette  dernifere  Equation  a  lieu, 
on  peut  dans  ia  premiere  ligne  du  determinant  aubatituer  a 

les  quaiitit^s 

(- 1)-' «,+i,  (- ly- u,^^, ...(-  V)^' «,+^_„ 

sans  changer  la  valeur  de  ce  determinant. 

Done  on  voit  imm4diatement  que  A^  devient  egal  a  ^x+i,  c'est-a-dire  A^ 
sera  constant ;  done  i'int^grale  de  A^,  =  C  sera 

Wit  =  «i«i*  +  «s«/  + . . .  +  OiOf,  (3) 
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avec  la  condition  a,a2...ai=l.  Cette  condition  est  une  consequence  de  la 
forme  du  dernier  coefficient;,  (—  1)',  dans  I'equation  (2) ;  de  plus  une  autre 
condition  se  pr^sente  a  cause  de  la  valeur  sp^ciale  qu'il  faut  attribuer  h,  la 
constante  C  dans  I'equation  donn^e. 

Pour  obtenir  cette  derniere  condition  nous  pouvons  eonsid^rer  les  a  et 
ies  a  comme  ^tant  donn^es  et  G  comme  une  fonction  de  ces  quantit^s.  Or 
en  faisant  un  (juelconque  des  a  ^gal  k  z^ro,  le  degr^  de  I'equation  (2) 
a'abaisse  d'une  unite,  c'est-^-dire  Ies  i  fonctiona  u^,  Ux+j,  ...,Uxj^^  seront 
li^es  enfcre  elles  par  une  Equation  lin^aire  et  cons^quemraent  Je  determinant 
A^  sevanouira.  Done  C contient  le  produit  a,i7^  ...  Of  comme  facteur.  Mais 
on  trouve  aussi,  en  prenant  x  =  0,  G  egal  au  determinant  a  i  lignes 

2(1,         2a«  ...  Saa""' 
2«a,        2a«'  ...  2ao* 


qui  est  du  degre  *  par  rapport  aux  quantit^s  a. 

Done  0  =  aia^...  aiF(a,,  »„...  O;). 

Pour  determiner  F,  on  n'a  qu'k  supposer 

ai^Os  —  ■■■  =«i=  1, 
et  on  obtient  immediatement  par  un  theoreme  bien  connu 

f  =  (»,  -  »,)■  (.,  ~  a,)-  (a,  -  «,)■ . . .  (.,_,  -  ^y. 

Done   finaiement  on  aura  pour  I'integrale   complete  de  i'equation    (1), 
qui  est  de  I'ordi-e  (2i  —  2),  le  systferae  d' equations 

avec  les  conditions  ci,a2 . . .  en  =  1,  >  (*) 

«,%...  Oi  [(a,  -a^y...  (ai_, -  flj)']  =  G,j 
systfeme  qui  contient  (2i  —  2)  constantes,  le  nombre  qu'on  doit  avoir. 

On  peut  appliquer  cette  mSme  methods  k  un  systeme  d'equations  beau- 
coup  plus   general.     Car   si  on   designe   par  Pi,  Pi Pt-i  les   fonctions 

algebriques  de  u^,  iix+i>  ■■■,  M^+ai-a  qui  satiafont  au   systfeme  simultane  des 
(i  - 1)  ^uations 

»*„  -P,M^+i       +P.U^+,...-(~lyPi-^Ux+i-^   +(-iyM.^+,-        -0, 

%+,    -  Piw^+,     +  P A+s ...-(-  1  )*  P(_iW^i     +  (~  l)*w^+i+i  =  0, 
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et  si,  en  conservant  k  A,,  la  m^me  valeur  que  dans  i'^quatioii  (1),  on  ^crit 

A,  +  .^(P„P„...,  P^0=0,  (5) 

ii  est  Evident  qu'en  faisant 

U^-p,u^+,  -f-j9,M^+s ...  -(-  lypi^jU^i.,  +(-  l)'M„+i  =  0, 
Aa:  sera  6gal  a  A^^+i  et  <j>  sera  toiyoiirs  constant,  car  on  aura 
P,=px,  P,=p.„  ....   Pi^,=pi-,. 
Done  I'^quation  (5)  sera  satisi'aite  pai'  I'int^grale 

avec  ies  conditions  aiHg. ..%  =  !, 

(a,a^  ...at)  \(a,  -  a,y  («,  -  a.f  (a,  -  a,)' . . .  (a^,  -  «0n  [ 


(6) 


*  au  cas  de  la  forme  analogue  des  Equations  diff^rentielles.     En 
;  ^  une  function  de  n;  j'ecrirai  -j^  =  yj,  et  je  nommerai  JDJ^y  le 
de'terniinant 

y.       2/1,  ya    ■■■S'i-3 


Considerons  d'abord  1' Equation 

D.'3  =  C.  (1) 

Sans  prendre  la  peine  de  passer  par  Ies  moyens  connus  du  cas  des  differences 
finies  h  des  differences  infiniment  petites,  11  suffit  de  faire  le  rapprochement 

de  la  vaieur  de  ^^^^  quand  Ma  =  a*  avec  celle  de  -^  quand  y  =  ^  pour 

conclure  imm^diatement  de  la  forme  de  I'int^grale  (1)  celle  de  !' Equation  (7) 
qui  sera  ^videmment 

avec  Ies  conditions  Ki  +  a^  +  . . .  +  o;  =  0,  \  (8) 

a,a=...<T,(a.-«.)'(«,-«=)"(a,-«,)=...(«^,-a.)^=d 

Avant  de  considerer  qiielques  modifications  tr^-int4reBsantes  de  cetbe 
equation,  il  sera  utile  d'^tablir  un  th^orfeme  ^l^mentaire  sur  Ies  rapports  des 
formes  cons^cutives  D^-y  entre  elles. 
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Pour   fixer  les  id^es,  bornons-nous  pour  le  monienb  k  ia  consideration 
du  determinant 


2/2.    ys.    Vu    y, 

ys.        Vi,         ?/6,         2/8 

t-a-dire  HxV^  s*  des  determinants  mineurs  qu'il  renferme. 


En  differ entiant  les  quantib^s  qui  entrent  dans  ce  determinant  ligne  sur 
Ugne,  on  formera  trois  determinants  nouveaux  dont  tous  s'^vanouiront  iden- 
tiquement  k  cause  de  I'^galit^  de  deux  lignea  (terme  k  terme)  qui  en  resultera, 
aauf  toutefois  le  dernier  qui  sera 


2/s,    y.,    y, 

et  qui  exprimera  conseqiiemment  la  valeur  de  -5-  (D/y). 

De  mSme  en  differentiant  ce  dernier  determinant  (colonne  a  colonne),  on 
obtiendra 


comme  la  valeur  de  -j-^iJ^x'y)- 


On  remarquera  que  tous  lea  termes  du  nouveau  determinant 

-( 


i).'?, 


;Wy) 


da:'-' 


daf'-- 


seront  des  determinants  mineurs  de  D^y,  et  par  un  th^oreme  tres-connu  on 
conclnt  que  ce  determinant  compost  sera  ^gal  au  produit  I>^y  X  D^*y, 
c'est-^-dire 

BJyxL.'y-D.'iDJy), 
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et  dans  la  la^me  maniere  on  peut  ^tabfir  ['Equation  g^iierale  qui  lie  ensemble 
trois  termes  cons^cutifs  queleonquea  de  la  s^rie 

I)\  D\  D%  i>,  I>..., 
a'est-k-dire 

DJ~-'yxDJ+'^  =  D,HDJy).  (0) 

Avec  I'aide  de  cette  Equation  on  parvient  facilement  a  I'integration  d'une 
classe  trfes-int^ressante  d'^uations  diff^rentielles  du  quatrifeme  ordre,  parmi 
lesquelles  on  pent  distinguer  les  Equations 

D^^y^Ot,     (D,^yy^C(DJyy. 
lesquelles  ne  sont  que  deux  eas  partieuliers  d'^quations  qu'on  peut  integrer 
par  le  moyen  des  fonctions  eliiptiques  inverses. 
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Equations  DiFFfeENTiELLES.    addition  a  une  note 

INSfeilE     DANS    LB     COMPTE    RENDU     DE     LA    SEANCE 
PBSCfiDENTE  SUE  UNE  FORME  NOUVELLE  D'fiQUATIONS 

diffSeentielles  ET  INT^GRABLES. 

\CimtpUs  Bmdu^  de  VAcademie  des  Sciences,  LIV.  (1862),  pp.  170 — 174] 

En  se  rappelant  la  forme  du  coefficient  diff^rentiel  de  BJy  par  rapport 
it  X  que  j'ai  donnfe  dans  la  Note  indiqufe  ci-dessus*,  il  eat  aia^  de  voir  qu'on 
peut  arriver,  par  une  m^thode  directe,  a  la  solution  de  I'^uation 

DJy  =  U^'  (I) 

en  se  servant  de  I'equation  auxiiiaire 

7ji  -  X-y,-_i  +  fi^i^  +  i-yi-s  - . .  +  MJ/  =  0,  (2) 

u.,v,...,m  etant  des  consfcantes  arbitraires. 


En   preoant,   par  exemple, 

y^,  ■  y^ 


'  =  3,   oa   voit    qu'en   supposant   I'equation 
le  determinant 


yi,   y^, 
y^>   y*. 


car,  an  lieu  de  1/3,  y,,  y^,  dans  la  derniere  ligne  du  premier  de  ces  determi- 
nants, on  peut  alors  substituer  respectivement  -y,,  -~  y^,  r-y^,  tout  sim- 
plement. 

Done  -J-  i-Dig^y)  devient  ^gal  k  XB^'y,  et  I'equation  D^'y  =  L^  peut  gtre 
satisfaite  par  I'integrale  de  I'equation  (2)  en  determinant  convenablement 
[*  p.  310  above.] 
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avec  les  conditions 

«,  +  «,  +  ... 

a^a^. 

..ai(«i -«,)=(«,- 
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les  rapports  entre  les  constaiites  arbitraires  qui  y  figurent.     De  m^me  on 
voit,  en  g^n^ral,  que  I'int^grale  de  DJ"y  —  L^  sera 

.+ai^-'  (3) 

--X,      "  (4) 

..{a^r-uif  =  L.  (5) 

Rien  n'empSche  de  prendre  un  nombre  quelcnnque  des  a  et  d'en  faire 
diff^rer  les  valeura  infiniment  peu  les  unes  des  autres ;  on  peut  aussi,  en 
g^n^ral,  former  plusieurs  gronpes  distincts  de  eette  espece,  En  agisaant  de 
cette  fa^on,  on  arrive,  par  une  analyse  iaeile  a  retrouver  et  par  le  raoyen 
d'un  lemme  que  j'exposerai  tout  a  I'heure,  k  des  formes  sp^ciales  (pour  ne 
pas  dire  singulieres)  de  I'^quation  (3),  dont  voici  le  type  le  plus  g^n^ral : 

y  =  X^  +  X-y^'" ^  ...  (6) 

oil  Z=aa^'  +  6ie"-' ...  +1, 


(7) 

(8) 

Vn : ffl" . Tji, . (ti". . r«, .«,">...(«- a^f"^^ (a - a,)»™> (a, - a,)™."^  ...  =  L.    (9) 

Le  nombre  total  de  ces  formes  (I'int^grale  g^n^rale  y  comprise)  sera  le 
nombre  des  partitions  ind^finies  du  nombre  i ;  le  nombre  de  ces  formes 
qui  ne  doivent  contenir  qu'un  nombre  donn4  2*  —  2  —  to  de  constantes 
arbitraires  sera  le  nombre  de  partitions  de  *  en  i—  m  parties,  lequel,  quand  to 

n'excfede  pas  5 ,  est  identique  avec  ie  nombre  des  partitions  ind^finies  de  at. 

Le  lemme  dont  il  a  6te  question  est  qui  sert  pour  obtenir  I'equation  (9> 
est  le  suivant : 

Si  on  a  un  systeme  de  n  Equations  de  la  forme 

\,"'«i+Va^!+--- +^°'«»=i'.«    oil   o>  =  0.  1,  2,  ..,,  M-1,       (10) 
alors,  quand  les  \  deviennent  tous  infiniment  petits,  la  fonction 

(^i-Aa)U\i-'*-s)'--.  (J^n-i-^nya^ais  ■■■«'«. 

reste  finie  et  aura  pour  limite  une  valeur  ind^pendante  de  p„,Pi,  ...,pn--s, 
savoir ; 

(-f'^p',-.- 


suivantes : 

&  =  ;, 

S«»  =  \, 

.r»,.o,-.... 

(„-..)-.(«-..)—(« 
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J'ajoute  que  la  m^me  methode  suffit  egalement  pour  trouver  et  I'integrale 
g^n^rale  et  les  integralea  sp^iales  d'une  &|uation  d'une  forme  plus  gen&ale, 
a  savoir  I'^quation 

DJy  =  0  (Pi,  Pa ,  .  ■  -,  Pi-i)  e**. 

<f>  exprimant  une  forme  de  fonction  quelconque  doan^e,  et  les  P  ^tant  les 
fonctions  alg4briques  de  j/,  y,,  y^,  ....  )/sj_2,  qui  satisfont  identiquement  aux 
{i  —  1)  ^quationa 

yi-^^^Pr  +  yi+^,F,-v...+y^Pi-,  =  \yi+^,-yi^^,  (11) 

oti.  «=0,   1,   2,    ...,   i-2. 

Sans  insister  li-dessus,  je  passe  k  la  consideration  plus  interessante  de 
certaines  Equations  differ entie lies  qu'on  pent  imm^diatement  r^duire  a  une 
forme  int4grable  par  le  moyen  de  la  formule  ^tablie  S,  la  fin  de  la  Note 
pr^c^dente,  c'est-4-dire 

Pour  plus  de  brifevet^,  je  me  servirai  du  symbole  X  pour  exprimer 
(-J- )  log,  de  sorte  que  la  loi  d'op^ratioii  de  \  sur  dea  produits  sera  identique 
avec  celle  de  log,  c'est-k-dire  qu'on  aura 

X(umv  ...)  =  '>>-u  +  Xv  +  Xw  + .... 

Je  me  servirai  ausai  du  symbole  A  pour  exprimer  ce  que  j'ai  pr^c^dem- 
ment  d^signe  par  DJy ;  on  aura  ainsi  par  la  formule  (12) 

yI),  =  (I),fxD,,   A^f-xy; 

done  A  =  2^  0-yf  ^  (3f^y)  =  f  O^yf  (^^y  +  ^'y)- 

Ainsi  on  voit  que  la  solution  de  I'equation  D,  =  y'^ip(—^\  dependra  de 

celle  de  I'equation 

{\yY(X'y-i-2Xy)  =  <l>(Xy);  (13) 

ou  bjen  (en  mettant  Xy  =  u,  ce  qui  donne  y  =  e//"''^'')  pourra  etre  ramenee  il 
celle  de  I'equation 

Cette  dernifere  4quation,  on  le  voit  immediatement,  aura  pour  int^grale 
dv- 


(16) 
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Ainsi  on  voit  que  si 

<ly}j.  =  AA-Bu-<rl')u?  +  Eu\  (16) 

X  deviendra  une  fonction  elliptique  de  u,  et  de  meme  que  si 

0M  =  a«  +  ^ui  +  Stt*  +  eu\  (17) 

X  deviendra  une  fonction  elliptique  de  u^. 

Ainsi  r^quation 

A-j-<f(|j  (18) 

sera  int^grable  par  le  moyen  de  fonctions  elliptiques,  toubes  les  fois  que  Time 
ou  I'autre  des  suppositions  (16),  (17)  aura  lieu.  En  prenant  successive ment 
0ii  =  j1,  ^u  =  A^i^,  on  obtient  deux  Equations  que  je  aignalerai  (quoiqu'elles 
ne  soient  que  des  cas  particuliers)  k  cause  de  leur  grande  simplicitt5 ;  ee  sont 
les  equations 

B...=  Ay\  (19) 

D/  =  ADi,  (20) 

oil  D^  =  yi/'-y'^  et  Di  =  yy"f''-yy"'^~y"'f-f'-^%y'fy"'. 

Considerons  d'abord  I'^quation  (19);  en  faisant  f  =  ^Ka;,  elle  prend  la  forme 

■D,  =  t  (21) 

('i>3  ne  diiferant  de  A  qu'eii  ce  que  ^  y  reraplace  x).  Alors  par  ia  formule 
(15)  nous  aurons  y^  g/Jiiitc'; 

c  et  7  etant  des  constantes  arbitraires.     En  ^crivant 

w  =  2c^  +  if  =  2(f-2V   (^=-^(4^-20),  C,  =  2c=  +  ^, 
on  obtient  im mediate m en fc  (en  se  servant  de  la  substitution  w  =  Cco3  2$) 

^^^g^^  =  sm'«m(2-Sv(C+O0(f+7).    ^  5^)  ;       W 
ce  qui  donne 


Cette  liquation  est  I'int^rale  complete  de  I'^quation  donnee  D^^AyK 
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Maintenant    consid^rons    I'equation    (20),    c'est-a-dire    Bs—ABj'. 
formule  (15)  donne 


x  +  'y 


^1. 


v'(-4^*w^  +  XiM=-4it=)' 


ce  qui,  en  mettant  ii  =  -,  devient 


.  +  y^r^-^ .  "  (23) 

J  ^(-A^v'  +  W-  1) 

En  supposant  ^  =  1  la  somme  en  (23)  devient  identique  avec  celle  qui  a 
6te  trouvfe  plus  haut  en  determinant  la  valeur  de  ^  +  y,  d'oii  il  sera  facile 
de  conclure  la  valeur  de  log  y  qui  contieudra  la  reciproque  d'une  double 
somme  du  carr^  d'une  fonction  lin^aire  dii  ain^am  d'une  fonetion  lin^aire 
de  ic,  et  quanfc  au  cas  general  ou  -d  a  une  valeur  quelconque,  il  se  i^fiuit  au 
cas  pr&^ent  en  ferivant  ^  =  A^x. 

II  existe  encore  une  intinit^  d'^quations  d'une  forme  symetrique  et 
analogue  it  celle  dee  Equations  (19)  et  (20)  auxquelles  on  peut  appliquer  une 
pareille  m^thode,  non  pas,  il  est  vrai  en  g4n^ral,  pour  les  int^grer  compMte- 
ment,  mais  au  moins  pour  en  abaisser  le  degr^  de  4  unites.  Cest  toujours 
I'equation  fondamentale  (12)  qui  sert  k  effectuer  cette  reduction. 
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ON   THE   INTEGRAL   OF   THE   GENERAL   EQUATION    IN 
DIFFERENCES. 

[Philosophical  Magazine,  xxiv.  (1862),  pp.  436 — 441.] 

The  most  general  form  which  can  be  given  to  a  linear  equation  in  differ- 
ences may  easily  be  seen  to  be  reducible  to  the  following, 
!.  ad  lib.  =  0, 


with  the  initial  conditions 
Consequently  to  find  m„,  or 


-1  +  O^Ux-i 


=  1, 


..  =  0. 


9  rather  say  to  find 

(-faiOa-.-OnMn, 
is  really  the  problem  of  finding  the  value  of  a  detei'minant  belonging  to  a 
matrix  of  n?  terms,  whereof  all  the  places  below  the  diagonal  line,  with  the 
exception  of  those  in  the  oblique  line  immediately  under  the  diagonal,  are 
occupied  by  zeros,  but  of  which  all  the  other  places  are  or  may  be  occupied 
by  finite  quantities.  For  instance,  supposing  m  to  be  4,  such  a  determinant 
would  be 

&4i     C4.     d^, 

«!,        tj,         Cj, 

0,      CTs,      da, 
0,       0,        (!i, 

Let  us  for  a  moment  consider  more  particularly  this  determinant.  If, 
using  double  indices  to  denote  each  coefficient,  we  were  to  wiite  the  above 
according  to  the  usual  method  of  notation  as  below, 
4.4,  4.3,  4.2,  4.1 
3.4,  3.3,  3.2,  3-1 
0,  2.3,  2.2,  2,1 
0,  0,       1 . 2,     1 . 1 

the  law  of  formation  of  the  general  term  would  be  very  far  from  becoming 
evident  on  a  cursory  inspection ;  but  a  slight  change,  suggested  by  the  very 
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system  of  equations  in  which  the  determinant  originates,  makes  the  law  at 
once  obvious.  Nothing  is  more  natural  than  that  we  should  use  r  .s  or  s.r, 
where  r  >a,  to  denote  the  coefficient  of  Ms  in  the  equation  of  which  r  is  the 
highest  subindex  of  u;  with  this  modification,  the  above  determinant  c 
into  the  following : — 

3,     4.2, 

3,     3.2, 


4,-1, 

4.0 

3.1, 

3.0 

2.1, 

2.0 

1.1, 

1.0 

(the  terms  with  equal  indices  appearing  not  now  in  tlie  diagonal,  but  in  the 
oblique  line  below  it).  With  this  notation  it  becomes  apparent  (and  the 
rms(m  of  the  rule  may  be  deduced  by  the  most  simple  reasoning  li-om 
following  the  course  of  the  successive  substitutions  in  the  system  of  equations 
giving  rise  to  the  determinant)  that  to  find  the  general  term  we  must  write 
all  the  descending  series  of  integers  which  can  be  formed,  beginning  with  4 
and  ending  with  zero,  namely, 

13210 

4310 

4210 


10 
and  read  them  off  respectively  into  products  as  below ; — 
1.3x.3.2x2.1xl.O 
(l.Sx3.1xl.0)x(-2.2) 
(4 .  2  X  2 . 1  X  1 . 0)  X  (-  3 . 3) 
(4.3x3.2x2.0)x(-l.l) 
(4.3x3.0)x(2.2xl.l) 
(1 .  2  X  2  .  0)  X  (3  ,  3  X  1 . 1) 
(1 . 1  X  1 .  0)  X  (2 .  2  X  3  .  3) 
(4 .  0)  X  (1  . 1  X  2  .  2  X  3 .  3). 

The  sum  of  the  above  terms  is  the  value  of  the  determinant  in  question. 
And  so  in  genei'al,  if  we  define  Un  by  means  of  the  equation 


(».ii)ti,  +  (ii.ii-l)t/„  +  (» 


-2)»,_ 


=  0; 


with  the  initial  conditions  as  above  stated,  the  value  of  j(„  to  a  factor  pres 
will  be  represented  by 

S(«,«.,«„...  «.,0), 
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where  »>n,>%...>K^[!u  =  0,1,2,  ...(n-l)]  aud  (n,  n„  v„  ...  ji„,  0)  is  to 
be  interpreted  as  meaning 

M  X  n.nixn-,.7h  x  ...  xn^.O, 
where  to  find  M  we  write  the  complementary  integers 

m„  m^,  mj,  ...  ?JV-„+„ 
which    together  with  n,,  n^,  ...  n^  make   up   the   complete   tally  of  all    the 
integers  from  1  to  (n—l),  and  then  write 

M  =  (-)'^"'+i  (toj  .  m,) .  (m^ .  mO  . . .  (m„_„+i .  m„-„+i). 

In  order  to  form  by  an  exhaustive  process  all  the  descending  aeries  above 
described,  we  may  if  we  please  consider  the  differences  of  the  terms  of  any 
such  series,  and  write 


So  that  the  question  is  reducible  to  that  of  finding  all  tlie  partitions  of  n, 
and  of  permuting  in  every  possible  manner  the  terms  in  each  such  system  of 
partitions;  for  it  is  obvious  that  in  general  the  value  of  (n,  n,,  n^,  ...  m„,  0) 
depends  not  only  on  the  magnitudes,  but  on  the  order  of  sequence  of 
8,  S,,  V  ...  S„. 

If  we  suppose  that  the  order  of  the  differences  is  limited,  as,  for  example, 
that  the  equation  is  of  the  tth  order,  then  any  such  coefficient  as  r.  s  is  to  be 
considered  as  zero  when  r'*'S>i,  and  consequently  the  partitions  of  n  are  to 
be  limited  to  parts  none  greater  than  i.  Moreover,  if  in  such  ease  the 
coefficients  become  constant,  so  that  r .s  —  tf)(r  —  s),  it  is  apparent  that  the 
order  of  the  arrangement  of  S,,  83,  ...  S„  becomes  indifferent,  and  consequently 
the  value  of  w„,  defined  by  the  equation 

M^  =  (l)lW-i  +  (2)w„-2+  ...  +<i)Un-i, 

becomes  the  coefficient  oft"  in  - — — -r- — ttti:, 7^7;-  ^^  '^  ^^11  known. 

I  —  (1)1  —{z)t  ...  —ii)t 

The  above  rule  may  easily  be  extended  to  a  linear  equation  in  differences 
with  any  number  of  variables.  Thus  suppose,  for  greater  simplicity,  that 
we  write 

„/iC,«'\  |V  =  ^-l,a;-2,...  on 

with  the  initial  conditions  %„=  1,  i^s,f~  ^  wherever  one  or  both  of  e,  f  are 
negative  units;  then  to  find  the  value  of  Wm^„  we  must  form  all  the  possible 

descending  series        '     "      '  ""     ""„    ,  subject  only  to  the  law  that  there 
^   .  |_«,  m„   H„   ...  ?i„,  Oj         ■*  ■' 
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is  a  descent  either  from  m-i  to  nz^+i,  or  from  Ui  to  nf+i,  or  at  one  and  the  same 
time  from  mj  to  m^+i  and  from  w;  to  tij+i.     The  value  of  Ura,,n  then  becomes 
^  /Hi,  mil.  His,  ■■■  ™B.  0\ 
l,«,  «,,  jij,  ...  n„,  0/  ' 
with  the  understanding  that  the  term  within  the  parenthesis  is  to  be  read  as 
meaning 

/m.  mA       /«-„  mA       /,«„  h^\  /m„.  0\ 

And  in  like  manner  and  under  a  similar  form  we  obtain  the  value  oi  nn^,n^...n^ 
defined  by  the  general  equation 

.^...,-.„..=2|""'" 


In  defining  the  relations  which  connect  one  ^l  with  another,  we  may 
suppose  that  (r,  s)  means  the  coefficient  of  Wj  in  the  equation 

Ur  =  'S.{T,S)u,  [r>s.M„  =  l,  «-.  =  0]; 

but  we  may  also  suppose  that  (r,  s)  means  the  coefficient  of  v^  in  the  equation 
v,  =  %{r,s)v,  [r>s,  i>„=l,%+.  =  0]; 

the  value  of  «„,  on  the  latter  supposition,  it  is  obvious,  becomes  equal  to  that 
of  '»„  on  the  former — a  fact  that  is  well  known,  and  deducible  from  the 
circumstance  that  «„  and  %  will  be  represented  by  the  same  determinant 
turned  round  into  a  new  position.  But  by  means  of  our  general  representa- 
tion for  the  case  of  any  number  e  of  variables,  we  see  that  there  is  an 
analogous  theorem  which  connects  together  2'  different  results,  and  which  is 
not  so  immediate  a  cousequeuce  of  the  theory  of  determinants. 

To  make  my  meaning  more  clear,  if  we  suppose  the  four  following  systems 
of  equations,  in  each  of  which  m>  fi,n>  v, 

M,««  =  Sr'^)M„.K„  =  l,    lt„,,  =  0,    Ue-f  =  0,    «_,_,  =  01*, 

we  shall  have  Mm,n  =  "^0,1  =  ^m,«  =  f^co- 

*  Or,  more  siraply  and  rather  more  aocucatelj,  in  place  of  the  three  equations  within  the 
bracket  it  ie  better  to  write  7(^,^  =  0  when  p  or  9  or  each  of  them  is  negative,  and  so  ajialogously 
for  the  oaaeH  following;^ 

Up,g=0  when  m  -p  or  9  or  each  of  them  is  negative, 
Wp,  5  =  0  when  m  or  n  —  3  or  each  of  them  is  negative, 
(up^,  =  0  when  ni-p  or  ji-  5  or  each  of  tliein  ie  negative. 
S.  U.  21 
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The  theorem  u-a,  =  v„  above  given,  when  the  equation  of  differences  is  of 
the  second    order,  expresses   the   well-known   theorem   that  the   cumulant 

( the  denominator  of  the  continued  fraction  ,    -, —  .   —  ....  -, —  ,    ^  J 

V  a+     6+     c+        k-\-'    l! 

is  the  same  as  the  cumulant  {I,  k,h,  ...  c,  h,  a]. 

There  ia  no  known  property  either  of  cumulants  of  this  kind  or  those  of 
the  higher  orders,  nor  can  there  be  any  found,  but  what  does  and  must  flow 
as  an  immediate  consequence  from  the  representation  of  the  linear-difference 
integral  above  given.  Far  instance,  the  law  of  formation  of  the  above 
cumulant  by  rejecting  consecutive  pairs  of  terms  becomes  intuitive;  for  to 
meet  this  cEiae  we  must  write  descending  series  of  integers  n,  n^,  %,  ...  n„,  0, 
such  that  each  difference  between  consecutive  terms  sij,  ns^i  is  always  1  or  2, 
and  when  the  latter,  (nf,  n^+i)  =  1. 

So  moi'e  generally  if  we  write  w„  —  «„««-.!  +  Un-r,  we  obtain  an  analogous 
law  for  throwing  out  in  every  possible  way  groups  of  r  consecutive  terms  in 
order  to  express  m„  in  terms  of  a„,  On-i,  ««— a,  ■■■  a,.  So,  too,  if  we  write 
t(n  =  Mn-i  +  fenM»_M'  *®  obtain  Binet's  law  of  "discontiguous"  products  given 
in  his  long  memoir  on  the  subject  published  in  the  M^Tnoires  of  the  Institute, — 
the  law  of  descent  upon  this  supposition  being  that  the  difference  between  m; 
and  %j.|  is  1  or  r;  and  if  the  former,  (%,  ni+i)  =  l. 

We  have  seen  above  the  convenience  of  shifting  the  system  of  subindices 
so  as,  for  instance,  to  be  able  to  treat  the  question  of  finding  u„  when  we 
suppose  %  =  1  and  u^+e  =  0,  as  well  as  that  of  finding  m„  when  we  suppose 
«„  =  1,  «„j  =  0,  More  generally  there  is  an  advantage  in  writing  w™  =  1  and 
Um-e—  0  when  it  is  a  question  of  expressing  m„,  which  may  then  be  con- 
veniently denoted  indifferently  by  mm  or  n: m, — the  law  being  that 
regularly  descending  or  ascending  series  are  to  be  formed  beginning  with  n 
and  ending  with  m  in  every  possible  manner,  ea«h  of  which  expresses  a 
known  product  consisting  of  two  parts — one  made  up  of  feetors  denoted  by 
the  conjunction  of  the  consecutive  terms  in  every  such  aeries,  the  other  by 
the  duplication  of  the  integers  between  n  and  m  not  appearing  in  the  series. 

It  is,  moreover,  convenient  in  some  eases  to  express  the  limit  which  the 
descents  are  not  to  exceed  (corresponding  to  the  order  of  the  equation). 

Thus  =i==  may  be  used  to  denote  the  limitation  of  the  differences  in  n :  m 

not  to  exceed  i.  The  well-known  theorem  in  continued  fractions  ordinarily 
denoted  by  the  equation  p^  —  p'q=  ±1  may  then  be  expressed  in  a  some- 
what more  general  form  in  the  manner  following. 

{To  be  continued.) 


y  Google 


59. 


ON  THE  QUANTITY  AND  CENTRE  OF  GRAVITY  OF  FIGURES 
GIVEN   IN   PERSPECTIVE,   OR   HOMOGRAPHY. 

[NewcastU'On-Tyne  British  Association  RepoH  (1863),  p.  2.] 

In  the  first  instance,  the  author  showed  how  to  find  the  point  in  the 
perspective  repi'esentation  of  a  plane  figure  into  which  the  centre  of  gravity 
of  such  figure  is  projected.  For  this  purpose  it  is  only  necessary  to  be 
furnished  with  the  direction  of  the  vanishing-line  corresponding  to  the  plane 
of  the  object  put  into  perspective.  The  rule  for  finding  the  point  in  question 
is  the  following :  every  element  of  the  picture  is  to  be  charged  with  a  density 
equal  to  the  inverse  fourth  power  of  its  distance  from  the  vanishing-line; 
the  centre  of  gravity  of  the  figure  so  charged  will  be  the  point  required,  an^ 
may  of  course  be  found  by  the  rules  of  the  integral  calculus. 

Next,  as  to  the  area  of  the  unknown  object.  To  determine  this  another 
datum  (but  only  one  other)  is  required  besides  the  direction  of  the  vanishing- 
line,  which  may  be  termed  the  constant  of  perspective,  being  determined 
when  the  position  of  the  eye  and  that  of  the  object-plane  in  reference  to  the 
picture  are  given.  This  constant  is  the  product  of  the  eye's  distance  from 
the  vanishing-line  into  the  square  of  the  distance  of  the  intersections  of  the 
object-  and  picture-planes  from  the  same  line.  If  now  every  element  of  the 
picture  be  charged  with  a  density  equal  to  the  constant  of  perspective 
divided  by  the  cuhe  of  the  element's  distance  from  the  vanishing-line,  the 
mass  of  the  figure  so  charged  will  be  the  area  of  the  unknown  object-figure. 

The  author  then  proceeded  to  show  how  the  area  and  the  perspective 
centre,  by  aid  of  the  preceding  principles,  admit  of  being  reduced  to  depend 
on  one  single  integral,  closely  analogous  to  the  potential  used  in  the  theory 
of  attractions  to  which  he  gives  the  name  of  polar  potential.  The  polar 
potential  of  a  plane  figure  in  respect  to  a  given  line  is  defined  to  be  the  sum 

21—2 
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of  the  quotients  of  the  elements  by  their  respective  distances  from  the  line, 
and  consequently  the  polar  potential  of  the  picture  in  respect  to  a  vanishing- 
line  in  its  plane  becomes  a  function  of  the  two  parameters  by  which  its 
position  may  be  determined.  The  parameters  which  the  author  finds  most 
convenient  to  employ  are  the  distance  of  the  vanishing- line  from  an  arbitrary 
fixed  point  in  the  picture  and  the  angle  which  it  makes  with  a  fixed  line 
therein. 

The  author  then  supplied  the  formuiie  (which  are  of  a  very  simple 
character)  for  calculating  the  area  of  the  object  and  the  coordinates  of  its 
perspective  centre  of  gravity,  by  means  of  differentiation  processes  performed 
upon  the  polar  potential  of  the  picture  treated  as  a  function  of  these 
parametera  He  afterwards  proceeded  to  extend  the  same  method  to  figures, 
plane  or  solid,  connected  by  the  more  general  relation  known  under  the 
name  of  homography,  of  which  the  relation  between  figures  generated  through 
the  medium  of  perspective  is  only  a  particular  kind.  In  the  case  of  a  solid 
figure,  its  polar  potential  in  respect  to  a  variable  plane  becomes  a  function  of 
three  parameters;  and  by  means  of  differentiations  performed  upon  it  in 
respect  to  these  parameters,  the  content  and  the  coordinates  of  the  point 
corresponding  homographically  to  the  centre  of  gravity  of  a  solid  figure  may 
be  expressed  when  its  homograph  and  the  position  of  a  plane  corresponding 
to  tbe  points  at  infinity  in  the  otherwise  unknown  figure  are  given  in 
addition  (as  regards  the  content)  to  a  certain  constant  termed  the  homo- 
graphic  determinant. 

Professor  Rankine  threw  out  a  suggestion  as  to  the  possibility  of  a  prac- 
tical application  of  the  preceding  theory  to  the  stability  of  structures 
standing  to  each  other  in  a  certain  simple  relation  of  homography. 
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■ON    A    QUESTION    OF   COMPOUND    ARRANGEMENT. 
{Froceediiiffs  of  the  Royal  Society  of  London,  xii.  (1862-3),  pp.  561 — .563.] 

My  successful  but  as  yet  unpublished  researches  into  the  Theory  of 
Double  Determinants  have  involved  the  consideration  of  the  following 
curious  case  of  arrangements. 

There  are  given  m  +  n  —  1  counters  of  n  distinct  colours  just  capable  of 
being  packed  into  m  urns.  The  question  refers  to  the  distribution  of  the 
counters  among  the  urns,  subject  to  the  condition  that  it  shall  not  be  possible 
to  form  a  closed  circuit  of  double  colours  between  any  number  of  the  urns 
chosen  arbitrarily ;  for  example,  we  must  allow  no  distribution  of  counters  in 
which  one  urn  contains  blue  and  yellow,  a  second  yellow  and  red,  a  thii-d  red 
and  green,  and  a  fourth  green  and  blue,  because  here  blue,  yellow,  red,  and 
green  would  form  a  closed  circuit.  This  condition,  it  is  evident,  excludes  the 
same  combination  of  colours  from  existing  in  any  two  of  the  urns,  and  also 
the  repetition  of  any  one  colour  in  the  same  urn.  Any  distribution  of 
counters  obeying  this  condition  may  be  called  an  excyclic  distribution. 

I  annex  two  propositions,  one  qualitative,  the  other  quantitative,  refer- 
ring to  such  distributions. 

Qualitative  Theorem. 

In  any  ej;cycUc  distribution  between  m  urns  of  m  +  n—  1  counters  of  n 
different  colours,  any  set  of  counters  selected  at  mil  mvst  be  fewer  in  number 
than  the  nwmber  of  distinct  colours  which  they  contain  added  to  the  number  of 
urns  from  which  they  are  dratvn. 

Before  going  on  to  enunciate  the  second  proposition  I  must  premise  one 
or  two  simple  definitions. 

The  capacity  of  an  urn  means  the  number  of  counters  it  wiil  contain, 
the  frequency  of  a  colour  the  number  of  counters  of  that  colour,  so  that  the 
sum  of  all  the  capacities  and  the  sum  of  all  the  frequencies  must  be  each 
equal  to  the  number  of  the  counters. 
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Again,  by  the  diminished  capacity  of  any  urn  or  diminished  frequency  of 
any  colour,  I  mean  such  capacity  or  frequency  respectively  diminislied  by 
unity. 

Finally,  by  the  polynomial  function  of  any  set  of  numbers  a,b,  ...I,  I 
mean  the  coefficient  of  a;",  (/*...  s^  in  the  expansion  of 
(iK+1/ +...+«)"+"+-+'■. 

I  can  now  enunciate  the  following 

Quantitative  Theorem. 

The  numMr  of  modes  of  excyclic  distribution  between  m  uttis  ofm  +  n  —  l 
couTiters  of  n  different  colours  is  equal  to  the  product  of  the  polynomial  function 
of  the  diminished  frequencies  of  all  the  several  colours  multipUed  by  the 
polynomial  f miction  of  the  diminished  capacities  of  all  the  several  urns. 


A  double  determinant  means  the  resultant  of  a  system  of  {m  +  n—l) 
homogeneous  equations,  each  containing  mn  terms  and  linear  in  respect  to 
each  of  two  systems  of  m  and  n  variables  taken  separately,  but  of  the  second 
order  in  respect  to  the  variables  of  these  two  systems  taken  collectively. 

Any  such  resultant  is  of  the  degree  ,  _  -.  -, ,  ^  _  i  -Ti  ^"^  respect  of  the 
given  coefficients,  and  may  be  represented  by  an  ordinary  determinant  of 
the  (m  +  ra  —  l)th  order,  every  one  of  whose  terms  corresponds  to  a  particular 
system  of  capacities  of  the  m  urns  and  of  repetitions  of  the  n  colours  in  the 
question  above  treated. 

The  total  number  of  such  systems  or  terms  will  he 
\     (m  +  ^-2)!     Y 
l(m-l)!(n-l)!r 
Every  term  in  this  determinant  will  itself  be  a  sum  of  simple  determinants 
of  the  (m  +  w— l)th  order,  corresponding  (each  to  each)  with  the  totality  of 
the  excyclic  distributions  of  (m  +  n  —  1)  counters  in  respect  of  the  particular 
systems  of  m  capacities  and  n  frequencies  appertaining  to  that  term ;  so  that 
the  number  of  simple  determinants  whose  sum  constitutes  a  term  in  the 
grand  total  determinant  is  always  the  product  of  two  polynomial  coefficients. 
In  the  particular  case,  where  one  of  the  systems  contains  only  tvm  variables, 
one  of  these  polynomial  coefficients  becomes  unity,  and  the  other  sinks  down 
to  a  binomial  coefficient.     The  only  instance  of  a  double  determinant  which 
is  believed  to  have  been  considered  up  to  the  present  moment  is  that  given 
by  Mr  Cayley  in  the  Cambridge  and  Dublin  Mathematical  Jowmal,  vol.  ix. 
1854,  for  the  case  of  7^  =  2,  n=  2. 
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ON    A    THEOREM    RELATING    TO    POLAR    UMBRiE. 
[Proceedings  of  the  Royal  Society  of  London,  xii.  (1862-3),  pp.  563—565.] 

By  polar  umbrie  I  meau  such  as  obey  in  the  strictest  manner  the  polar 
law  of  sign,  so  that  nob  only  any  two  appositions  or  products  of  such  umbrae 
derivable  from  one  another  by  an  interchange  of  two  of  their  elements  are  to 
be  considered  each  as  the  negative  of  the  other,  but  also  any  such  apposition 
or  product  becomes  zero  if  the  same  element  is  found  in  it  more  than  once. 

Thus  Sir  W.  Hamilton's  *,  j,  k  are  not  polar  umbrte,  because  although 
ijk  =  —jik  =  kij,  &c.,  ii,  jj,  kk,  instead  of  being  nvZls,  are  in  the  Calculus  of 
Quaternions  taken  as  unities*. 

Let  us  now  define  any  set  arranged  either  in  line  or  column  of  such 
umhral  quantities  to  be  multiplied  fey  a  corresponding  set  of  actua.1  quantities 
when  each  term  of  the  one  set  is  multiplied  by  the  corresponding  one  of  the 
other,  and  the  sum  taken  of  the  products  so  obtained  as  in  the  ordinary  case 
of  the  multiplication  of  the  lines  or  columns  of  two  determinants  inter  se. 

Thus,  for   example,  (a,  6,  c'^x,   y,  z).  as  also  {b\\y)  is  to  mean  the  same 

product,  namely, 

ax  +  by  +  cz. 

Again,  imagine  a  rectangular  (square  or  oblong)  matrix  of  polar  umbraj, 
and  that  each  line  thereof  is  multiplied  by  the  same  line  of  actual  quantities, 
the  product  of  the  products  so  obtained  I  call  a  Factorial  of  the  Matrix, 
I  also  call  the  product  similarly  obtained  when  the  columns  of  the  matrix  are 
substituted  for  the  lines,  a  Factorial  of  the  same,  but  distinguish  between 
the  two  by  giving  to  one  the  name  of  a  Transverse,  the  second  of  a  Longi- 
tudinal Factorial  of  the  matrix.  We  are  now  in  a  position  to  enunciate  the 
following  remarkable  theorem  :— 

•  If  we  use  Vandarmonde'e  oondenBed  notation  tor  a  determinant     ,'  „'  j  to  represent  a 

"determinant  gaooJie,"  then,  since  on  this  supposition  ■)s  =  -sr  and  rr=:0,  tlie  elements 
1,3,3,...  )i  will  be  polar  umbriE  by  definition. 
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The  product  of  (my  longitudinal  hy  am,y  transverse  factorial  of  the  same 
polar  umbral  matrix  ts  identically  zero. 

Tor  example,  let      ,'    '  „   be  a  matrix  of  polar  umbrie,  but  x,  y,  z  and 
I  a,  e,/  I 

also  ^,  1]  actual  quantities.     Then 

(ax-vhy  +  ez)  (dx  +  ey  +fi) 

is  a  transverse  factorial, 

(0f  +  <J,)(6f+»,)(C!f+/,) 

a  longitudinal  factorial   of  the   above  matrix,  and  by  the   theorem   their 
product  should  be  zero.     This  is  easily  verified. 

The  two  factorials  expanded  are  respectively 

adx^  +  bey^  +  cfi^  +  {ae  +  hd)  xy  +  (bf+  ce)  yz  +  {af+  cd)  zx, 

ahc^+{ahf+  aec  +  dhc)  ^  +  (dec  +  dbf+  aef)  ^  +  defrf ; 

in  their  product  the  coefficient  of 

af^     —  ahead  =  0, 

xy^    =  ahcae  +  aicbd  =  0, 

a^^'j;  =  ahfad  +  aecad  +  dbcad  =  0, 

xy^tj  =  abfae  +  abfbd  +  aecae  +  aecbd  +  dbcae  -f  dbcdb 

=  aecbd  +  dbcae  =  aecbd  —  aecbd  —  0, 

and  so  for  all  the  other  terms. 

This  is  the  fundamental  theorem  by  aid  of  which  I  obtain  the  resultant 
of  a  lineo-iinear  system  of  equations  in  its  most  perfect  form.  It  is  easy 
to  obtain  two  different  solutions,  each  of  them  unsymmetrical  in  respect  of 
the  data  of  the  question;  the  conversion  and  fusion  of  each  of  these  into  one 
and  the  same  determinant,  symmetrical  in  all  its  relations  to  the  data,  is 
effected  instantaneously  by  a  process  derived  from  the  above  theorem.  In 
that  particular  application  of  it.  the  umbrse  involved  each  represent  columns 
of  actual  quantities  in  number  equal  to  the  number  of  places  in  the  width 
and  length  of  the  umbral  matrix  to  which  they  belong,  so  that  each  coefficient 
in  the  product  of  a  lateral  by  a  longitudinal  factorial  represents  an  ordinary 
determinant  made  up  of  these  columns,  from  which  it  is  evident  that  the 
polar  law  of  sign  and  nullity  necessary  for  the  truth  of  the  theorem  is 
satisfied  in  the  case  supposed. 
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ON   THE   DEGREE   AND    WEIGHT   OF   THE    RESULTANT   OF   A 
MULTIPARTITE   SYSTEM   OF    EQUATIONS. 

[Proceedings  of  the  Royal  Society  of  London,  XII.  (1862-3),  pp.  674—676.] 

Let  there  be  (1  +  n)  equations  each  homogeneoua  in  any  Dumber  of  sets 
of  variables,  and  suppose  that  the  degrees  of  the  several  equations  in  respect 
to  these  sets  are  respectively 


a.     b. 

c,  . 

., ;, 

a„   6., 

»„. 

..,  i., 

«,.  6,. 

Cs,    . 

.-,  '., 

«„,  6„,  e„,  ...,  In, 
where  the  a,  h,  c,  &c  are  any  positive  integers,  zero  not  excluded. 

Let  the  mimber  of  variables  in  the  several  sets  be  respectively  1  +  a, 
1  +  ;S,  1  +  7,  ...  1+X,  then  in  order  that  the  system  may  have  a  resultant, 
since  the  number  of  ratios  to  be  eliminated  is  a+^+7+...  +  X,  this  sum 
must  be  equal  to  n. 

Let  Oip  +  fcjo-  +  CiT  +  . . .  +  kai  =  Lu 

and  let  LL-^L^  ...  Ln  =  P, 

then  Isl,  the  degree  of  the  resultant  in  question  in  regard  to  the  coefficients 

■     -P 

of  the  rth  equation  will  be  the  coefficient  of  p" .  o^ ,  t^  . . .  to'  iii  -j^  . 

■2nd.  As  regards  weight.  By  the  weight  of  any  letter  in  respect  to  any 
given  variable  is  to  be  understood  the  exponent  of  that  variable  in  the  term 
affected  with  the  coefficient ;  and  by  the  weight  of  any  term  of  the  resultant 
inrespecttosuoh  variable,  the  sum  of  the  weights  of  its  several  simple  factors; 
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eat;h  term  in  the  resultant  in  respect  to  any  given  variable  has  the  same 
weight ;  and  this  weight  may  also  be  proved  to  be  alike  for  each  variable  in 
the  same  set,  and  may  be  taken  as  the  weight  of  the  resultant  in  respect  to 
such  set.     This  being  premised,  we  have  the  following  theorem  : — 

The  value  of  the  weight  of  the  resultant  in  respect  to  any  particulai-  set 
of  the  variables,  for  example,  the  (1  +  a)  set,  will  be  the  coefficient  of 
P^+'-.o^.tv...  to''  in  P. 
In  the  particular  case  where  a  =  ^  =  7  . . .  =  \,  the  above  expressions  for 
the  degree  and  weight  evidently  become  polynomial  coefficients.  Thus,  for 
example,  if  we  suppose  each  equation  linear  in  respect  to  the  variables  of 
each  set,  the  degree  of  the  resultant  in  respect  to  the  coefficients  of  any 
equation  will  be 

(0+^+7+...  + X)! 

and  its  weight  in  respect  to  the  (1  +  a)  set  will  be 

(l+a  +  /3+...  +  X)! 

(l+a)!/3!7!...\!  ' 

In  particular  if  each  set  is  binary,  so  that  a=^ ^  —  y  ...  =  \  —  l,  the  degree 


The  above  theorems  are,  I  believe,  altogether  new. 

It  may  just  be  noticed  (as  a  passing  remark)  that  the  total  degree  in  the 
general  case  is  the  coefficient  of 

p..»*.......MnP{^4_  +  ,..+i-}, 

and  the  total  weight  the  coefficient  of  the  same  argument  in 
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SEQUEL  TO  THE  THEOREMS  RELATING  TO  "CANONIC  ROOTS" 
GIVEN*  IN  THE  MARCH  NUMBER   OF  THIS  MAGAZINE. 

{Philosophical  Magazine,  xxv.  (1863),  pp.  453 — 460.] 

The  theorems  kindly  communicated  from  me  by  Mr  Cayley  in  the  March 
Number  of  this  Magazine  were  originally  designed  to  appear  as  a  note  or 
excursus  to  a  memoir  in  preparation  on  the  extension  of  Gauss's  method  of 
approximation  from  single  to  multiple  integrals  by  a  method  which  invariably 
leads  to  the  constniction  of  a  canonizant  whose  roots  are  all  real.  To  establish 
this  reality,  recourse  may  advantageously  be  had  to  a  theorem  of  Jacobi, 
given  at  the  end  of  his  well  known  memoir  "  De  Eliminatione  Variabilis 
e  duabus  aequationibus,"  (Jrelle,  vol.  xv.  p.  101,  a  very  alight  inspection  of 
which  at  once  leads  to  the  further  and  interesting  inference  that  the  resultant 
of  the  canonizant  or  an  odd-degreed  function  of  x  and  unity,  and  of  the 
canonizant  of  the  second  differential  coefficient  of  that  function  in  respect  to 
X,  is  an  exact  power  of  the  catalecticant  of  the  first  differential  coefficient  of  x 
in  respect  to  the  same.  This  is  the  essence  of  the  matter  communicated  by 
Mr  Cayley;  but  subsequent  successive  generalizations  of  the  theorem  have 
led  me  on,  step  by  step,  to  the  discovery  of  a  vast  general  theory  of  double 
determinants,  that  is,  resultants  of  bipartite  lineo-linear  equations,  constitut- 
ing, I  venture  to  predict,  the  dawn  of  a  new  epoch  in  the  history  of  modern 
algebra  and  the  science  of  pure  tactic. 

I  will  begin  this  note  upon  a  note,  by  reproducing  in  brief  the  first  of  my 
two  demonstrations  of  the  simple  theorem  in  question  f.     Let  us  write 


1,     X, 


1, 


h. 


and  so  on.     And  again,  let 


•  [Cayley,  Coll.  Math.  Pupen,  vol.  v.  p.  ItM.] 

+  The  second  hue  been  oommanioated  by  Mr  Cajlej  ii 


a,    b,    c 

^     b,     c,    d    . 

c,    d,    e 

the  March  number  of  this  Magazine. 
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and  so  on.  The  theorem  in  effect  to  be  proved  is  simply  this,  that  the 
resultant  of  X^  and  Xj-,  is  an  exact  power  of  X^,  which  (as  will  at  once  be 
seen)  is  the  coefficient  of  a;'  in  Xi.  In  what  follows,  I  shall  use  R  (P,  Q)  or 
R{Q.  P)  to  denote  indifferently  the  positive  or  negative  resultant  of  any  two 
functions  P  and  Q,  ignoring  for  greater  simplicity  all  considerations  as  to  the 
proper  algebraical  sign  to  be  affixed  to  a  resultant  of  two  functions  taken  in 

Jacobi'a  theorem  above  referred  to,  stated  so  far  as  necessary  for  the 
purpose  in  hand,  is  as  follows: 

Xn  =  (A^  +  B)  ^«_,  -  ^-  X„_s. 
Hence,  by  virtue  of  a  general  theorem  of  elimination*, 

It  (Z„,  Z„_0  =  V„_,  R  {-  ^  Z^,  X„_,]  ; 
01',  neglecting  as  premised  all  considerations  of  algebiaical  sign, 

or  if  any  one  of  my  readers  finds  a  difficulty  in  admitting  that  R{aa>—b,  1)= 

e  can  stop  shor 
unity.     Hence 


he  can  stop  short  at  ~z — -  ,  which  may  easily  be  verified  to  be  equal  to 


R  (X„ ,  X„_,)  =  X„=»-=.  Q.  E.  D. 
Thus  we  see  that  if  X^,  X^^_J  have  one  root  in  common,  X^  must  vanish ;  but 
then,  by  the  cited  theorem  of  Jacobi,  it  follows  that  X„  completely  contains 
X„_i;  from  this  it  was  ej«y  to  infer  the  necessity  of  the  functionf  of  which  X„ 
is  the  canonizant,  having  infinity  for  one  of  its  "  canonic  roots"— or,  in  other 
words,  of  its  being  reducible  to  the  form 

*  This  theorem  is  best  seen  by  dealing  in  the  first  inetanee  with  V,  V,  any  two  tomogeaeous 
fnnotions  of  e,  y  of  degrees  b,  it  -  1  respeoSively  satislying  the  identity  U=iAa:  +  By)  V+y'W;  wa 
h&ve then 

R{U,  V)  =  E{V.y^W]  =  R'{V,  ir)>;{H(F,  y)}'', 

where  evidently  R  {V,  y)  is  the  coefficient  of  ic"~'  in  V;  let  y  become  anitj,  then  on  calling 
U,  V,  R  (V,  y)  respeetiveiy  X„,  X^^„  X„_i,  and  giving  to  W  its  corcesponciing  value,  we  have  the 
theorem  aa  it  is  used  in  the  test. 

d^ 


t  For  in  fteiieral  if  X„  be  the  canonizant  to  F,  A"„_j^  will  be  the  oanonizant  tc 


y  Google 


63] 


relating  to  "  Gcmonic  Roots" 


And  so  it  became  natural  to  establish  d-  priori  the  existence  of  this  condition, 
and  thus  to  obtain  the  proof  virtually  reproduced  by  Mr  Cayley  in  the 
article  referred  to. 


In  what  precedes,  X^-i  was  a  first  principal  minor  of  X»;  and  it  occurred 
to  me  to  institute  an  inquiry  into  the  form  of  the  resultant  of  two  functions 
related  to  each  other  as  X„_i  is  to  X„,  with  the  sole  but  important  difference 
that  the  constants  in  X„  are  not  to  be  contained  in  a  concatenated  order 
from  one  line  to  another,  but  to  be  taken  perfectly  independent  as  in  the 
example 


1, 


X,= 


b', 
h", 
b'". 


d'". 


Or,  according  to  a  suggestion  of  Mr  Cayley,  putting  the  question  into  a  more 
genera!  and  simple  form,  we  may  inquire  into  the  resultant  of  any  two 
complete  determinants,  functions  of  x  of  the  (ii  — l)th  degree,  which  belong 
to  the  rectangular  matrix 


(^n,!. 


...  a„,„; 


as,  for  instance,  the  resultant  of  the  two  determinants  which  may  be  obtained 
by  suppressing  successively  the  last  and  last  but  one  line  in  the  matrix  above 
written:  and  by  aid  of  the  most  elementary  principles  of  the  calculus  of 
determinants  the  instructed  reader  will  find  no  difficulty  in  proving  that  this 
resultant  will  resolve  itself  into  two  distinct  parts— one  a  power  of  the 
determinant  obtained  by  suppressing  the  uppermost  (or  x)  line  in  the  above 
matrix,  the   other  the   Resultant   of   the   matrix  obtained  by  suppressing 
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multaneoualy  the  two  lowennost  lines*.     This  l^t  suppression  leaves  a 
5Ctaiigular  matrix  which,  written  in  a  homogeneous  form,  becomes 
1/*-',      y"^^x,     y'^^x-'    ...ic"-', 


consisting  oin  columns  and  (n  —  1)  linea-f. 

The  Resultant  of  this  matrix  means  the  quantity  R  which,  equated  to 
zero,  will  iudicate  the  poaaibility  of  the  simultaneous  nullity  of  all  its  first 
minors,  so  that  R  will  be  the  factor  common  to  the  resultants  of  every  couple 
of  these  minors.  If  we  name  the  columns  of  the  matrix  taken  in  any 
arbitrary  order  (7i,  C^...  C„,  and  call  R'  the  resultant  of 

C^C,...  On-iG„,  C^C,...  C^-,G^, 
it  may  readily  be  made  out  that  -^  is  equal  to  a  power  of  the  determinant 
obtained  by  suppressing  the  uppermost  (or  x)  line  of  the  rectangular  matrix 

To  find  R,  we  may  proceed  in  the  general  case  in  the  manner  indicated 
in  the  example  following,  where  n  —  1  is  made  i.     Taking  the  two  extreme 


first 
equatj 


and   dividing   them   respectively  by  y  and 
of  the  following  form  for  determining  R,  namely. 


we   have   two 


h, 
h', 


fx,    ya?, 
c,        d, 


By  rejecting,  as  we  have  done,  the  factors  m  and  y  from  the  above  equations, 
certain  fectors,  it  is  true,  are  lost  to  their  resultant  (R') ;  but  it  will  easily  be 
seen  that  these  factors  are  each  of  them  powers  of  one  and  the  same  deter- 
minant, namely,  the  determinaat 

h,      c,      d 


*  For,  on  making  the  last-naimed  determinant  referred  to  in  the  text  z 
shown,  by  aid  of  s.  familiar  theorem  in  compound  determinants,  that  the  two 
resultant  is  under  investigation  have  all  the  coefBcients  of  the  one  in  the  sam 
as  the  corresponding  ooefficientB  of  the  other. 

t  The  reader  ratty  notice  that  the  real  interest  of  the  subject  undi^r  consi 
with  the  independent  inquiry  into  the  form  of  the  Resultant  of  the  above  i 
question,  as  to  the  quasi-cimonizant,  being  important  only  a.s  leading  up  ti 
this  Iteanltant. 


^tris — the  original 
the  appenranoe  of 
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and  that  their  product  ia  contained  in  the  irrelevant  factor  -p,  itself  a  power 
of  that  determinant,  as  above  explained.     To  find  R,  we  may  write  down  the 


'f. 

ya:, 

ai' 

6, 

c, 

d, 

!>', 

c', 

<i'. 

and  make  its  three  first  minors  respectively  equal  to  u,  v,  w,  that 


d' 


then  we  shall  obtain  the  equations  following,  of  which  the  intermediate  ones 

result  solely  from  the  equations  last  assumed,  but  the  first  and  last  from 

those  combined  with  the  original  two  given  ones,  namely, 

(bu  +  b'v  +  h"w)  y-{au  +  a'v  +  a"w)  x^O, 
{cu  +  c'v  +  c"w)  y-(bu  +  b'v  +  b"w)  jc  =  0, 
{du  +  d'v  +  d"v!)  y-{cu  +  c'v  +  c"w)  w  =  0, 
{en  +  e'v  +  e"w)  y  —  {du  +  d'v  +  d"w)  «  =  0, 

Tliese  equations  may  be  satisfied  by  making  simultaneously 


=  0, 


=  0, 


=  0, 


all  of  which  (since  u,  v,  w  are  minors  of  the  same  rectangular  matrix)  may 
exist  simultaneously,  provided 


I  h",  c". 

Rejecting  (as  before)  this  irrelevant  factor,  it  remains  to  find  the  resultant  of 
the  system  of  equations  in  x,  y;  u,  v,  w,  above  written,  defined  as  the 
characteristic  of  the  possibility  of  their  coexistence  for  some  particular  system 
of  values  of  a;,  y;  u,  v,  w,  but  with  joint  and  several  exclusion  of  the  system 
ic  =  0,  y  =  0,  and  of  the  system  u  =  0,v  =  0,  w  =  0. 

So,  in  like  manner,  in  the  general  case  we  shall  obtain  a  similar  system  of 
(m  +  l)  homogeneous  equations  Hnear  in  x,  y,  and  also  in  Wj,  u^,  ...  u^',  and 
R  will  be  the  resultant  of  this  system,  subject  to  the  same  condition  as  to 
the  exclusion  of  zero  systems  of  x,  y,  and  u^,  Us,  ...  Um  as  in  the  particular 
instance  above  treated.  Such  a  resultant,  as  hinted  at  the  outset,  is  entitled 
to  the  name  of  a  double  determinant.  In  general  a  double  determinant  will 
refer  to  two  systems  of  variables,  one  p,  the  other  q  in  number,  and  to 
(p  +  5  — 1)  equations  between  them. 
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In  the  particular  inatance  before  us,  one  of  these  quantities,  say  q,  is  the 
uumber  2.  There  is,  moreover,  a  further  particuiarity  (but  which  as  it 
happens  does  not  at  all  influence  the  form  of  the  solution),  consisting  in  the 
fact  that  the  equations  are  of  the  recurring  form 

L^y      ~  L^x  =  0, 


where  -to,  I'i>  ■■■  -tjH-i  are  each  of  them  linear  homogeneous  functions  of 
Ml,  Ma,  ...  Up.  This  gives  rise  to  an  identification  of  the  resultants  of  two 
matrices  of  very  different  appearance^one  matrix,  for  example,  being 

y",     ifx,     y'af,     ya?,     x*, 

a,       h,         c,        d,      e, 

a!',      b",       c",       d",     e", 
and  the  other  being 

au  +  dv  +  d'v),       hu  +  b'v  +  h"w,       cu  +  c'v  +  c"m 
bu  +  b'v  +  h"w,       CM  +  c'«  +  c"w,       du  +  d'v  +  i^/'w 


h  d'v  +  d"u 
\-ffv  +  e"w. 


I  have  ascertained,  and  hope  shortly  to  publish,  the  method  of  obtainiug 
the  explicit  value  of  double  determinants  in  the  most  general  case  and  under 


their  most  symmetrical  form  :  for  the 
resultant  will  be  as  follows : — 

a,  b,  a', 

b,  c,  b', 

c,  d,  c', 

d,  e,  d',    d"  I 


!  before  our  eyes,  this 


a,   b',    o", 

<i, 

<•',    b',   V, 

a 

a'. 

b',    ft", 

b 

ft',    V.    b".    h 

h'.    c',     b", 

b 

b',    C,    c", 

b 

V. 

11'.    b". 

c 

b;    o\    c",     0 

o',    d;    t". 

c 

»',    d',  d", 

c 

+ 

c', 

d',    <!•, 

d 

c',    d',    d",   d 

d'.  .-,  r. 

d 

d',    «',    e". 

d 

d'. 

e',    d". 

e 

d',    «',    «",    e 

o",    S",    a, 

o' 

a",    b",    b. 

ft' 

a", 

b",    ft. 

6' 

ft",    »",    b,    V 

b",    c",    b, 

6- 

b",    o",    0. 

b' 

b". 

c",     b. 

c' 

6",    c",    c.    «' 

o",    d",    c, 

c' 

c",    d",    d. 

c/ 

^ 

c", 

d",     c. 

d' 

c",    d".    d.   d' 

d",    il',    d, 

d' 

d",   e",    e, 

d' 

d", 

e".    d. 

i! 

d",    e".     e,    J 

And  it  may  be  noticed  that  if  we  return  to  the  original  question,  in  which 
the  coefficients  are  no  longer  independent,  but  where  the  column  a'b'c'd'e'  is 
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identical,  term  for  term,  with  hcdef,  and  a"b"c"d!'e"  with  cdefg,  the  ahove 
determinant  I 


a. 

b. 

c. 

d 

b. 

c, 

d. 

e 

Ci 

d, 

e, 

f 

d, 

e, 

f. 

9 

>.  f. 

f.  s. 


that  is  to  say,  it  hecomes  a  power  of  the  determinant 

a,  h,     c, 

b,  c,     d, 
o.     d,     e.     f 
d,     e,    /,     g 

as  we  know  d,  priori  it  ought  to  do,  by  virtue  of  the  theorem  originating  out 
of  Jacobi's  theorem  stated  at  the  beginning  of  this  paper ;  in  fact  the  two 
factors  of  the  resultant  of  X^,  X^  each  of  them  becomes  equal  to  X/;  and  so 
in  general  we  shall  find,  if  we  use  n  instead  of  4,  each  factor  of  the  corre- 
sponding resultant  becomes  X^'j  giving  X^~'  as  the  complete  resultant  for 
that  singular  case,  as  previously  determined. 

The  author  is  conscious  that  some  apology  may  appear  due  for  the 
cursory  mode  of  elucidation  pursued  in  the  preceding  extended  note,  and  for 
the  absence  as  regards  certain  points  of  the  appropriate  proofs ;  but  to  have 
gone  into  all  the  details  of  demonstration  would  have  swollen  the  paper  to  a 
length  out  of  proportion  to  its  importance.  Let  him  be  permitted  also  in  all 
humility  to  add  (as  can  be  vouched  by  more  than  one  contributor  to  this 
Magazine),  that  in  consequence  of  the  large  arrears  of  algebraical  and  arith- 
metical speculations  waiting  in  his  mind  their  turn  to  be  called  into  outward 
existence,  he  is  driven  to  the  alternative  of  leaving  the  fruits  of  his  medita- 
tions to  perish  (as  hfts  been  the  fate  of  too  many  foregone  theories,  the  still- 
born progeny  of  his  brain,  now  for  ever  resolved  back  again  into  the 
primordial  matter  of  thought),  or  venturing  to  produce  from  time  to  time 
such  imperfect  sketches  as  the  present,  calculated  to  evoke  the  mental 
cooperation  of  his  readers,  in  whom  the  algebraical  instinct  has  been  to  some 
extent  developed,  rather  than  to  satisfy  the  strict  demands  of  rigorously 
systematic  exposition. 

s.  II.  22 
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OBSERVATIONS  ON  THE  METHOD  FOR  FINDING  THE  CENTRE 
OF  GRAVITY  OF  A  QUADRILATERAL  GIVEN  IN  THE 
PRESENT  NUMBER  OF  THE  JOURNAL. 

[Qimrterly  Journal  of  Mathematics,  vi.  (1863),  pp.  130 — 133.] 

The  method  given  in  Mechanical  Solutions  of  Geometrical  Problems, 
p.  127,  for  finding  the  centre  of  gravity  of  a  quadrilateral,  leaves  nothing  to 
be  wished  for  in  point  of  elegance  and  conciseness ;  it  is  new*  to  the  Editors 
and  stands  in  advantageous  contrast  with  all  other  methods  of  effecting  the 
same  end.  It  involves  only  four  lines  of  construction  and  two  bisections ;  in 
some  elementary  works  on  Mechanics,  in  use  at  our  Universities,  a  method 
is  given  involving  no  less  thaii  9  or  11  auxiliary  lines.  It  must  henceforth 
take  rank  as  the  best  method  of  effecting  the  end  in  view  ;  the  second  best 
is  that  which  has  been  treated  analytically,  by  Mr  Stephen  Fenwiek,  of  the 
Royal  Military  Academy,  in  the  Mathematician,  184"?,  Vol.  II.,  p.  292,  but 
admits  of  a  simple  and  pleasing  geometrical  proof. 

Let  us  call  the  intersection  of  the  two  diagonals  the  cross-centre,  and  the 
intersection  of  the  two  bisectors  of  opposite  pairs  of  sides  the  mid-centre  of  a 
quEidrilateral, 

If  we  take  the  centres  of  gravity  of  the  four  triangles  into  which  a  given 
quadrilateral  is  divided  by  its  two  diagonals,  it  is  clear  that  the  cross-centre 
of  the  new  quadrilateral,  of  which  these  four  points  are  the  summits,  will  be  the 
centre  of  gravity  of  the  original  quadrilateral.  But  it  may  easily  be  seen 
that  this  new  quadrilateral  is  only  a  miniature  image  of  the  original  one, 
and  that  each  of  the  two  quadrilaterals  has  the  same  mid-centre  ;  in  a  word, 
the  new  quadrilateral  may  be  obtained  by  reducing  the  linear  dimensions  of 
the  original  one  in  the  ratio  of  1  to  3,  and  then  swinging  it  through  half  a 
revolution  round  the  mid-centre.  Hence  the  new  cross-centre  will  be  in 
opposition  with  the  original  one,  in  respect  to  the  mid-centre,  and  at  a 
distance  from  it  equal  to  one-third  of  the  distance  of  the  former  one  from 
the  same. 

*  I  should  aay  new  ia  form;  in  substance  it  is  idectioal  with  that  given,  Vol.  ir.,  p.  292,  of  the 
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This  method  involves  only  four  auxiliary  lines,  but  requires  four  bisections 
and  one  trisection,  instead  of  merely  two  bisections,  according  to  the  method 
of  the  test  above. 

The  substitution  of  heavy  points  for  areas  or  volumes  admits  of  an  exten- 
sion which  the  author  of  this  note  believes  to  be  new,  and  which  occurred  to 
him  incidentally  in  treating  of  the  extension  of  Gauss'  method  of  approxima- 
tion from  simple  to  m.ultiple  quadratures. 

It  will  be  convenient  to  call  the  sum  of  the  masses  of  any  system  of 
bodies  into  the  wth  powers  of  their  distances  from  a  fixed  plane  their  nth 
momenta  in  respect  to  the  plane.  (Thus  the  second  moments  will  mean  the 
sum  of  the  masses  into  their  squared  distances.)  It  may  then  be  affirmed 
as  a  universal  proposition  that  such  rath  moments  of  a  line,  triangle,  and 
tetrahedron  (and  so  on  for  the  higher  dimensions  of  space)  may  always  be 
replaced  by  suitable  weights  at  fixed  points  symmetrically  situated  about  the 
centre  of  gravity  of  such  figures.  For  example,  the  second  moments  of  lines, 
triangles,  and  tetrahedra  (say  each  of  mass  unity)  in  respect  to  any  plane 
may  be  replaced  by  masses  of  ^  at  the  two  angular  points  for  the  line,  of  -^ 
at  the  three  angular  points,  for  the  tuangle,  and  of  ^^  at  the  four  angular 
points  for  the  tetrahedron,  the  balance  ^  $•  i  being  of  course  placed  at  the 
centre  of  gravity  in  these  case&  lespectively.  Hence  it  follows  obviously 
that  the  same  law  will  be  true  for  the  momenis  of  inertia  of  a  line,  triangle, 
or  tetrahedron  about  any  axis,  and  consequently  the  centres  and  times  of 
oscillation  of  these  figui-es  about  "^ny  axis  will  be  the  same  as  for  equal 
weights  placed  at  the  angles  and  weights  respectively  4,  9,  and  16  times  as 
great  placed  at  their  centres  of  gravity.  The  ingenious  author  of  the  matter 
which  has  called  forth  these  observations  may  probably  be  able  to  draw 
interesting  inferences  from  this  equivalence,  and  also  from  combining  his 
own  unrivalled  method  for  finding  the  centre  of  gravity  of  a  quadrilateral 
with  the  miniature -image  method  hereinbefore  explained. 

One  word  more  before  I  conclude;  the  rule  given  in  the  text  may  be 
expressed  in  general  terms  by  aid  of  a  simple  verbal  definition.  Let  two 
points  situated  in  a  limited  line  be  said  to  be  opposite  when  their  respective 
distances  from  opposite  ends  of  the  line  are  equal. 

The  centre  of  gravity  of  a  quadrilateral  may  then  be  stated  to  be  identical 
with  the  centre  of  gravity  of  a  triangle  whose  apices  are  the  point  of  inter- 
section of  the  two  diagonals  and  the  opposite  points  thereto  on  these  two 


*  It  ia  difficult  to  r    IS     h    imp  easi  n  h      8om       rail          u       otion  moat  apply  to  the 

detarmination  of  tlie  ce                                 h  u             yr  m  d      Two  points  in  n  line  with 

tlie  eeotre  of  gravity  ot  a           g         d  d                        pp          sides  may  be  defined  as 

opposite  points  in  respec           li         ajig  As       m       oo                     be  subjected  to  ulterior 

verificatioD  I  anggeat  th   po     b               h  w  n                              mg  applicable ;  if  not  true  it 

may  at  least  serve  tosemdhg  hd                       le  diacovecy  of  the  truth. 
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The  Barycentric  principle  employed  in  the  test  leads  me  to  make  au 
observation  which  will  be  found  aomewhat  prolific  in  consequences  and  may 
be  made  instrumental  (as  I  have  satisfied  myself  by  actual  trial)  in  the 
edification  of  a  complete  theory  of  the  parabola  by  processes  greatly  exceed- 
ing in  simplicity  those  depending  on  Cartesian  coordinates. 

The  secret  of  the  utility  of  the  Barycentric  principle  consists  essentially 
in  the  plasticity  of  the  a.x;es  to  which  the  moments  may  be  referred.  Equally 
advantageous  wili  be  found  the  introduction  of  the  laws  of  motion  into  the 
theory  of  the  parabola,  aided  by  the  plastic  condition  that  the  motion  of  a 
projectile  acted  on  by  a  constant  force,  reckoned  in  any  direction,  depends 
only  on  the  actual  velocity  and  force  respectively  estimated  in  such  direction. 

Let  Aa,  Bb,  Cc  be  the  edges  oi  the  tcnHtum. 

Let  the  three  diagonal  triangles  Abe,  Bca,  Gab  interseot  in  the  point  P  and  let  the  opposites 
to  P  in  these  three  triangleB  be  respeotively  P",  P",  P".  Sindlarly,  by  means  of  the  other  system 
of  diagonal  planes  aSC,  hCA,  cAB,  let  a  second  system  of  four  points  y,  p',  p",  j)'"  be  obtained. 
I  oonjeeture  that  the  centre  of  gravity  of  equal  weights  at  these  eight  points,  or,  which  is  the 
same  thing,  the  centre  of  gravity  of  the  pyramid,  whose  apices  bisect  respectively  the  linos  Pp, 
P'j/,  P"p",  F"'p"',  Ttiay  be  the  centre  of  gravity  of  the  frastam.  Thia  intermediate  pyramid 
appears  to  be  the  natnral  measure  of  the  distortion  of  the  frustum  from  the  prismatic  form,  as  the 
triangle  formed  by  the  orosa-oeatre  and  its  two  opposites  is  that  of  the  distortion  of  the  quadri- 
lateral, which  may  be  regarded  as  the  frustum  of  a  triangle. 

I  have  verified  the  conjectural  construction  lor  the  case  where  the  frustum  becomes  a  prism 
and  also  for  the  case  where  it  becomes  a  tetrahoilron  by  the  vanishing  of  one  of  its  triangular 

A  propos  of  the  relation  between  the  trapezium  ajid  the  pyramidal  frustum,  I  am  not  aware 
whether  it  has  been  observed  that  aa  a  trapezium  may  be  divided  in  two  ways  into  a  pair  of 
triaogles,  so  may  the  frustum  of  a  pyramid  be  divided  la  six  ways  into  a  triplet  of  tetrahedrons. 
Using  the  same  letters  as  before,  one  such  division  will  be  represented  by  the  table  following : 


(ABC 
and  permuting  simultaneously  and  conformably  the  two  systems  of  letters  a,  b,  c;  A,  B,  C,  K-e 
obtain  all  the  sis  systems  in  question.     This  stereotoniic  division  leads  to  a  direct  and  almost 
l1  proof  of  the  known  expression 


for  finding  the  position,  of  the  centre  of  gravity  of  a  frustum  bounded  by  parallel  faces,  in  the 
line  joining  the  centres  of  the  parallel  faces. 

Obviously  for  space  of  any  number  ot  dimensions,  say  n,  au  analogous  dissection  may  be 
effected  in  n  I  different  ways  ;  the  scheme  above  given  serving  fully  to  disclose  the  tactical  law 
of  the  symbols. 

For  example,  for  space  of  four  dimensions  one  such  dissection  out  of  the  twentj-fonr  will  be 
denoted  by  the  scheme 


B     G 
C     D 
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By  aid  of  this  principle  I  have  reconstructed  all  the  essential  properties  of 
the  curve  in  respect  to  its  directrix,  focus,  and  tangents,  and  obtained,  as  it 
were  instantaneously,  various  theorems,  some  of  which,  if  not  new,  could  only 
be  obtained  by  long  processes  through  the  ordinary  methods,  whether  of 
Geometry  or  of  Cartesian  coordinates. 


Since  penning  the  above  observations,  the  author  has  found  without 
difficulty  the  two  geometrical  constructions  for  the  centre  of  gravity  of  a 
pyramidal  frustum,  precisely  analogous  to  those  alluded  to  for  the  centre  of 
gravity  of  a  quadrilateral :  which  will  probably  appear*  in  the  August 
Number  (or,  if  not,  in  the  September  Number)  of  the  Philosophical  Magazine. 
The  true  mid-centre  is  the  centre  of  gravity  of  six  equal  weights  placed  at  the 
six  angles  of  the  frustum ;  the  true  cross-centre  is  the  point  of  intersection  of 
either  of  two  ternary  systems  of  planes,  which  have  the  property  of  inter- 
secting in  the  same  point;  one  of  these  planes,  for  example,  will  be  the 
plftne  passing  through  the  middle  point  of  ab,  the  middle  point  of  aC,  and 
the  middle  point  of  BO. 

This  brings  to  mind  an  aaalogoua  generalization  long  ago  made  known  by  the  writer  of  tiis  note, 
namely,  that  as  a  quadratic  sariace  is  cut  by  any  tangent  plane  in  two  Btraight  lines,  so  is  a  oubio 
hyper-snrfafie  by  a  tangent  iiyper-plana  in  aii,  a  quactie  transbyper-snrlaoe  by  a  tangent 
transhyper- plane  in  twenty-fonr  eight  lines,  and  so  on  indefinitely.  Paaaing  by  an  abrupt  flight 
from  a  transcendental  analogy  to  what  many  may  regard  as  a  mere  platitude,  let  me  notice  that 
it  is  not  a  truism  but  a  proposition  and  no  insignificant  one  to  affirm  that  a  convex  figure  of  five 
[plane]  faces  capable  of  being  formed  by  joining  conformably  the  angles  of  one  triangle  wilh  those 
of  another  can  only  be  the /rueiumo/ajijfomiii;  it  is  in  fact  equivalent  to  the  assertion  that  three 
right  linoB  of  which  every  two  intersect  must  either  lie  in  one  plane  or  pass  through  one  point. 

I  ought  not  to  conclude  without  alluding  to  a  second  oonjectural  method  for  finding  the  centre 
of  gravity  of  such  frustum  which  will  in  all  probability  stand  or  fall  with  that  already  given, 
b  ri  g  t  t  th  m  lat  n  th  seco  d  b  t  bea  t  tl  best  d  t  m  a  t  f  the  analogous 
p    1 1        f      tl      q     dnl  t    al      T  k    g        Q  (th  ct  t    )  th    p  mt  m  d  way  between  P, 

jjh         pt  te       tnftht  tmfdg  nal  pla  d        0  (the  mid-eentre) 

th    p      t  wb       th  J      mg  tl     ce  t         f  gra    t      ftht       tagl      faces  meets  the 

pi        CO  t         g  th        nt         f  g  a    t      f  th    th  ee  q     Inl  t      1  f  QO  h   ng  joined  and 

p  od  ced  th      gh  J  t     (  th  t  00  =  ^    G  w  11  b    th        njeotor  1  p     t    n    f  the  centre  ot 

gravity  of  the  frustum.  This  is  easily  verified  for  the  case  where  the  Frustum  becomes  an  entire 
pyramid. 

P.8.— Since  the  above  was  in  press  I  have  ascertained  that  each  of  the  above  two  oonjeoturj 
methods  is  erroneous.  Apparently  the  eiaistU  ja-oblem  to  be  solved  is  to  discover  in  the 
pyramidal  frustum,  the  analogue  to  the  orosB-centre  in  the  quadrilaWral ;  this,  there  is  every 
reason  to  believe,  is  closely  connected  with  the  points  P  and  p  above  described ;  it  is,  however, 
certainly  not  the  point  mid-way  between  them. 

[•  Below,  p.  312.] 
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ON  THE  CENTRE  OF  GRAVITY  OF  A  TRUNCATED  TRIANGULAR 
PYRAMID,  AND  ON  THE  PRINCIPLES  OF  BARYCENTRIC 
PERSPECTIVE. 

[Pkilosophical  Magazine,  xxvi.  (1863),  pp,  167—183.] 

There  is  a  well-known  geometrical  construction  for  finding  the  centre  of 
gravity  of  a  plane  quadrilateral,  which  may  be  described  as  follows. 

Let  the  intersection  of  the  two  diagonals  (say  Q)  be  called  the  cross- 
centre  ;  the  intersection  of  the  lines  bisecting  the  middle  points  of  pairs  of 
opposite  sides  (say  0)  the  mid-centre  (which,  it  may  be  observed,  is  the 
centre  of  gravity  of  the  four  angles  viewed  as  equal  weights) ;  then  the 
centre  of  gravity  is  in  the  line  joining  these  two  centres  produced  past  the 
latter  (tbe  mid-centre),  and  at  a  distance  from  it  equal  to  one-thij-d  of  the 
distance  between  the  two  centres ;  in  a  word,  if  G  he  the  centre  of  gravity  of 
the  quadrilateral,  QOG  will  be  in  a  right  line,  and  OG  =  ^QO. 

The  frustum  of  a  pyramid  is  the  nearest  analogue  in  space  to  a  quadri- 
lateral in  piano,  since  the  latter  may  be  regarded  as  the  frustum  of  a  triangle. 
The  analogy,  however,  is  not  perfect,  inasmuch  as  a  quadrilateral  may  be 
regarded  as  a  fiitstum  of  either  of  two  triangles,  but  the  pyramid  to  which  a 
given  frustum  belongs  is  determinate.  Hence  d,  priori  reasonable  doubts 
might  have  been  entertained  as  to  the  possibility  of  extendirjg  to  the 
pyramidal  frustum  the  geometrical  method  of  centering  the  plane  quadri- 
lateral. The  investigation  subjoined  dispels  this  doubt,  and  will  be  found  to 
lead  to  the  perfect  satisfaction,  under  a  somewhat  unexpected  form,  of  the 
hoped-for  analogy. 

Let  abc,  a^y  be  the  two  triangular  faces,  aa,  6,8,  07  the  edges  of  the 
quadrilateral  faces  of  a  pyramidal  frustum.     Then   this  frustum   may  be 
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resolved  in  six  different  ways  into  the  su 
in  the  annexed  double  triad  of  schemes. 


1  total  of  three  pyramids,  as  show 


o,  i,  c,  a, 

S.  c,  o,  A 

c,  a,  b,  7, 

h.  c,  «,  ft 

c,  a,  A  7. 

»,  i,  7  " 

c,  a,  /3,  7, 

t,  ft,  7,  a, 

4,  7,  ",  A 

6,  o,  «,  ft 

(t,  e,  4,  «, 

c,  J,  o,  7 

«,  0,  ft  ". 

0.  6,  a,  7, 

6,  »,  7  ft 

0, 13,  a,  7. 

i,  «,  7,  A 

«,  7,  A  '■ 

If,  then,  taking  any  one  of  the  above  schemes  we  draw  a  plane  through  the 
centres*  of  the  three  pyramids  of  which  it  is  composed,  the  sis  planes  thus 
drawn  will  meet  in  a  point,  which  will  be  the  centre  of  the  frustumf. 

Let  the  point  in  which  aa,  0b,  yc  meet  when  produced  be  the  origin  of 

coordinates,  and  bc^y,  oaya,  aba.0  be  taken  as  the  planes  of  x,y,z\  and  let 

4a,  0,  0 ;  0,  46,  0 ;  0,  0,  4c  be  the  coordinates  of  a,  b,  c,  and  4a,  0,  0 ;  0,  4y3,  0; 

0,  0,  iy  those  of  a,  0,  y.     Consider  the  first  of  the  schemes  above  written. 

a  +  a,    b,  c         will  be  the  coordinates  of  the  centre  of  abca, 

a,  6  4-/3,    c  „  „  „  bca&, 


beeanse,  as  everyone  knows,  the  centre  of  a  pyramid  is  the  same  as  that  of 
its  angles  regarded  as  of  equal  weight..  But  again,  if  we  define  as  the 
mid-oentre  the  centre  of  the  six  angles  of  the  frustum  regarded  as  of  equal 
weight,  its  coordinates  will  be 

2a+2a      2&  +  2ff       2c  +  2y_ 
S       '  3       '  3       ' 

and  if  we  substitute  for  each  of  the  three  centres  last  named  points  lying 
respectively  in  a  right  line  with  them  and  the  mid-centre  on  the  opposite 
side  of  the  mid-centre  and  at  distances  from  it  double  those  of  these  centres 
themselves,  these  quasi-images  of  the  centres  in  question  will  have  for  their 
coordinates 

0  ,     2,8,     27, 

2a,    0   ,     27, 

2a,     26,      0  . 
These  points  are  accordingly  the  centres  of  the  lines  0y,  7a,.  ab  respectively. 

And  a  similar  conclusion  will  apply  to  each  of  the  six  schemes.  Hence 
using  in  general  {p,  q)  to  mean  the  middle  of  the  line  p,  q,  and  by  the 

*  I  ahftll  throughout  in  future  for  greater  brevity  hold  myself  at  liberty  to  use  the  word  centre 
to  mean  centre  of  gravity. 

f  I  shall  hereafter  show  that  these  bis  planes  all  touch  the  same  cone,  of  which,  aa  also  of  its 
polar  reoiprooal,  I  have  succeeded  in  obtaining  the  equations. 
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collocation  of  the  symbols  for  tiiree  points  understanding  the  plane  passing 
through  them,  it  is  clear 

1.  That  the  six  planes, 

(A  1)  i  (%  «) ;  («,  S) :     (7.  a) ;  (,,  i)  1  ( J,  c) ;     («,  » ;  (A  c) ;  (o,  o) ; 

(7,^)l(Aa);(»,o);     (»,  7) ;  (7,  6) ;  (6,  o) ;    (ft  .);(.,  t) ;  (c,  i.), 
will  meet  in  a  single  point  which  may  be  called  the  cross-centre,  being  the 
true   analogue   of  the  intersection  of  the  two  diagonals  of  a  quadrilateral 
figure  in  the  plane, 

2.  That  if  we  join  this  cross-centre  (say  Q)  with  0  the  mid-centre,  and 
produce  QO  to  G  making  OG  =  ^QO,  G  will  be  the  centre  of  the  frustum 
ahca^y. 

It  may  be  satisfactory  to  some  of  my  readers  to  have  a  direct  verification 


of  the  £ 

Let,  then. 


a^bc  —  a?0y 


_ai''G- 
ahc- 


■a0y  • 


abc  —  a^y 

A  moment's  reflection  will  serve  to  show  that  A,  B,  0 
the  centre  of  the  frustum. 


abc^- 
abo- 


i  the  coordinates  of 


Again,  the  first  three  of  the  sis  planes  last  referred  to  will  be  found  to 


The  determinant 


The  determinant 


respectively, 
^yx  4-  yap  +  ohs  = 
bcx  +  yay  +  abs  = 
^cx  +  cay  4-  oy3s  = 


ab. 
ab. 

=  2acs  (be 


yd, 


2ay(b  +  0), 

26a  {c+ 7), 

=  2c0(a  +  a). 

.  {ahc  -  a$yy. 


iay(b+^) 

2ba  (c  +  7) 

2c0  (a  +  a) 

ySy)  (die  —  a.^y). 


=  2  [(a'^7  -  a?bc)  (abc  -  0^37)  +{a  +  a)  (abo  -  a^yf]. 
Hence  if  x,  y,  s  be  the  coordinates  of  the  intersection  of  the  above-mentioned 
three  planes, 

a;«-2^+2(«,+  a), 

^=-25+2(6-1-^), 

s=-2C-|-2(c  +  7); 
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and  the  same  will  evidently  be  true  of  the  other  ternary  system  of  planes ; 
so  that  all  six  planes  intersect  in  a  single  point  Q,  of  which  x,  y,  z  above 
written  are  the  coordinates.     And  the  coordinates  of  0  being 
2(1 +2g      26  +  2ff     2c +  27 
3       '     "^       '    ~T^' 
and  those  of  Q  being 

A,    B,    G, 
it  is  obvious  QOG  is  a  right  line,  and  OG  =  ^QO,  as  was  to  be  shown. 

The  analogy  with  the  quadrilateral  does  not  end  here.  There  is  a  con- 
struction* for  the  centre  of  a  quadrilateral  stitl  easier  than  that  above  cited, 
which  may  be  expressed  in  general  terms  by  aid  of  a  simple  deiinition. 
Agree  to  understand  by  the  opposite  to  a  point  i  on  a  limited  Idne  AB 
a  point  M,  such  that  L  and  M  are  at  equal  distances  from  the  centre  o(  AB 
but  on  opposite  sides  of  it ;  then  we  may  affirm  that  the  centre  of  a  quadri- 
lateral is  the  centre  of  the  triangle  whose  apices  are  the  intersection  of  its 
two  diagonals  (that  is,  the  cross-centre),  and  the  opposites  of  that  intersection 
on  those  two  diagonals  respectively.  So  now  if  we  agree  to  understand  by 
opposite  points  on  a  limited  triangle  two  points  in  a  line  with  the  centre  of 
the  triangle  and  at  equal  distances  from  it  on  opposite  sides,  and  bear  in 
mind  that  the  cross-centre  of  a  pyramidal  frustum  is  the  intersection  of 
either  of  two  distinct  ternary  systems  of  triangles  which  may  be  called  the 
two  systems  of  cross -trianglesf,  we  may  affirm  that  the  centre  of  a  pyramidal 
frustum  is  the  centre  of  a  pyramid  whose  apices  are  its  cross-centre,  and  the 
opposites  of  that  centre  on  the  three  components  of  either  of  its  systems  of 
cross-planes.  This  is  easily  seen ;  for  if  we  take  the  first  of  the  two  systems, 
their  respective  centres  will  evidently  be 

ia  26-^2g  jy 

3  '  3       '  3  ' 

3  '  3  '  3       ' 

2a  +  2a  iff  ic 

3       '  3  '  3  ' 

*  This  is  tile  mode  of  statement  (except  tiiat  the  important  notion  of  opposite  points  was  not 
explicitly  contained  in  it)  which,  aooiden tally  meeting  my  eye  in  a  proof  sheet  m    O 

tuetrioal  Notes  (by  an  anonymous  author)  intended  for  insertion  in  the  forthcoming  (  f  n  t 
forthoome)  Number  of  the  Quarteily  Joamal  of  Mathemalicg,  led  to  the  long  train  f  fl  t  n 
n  this  paper,  which  but  for  that  casual  glance  would  never  have  seen  th  1  gl  t  Th 
a  construction,  under  another  and  somewhat  less  eligible  form,  ia  given  n  th  V  he 
n  (a  periodical  now  eitinct,  edited  by  Dr  Butherford  and  Mr  Fenwioli,  both  f  th  Eoyal 
Military  Academy),  1847,  Vol.  11.  p.  292,  and  ia  therein  stated  by  the  latter  genti  n  a  t  ha  , 
"as  he  believes,  first  appeared  in  the  MecluLixics'  Magaiine,  and  subsequently  in  the  Lady's 
Diary  for  1830." 

■!■  From  the  description  given  previously,  it  will  be  seen  that  a  eross -triangle  of  the  frnstam  ia 
one  whioh  has  its  apices  at  the  centres  of  either  diagonal  of  any  quadrilateral  face  and  ot  the 
not  in  the  same  faee  with  that  diagonal. 


y  Google 


346  On  the  Centre  of  Gravity  of  [65 

Thus  the  three  opposites  to  the  cross-centre  whose  coordinates  are 
-  2  A  +  2  (a  +  a),     -  2S  +  2  (6  +  yS).     -  2C  +  2  (c  +  7), 


will  have  for  their  x  coordinates 

2a 


for  their  y  coordinates 


and  for  their  z  coordinates 


2a  +  tA, 


2a  +  -3- +  2^, 

20 

4%-; 

26 
3  " 

-  2,3  +  2£, 

26  +  ?|  +  2A 

2i 
3 

■¥--. 

2o 
3 

-27+20, 

?(!  J. 

M^m 

-1-^  +  20; 

and  consequently  the  centre  of  the  pyramid  whose  apices  are  the  cross-centre 
and  its  three  opposites  will  be  A,  B,  G,  that  is,  will  be  the  centre  of  gravity 
of  the  frustum,  as  was  to  be  shown*. 

*  I  at  one  time  supposed  that  a,b,c;  a,  (3,  y  formed  two  systems  of  diagonal  planes,  and 
that  there  were  thus  two  oross-ceiitreB  ;  and  dreamed  a  dream  of  the  constriiotioa  for  the  centre 
of  gravity  of  the  pyramidal  frufltum  baaed  upon  this  analogy,  inserted  (it  is  true  as  a  conjecture 
only)  in  the  Qaarterly  Joamal  of  Mathematio ;  but  the  nature  of  things  is  ever  more  wonderful 
than  the  imagination  of  men's  minds,  and  her  sefireta  may  be  won,  but  cannot  be  anatehed  from 
her.  Who  could  have  imagined  a  ^priori  that  for  the  purposes  of  thia  theory  a  diagonal  of  a 
quadrilateral  waa  to  be  viewed  aa  a  line  drawn  through  two  opposite  angles  of  the  figure  regarded, 
s  themselves,  but  aa  their  own  centres  of  gravity  1     Some  of  my  readera  may  r( 
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lb  is  clear  that  these  results  may  be  extended  to  space  of  higher 
dimensions.  Thus  in  the  corresponding  figure  in  space  of  four  dimensions 
bounded  by  the  hyperplanar  quadrilaterals  abed,  a^yB,  which  will  admit  of 
being  divided  into  four  hyperpyramids  in  twenty-four  different  ways,  all 
corresponding  to  the  type 

a,    b,     c,     d,     a. 


there  will  be  a  cross-centre  given  by  the  intersection  of  any  four  out  of 
twenty-four  hyperplanes  resoluble  into  six  seta  of  four  each, — one  such  set  of 
four  being  given  in  the  scheme  subjoined,  where  in  general  pqr  means  the 
point  which  is  the  centre  of  (p,  q,  r)  and  the  collocation  of  four  points  means 
the  hyperplane  passing  through  them,  namely, 

J87S,     7^(1,     hoh,     abc. 


7S«, 

Sod.     abc. 

hca, 

8«/3, 

affc,    ffed. 

cib. 

«/3t. 

$yd,    ryda. 

dac. 

The  mid-centre  will  mean  the  centre  of  the  eight  angles  a,  b,  c,  d,  a,  /3,  7,  B, 
regarded  as  of  equal  weight;  and  to  find  the  centre  of  the  hyperpyramidal 
frustum,  we  may  either  produce  the  line  joining  the  cross-centre  with  the 
mid-centre  through  the  latter  and  measure  off  three-fifths  of  the  distance  of 
the  joining  line  on  the  part  produced  (as  in  the  preceding  cases  we  measured 
off  two-fourfchs  and  one-third  of  the  analogous  distance),  or  we  may  take  the 
four  opposites  of  the  cross-centre  on  the  four  components  of  any  one  of  the 
sis  systems  of  hyperplanar  tetrahedrons  of  which  it  is  the  intersection,  and 
find  the  centre  of  the  hyperpyramid  so  formed.  The  point  determined  by 
either  construction  will  be  the  centre  of  gravity  of  the  hyperpyramidal 
frust  im  m  |  estion  And  so  on  for  space  of  any  numbei  of  dimensions 
It  \  dl    f  coi  se  be  seen  that  a  general  theoiem  of  determmants*  is  contained 


to  extend  f:,eiiecal  to  an  quantiu  of  the  degree  2n  and  the  correupondiag  batjoentric  theory 
of  the  figure  w  th  2  ap  ces  (  of  them  in  one  hyperplane  and  n  in  anoiher),  which  is  the 
problem  of  a  hype  pycam  d  n  space  of  n  dimensions  The  probability  of  this  being  so  is 
heighleaed  by  the  faet  of  the  barjoentrio  theory  almittmg  as  i5  hereafter  shown  of  a  deaa  tpttve 
generaliEatioQ,  desoriptive  properties  being  (as  is  well  known)  in  the  closest  oonnesioa  with  the 
iheory  of  invariants.  Much  remains  to  be  done  in  hiing  the  canonic  foima  of  the  higher  even 
degreed  quantios ;  and  this  part  of  their  theory  may  hereattei  bo  found  to  draw  important 
snggestions  from  the  hyper- geometry  above  referred  to,  if  the  supposed  alliaJice  have  a  foundation 
in  fact. 

•  We  learn  indirectly  from  this  how  to  represent  under  the  form  o(  determinants  of  the  ith 
order,  aud  that  in  a  certain  number  of  diflerent  ways,  the  general  eipresBiona 

and  l^},,{ls!3...li-\Xj...\i)l!^l^.-.li-W...'>'()^\ 
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in  the  assertiou  that  for  space  of  n  dimensions  there  will  be  n !  quasi- 
planes  all  intersecting  in  the  same  point,  as  also  in  the  general  relation 
connecting  this  point  (the  cross -centre)  with  the  mid-centre  and  centre  of 
gravity,  of  each  of  which  it  is  easy  to  assign  the  value  of  the  coordinates  in 
the  general  case. 

But  returning  to  the  case  of  the  oitiitiary  pyramidal  frustum,  the  preced- 
ing results  lead  at  once  to  an  easy  geometrical  proof  of  the  well-known 
analytical  formula  for  finding  the  centre  of  gravity  of  a  pyramidal  frustum  in 
the  case  where  the  base  and  its  opposite  plane  are  parallel. 

As  we  know  that  the  centre  of  gravity  in  this  ease  is  in  the  line  joining 
the  centres  of  the  opposite  faces,  what  is  wanted  here  is  merely  the  propor- 
tion of  the  segments  into  which  this  joining  line  is  divided  at  the  centre 
in  question,  or,  in  other  words,  the  ratio  to  each  other  of  the  distances  of  the 
centre  from  the  parallel  faces. 


Let 
Then  obviously 


ab  :a/3=bc  :  ^y  = 


:  ya 


'l:\. 


vol.  ahcoL :  vol.  bca/3  =  aba  :  ba^  =  Z :  \, 
vol.  bca^  :  vol.  ca0y  =  bca  :  cay  =1  -.X: 
hence  abca  :  bca^  :  ca^y  =  l^  :  l\  :  X" ; 

also  if  k  be  the  distance  between  abc,  a&y,  the  distances  of  the  centres  of 
ahcct,  bcafi,  ca/Sy  respectively  from  ohc  will  be  -r ,  ^ ,  — . 


a  strange  oonclnsion  to  be  able  to  draw  iaeidentally  from  a  hyper-theory  of  oenhe  o(  gravity! 
Thus,  for  e^iample,  on  taking  j  =  4,  we  shall  find 


byS,      ySa,      dab,     oby 
bcS,      cSa,      Sa^,      abc 


adibc  +  c^  +  py),  cda,  da^,  a;97 

§a  {cd  +  (It  +  yS),  cda,  da^,  ajSy 

yb{da  +  aS  +  Sa),  ySa,  diib,  aby 

Sc  {ab  +  b(i  +  aP),  cSa,  BojS,  abc 


=  ua  (bed  -  ^yd)  [abed  -  o^yS)^. 


The  number  of  these  repreaentations  will  not  be  twenty-four,  tha,t  is,  4  I,  but  only  twelve, 
the  half  of  that  number,  because  it  will  easily  be  seen  that  the  eyolea  abed,  a/3-yS  will  lead  to  the 
same  detenniiiants,  only  differently  arranged,  as  the  cycles  bcda,  §ySa.  I  believe  the  law  is, 
that  the  number  of  varieties  of  suoli  represeatationa  is  (i)  I,  or  J(t)  I,  according  as  t  is  odd  or 
even.  The  espreasion  a5  -  ojS  at  onee  conjures  up  the  idea  of  a  determinant.  We  now  see  that 
there  is  an  equally  natural  determinantive  repreaeutation,  or  system  of  representations,  of 
{abc-apyf,  {abed -a^ySf,  &e. 
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Hence   the   distance   of   the   centre   of  the   frustum   from   ahc  will    be 

4U'  +  tX+xW '  ''"^  '"  ^"""  "^'^  '*  ™'"  ^^  4  [l^  +  lx  +  X'')'  ^^'■"'''"S  ^vith 
the  well-known  formula  applicable  to  this  ease*. 

But  I  pass  on  to  a  subject  of  much  deeper  interest. 

The  geometrical  constructions  included  in  the  preceding  inquiry  (such  for 
instance  as  depend  on  the  properties  of  centres  and  opposites),  like  those  which 
occur  in  the  more  ordinary  theory  of  the  triangle  and  pyramid,  at  once 
suggest  the  existence  of  descriptive  propositions  in  which  harmonic  centres 
and  harmonic  opposites,  and  in  general  harmonic  multiplications  and 
divisions,  take  the  place  of  the  corresponding  arithmetical  operations. 

To  make  my  meaning  perfectly  clear,  let  us  conceive  a  fixed  plane  ;  and 
by  a  harmonic  succession  of  points  A,  B,  C,  D  ...  in  a  line  meeting  the  fixed 
planef  (which  we  may  term  the  plane  of  relation)  in  0,  let  us  undei'stand 
that  ABCO,  BGDO,  &c.  form  so  many  harmonic  systems  of  points ;  B  may 
be  then  called  a  harmonic  centre  of  AG,  A  and  G  opposites  to  B ;  also  we 
may  call  AB,  BG  harmonic  steps  of  the  succession,  so  that  by  multiplying 
a  line  AB  n  times,  or  making  AX  equal  to  n  times  AB,  we  are  constructing 
the  point  X  to  which  A  will  be  transferred  by  n  harmonic  steps,  of  which  AB 
is  the  first;  and  by  ji-secting  a  line  AX,  we  mean  finding  a  point  B  in 
it  such  that  a  succession  of  n  harmonic  steps,  commencing  with  AB,  will 
carry  A  to  X. 

In  all  this  there  is  of  course  nothing  new  :  these  principles  are  familiar  to 
all  geometers,  and  have  received  their  fullest  development  at  the  hands  of 
Professor  Cayley.  We  know  d  priori  that  the  descriptive  properties  included 
in  the  preceding  (or  similar)  constructions,  such,  for  example,  as  that  the  six 
cross-triangles  of  a  frustum  all  meet  in  a  point,  will  remain  true  when, 
adopting  a  fixed  plane  of  relation,  we  substitute  harmonic  centres  in  respect 
to  that  plane  in  lieu  of  arithmetical  centres^.     Or,  again,  we  may  affirm  that 

*  If  we  apree  to  denote  by  u,  6.  c;  a,  (9,  7,  the  plan  Py  bya  p  nic,  j9c«,  706  respectively, 
it  may  easily  be  shown  that  each  quaternary  eyst  m     f  plan  h  a,  fi;  b,  c,  p,  y;  c,  a,  y,  a 

pasees  through  a,  ningle  point;  ne  have  thuu  given  th  p  nt  which  deteimiue  a  plane;  the 
intecseetion  of  this  plane  with  the  line  a,b,c;a,py  a  t  i  centra  to  the  frustum,  and 
must  possess  properties  deserving  closer  investigat    n 

+  It  will  of  couise  be  understood  that  in  dealing  w  th  figur  1  ng  in  the  same  plane,  a  line 
o!  relation  (namely,  the  intersection  of  the  plane  of  lat  n  w  th  tb  plane  of  the  figures)  may 
be  substituted  instead  of  the  former  plane,  since  th  d  (  n  t  m  he  one  and  the  other  are  in 
an  invariable  ratio;  and  so  for  different  segments  a  ght  1  a  we  may  substitute  a  point  of 
relation  on  the  line  itself  instead  of  the  plane.  I  d  al  w  th  plane  of  relation  as  comprising 
implicitly  all  the  subordinate  cases ;  were  it  required  to  go  out  into  space  of  four  or  a  higher 
number  of  dimensions,  it  would  of  course  become  necessary  to  deal  with  hyper-planes  of  relation. 

J  Geometers  have  long  been  familiar  with  the  idea  of  the  pole  or  harmonic  centra  of  a  triangle 
in  respect  to  a  line  in  its  plane;  the  principles  now  about  to  be  developed  will  enable  ua  to  attach 
a  precise  signification  to  the  pole  or  harmonic  centre  of  every  geometrical  figure  of  any  form 
whatever. 
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the  lines  joining  the  harmonic  centres  of  the  opposite  edges  of  a  tetrahedron 
will  all  intersect  and  harmonically  bisect  each  other,  and  so  on.  But  what  is 
further  wanted,  and  what  I  will  proceed  to  supply,  is  a  firm  quantitative  basis 
to  this  enlarged  theory,  so  formed  as  that  we  shall  be  able  in  the  general  case 
to  follow  step  by  step  the  reasoning  used  in  the  common  theory  where  the 
plane  of  relation  goes  off  to  infinity,  and  to  assign  to  every  point  determined 
in  the  general  constructions  as  distinctive  a  character  as  it  possesses  in  the 
special  ones.  This  may  be  done  by  the  aid  of  very  elementary  considerations, 
which  I  proceed  to  unfold,  and  which  will  be  seen  at  once  to  bring  the 
general  or  perspective  theory  under  the  dominion  of  the  so-called  integral 
calculus  or  calculus  of  continuity. 

The  arithmetical  centre  of  two  points  A,  B  is  the  centre  of  gravity  of  two 
equal  atoms  at  A  and  B ;  let  us  then  so  assign  the  weights  of  the  atoms  A,  B 
in  the  general  case  as  to  make  their  centre  of  gravity  fall  on  the  harmonic 
centre :  this  may  evidently  be  done  by  considering  their  weights  as  propor- 
tional to  their  inverse  distances  from  the  plane  of  relation,  and  accordingly 
we  shall  understand  by  the  weight  of  an  atom  at  any  point  a  quantity  pro- 
portional to  its  inverse  distance  from  the  plane  of  relation.  But,  moreover, 
the  centre  of  gravity  of  the  homogeneous  line  AB  ought  to  fall  at  this  same 
point,  which  we  may  if  we  please  consider  as  an  inference  at  the  limit  from 
the  same  thing  being  true  for  eqwal  atoms  at  distances  dividing  the  Hoe  into 
any  even  number  of  equal  parts.  Hence  in  the  general  analogical  theory  we 
must  take  the  iniinitesimal  intervals  of  our  atoms  at  points  in  harmonic 
succession. 

Let  P,  Q,  R  be  any  three  such  points,  and  let  x,  x  +  dx,  x  +  2dx  +  d^x  be 
their  respective  distances  from  the  plane  of  relation;  and  let  q  be  the 
frequency  at  P,  that  is  a  quantity  proportional  to  the  number  of  atoms 
which  occur  in  a  given  infinitesimal  space  about  P;  then  evidently  qdx  is 
constant,  and  qd:'ic  +  dxdq  =  d ;  but  by  virtue  of  the  harmonic  relation 
between  P,  Q,  R,  we  have 

{x  +  2(fa  +  d'^x)  (dx)  =  x{dx  +  d^'x), 

or  xd'x  =  %idx)\  or    -^  =  2-, 

q  X 

that  is  q  varies  as  — ^ . 

Moreover  the   weight  of  each  atom  varies  as  -,  hence  the  density  of  any 

element  in  a  line  must  be  taken  to  vary  as  the  inverse  cube  of  its  distance 
from  the  plane  of  relation. 

Let  us  now  endeavour  to  obtain  the  law  of  density  for  any  element  of 
a  plane.     Let   0,  0'  be  any  two  points  in  the  line  in  which  the  plane  in 
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question  meets  the  plane  of  relation,  and  let  the  plane  be  divided  into  infini- 
tesimal elements  similar  to  PQSR  in  the  figure  by  pencils  whose  rajs  are  in 
harmonic  succession  proceeding  from  0  and  0';  then  one  atom  belongs  to 


every  such  element,  which  will  be  the  analogue  of  a  rectangular  element 
in  the  common  theory;  but  the  area  of  this  element,  as  eompareii  with  any 
similar  element,  say  P'Q'S'E'  in  the  infinite  sector  QOS,  varies  as 

OP.RS  +  OR.  PQ, 
where  PQ,  RS,  by  what  has  been  last  shown,  vary  as  the  square  of  the 
distance  of  the  element  from  the  plane  of  relation,  and  OP,  OR  vary  directly 
as  the  distance;  hence  the  frequency  of  the  atoms  at  any  element  in  either 
sector  will  vary  as  the  inverse  cube  of  its  distance  from  the  plane  of  relation, 
and  hence  this  will  be  the  law  of  frequency  for  elements  all  over  the  plane, 
and  is  irrespective  of  the  particular  positions  of  0,  0';  and  consequeutly,  the 
density  being  proportional  to  the  proiJuct  of  the  frequency  of  the  atoms  by 
their  atomic  weights,  the  law  of  density  is  that  it  varies  about  any  point 
as  the  inverse /owrtA  power  of  its  distance  from  the  plane  of  relation.  In  like 
manner,  by  taking  three  points  0,  0',  0"  in  the  plane  of  relation  and  dividing 
space  into  solid  elements  by  plane  bundles  passing  through  00',  00",  O'O" 
respectively,  it  may  be  prove<l  that  the  law  of  density  for  a  solid  figure  will 
be  that  it  varies  as  the  inverse  Jifth  power  of  the  distance  from  the  plane 
of  relation*. 

Atoms  whose  weights  vary  inversely  as  their  distances  from  the  plane  of 
relation  may  be  termed  like  atoms ;  lines,  areas,  and  solids  whose  elements 
vary  in  density  inversely  as  the  cubes,  fourth  powers  and  fifth  powers 
respectively,  may  be  termed  qualiform  figures,  or  tigures  of  qualiform, 
density,  the  terms  like  and  qualiform  being  adopted  as  the  closest  analogues 
to  equal  and  uniform.     It  now  becomes  true,  and  may  easily  be  verified,  that 

*  The  law  of  density  for  a,  solid  13  the  inverse  filtli  power,  for  an  area  the  inverse  fouith 
power,  and  for  a  line  tlie  inverse  third  power.  Hare  we  must  stop,  for  a  point  is  that  which  has 
no  parts  :  we  can  speak  of  the  law  of  atomic  weiglita  at  a  point,  but  not  of  deDsity,  for  the  latter 
implies  the  esiatenee  of  cievients  which  are  waotinK  to  '1"^  point.  In  a  hyper- on tological  sense 
there  would  be  no  objection  to  sayinu  tliat  for  an  element  uf  a  point  the  law  of  densilj  in  thia 
theory  is  as  the  inverse  square,  always  remembering  that  no  such  element  esists. 
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the  centres  of  gravity  of  a  qualiform  finite  line,  triangle,  and  tetrahedron  are 
respectively  identical  with  the  centres  of  gravity  of  like  atoms  placed  at  their 
apices*;  and  so  every  known  or  discoverable  theorem  whatever  relating 
to  the  centre  of  gravity  of  uniform  figures  bounded  by  right  lines  or  planes 
becomes  immediately  transferable  to  that  of  qualiform  figures  of  the  same 
kind.  Thus,  to  take  a  most  simple  example,  since  the  centre  of  gravity  of  a 
parallelogram  is  at  the  intersection  of  its  diagonals,  it  must  be  and  is  true 
that  the  centre  of  gravity  of  a  quadrilateral  whose  density  at  any  point  varies 
as  the  inverse  fourth  power  at  that  point  from  the  line  joining  the  inter- 
sections of  its  two  pairs  of  opposite  sides,  will  also  be  at  the  intersection 
of  the  diagonals  of  that  figure.  I  am  informed  by  Professor  Cayley  that 
a  somewhat  analogous  consideration  of  altered  density  has  been  employed  by 
our  eminent  friend  Professor  William  Thomson  in  his  theory  of  images,  in 
reference  to  the  distribution  of  electricity,  given  in  Lioumlle's  Journal. 

*  As  regards  the  finite  line,  these  results  may  be  very  easily  verified  by  the  integral  ealeulua. 
For  the  triangle,  it  may  be  made  to  depend  on  the  preceding  case  b;v  drawing  from  the  point 
where  the  direction  of  any  side  intersects  the  plane  of  relation,  rays  dividing  the  triangle  into 
infinitesimal  portions ;  the  centre  of  gravity  of  every  one  such  portion  will  easily  be  seen  to  he  in 
the  right  line  joining  the  harmonic  centre  of  the  intersecting  side  with  the  opposite  angle  ;  and 
an  analogous  method  applies  to  the  tetrahedron. 

3  anaiytically.     Thus,  for  esample,  foe  a  c[ualifonn 


triangle  whose  apices  are  distant  ft,  t,  Z  from  the  opposite  sideB,  and  - ,  3 1  -  from  the  plane  of 
relation,  tJie  distances  of  the  centre  of  gravily  from  the  reepeotive  sides  will  be 

ha  k^ ly 

0  +  ^  +  7'      tu+~^  +  y'     a  +  j^  +  v' 
The  masses,  say  M,  of  a  iiuaJJfonn  line,  triangle,  or  tetrahedron,  using  a,  ;3 ;  a,  j3,  7 ;  a,  ^,  7,  d 
for  the  inverse  distances  of  the  apices  from  the  plane  of  relation,  and  V  for  the  length,  area,  or 
volume,  in  the  three  oases  respectively  become  espressible  under  the  very  noticeable  forma 

•-^^V.      --ttoc^F,      '-±l±l±h„y,V. 

their  momenta  in  respect  to  the  plane  of  relation  being  respectively 

a^V,  a^r,  a^ySV; 
so  that  the  mean  density  ~  is  in  each  case  a  simple  symmetric  function  of  the  atomic  weights  of 
the  apices  (it  being  of  course  understood  that  the  absolute  atomic  weight  and  frequency  are  each 
taken  as  unity).  As  the  same  figure  may  be  variously  partitioned,  and  the  sum  of  the  component 
areas  and  of  their  moments  is  unaffected  by  the  mode  of  partition,  the  preceding  formulce 
obviously  give  rise  to,  or  imply  the  esistence  of,  a  class  of  purely  geometrical  theorems  relating 
to  systems  of  points.  It  may  be  here  observed  that  the  moment  of  a  qualiform  figure  in  respect 
to  its  plane  ef  relation  represents  the  size,  bo  to  say,  of  (that  is,  the  number  of  atoms  contained 
in)  the  single  molecule  which,  placed  at  the  centre  of  gravity,  will  be  the  statical  equivalent 
of  such  figure;   for  if  n  be  this  number,  and  d  the  distance  of  the  centre  from  the  plane  of 

relation,  and  10  the  weight  of  the  figure,  since  the  atomic  weight  is  -;  ,  we  must  have  j^i",  or 

II  =  dw  =  moment  of  u>  in  respect  to  the  plane  of  relation. 
So  in  lite  manner,  wherever  the  plane  of  relation  is  situated,  two  molecules  A  and  B,  placed  at 
ifio  points,  will  be  equivalent  to  the  molecule  A  +  B  placed  at  their  centre  of  gravity. 
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It  is  an  easy  inference*  from  what  has  been  established  concerning  the 
law  of  frequency,  that  if  in  the  perspective  of  any  plane  figure,  by  tinting  or 
relief,  we  express  the  degree  of  crowding  of  any  element,  and  proportion  the 
tint  or  elevation  to  the  inverse  cube  of  its  distance  from  the  vanishing  line, 
then  any  portion  of  the  picture  will  accurately  represent  (and  indeed  if 
we  wse  relief,  the  volume  or  weight  of  such  portion  will  be  strictly  propor- 
tional to)  the  area  (or  its  weight)  of  the  corresponding  part  in  the  object 
plane.  Supposing  different  object  planes  to  be  represented  in  perspective  on 
the  same  picture  plane,  with  liberty  for  the  position  of  the  eye  to  vary,  it 
may  be  shown  without  difficultyf  that  if  the  absolute  intensity  of  tint  or 
relief  for  any  object  plane  varies  as  the  square  of  the  distance  of  its  trace 
upon  the  picture  plane  from  its  vanishing  line,  and  as  the  first  power  of  the 
distance  of  the  eye  from  the  same  line,  the  ratio  between  corresponding 
portions  of  object  and  picture  will  bo  alike  for  every  plane. 

In  the  corresponding  problem  for  right  lines,  the  relief  or  tint  of  any 
element  in  the  perspective  of  a  given  right  line  must  vary  as  the  inverse 
square  of  the  distance  from  the  vanishing  point,  and  the  abaohite  intensity 
for  different  lines  must  vary  as  the  product  of  the  distance  between  the  trace 
and  the  vanishing  point  into  the  distance  of  the  eye  from  that  point.  In 
harycentric  perspective  we  have  seen  the  further  consideration  of  atomic 
weight  enters,  so  that  the  density  follows  the  law  of  the  inverse  fourth  and 
third  powers  for  planes  and  lines  respectively,  instead  of  third  and  second 
powers  as  in  geometrical  perspective;  in  fact  in  the  geometrical  theory  the 
quantities  visibly  represented  correspond    to   the  inoinenis\   in   respect   to 

*  It  may  here  also  incidentally  be  noticed  that  the  araa  of  the  primitive  of  any  perspeotive 
projection  of  a  figure  in  a  given  plane  is  proportional  to  the  attraction  exercised  apon  it  by  the 
object  plane  indefinitely  eitended,  the  force  of  attraction  between  any  two  elements  being 
supposed  to  vary  inversely  as  the  fifth  power  of  the  distance. 

t  For  if  we  take  T  the  trace  of  an  object  line,  V  its  vanishing  point,  and  through  O  (the  eye) 
draw  OPp  meeting  TF  in  P  and  the  object  line  in  p,  Tp  the  ^uftntityof  TP  =  -y  ,  so  that 
li.  =  TVjj^PV=TV.OV;  and  again,  if  trC  ba  the  trace  of  an  object  plane,  F  the  foot  of  the  per- 
pendicular from  0  on  the  vanishing  line  VT  perpendicular  to  tTt',  P  a  point  in  VT,  and  p  the 
point  where  OP  meeta  the  object  plane,  we  have  tpt'  (the  quantity  of  tPt']  =  ii  ,  or 

j.^   PV=TV^    'El,. 
tPf  TP   ' 


l^  =  TVK-gp.PV=TV'^.^.PV^TVKOV. 


The  preceding  calculations  assume  the  expressions  /laft  ita^y  applicable  to  a  linear  and  triangular 
space,  given  in  a  preceding  footnote. 

J  And  consequently  if,  in  the  pictorial  representation  of  any  plane  surface,  there  is  taken  a 
triar^^ular  patch  of  given  area,  the  quantity  in  the  object  corresponding  thereto  will  vary  inversely 
as  the  product  of  the  distances  of  the  three  angles  of  the  patch  from  the  vanishing  line,— a  pro- 
position in  perspective  which  I  imagine  to  be  new,  and  at  all  events  is  certainly  little  known. 
This  may  be  applied  to  determine  instantaneously  the  area  of  an  ellipse  of  which  the  perspective 
projection  is  a  circle  of  radius  r,  and  whose  centre  is  at  the  distance  h  from  the  vanishing  line. 
Writing  /i.  equal  to  the  distance  of  the  vanishing  line  from  the  eye,  multiplied  by  the  square  of  its 
S.  II.  23 
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the  vanishing  line  of  the  quantities  visibly  represented  in  the  liaiycentric 
theory  *. 

I  have  termed  this  a  theory  of  barycentric  perspective,  because  it  includes 
a  method  whereby  the  centre  of  gravity  of  a  plane  figure  is  retained  in 
perspective  with  the  centre  of  gravity  of  its  projection  ;  by  what  has  pre- 

distaiice  from  tlie  trace  of  the  ellipse  upon  the  plane  of  the  circle,  the  ai^ea  of  the  ellipse  (regarded 
a,a  made  up  oi  inSniteeimal  seotorB  with  the  centre  of  the  projection  for  their  common  vertes) 
hecomes 

so  that  the  area  ot  anj  elhpse  in  a  gixeri  plane,  the  perapective  representation  of  which  ellipse  is 
a  eirole,  will  vary  directly  as  the  area  of  the  oirele,  and  inveraely  as  the  cube  of  the  tangent 
drawn  to  meet  it  from  the  orthogonal  projection  of  its  centre  on  the  vanishing  line.  More 
generally,  if  the  figure  in  the  plane  of  projection  he  an  ellipse  with  semiases  a.  b,  eccentricity  e, 
inclination  of  minor  axis  to  vanishing  line  a,  and  distance  of  one  of  its  foci  from  that  line  ft, 
then  calling  V  the  area  of  the  primitive  and  /i,  the  absolute  ratio  between  a  primitive  element  and 
its  projection,  we  shall  have 


^=2^/0' 


,  where  r . 


'■(ft-rsiue)^'' 

This  integration  may  be  performed  with  extreme  faciOty,  and  gives 
V=  iLirab  [?!=  +  2hea  oos  a  -  a=  (1  -  e^j] '  S , 

aay  ^j  iraft, 

where  to  find  D  we  rnaj  use  the  following  oonatraction ; — Draai  a  circle  in  the  plane  of,  and 
concentTie  tuith,  the  projection,  and  sueft  thai  a  commim  tangetii  to  the  tieo  shall  be  parallel  to  the 
vaniahing  line,  and  from  the  foot  of  the  perpendicular  upon  that  iinefroia  the  centre  draJB  a  tangent 
to  the  circle,  the  length  of  the  tangent  to  drawn  icill  be  D;  so  that  the  area  of  any  ellipse  will  be 
to  the  area  of  its  perspective  projection  as  the  product  of  the  square  of  the  distance  of  the  trace 
into  that  of  the  eye  from  the  vanishing  line  is  to  the  cube  of  the  tangent  just  described,— a  very 
remarkable  proposition  in  perapective,  if  new.  By  varying  the  origin  of  oar  polar  ooordinatea,  as 
by  taking  it,  for  instance,  at  the  centre  of  the  projection  or  any  other  point,  we  may  obtain  a  new 
class  of  definite  integrals  of  known  values,  and  which  it  might  l>e  exceedingly  difficult  to  determine 
by  any  direct  method.  It  may  be  added  that  all  ellipses  in  the  same  plane  will  bear  a  constant 
ratio  to  their  projections  if  these  latter  have  a  ooinraon  tangent  parallel  to  the  vanishing  line,  and 
their  centres  be  in  another  line  also  parallel  to  the  same. 

*  The  above  statements,  combined  with  the  varying  \nvio!  frequency,  amount  to  the  following 
propositions  in  perspective:— 

1.  If  O  be  a  linear  element,  P  its  perspective  representation,  II,  h  the  distances  of  the  eye 
and  P  from  the  line  of  0,  and  d  of  the  eye  from  the  line  of  P,  then 

0:P::dH:{H-h)\ 

2.  If  O  be  a  plane  element,  P  its  perapective,  H,  h  the  distances  of  the  eye  and  P  from  the 
plane  of  0,  and  d  the  distance  of  the  eye  from  the  plane  of  P,  then 

0  :  P : :  dip :  {H  -  h)'. 
These  formulse  would  become  necessary  in  applying  (as  might  be  done  perhaps  advantageously) 
in  some  cases  the  integral  calculus  to  the  quantification  of  curved  lines  and  surfaces  by  a  perspec- 
tive method  more  general  than  the  one  in  ordinary  use,  which  is  essentially  a  method  of  orthogonal 
projection. 
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ceded,  it  appears  that  this  may  be  effected  by  regarding  its  projection,  not  as 
of  uniform  density,  but  of  a  deosity  following  the  law  of  the  inverse  cube  of 
the  distance.  From  this  it  follows  that  the  distance  of  the  perspective 
position  in  the  picture  of  the  centre  of  gravity  of  the  primitive  from  the 
vanishing  line  becomes  immediately  known  by  a  process  of  differentiation 
when  the  area  of  the  primitive  is  expressed  as  a  function  of  the  distance 
of  any  arbitrarily  fixed  point  in  the  plane  of  projection  from  the  vanishing 
line.  For  if  this  area,  which  is  the  moment  of  the  qualiform  projection 
in  respect  to  the  vanishing  line,  be  called  M,  and  the  mass  of  the  same  be 
termed  Q,  and  if  h,  d  be  the  distances  of  the  origin  and  of  the  centre  of 

M 
gravity  from  the  vanishing  line,  we  have  d=  jr ,  where 


'/: 


"C 


(A  —  r  sin  0fh ' 

^d0  ,  _^^_ 

sin  ^     h  —  r  sin  0     hj 
IdM 
3  dk  ' 


1      r^  rM0  / 1_ 


"--dM- 

dk 

Thus,  for  example,  if  we  wish  to  find  the  perspective  position  of  the 

centre  of  gravity  of  the  primitive  of  a  given  elliptic  projection,  we  have  found 

in  a  preceding  footnote, 

M  ='ij,{h'  +  ^hae  cos  a  +  a'e^  —  a.')~l ; 

,     k^  +  2kae  cos  $  +  a'e^  —  a^ 

hence  d  = ;— -— — —  ; 

h  +  (W  cos  a 

or,  calling  R  the  radius  of  the  circle  concentric  with  the  given  projection,  and 

having  with  it  a  common  tangent  parallel  to  the  vanishing  line,  and  H  the 

distance  of  the  centre  of  this  circle  from  that  line,  d  = ^f —  >  ^n  equation 

the  geometrical  interpretation  whereof  is  readily  obtained. 

More  generally,  if  we  take  a:  cos  a  +  y8ina  —  h  =  0  as  the  equation  to  the 
vanishing  line,  using,  as  before,  M  to  denote  the  moment  of  the  qualiform 
projection  in  respect  to  that  line  (well  worthy  in  this  theory  of  being  termed 
the  principal  moment)j  or,  which  is  the  same  thing,  the  area  of  the  primitive, 
and  take  M^  for  the  moment  of  the  same  in  respect  to  the  axis  of  y,  we 
shall  have 

dtedy 


'=//(. 
*=//.-. 


f  jf  sin  a  —  ky ' 
dxdyx 
a  +  2/sina-/0'' 


yGoosle 
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from  which  it  is  easy  to  deduce 

M^  =  cofi a  (m +lh^^M]+l sin  a4M: 
\         S    dh     J      3  rfd      ' 

M 
and  consequently  -J  -  h  cos  a,  which  is  the  distance  of  the  perspective  of  the 

centre  of  gravity  of  the  primitive  in  the  direction  of  x  from  the  foot  of  the 
perpendicular  from  the  assumed  origin  upon  the  vanishing  line,  will  be 

,,       .       dM 


dM 
dh 

And  thus  we  are  led  to  the  remarkable  proposition,  that  when  we  know  the 
area  of  the  primitive  in  terms  of  the  parameters  of  its  vanishing  line,  we 
can  completely  determine  the  perspective  position  of  its  centre  of  gravity  by- 
means  of  processes  of  differentiation  only ;  so  that  a  method  closely  akin  to- 
(if  not  identical  with)  that  of  potentials  in  the  theory  of  attraction  has  a, 
necessary  place  also  in  the  theory  of  perspective. 

If,  as  is  most  convenient,  we  fix  the  perspective  of  the  centre  of  gravity  of 
the  object  figure  by  its  distance  from  the  vanishing  line  and  its  distance  from 
the  fine  through  the  origin  pei-pendicular  to  the  vanishing  line,  we  see,  by 
making  a  successively  zero  and  ^w  in  the  above  formula,  that  these  distances 

—  M 
are  — —  and  -^ —  respectively*.     Analogous  results  may  be  obtained  for 

"      ,17-  <*      !\T 


dk 


■se,  we  have  found  in  a  preceding  footnote, 
3M        h^  +  2(ah  cos  a.  +  a^e--a' 


(IM     k  +  cacasa 

'dli 
where  y  and  x  are  the  coordinates  of  the  point  referred  to  in  the  test,  if  we  take  the  vanishing 
line  and  a  line  perpeniJioular  thereto  horn  the  focus  for  the  ases  of  x  and  y.    Consequently,  if 
we  remove  the  oiigin  of  coordinates  to  the  centre  of  the  ellipse,  preserving  the  directions  of  the 
flsea,.and  call  x',  y'  the  new  coordinates,  we  shall  have 
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solicl  figures,  substituting  the  more  general  notion  of  homography  for  that  of 
perspective,  as  will  more  fully  appear  in  the  sequel. 

Remembering  that  M  is  the  area  of  the  primitive  plane  object,  it  seems 
to  result  aa  an  indirect  inference  from  the  preceding  theory,  that  whenever 
we  can  determine  the  area  of  an  oval  section  (whether  the  bounding  curve  be 
the  whole  or  a  part  of  tbe  curve  of  section)  of  an  algebraical  cone,  then  we 
can  determine  the  position  of  the  centre  of  gravity  of  that  oval  in  its  own 
plane  by  processes  of  differentiation  ;'only ;  and,  mutatis  inutandis,  the  same 
conclusion  will  admit  of  extension  to  solids  bounded  by  algebraical  surfaces; 
so  that  I)  dxdy  or  \\\dwdydz  being  given,  subject  to  certain  conditions 
of  limit,  jj{ax  +  bi/)dxdy,   jji  (ax +b)/ +  cs)dxdydz,   subject   to   the   same 

conditions,  become  known  by  algebraical  and  differentiation  processes  only, 
and  so  obviously  for  any  number  of  variables*. 

which  may  easily  be  shown  to  he  the  equation  to  the  diameter  drawn  to  the  point  of  the  ellipee  where 
the  tangent  is  pamllel  to  the  vanishing  line;  and  consequently  the  perspective  of  the  centre  of 
gravity  of  the  original  lies  in  this  diameter,  ae  evidently  it  ought  to  do,  since  every  infinitesimal 
slice  of  the  gualiforni  area  contained  between  parallels  to  the  vanishing  line  ifi  of  uniform  density 
throughout,  and  is  bisected  by  the  diaimeter  conjugate  to  the  direction  of  that  line. 

•  The  inference  made  haaitatingly  in  the  teit,  upon  further  reftection  appears  to  me  perfectly, 
clear,  and  will  became  so,  I  think,  to  the  reader  with  the  aid  of  a  few  words  of  eiplanation. 

Let  Q  be  a  closed  curve  of  the  kind  supposed  lying  in  a  plane  which  will  he  treated  as  a 
constant  plane  of  pvojeotion ;  and  for  greater  simplicity,  and  in  order  to  steady  the  ideas,  imagine 
that  the  vanishing  plane  (meaning  thereby  tbe  plane  passing  through  the  eye  and  tlie  vanishing 
line),  and  the  plane  of  the  object  to  be  put  in  perspective,  are  retained  at  a  constant  diatanea  from 
each  other  and  always  perpendicular  to  the  picture  plane,  and  also  that  the  height  of  the  eye 
above  the  vanishiag  line  is  invariable.  Take  any  fixed  line  and  point- in  the  picture  Q,  and  deter- 
mine  the  equation  to  the  curve  boundary  of  its  primitive  0.  corresponding  to  a  given  distance  h 
between  the  fixed  point  and  the  variable  vanishing  line  and  to  a  given  angle  of  inclination  a 
between  the  fixed  line  and  this  variable  line.  Then  by  hypothesis  the  area  of  O,  say  M,  is  known 
in  terms  of  its  eoefdoientB,  which  will  be  known  functions  of  a  and  h;  hence  —  aud  -rj-  are 
known,  and  consequently  the  position  of  the  perspective  of  the  centre  of  gravity  of  0  on  the 
picture  ia  known ;  and  from  this  the  position  of  that  centre  in  its  own  plane  can  be  constructed, 
and  therefore  will  have  been  found  by  aid  of  algebraical  and  diSerentiation  proeeBses  only,  as  was 

The  above  explanation  may  be  made  still  more  distinct  it  we  suppose  that  we  begin  with  an 
object  fl  (the  curve  for  which  is  expressed  by  an  equation  in  its  most  general  form),  wherein  we 
have,  say,  a  =  0  and  h  —  1;  that  from  this  we  deduce  the  equation  of  Pin  the  preceding  investiga- 
tion,  and  from  F  pass  to  0  as  before ;  then,  having  found  the  coordinates  of  the  perspective  of 
the  centre  of  gravity  of  O  as  functions  of  ft  and  a,  maken  =  0,  ft=I,  and  pass  back  to  the  coordi- 
nates of  the  centre  of  gravity  in  il,  of  which  the  centre  of  gravity  last  named  then  becomes  the 
perspective. 
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NOTE    ON    A    THEOREM    OF    THE    INTEGRAL    CALCULUS. 

[Pkilosophical  Magazine,  xxvi,  (1863),  pp.  293,  294.] 

I  PROPOSE  briefly  to  lay  before  the  mathematical  readers  of  the  Magazine 
a  wide  generalization,  and  at  the  same  time  a  more  precise  statement,  of  the 
theorem  contained  at  the  close  of  my  paper  in  the  last  Number.  The 
theorem,  as  therein  enunciated,  was  drawn  from  geometrical  considerations, 
it  having  first  manifested  itself  dimly  to  the  author  by  a  sort  of  indirect 
reflection  from  a  metrical  theory  of  perspective.  I  have  since  obtained  a 
very  easy  proof  of  it  in  its  extended  form,  which  in  spirit  amounts  to  a  free 
algebraical  paraphrase  of  the  method  indicated  in  the  final  footnote  of  the 
paper  in  question.  The  ultimate  form  of  the  perfected  theorem  is  particularly 
interesting  from  its  simplicity  of  application,  and  from  its  ^connexion  with  the 
grand  and  growing  theory  of  invariants.  The  pi'oof  of  it  will  appear  in  its 
proper  place  in  the  continuation  of  the  paper  in  which,  in  its  incipient  state, 
it  firet  came  to  light*. 

Theorem. — Let  a  figure,  whether  plane,  solid,  or  hyperspatial,  be  supposed 
to  be  limited  by  a  locus  or  loci  defined  by  one  or  more  algebraical  equations, 
not  necessarily  the  most  general  of  their  respective  degrees,  but  each  at  least 
the  most  general  of  its  degree  and  kindf,  and  let  the  density  at  any  point  of 
the  figure  be  any  homogeneous  function  of  the  coordinates,  and  let  the  mass 
of  such  figure  be  supposed  to  be  known  in  terms  of  the  constants  which  enter 
into  the  defining  equations ;  next  let  the  density  at  each  point  of  the  mass 
be  multiplied  by  a  new  factor,  which  may  be  any  rational  integral  homogeneous 
function  of  the  coordinates.     Then  the  theorem  affirms  that  the  expression 

*  Strange  oradle  this  for  the  inception  of  a,  quasi-invariantive  theory  of  iutegration, 
"  A  geometrioal  ooiiBtraotion  of  the  centre  of  gravity  of  a  truncated  pyramid  "  I  Oft  la  v^iit^ 
va-t-elle  ae  nieber  ? 

f  By  kind  I  mean  desoriptive  character,  that  is  such  charaeter  as  is  not  affected  by  perspective 
or  horoographical  deformation.  Thus,  for  example,  the  ease  of  a  cone  maybe  treated  apart  from 
the  more  general  case  of  a  surface  of  the  seeoud  degree.  So,  again,  a  curve  of  the  third  degree 
'with  a  multiple  point,  or  having  one  or  both  of  its  fundamental  invariants  zero,  may  be  treated 
apart  from  the  case  of  a  general  cubic  curve. 
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for  the  new  mass  may  be  obtained  by  operating  upon  the  expression  for  the 
original  one  witb  differential  operators  precisely  identical  with  combinations 
of  certain  of  those  which  serve  to  define  an  invariant  of  the  given  system  of 
equations,  and  which  will  be  found  set  forth  in  my  paper  "  On  the  Calculus 
of  Forma,"  in*  the  Cambridge  and  Dublin  Mathematical  Journal'^.  Thus, 
for  example,  by  means  of  the  known  expressions  for  the  area  or  content  of  a 
triangle,  ellipse,  pyramid,  ellipsoid,  or  cone,  this  theorem  enables  us  by 
differentiation  and  algebraical  processes  alone  to  obtain  the  parameters 
which  define  the  centres  of  gravity,  moments  of  inertia,  principal  axes,  &;c., 
of  euch  figures. 

I  must  add  an  important  observation,  namely,  that  the  theorem  remains 
true  when  one  of  the  defining  equations  (supposing  there  to  be  more  than  one), 
instead  of  being  the  moat  general  of  a  certain  degree  and  kind,  is  affected 
with  arbitrary  numerical  coefficients  (zeros  or  others),  provided  only  that  it 
be  homogeneous  in  the  variables.  Again,  the  theorem  continues  to  hold  when 
the  original  density,  instead  of  being  a  homogeneous  function  of  the  variables, 
is  such  function  multiplied  by  any  Covariant  of  the  defining  equations  taken 
separately  or  in  groups — using  the  word  covariant  in  its  moat  extended  sense, 
so  as  to  comprehend  fractional  and  irrational  aa  well  as  integral  forms, — the 
only  effect  of  the  introduction  of  such  new  factor  into  the  density  being  to 
modify  the  form  of  the  differential  operators.  There  are  certain  very  special 
eases,  to  which  it  is  not  necessary  to  allude  here  in  detail,  in  which  the 
theorem  becomes  illusory :  such  will  be  the  case,  for  example,  for  a  plane  area 
when  the  given  density  is  a  homogeneous  function  in  the  variables  of  the 
negative  degree  3,  and  for  a  solid  content  when  that  density  is  of  the  negative 
degree  4]:. 

[V  1  m    I      i  fh     H  p      t    p    366  ] 

tThptldfi        talqt  fm  t     cova^ants,  and  coDtravariaiite  will  be 

f  imd  th  t  t  a.  wjth    b    1  t    g      ral  ty  f  mber  of  fanotioas  and  any  number  ot 

bl         DA      h  Id         tb    1a.t  K  mb        i  C    II      Journal,  states  erroneouxlj  tbat  these 

qtiwg         fajmfb  ft  iyd  aubsequently  generalized  by  Cayley 

i  Clb»  h 

A     m  1     m  tb  cl    pp]  ed  t  (  -f    es,  &o.)  gh       '     t         '        th       m 

Th      I  Sad  thtthm         fil  fftdtla  density  va  j    «    t       h  p      t       th 

qrefth         ujfth         It         fth  t       fixed  line,  is  a  diff        t   1  d         t         f 

the  length  of  the  cut^e.     So,  a„ain,  the  moment  of  ineitia  of  a  cu  ^     t  t        y 

perpendicular  to  ita  plane,  is  a  differential  derivative  of  its  momeat  1     '  '      "      b  t    ry 

line  in  its  place. 
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THEOBEME     SUR     LA     LIMITE     DU    NOMBRE     DES     RACINES 
RfiELLES  D'UNE  CLASSE  D'fiQUATIONS  ALGEBRIQTJES. 

[Comptes  Rendtis  de  VAcademie  des  Sciences,  LViil.  (1864),  pp.  494,  495.] 


SoiENT   Wi,  Mj Un   des   fonctions    lineaires   d'une   seule   variable,   a 

coefficients  reels,  et  supposons  qu'on  ait  I'^quation 

X,«,'^  +  \,u^^  +...  +  X„Ji„''  =  0 ; 
il  est  Evident  que  si  tous  les  coefficients  Xi,  X^,  ...,  Xn  portent  les  raSmes 
signes,  le  nombre  des  racines  reelles  est  nul. 

En  general,  supposons  que  le  nombre  des  signes  de  m4me  nom  soit  r, 
et  de  nom  oppose  soit  s.  Si  r  eat  egal  ou  moindre  de  s,  on  peufc  parler 
de  r  comme  4tant  le  nombre  infi^rieur  des  signes  semblables  de  la  serie 
Xi,  Xj,  ...,  X„;  et  alors  on  pent  affirmer  que  ie  nombre  des  racines  reelles 
dans  r^quation  donnee  ne  peut  jamais  exc^der  le  double  du  nombre 
inf^rieur  de  signes  semblables  dans  ses  coefficients  X. 

Je  crois  que  cette  proposition  est  nouvelle,  mais  elle  n'est  qu'une 
consequence  tr^s-particuliere  du  th^orfeme  plus  specifique  que  voiei : 

Soient  d,  c^,  ...,  c„  une  s^rie  croissante  ou  d&roissante  composee  avec 
des  quantites  reelles,  et  soit  donnee  I'^quation 

Xi  ((C  +  cO™  +  X,  (ic  +  c,)™  +  . . .  +  X„  {x  +  c„)™  =  0. 
Formons  la  suite  Xi,  X^,  ■..,  X„_i,  Xu,  (— l)"'Xii  je  dia  que  le  nombre  des 
racines  reelles  dans  I'^quation  donnee  ne  peut  pas  exceder  le  nombre  de 
variations  de  signe  dans  cette  suite,  et  comme  coroUaire  on  d<^duit  ais^ment 
que  ce  nombre  dans  tous  les  cas  ne  peut  pas  exceder  le  double  du  nombre 
iuKrieur  de  signes  semblables  quand  m,  est  pair,  ni  ce  double  augmente  de 
I'unit^  quaod  m  est  impair. 

II  est  bon  de  remarquer  que  le  maximum  specifique  du  nombre  des 
racines  i-eelles  donn^  par  la  suite  determinie  X,,  Xg,  ...,  X„,  (— l)™Xi  ne 
change  pas  quand  on  transforme  I'^quation  donnee  en  effect uant  une 
substitution  homographique  r^elle  quelconque  sur  la  variable  a;,  de  sorte 
qu'on  peut  dire  que  chaque  maximum  spAcifique  est  un  nombre  jouant  le 
r61e  ^'invariant,  ce  qui  n'a  pas  lieu  quand  on  se  sert  de  la  m^thode 
ordinaire  pour  limiter  le  nombre  des  racines  reelles  de  fx  =  0,  en  consid^rant 
le  nombre  des  racines  iraaginaires  de  fx  —  0. 
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sur  une  extension  de  la  thfiobie  des 
Equations  alg^ibeiques. 

\Gomptes  Bendus  de  VAcadimie  des  Sciences,  Lvni.  (1864),  pp.  689—691.] 

QuELQUES  recherches  que  j'ai  faites  tout  r^cemment  sur  la  rfegle  donn^e 
sans  demonstration  par  Newton  dans  V Ariikmetica  universalis  (voir  ie 
chapitre  Be  resolutions  cequationum),  pour  trouver  une  limits  inf^rieure  au 
nombi-e  de  racines  imaginaires  d'une  ^uation,  m'ont  conduit  forc^ment 
h.  reconnaitre  I'esistence  d'un  nouveau  et  fcres-int^ressant  genre  d'equations 
alg^briques  qui  ont  exactement  le  meme  degre  de  g^n^ralit^  que  lea 
Equations  ordinaires  et  jouissent  de  proprietes  parfattement  analogues  k 
celles  de  ces  demieres. 

Oe  sent  les  Equations  pour  lesquelles,  en  partant  des  deux  extr&nit^s 
de  la  fonction  ^gal^e  h.  z6ro,  les  coefficients  se  composent,  deux  a  deux, 
de  quantity  conjugu^es  de  la  forme 

\  +  ifi,     \  —  ifj. 
respect ivement,  sauf  (pour  les  Equations  de  degre  pair)  le  coefficient  central 
qui  reste  seul  et  n^cessairement  r^el, 

Une  telle  Equation  peut  se  mettre  sous  la  forme 

et,  en   supposant   que   tout   facteur   alg^brique  commun  a   U  Gt  Y  &  ^te 

pr^alablement   chass^,   elle   peut   fitre    nommee  equation    conjiigu^e.     Les 

Equations  conjuguees  ainsi  d^fiiiies  ne  peuvent  contenir  ni  racines  r^elles 
ni  paires  de  racines  imaginaires  de  la  forme 

mais  n^anmoins  leurs  racines,  comme  celles  des  Equations  ordinaires,  se 
diviseront  en  deux  classes,  c'est-a-dire  classe  de  racines  solitaires  et  classe 
de  racines  associ^es.  Ces  deux  classes  seront  chacuue  du  m^me  ordre  de 
g^n^ralit^.     Les  racines  solitaires  seront  quantit^s  complexes  avec  I'unit^ 
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pour  module,  c'est-4-dire  de  Ja  forme  e^;  les  racines  associ^es  seront 
quantity  complexes  dont  le  rapport  est  reel  et  les  modules  r^ciproques, 
c'est-^-dire  de  la  forme 


II  va  sans  dire  que  les  racines  solitaires  sont  les  analogues  aux  racines 
r^elles,  et  que  les  racines  associ^es  sont  les  analogues  aux  racines  imaginaires 
des  Equations  ordinaires.  Dans  une  forme  conjugu^e  du  degre  n,  comme 
dans  une  forme  ordinaire  du  m^me  degr^,  le  nombre  de  paramfetres  sera 
6videmment  n  +  1.  Tous  leurs  -invariants  (sauf  le  facteur  i  pour  quel- 
ques-uns)  seront  reels,  et  toutes  leurs  formes,  invariants  des  d^riv^es, 
covariants,  centre -variants,  etc.,  seront,  elles  aussi,  des  formes  conjuguees. 

Les  theor^mes  et  les  propri^t^s  fondamentales  des  Equations  ordinaires 
se  reproduisent  (sans  exception)  sous  une  forme  con v enablement  modifife 
dans  la  tli^orie  des  Equations  conjuguees;  je  cite  comme  exemples  la  regie 
pour  connattre  si  le  nombre  des  racines  r^elles  renfermdes  entre  deux 
quantit^s  reelles  est  pair  ou  impair,  la  liaison  de  position  entre  les  racines 
r^elles  des  Equations  et  celles  de  leurs  d^riv^es  diff^rentielles,  les  theoremes 
pour  reconnaitre  le  nombre  ou  une  liniite  au  nombre  des  racines  reelles, 
et  en  particulier  la  rfegle  de  Sturm  et  la  rfegle  merveilleuse  et  jusqu' 
aujourd'hui  non  d^montr^e  de  Newton.  Je  dois  ajouter  comme  auxiliaire 
k  ce  genre  de  recherches  un  th^orfeme  qui  donne  une  loi  d'inertie  pour 
les  formes  quadratiques  (k  un  nombre  quelconque  de  variables)  assujetties 
a  subir  des  substitutions  qui  peuvent  §tre  qualifi^es  comme  ^tant  substi- 
tutions conjuguees  au  lieu  de  reelles. 

II  n'est  pas  sans  int^rSt  de  faire  remarquer  que,  de  m^me  que  les  racines 
des  Equations  ordinaires  peuvent  fetre  representees  geometriquement  au 
moyen  de  points  solitaires  situfe  sur  une  ligne  droite,  et  par  des  points 
associes  en  couples  qui  ae  trouvent  deux  a  deux  et  a  distances  4gales  sur 
les  deux  c6t^s  de  cette  Hgne,  de  sorte  que  ces  derniers  points  constituent, 
pour  ainsi  dire,  des  images  optiques  les  uns  aux  autres  par  rapport  k  la 
ligne,  de  mgme  les  racines  geometriquement  representees  des  Equations 
conjuguees  se  divisent  en  des  points  simples  situ^s  sur  ia  circonference 
d'un  cercle  dont  le  rayon  est  I'unit^,  et  des  points  qui  se  trouvent  deux 
a  deux  a  des  distances  reciproques  du  centre  sur  les  memos  rayons,  et  qui 
constituent  ainsi,  pour  me  servir  du  iangage  de  M.  William  Thomson,  des 
images  ^lectriques  les  una  des  autres.  Ces  principes  auront  prochainement 
leur  d^veloppement  dans  un  supplement  au  Memoire  sur  le  tbeoreme 
de  Newton  d4j^  cit^,  que  j'ai  lu  r^cemment  devant  la  Soci^t^  Royale  de 
Londres. 
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SUE    UNE    EXTENSION    DE    LA    TH^ORIE    DES 
RESULTANTS    ALG^BBIQUES. 

[Comptes  Reridus  de  I'Academie  des  Sdences,  lviii.  (1864),  pp.  1074 — 1079.] 

Je  me  propose  de  dire  quelques  mots  sur  une  nouvelle  classe  tr^-bien 
definie  d' in  variants  appartenant  k  I'ordre  des  combinanta  et  admettant  des 
applications  importantes  pour  la  G^om^trie.  Pour  fixer  les  id^es,  imaginons 
un  systfeme  de  surfaces  de  degre  quelconque  cbacune.  Commen9ons  avec 
le  cas  de  quatre  surfaces.  En  general,  eliea  ne  se  rencontreront  pas :  pour 
que  cela  ait  lieu,  une  condition  doit  Stre  satisfaite  entre  ies  coefficients,  on, 
si  Ton  veut  bien,  une  certains  fonction  des  coefficients  des  Equations  qui 
representent  ces  surfaces  doit  s'^vanouir. 


cas  de  trois  surfaces:  ces  surfaces  s'entrecouperont  dans 
un  systfeme  de  points  qui  en  g^n^ral  seront  tous-distincts.  Mais  il  peut 
arriver  que  deux  de  ces  points  se  confondeiat,  c'eat-a-dii'e  que  les  trois 
surfaces  se  rencontreront  en  deux  points  consi^cutifs,  ou,  si  Ton  veut  bien, 
seront  toutes  trois  toueh^es  par  la  mSme  ligne  droite ;  pour  que  cela  ait 
lieu,  une  eertaine  fonction  des  coefficients  doit  s'f^vanouir,  laquelle,  pour  le 
moment,  manque  de  nom.  Continuons  en  supprimant  encore  une  surface. 
Les  deux  surfaces  qui  restent  se  couperont  dans  une  courbe  qui,  en  general, 
ne  poss4dera  aucune  singularite.  Mais  il  peut  arriver  que  cette  courbe 
possfede  un  point  double,  dans  lequel  cas  les  deux  surfaces  seront  touch^es 
par  le  meme  plan.  Pour  que  cela  arrive,  une  eertaine  fonctioa  des 
coefficients  doit  s'evanouir,  il  laquelle,  comme  exprimant  la  condition  de 
tangence,  notre  grand  g^omfetre  M.  Caylej  a  propose  de  donner  le  nom 
de  tact^nvariant. 

On  peut  exprimer  sous  une  forme  ge'n^rale  la  nature  des  conditions 
analytiques  qui  doivent  etre  satisfaites  dans  tous  ces  cas,  et  dans  le  cas  le 
plus  general  oil  il  y  aura  i  fonctions  Ui,  U2,  •-.,  Hi  de  n  variables  iCj,  a:^, ...,  fl^„. 
Ecrivons 
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A,,  Xa,  ...,Xi  ^tant  dea  quaiitites  indetermin^es.     Puisque 

.„     dU^      ,  dU.      ,         ,  dU . 
S?7=  J—  8a;i+  -J— Sa'2+  ...  +  J—  e.-r„, 
dxi  dx^  (te„ 

cette  demiere  Equation  doone  lieu  h,  (m  — i  +  1)  Equations  independantes : 

done  le  nombre  total  des  equations   homogenes  a  satisfaire  avec  les  n 

vaiiables  sera 

(^_i  +  l)  +  i  =  ^  +  l; 

pour  que  cela  soit  possible  dans  le  cas  general  d'un  tei  nombre  d'^quations 
avec  un  tel  nombre  de  variables,  deux  conditions  entre  les  coefficients 
devraient  etre  satisfaites ;  niais  dans  ie  cas  actuel  une  seule  sera  suffisante, 
car  il  existera  toujours  un  rapport  ayzygetique  entre  les  Equations.  Dans 
le  cas  oil  il  n'y  a  qu'une  seule  foncbion  U,  I'^qwation  (/'=0  devient  tout 
a.  fait  superfiue,  et  dans  le  cas  od  %  =  n,  I'equation  S\S(7=0,  qui  exprime 
que  la  jacobienne  dea  it  fonctions  est  ^gale  k  z4ro,  devient  egalement 
superflue.     Maia  dans  tout  autre  cas,  quoique  eo  vertu  de  I'identit^ 

il  exists  un  rapport  ayzygetique  entre  les  equations,  il  n'est  pas  permis  de 
se  passer  d'une  quelconque  d' entre  elles,  sous  peine  d'introduire  des  facteurs 
strangers  dans  I'expression  finale.  J'espfere  ne  pas  trop  enconrir  I'indignation 
de  mon  trfes-honor^  confrere  M.  Ponceiet,  en  donnant  un  nom  sp^cifique 
^  la  fonction  dont  I'^vanouissemenb  exprime  la  condition  suffisante  et 
n^cessaire  pour  que  ce  systfeme  d'^quations  soit  simultan^ment  satisfait, 
et  je  propose  de  lui  dontier  le  nom,  qui  n'est  pas  tout  a  fait  Stranger  ^  la 
Gdom^trie,  ^osovlaiii ;  ainsi  on  pent  partir  de  I'oaculant  d'nn  systfeme  de  i 
fonctions  homogfenes  quelconque s  de  n  variables,  et  on  voit  que  les 
discriminants,  les  tact-invariants  de  M.  Cayley  et  les  resultants  ne  sont 
que  des  especes  particuiiferes  des  oscoknts :  pour  les  discriminants  i  =  l, 
pour  les  tact-invariants  t  =  2,  pour  les  resultants  i  =  n. 

II  importe  beaucoup  au  d^veloppement  de  cette  theorie  de  bien  fixer 
le  degre  des  osculants  par  rapport  a  chaque  systems  de  coefficients  contenu 
dans  les  fonctions  auxquellea  ils  appartiennent. 

Pour  les  deux  extr^mites  de  I'^chelle  d'osculants,  e'est-^-dire  lea  dis- 
criminants et  les  resultants,  les  expressions  pour  ce  degr^  sont  trfes-simples 
et  bien  connues.  Pour  les  tact-invariants  le  degr^  n'a  ^te  trouv^  (je  croia 
par  M.  Cayley)  que  pour  le  aeul  cas  oil  w  =  3,  c'est-k-dire  pour  les  contacts 
des  eourbes.  Le  theorfeme  suivant  donne  I'expression  absolument  g^n^rale 
pour  les  osculants  de  cbaque  ordre  n  et  de  chaque  classe  *'. 

Soient  wh,  m^,  .,.,  ttii  les  degree  des  variables  des  i  fonctions,  et  pour 
plus  de  simplicite  ecrivons 
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Ell  general,  soit  H^{fi^,  fi^,  ...,  Hi)  la  somme  des  puissances  efc  des 
produits  homogfenes  de  fii,  (ig,  ■■-,  m,  et  soit  Gk  1^  degr^  de  I'osculant  du 
systeme  par  rapport  aux  coefficients  de  la  fonction  JJ]i.     Alors  je  dis  que 

->r(n-i)Hy{,^„p^,  ...,  ^0^1"-'-'  + (''-^  + 1)^1"-'. 
et  on  troiive  de  rnerae  !es  valeurs  de  0^,  G^,  ...,  Gi. 

Pour  les  tact-invariants  i  =  2,  et  le  th^oreme  devient 

Gi  =  ma[):ta""^  +  2/*a"~Vi  +  3M="^Vi^+  ■■■+(«■- l)/ti"^]. 
G^  =  nh  [/^i"""  +  2/1;"-^  /i,,  +  3/i,"-^  fi^^+...+(n-l)  /i^""'], 
ou,  si  Ton  veut, 

G,-- 


G,- 


^a^-w/i^^"   '  +  (« 

-1)K' 

-1)«." 

(l-.-ft)" 

Si  «  =  3, 
(?,  =  w^  [(»%  - 1)  +  2  (m,  - 1)]  =  m^  (m,  +  2mi  -  3),        G^  =  m^  (m,  4-  2)%  -  3) : 

c'est  le  cas  du  conta<3t  de  deux  courbes.  Quand  m  =  4,  c'est-a-dire  qu'on 
veut  trouver  le  degr^  de  la  condition  pour  le  contact  de  deux  surfaces, 
on  trouve 

G,  =  wia  (m/  +  2m^7)i2  +  3mj=  -  4?ji2  —  8m,  +  4). 

Pour  trouver  les  degree  de  la  condition  de  rencontre,  en  deux  points  con- 
s^cutifs  de  trois  surfaces,  il  faut  prendre  i  =  3,  k  =  4;  alors  on  trouve 

(?i  =  m^m,  {wia  +  Wis  +  2mi  -  4). 

Pour  le  cas  des  polaires  r^ciproquea,  on  a 

et  on  retombe  sur  les  resultats  coiinus  pour  ce  cas.  Si  on  suppose  dans  le 
cas  general  m,  =  )?J3= ...  =mi,  on  obtient  pour  le  degre  de  I'osculant,  dans 
un  systfeme  quelconque  de  coefficients, 

n{n-\)...in-i-Vl)    ,_  , 

\  .-2  ...i  ^  '      ' 

Pour  mettre  en  plein  jour  la  veritable  idetitite  de  nature  de  ce  genre, 
compr^hensif  des  osculants,  je  feral  I'extension  a  une  classe  de  ces  fonctions 
d'un  th^orfeme  bien  connu  pour  le  discriminant  de  deux  fonctions, 
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Oq  salt  bien  que  le  discriminant  du  produit  de  deux  fonctiona  homog&nes 
&a.  X  Gt  y  est  ^ga!  au  prodait  de  leurs  discriminants  multipli^  par  Je  carr6 
de  leur  resultant.  Ainsi,  en  se  servant  de  H  comme  le  symbole  universel 
de  I'osculation  et  supposant  F  et  F'  ces  deux  fonctions,  on  peut  4crire 

D,  (FF')  =  nFxnF'x[a  {f,  f')]'. 

Remarquons  bien  qii'on  ne  peut  pas  ^tendre  ce  theorfeme  dans  sa  forme 
actuelle  a  des  fonctions  de  plus  de  deux  vai'iabies,  car  quand  F,^F'  sont 
dea  fonctions  de  3  ou  un  plus  grand  nombre  de  variables,  on  a 
identiquement 

n  (FF')  =  0. 

Or,  consid^rons  F„  F^,  ...,  Fi,  F/,  (*+I)  fonctions  de  (i  +  l)  variables; 
j'^nonce  le  theoreme  suivant: 

il(F^F,...Fi_,FiFi') 

=  n(F„  F„  ...,  F^„  Fi)  X  0(F„  F„  ...,  Fi.,,  Ft') 

x[n{F„F,.  ...,Fi,Ff)J. 

oil  on  peut  remarqner  que  le  dernier  des  trois  facteurs  est  le  carr^  d'un 
re'sultant.  De  plus,  j'affirme  que  si  les  F  devienuent  fonctions  de  plus  de 
(i  +  l)  variables,  la  quantite 

n(F,F^...Fi-.,FiFi) 
s'dvanouit  identiquement.     Maia  je  passe  outre  a  un  "autre  theorfeme  sur 
les  discriminants  d'une  fonction  vue  comme  un  quantic  de  quantics  dont 
j'ai   eu    occasion  de  me  servir   dans   quelques   i-echercbea   r^centes   sur   le 
theoreme  de  Newton  pour  la  d^couverte  des  racines  imagiuaires. 

Soit  F  une  fonction  rationnelle  homogene  et  enti^re  du  degr^  m  en 
^  et  1^,  0  et  1^  ^tant  ellea-mSmes  fonctions  rationnelles  homogenes  et 
entieres  du  degr^  ;i  en  iC  et  y.  Servons-nous  du  symbole  D  pour  designer 
discrimination  par  rapport  k  x,  y,  et  de  D'  pour  designer  la  m^me  chose 
par  rapport  Ji  ^,  'i|i~;  R  sera  le  symbole  du  resultant  par  rapport  k  as,  y, 
et  J  repr^sentera  la  fonction  jacoMenne 

fl^  d^      dtf)  d-^jr 
da:  dy      dy  dx ' 
Alors  je  trouve  que 

D (F) ^[11(4,,  +)]»■-■■  [DXF)fM (F,  J). 
Dans  le  caa  oh  0,  i|r  sent  des  fonctions  lindaires  de  x,  y,  R  (F,  J)  devient 
^gale  a  [-R(0,  "if")]™,  et  on  retombe  sur  la  formule  connue  pour  les  trans- 
formations Unfair  es 

D^,yF=[R(<l>,f)]^-'"Di.^F. 
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Quand   F  est  uoe   fonction   sym^trique   par  rapport   k  x,  y,   F  sera   une 
fonetion   homogene    et    entiere   de   {afi  +  if)   et  de  xy,  dont  la  jacobienne 

a  pour  racines  -  =  ±  1,  et   cons^quemment   on  voit   que   son   discriminant 

prend  la  forme 

I^F{\,\).F{\,-1). 

Or,  pour  g^n^raliser  le  th^oreme,  soient  F„  F^,  ...,  Fj_i,  des  fonctions 
homog^nes  et  entieres  des  degr^s  nii,  vh,  ...,  mj^i  des  i  quantit^a 
<f),,  02,  ...,  0i,  dont  chacune  est  une  fonction  homogfene  et  entifere  de 
degre  /i  en  ^,  a^,  ...,  a?;.  Servons-nous  de  li  pour  exprimer  osculation 
par  rapport  a  Xi,  w^,  ...,Xi,  il'  pour  exprimer  la  meme  chose  par  rapport  k 
^,  (ps,  ....  <l>i,  de  J"  pour  exprimer  la  jacobienne  de  0,,  0a,  ...,  0i  par  rapport 
k  cci,  x^,  ...jSCi,  et  soit 

. . .  mi_i). 


If  =(mi  +  m9+  ...  +mi. 

^, ->■)(» 

i  on  aura  I'identite  suivante : 

n(F„F„ 

.. .,*■<-,) 

["(*..*. «]«.[n'(i'..ii',.  .. 

.,  j'.-.r 

.I1{F„  F„  ...,i^i_„  J). 

H  me  semble  qu'on  pent  reconnattre  ici  I'approche  de  la  veritable 
aurore  de  cette  science  des  formes  dont  on  ne  voit  qu'une  phase  born^e 
et  passagere  dans  la  theorie  des  transformations  lin<?aires.  Lea  actions 
mutuelles  des  formes,  les  unes  sur  les  autres,  constituant  une  espfece  de 
chimie  alg^briqne,  me  paralt  le  vrai  but  de  cette  science  naissante. 

F.S.  II  n'est  pas  inutile  de  remarquer  qu'on  pent  donner  une  definition 
des  osculants  qui  montre  d'une  nianiere  immediate  !eur  identity  avec  lea 
discriminants.  Soient  XJ-^,  JJ^,  ■■-,  C^s,  i  fonctions  homogfenes  rationnelles  et 
entieres  de  n  variables,  et  soit  E  le  r^sultat  de  I'^limination  de  (*— 1) 
quelconques  des  variables  entre  les  equations 

Alora  I'osculant  du  syst&me  donn^  de  fonctions  U  sera  contenu  comme 
facteur  dans  le  discriminant  de  Jt.  De  m&me  on  pent  demontrer  que 
si  on  combine  ensemble  i  —  Js  des  equations  ^=0  et  si  on  prend  (k+l) 
de  telles  combinaisons,  et  si  pour  chaque  eombinaison  on  forme  un 
rfeultant  en  ^liminant  les  mSmea  i  —  k  —  l  variables,  I'osculant  du  systeme 
donn6  sera  contenu  comme  facteur  dans  I'oaculant  de  ces  (k  +  l)  r&ultants. 
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ADDITION  A  UNE  NOTE  INSEREE  DANS  LE  COMFTE  RENDU 
DE  LA  SEANCE  PRilCEDENTE, 

[Comptes  Rendus  de  I'Academie  des  Sciences,  lviii.  (1864),  p.  1130.] 

Dahs  la  Note  que  j'ai  eu  rhonneur  de  soumettre  a  I'Academie  sur  une 
extension  de  la  theorie  des  resultants  alg^briques,  on  trouve  la  formule 
g^ndrale  pour  le  degre  de  Yosculant  d'un  systeme  d'un  nombre  quelconque  i 
de  fonetions  d'un  nombre  n  quelconque  de  variables,  et  j'ai  cit6  comme  d^jfi. 
oonnu  le  degr^  pour  le  cas  de  w  =  3,  *  =  2,  qui  correspond  a  la  condition  de 
contact  de  deux  courbes  [p.  364]. 

Je  dois  eiter  en  mSme  temps  comme  egalement  connus  les  degres  de 
I'osculant  pour  lea  cas  de  ii  =  4,  i=2,  et  de  ji  =  4,  i  =  3,  c'est-^-dire  les  cas 
qui  correspondent  k  deux  surfaces  qui  se  touchent  et  a  trois  surfaces  qui 
se  rencontrent  en  denx  points  cons^cutifs. 

Les  degres  des  conditions  pour  ces  cas  ont  ^t^  donnas  dans  un  excellent 
article  par  M.  Th.  Moutard,  dans  les  Nouvelles  Annates  de  Mat 
t.  XLX.  ce  que  j'iguorais  au  moment  oil  j'ai  6crit  la  Note  en  question. 
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ADDITION  i  LA  NOTE  SUR  UNE  EXTENSION  DE  LA 

THEORIE   DES   RfeULTANTS   ALG^BRIQUES. 

[Comptes  Rendus  de  I'Academie  des  Sciences,  LViii.  (1864),  pp.  1178 — 1180.] 


On  peut  inettre  la  formule  pour  exprimer  le  degre  d'un  osculant  de 
r  fonctioDS  homogenes  de  n  variables  sous  une  forme  trfes-simple  qu'il 
importe  de  signaler. 

En  BO  us- en  tend  ant   toujours  par  Ht(a,b,c,...,l)  la   somme   des   puis- 
sances et  des  produits  homogfenes  du  degr^  k  de  a,  b,  o,  ...,  I,  c'eab-a-dire 
le  coefficient  de  t"  dans  le  d^veioppement  en  serie  de 
1 


(l-«T)(l-6T)...(l-iT)' 

on  verra  sans  aucune  difficult^  que  la  serie  donn^e  [p.  365  above]  dans  les 

Comptes  rendus  du  13  iuin  pour  0,   n'est  autre   chose  que  la 

quantity 

de  sorte  qu'on  aura  en  g^ni^ral 

».(?.  =  n(m).fl-^,[(».,-l),(»,-l),  ...,(«H-l).(m.-l)], 

oil,  dans  la  s^rie  ecrite  entre  les  crochets,  m.„  —  1  sera  deux  fois  rencontrd 

s.  II.  24 
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Pour  les  resultants,  (n~i)  etant  z&o,  on  trouve 

Pour  les  discrimioants,  n-i  =  n-l  et  G  devient  egai  a 

fr._,[(m-l),(»,-l)]  =  »(»-l)»-. 

J'apprends  de  la  part  de  M.  Salmon  qu'il  y  a  grand  nombre  d'ann^es 
qu'il  a  trouve  le  degr^  des  osculants  pour  le  cas  de  deux  courbes ;  il  parait 
done  que  je  me  trompais  en  attribuant  cette  de'termination  (qui  de  plus 
n'oEfre  aucune  difficult^)  h  M.  ( 
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SUR   LA  TH^-ORIE   DES   RACINES   R:6ELLES   ET   IMAGINAIBES 

DES   EQUATIONS  DU  CINQUIEME  DEGRS. 

[Oomptes  Rendus  de  I'Academie  des  Sciences,  Lix.  (1864),  pp.  749 — 753.] 

On  sait  la  decouverte  faite  par  M.  Hermite  et  iiis4r^e  dans  le  tome  IX. 
du  Journal  de  Mathdmatiques  de  Gamhridge  et  Dublin.  C'est  la  que 
M.  Hermite  a  fait  ia  belle  observation,  qu'aux  conditions  fournies  par  le 
th^oreme  de  Sturm  on  pent  aubstitaer  des  fonetions  des  invariants  d'uiie 
forme  binaire  de  degre  impair  queleonque,  pour  di^tertniner  !e  nombre  de 
ses  racinea  reelles  et  imaginaires.  De  plus,  M.  Hermite,  en  auivant  une 
marche  toute  particuliere,  a  donn6  lea  criteria  acbuels,  qiii  sevvenb  ^  pen 
pres  pour  distinguer  entre  les  trois  cas  qui  se  presentent  dans  la  consideration 
des  formes  du  cinquieme  degr^,  c'est-&,-dire  le  cas  oil  toutes  les  racines  Bont 
reelles,  celui  oil  trois  seulement  sout  reelles  et  le  cas  oil  i!  n'y  a  qu'une 
seule  r^eile.  Cependant  ce  grand  travail  avait  laisse  quelque  cbose  h, 
dfeirer;  car  pour  remplir  cet  objet,  M.  Hermite  a  ^t4  conduit  a  se  servir 
de  cinq  invariants,  un  du  degr^  4,  un  (le  discriminant)  du  degri5  8  et  trois 
chacun  du  degr^  12,  taniiia  que  la  m^thode  de  M.  Sturm  n'exige  que 
I'emploi  de  quatre  criteria.  De  phis,  le  syst&me  de  conditions  donn^  par 
M.  Hermite  n'est  pas  absolument  complet,  mais  laisse  une  certaine  iacune 
k  combler:  je  veux  dire  qu'il  y  a  de  certaines  combinaisons  de  ses  criteria 
pour  lesquelles  il  reste  douteux  si  la  forme  posefede  cinq  ou  bien  une  seule 
racine  r^elie ;  c'^tait  une  omission  dont  M.  Hermite  avait  conscience  et 
qu'i!  aurait  sans  doute  trouv^  le  moyen  de  remplir.  En  me  penetrant  de 
I'esprit  de  la  m4thode  de  M.  Hermite,  mais  en  suivant  une  tout  autre  voie 
d'application,  je  suis  parvenu  a  trouver  la  solution  la  plus  gen^rale  de  ce 
probl^me  important  sous  une  forme  d'une  simplicity  qui  ne  laisse  rien  k 
d^sirer,  et  a  laquelle  aucun  cas  n'^chappe.  Dans  cette  solution,  au  lieu 
d'exc^der  le  nombre  des  criteria  donuea  par  la  mdthode  g^ndrale  de 
M.  Sturm,  on  se  sert  d'un  de  moins ;  en  effet,  en  outre  du  discriminant, 
on  n'a  besoin  que  d'un  invariant  (le  seul  qui  existe)  du  quatrifeme  ordre 
et   un   du    douzieme    ordre.     Nommons   D   le    discriminant    de    la    forme 

24—3 
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propos4e,  J  le  discriminant  de  son  covariant  quadratique  le  plus  simple 
multipH^  par  ~4,  i  le  discriminant  de  son  covariant  cubiqtte  le  plus  simple 
multipli4  par  —27,  et  de  plus  ^crivons 

J,  D,  A  suffisent  pour  determiner  le  csiractere  des  racines  aelon  la  rfegle 
suivaiite : 

Quand  D  est  n&gatif,  trois  racines  sont  rielles,  deux  imaginaires. 

Quand  D  est  positif,  si  J  et  A  +  fiJD  sont  torn  Us  deux  ndgoMfs,  les 
racines  seront  totdes  reelles;   dans  le  cos  contraire,  tme  seule  sera  reelle. 

fi.  est  un  parametre  numerique  variable  k  volenti  entre  certaines  limites 
que  j'ai  trouv^es,  mais  que  je  n'ose  rapporter,  n'ayant  pas  les  calculs  sous 
mes  yeux.  Je  croia  cepeiidant  pouvoir  affirmer  en  toute  sflret^  que  ces 
limites  sont  ou  1,  —  2,  ou  bien  —  1,  2,  Avec  cea  mfeines  criteria  on  peut 
ausai  determiner  le  caractere  des  racines  dans  le  caa  oil  D  devient  z4ro, 
mais  je  n'entrerai  paa  ici  dans  ce  detail. 

La  valeur  fi  =  —  ^  ne  sort  paa  des  limites  permises,  et  on  trouvera  que 
A  -  ^JD  s'exprime  facilement  en  fonction  des  raciuea,  Nommona-les 
a,  b,  C,  d,  e  en  designant  par  K  un  certain  coefficient  nnmerique  et  positif, 
on  aura 

l/D-A 

=  KX  [(a  -  by  {a  -  cf  (b  -  cf  (a  -dy(a-  eY  (6  -  dy  (b~  ey  (c  -  dy  (c  -  e)*]. 
De   plus,   en   nommant   q   un   autre   multiplicateur    numerique   et   positif, 

-  /=  qt  [{a  -by  {a-  c)^  (b  ~  c)=  {d  -  ey]. 
Posons  Q  {d,  e)  =  (a  -  by  {a  -  cy  {b  -  cy  (d  -  ey. 

Alors,  pour  distinguer  entre  le  cas  oil  il  n'y  a  pas  de  racines  imaginaires  et 
le  caa  od  il  y  en  a  quatre  (les  seuls  qui  se  pr^aentent  quand  D  est  positif), 
la  rfegle  donn^e  ci-dessus  conduit  a  I'observation  que  ai  lea  racines  ne  sont 
pas  toutes  reelles  et  si  D  est  positif,  SQ  (d,  e)  et  2  y.,,  ■  <■  ne  peuvent  paa 
rester   toua   les   deux   positifs.     Dans  le  cas   contraire  ii  est   Evident   que 

■r 

marche  que  j'ai  suivie  pour  obtenir  ces  resultabs.  Je  d^montre  qu'en 
gi^n^ral  la  forme  {x,  yf  peut  6tre  r^duite  par  des  substitutions  lin^ires 
et  reelles  a  I'expresaion  aw*  +  bv'  +  cvf,  ou  w  eat  une  fonction  iin&ire  et 
reelle  de  ic,  y ;  u,v  des  fonctions  Izn^airea,  mais  pas  n^cessairement  r^elies, 
et  oil  de  plus  u  +  v  +  w=:0.  Le  cas  d'exception,  c'est  celui  oii  !e  covariant 
cubique  du  troiaifeme  ordre  par  rapport  aux  coefficients  (dit  le  canonisant) 
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contient  des  racines  ^gales  oa  bien  s'^vanouifc.  Dans  ce  cas,  aauf  la 
supposition  de  trois  racines  ^gales  et  quaad,  cons^quemment,  toua  lea 
invariants  s'^vanouissent,  la  proposes  se  reduit  par  des  substitutions  lin^aires 
a  la  forme  de  Jerrard  oaf  +exy*+fy^.  De  \k  on  conelut  facilement  que,  ^tant 
douD^s  /,  D,  L  (pourvu  qu'on  n'ait  pas  en  m^me  temps  J=  0,  D  =  0,  L  =  0), 
le  earacfc^re  des  racines,  quant  a  la  distinction  entre  le  r^el  et  I'imaginaire, 
est  absolument  d^termin^,  et  de  plus  que  J,  D,  L,  non-seulement  doivent 
6tre  rfeis,  mais  encore  (connue  I'a  remarqu^  le  premier  mon  devaneier 
M,  Hermite)  doivent  satiafaire  a  une  certaine  condition  d'in^galit^,  c'est- 
^-dire  qii'une  certaine  fonction  (nommons-la  0)  de  /,  D,  L  doit  rester 
toujours  ptisitive.  Je  prends  J,  D,  L  pour  coordonn^es  d'un  point  dans 
I'espace.  Alors  la  sui-face  (?  =  0  divisera  I'espace  en  deux  portions  pour 
I'une  deaquelles  (qu'on  peut  nommer  la  portion  facultative)  tons  les  points 
correspond ront  a  des  families  d'^quations  avec  dea  coefficients  r^els  et  dans 
I'autre  (qu'on  peut  nornmer  la  portion  non  facultative)  tous  les  points 
correspondront  a  des  families  d'^quations  avec  des  coefficients  conjugu^s. 
Ces  deux  portions  d'espace  sont  exactement  ^gales  et  contraires,  6fcant 
dispos^es  sym^triquement  par  rapport  a  I'axe  de  D.  Cela  ^tant,  je  trouve 
que  la  premiere  (en  faisant  pour  le  moment  abstraction  dii  plan  de  D)  se 
divise  en  trois  regions.  Toute  la  portion  facultative  au-dessous  du  plan 
de  D  constitue  une  seule  region,  tandis  que  la  portion  facultative  au-dessus 
de  ce  plan  se  divise  en  deux  regions  qui  se  rencontrent  dans  la  ligne  ou 
!a  surface  0  touche  le  plan  de  D,  e'est-^dire  la  ligne  parabolique 

A  =  0,  D  =  0. 

La  condition  qui  fixe  les  limites  de  ces  trois  regions  ou,  si  Ton  veut, 
de  ces  trois  cireonscriptiona  limitrophes,  c'est  qu'on  doit  pouvoir  passer 
dans  une  region  donnfe  d'un  point  a  un  autre  sans  percer  ni  toucher  le 
plan  de  D.  Cela  ^tant  ainsi,  on  d^montre  facilement  que  pour  chaque  region 
les  families  des  formes  representees  par  un  point  qui  y  est  renferm^ 
appartiennent  a  la  me  me  categoric,  quant  au  n  ombre  de  leurs  racines 
r^elles  et  imaginaires,  et  on  assigns  sans  aucune  difficulte  son  propre 
caractfere  radical  h.  chaque  region.  En  exprimant  dans  la  laague  de  I'analyse 
les  conditions  qui  servent  pour  determiner  k  quelle  region  r^pood  un  systfeme 
donn4  de  valeurs  de  J,  D,  L,  on  4tablit  ia  rfegle  donn^e  ci-dessus  pour  fixer  le 
caractere  dea  racines  de  la  forme  a  laquelle  ces  trois  invariants  appartiennent. 
On  devinera  facilement  comment  le  paramfetre  ji  vient  s'offrir  dans  ces 
conditions :   en  effet, 

A  +  /i/C  =  0 

represents  une  surface  qui,  passant  par  la  ligne  limitrophe  aux  deux  r^giona 
superieurea,  ne  passe  par  aucun  point  facultatif  au-dessus  du  plan  de  D, 
c'est-&rdire  ne  rencontre  nulle  part  !a  surface  G=0  au-dessus  de  ce  plan. 
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Le  perfectionnemenfc  que  j'ai  eu  le  bonheur  d'ajouter  aiiisi  k  la  d^couverte 
de  mon  confrere  s'eat  offerb  ^  moi  comrae  une  coDs^quence  (dans  I'ordre 
aubjectif  des  id^es)  du  th^orfeme  que  j'ai  eu  Thonneur  d^j&,  de  publier  daus 
les  Com/ptes  rendm  de  cette  ann^e*,  et  qui  se  rapporte  k  la  limite  du  nombre 
des  racines  r^elles  de  I'^quation 

Dans  cette  Equation,  en  suppo.sant  Oi,  Ca,  ...,  c^  arranges  en  ordre  de 
leurs  grandeurs  et  en  ecrivant  la  suite  Xj,  X^,  ...,  V.  (— l)™Xi,  le  theoreme 
consiste  en  ce  que  le  nombre  des  racines  r^elles  ne  peut  pas  depasser  le 
nombre  de  changementa  de  signe  dans  la  suite;  mais  j'avaia  impost  la 
condition  que  m  doit  ^tre  un  nombre  entier  et  poaitif;  cette  demifere 
restriction  au  raoins  est  superflue ;  le  th^orfeme  reste  vrai  quand  m  est  un 
nombre  n^gatif,  tout  aussi  bien  comme  quand  il  est  poaitif.  Cette  extension 
suit  comme  consequence  imm.^diate  d'un  theoreme  alg^brique  qu'on  peut 
etablir  sans  aucune  difficult^,  mais  que  je  ne  me  rappelle  pas  d'avoir  jamais 
rencontr^. 

Soieut-I-/(a.',  y),  <j>(x,  y)  deux  fonctions  homogenes  quelconquea  en  x,  y; 

J  la  jacobienne  de  /,  0,  c'est-i-dire  ~J~  ~^ ~'j~  ~^-     Alors  je   dis   qu'un 

nombre  impair  des  racines  de  /  sera  compris  enfcre  chaque  paire  de  racines 
reelles  et  cons^cutives  de  f,  comme  4videmment  aussi  entre  chaque  paire 
de  racines  reelles  et  consecutives  de  0,  de  sorte  que  le  nombre  des  racines 
reelles  de  f  ai  A%  ^  ne  peut  exc^der  de  plus  d'une  unit^  le  nombre  des 
racines  reelles  de  J.  Si  on  prend  0  (ic,  y)  =  y,  on  retombe  sur  le  th^or^me 
d'alg^bre  ^l^mentaire  qui  donne  la  disposition  des  racines  reelles  de  f'x  par 
rapport  aux  racines  reelles  6.efx. 

•  [p.  860  above.]  \  [See  p.  375  below.] 
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CORRECTION  DE  LA  NOTE  INSEREE  DANS  LES   COMPTES 
EENBUS  POUR  LA  STANCE  DU  7  N07EMBRE. 

[Comptes  Bendus  de  l'Acad4mie  des  Sciences,  Lix.  (1861),  pp.  944,  945.] 

TJne  erreur  assez  grave,  mais  n'ayant  nul  rapport  k  I'objet  principal  de 
la  communication  mentionnee  ci-dessus,  s'est  gliss^e  dans  le  th^oreme  donn^ 
vers  sa  fin  [p.  374].  En  supposant  ^ett^r  deux  fonctions  homogenes  et  entieres 
en  iv,  If  et  J  leur  jacobienne,  j'ai  affirm^  qu'entre  deux  racines  cons^cutivea 
quelconques  de  ^  (comme  aussi  de  i^)  se  trouvera  une  racine  ou  un  nombre 
impair  de  racines  de  J.  J'aurais  dli  dire  qu'entre  deux  telles  racines  de  ■\p'  se 
rencontrera  une  racine  ou  un  nombre  impair  de  racines  de  ^J,  et  pareille- 
ment  pour  0,  -yjfj.  En  consequence,  I'extenaion  que  je  m'imaginais  avoir 
faite  du  th^oreme  pour  les  equations  de  la  forme  2X;  (a:  +  Cj-)"'  aa  cas  de  m 
n^gatif  n'aura  pas  lieu. 
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ALGEBRAICAL  RESEARCHES,  CONTAINING  A  DISQUISITION 
ON  NEWTON'S  RULE  FOR  THE  DISCOVERY  OF  IMAGINARY 
ROOTS,  AND  AN  ALLIED  RULE  APPLICABLE  TO  A  PAR- 
TICULAR CLASS  OF  EQUATIONS,  TOGETHER  WITH  A 
COMPLETE  INVARIANTIVE  DETERMINATION  OF  THE 
CHARACTER  OF  THE  ROOTS  OF  THE  GENERAL  EQUATION 
OF  THE  FIFTH  DEGREE,  &c. 

{Philosophical  Transactions  of  the  Royal  Society  of  London, 
CLiv.  (1864),  pp.  579—666.] 

AN  INQUIRY  INTO  NEWTON'S    RULE   FOR   THE   DISCOVERY 
OF  IMAGINARY  ROOTS. 

[Proceedings  of  the  Royal  Society  of  London,  xiil.  (1863-4),  pp.  179—183.] 

(Abstract.) 

In  the  Arithmetica  Universalis,  in  the  chapter  Se  Resolutione  Equaticnv/m, 
Newton  has  laid  down  a  rule,  admirable  for  its  simplicity  and  generality,  for 
the  discovery  of  imaginary  roots  in  algebraical  equations,  and  for  assigning  an 
inferior  limit  to  their  number.  He  has  given  no  clue  towards  the  ascertain- 
ment of  the  grounds  upon  which  this  rule  is  based,  and  has  stated  it  in  such 
terms  as  to  leave  it  quite  an  open  question  whether  or  not  he  had  obtained  a 
demonstration  of  it.  Maclaurin,  Campbell,  and  others  have  made  attempts 
at  supplying  a  demonstration,  but  their  eiforts,  so  far  as  regards  the  more 
important  part  of  the  rule,  that  namely  by  which  the  limit  to  the  number  of 
imaginary  roots  is  fixed,  have  completely  failed  in  their  object.  Thus  hitherto 
any  opinion  as  to  the  truth  of  the  rule  rests  on  the  purely  empirical  ground 
of  its  being  found  to  lead  to  correct  results  in  particular  arithmetical  instances. 
Persuaded  of  the  insufficiency  of  such  a  mode  of  veriiication,  the  author  has 
applied  himself  to  obtaining  a  rigorous  demonstration  of  the  rule  for  equations 
of  specified  degrees.  For  the  second  degree  no  demonstration  is  necessary, 
or  cubic  equations  a  proof  is  found  without  difficulty.     For  biquadratic 
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equations  the  author  proceeds  as  follows.  He  supposes  the  equation  to  be 
expressed  homogeneously  in  x,  y,  and  then,  instituting  a  series  of  infinitesimal 
linear  transformations  obtained  by  writing  x-\-hy  for  x,  ot  y  +  kx  for  y,  where 
h  is  an  iniinitesimal  quantity,  shows  that  the  truth  of  Newton's  rule  for  this 
case  depends  on  its  being  capable  of  being  shown  that  the  discriminant  of 
the  function  (1,  ±  e,  e°,  ±  e,  I'^x,  y)'  is  necessarily  positive  for  all  values  of 
e  greater  than  vnity,  which  is  easily  proved.  He  then  proceeds  to  consider 
the  case  of  equations  of  the  5th  degree,  and,  following  a  similar  process, 
arrives  at  the  conclusion  that  the  truth  of  the  rule  depends  on  its  being 
capable  of  being  shown  that  the  discriminant,  say  D,  of  the  function 
(1,  e,  e=,  if,  11,  l^x,  yY,  which  for  facility  of  reference  may  he  termed  "the 
(e,  jj)  function,"  is  necessarily  positive  when  e'  —  ftf  and  i^''  —  i]^  are  both 
positive.  This  discriminant  is  of  the  12th  degree  in  e,  ij.  But  on  writing 
x  =  erj,  y^e^  +  i)^,  it  becomes  a  rational  integral  function  of  the  6th  degree 
in  X,  and  of  the  second  degree  in  y,  and  such  that,  on  making  D  =  0,  the 
equation  represents  a  aextic  curve,  of  which  x,y  are  the  abscissa  and  ordinate, 
which  will  consist  of  a  single  close.  It  is  then  easily  demonstrated  that  all 
values  of  e,  i}  which  cause  the  variable  point  w,  y  to  lie  inside  this  curve, 
will  cause  D  to  be  negative  (in  which  case  the  function  e,  tj  has  only  two 
imaginary  factors),  and  that  such  values  as  cause  the  variable  point  to  lie 
outside  the  curve,  will  make  D  positive,  in  which  case  the  e,  jj  function  has 
four  imaginary  factors.  When  the  conditions  concerning  e,  t]  above  stated 
are  veriiied,  it  is  proved  that  the  variable  point  must  be  exterior  to  the  curve, 
and  thus  the  theorem  is  demonstrated  for  equations  of  the  5th  degree. 

The  question  here  naturally  arises  as  to  the  significance  of  the  sign  of  D 
when  such  a  position  is  assigned  to  the  variable  point  as  gives  rise  to  imagi- 
nary values  of  e,  i],  which  in  such  case  will  be  conjugate  quantities  of  the 
form  X  +  ifi,  X  —  i/i.  respectively. 

The  curve  I)  will  he  divided  by  another  sextic  curve  into  two  portions, 
for  one  of  which  the  couple  e,  t]  corresponding  to  any  point  in  its  interior 
is  real,  and  for  the  other  conjugate.  This  brings  to  view  the  necessity  of 
there  being  in  general  a  theory  for  equations  with  conjugate  coefficients, 
which  for  greater  brevity  may  be  termed  conjugate  equations,  analogous 
to  that  for  real  equations  in  respect  of  the  distinction  between  real  and 
imaginary  roots  in  the  latter.  A  conjugate  equation  is  one  in  which  the 
eoeSicients,  reckoning  from  the  two  ends  of  the  equation,  go  in  pairs  of  the 
form  p  ±  iq,  with  the  obvious  condition  that  when  there  is  a  middle  coefficient 
this  must  be  real.  Such  an  equation  may  be  supposed  to  be  so  prepared 
that,  when  thrown  into  the  form  P  +  iQ,  P  and  Q  shall  have  no  common 
algebraical  factor;  and  when  this  is  effected,  it  may  easily  be  shown  that 
the  conjugate  equation  can  neither  have  real  roots  nor  roots  paired  together 
of  the  form  \  +  ifi,\  —  ifA.  respectively.     How,  then,  it  may  be  asked,  is  the 
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analogy  previously  referred  to  possible  ?  On  investigation  it  will  be  found 
that  the  roots  divide  themselves  into  two  categories,  each  of  exactly  the 
same  order  of  generality, — namely  solitary  roots  of  the  form  e**,  and  associated 
roots  which  go  in  pairs,  the  two   roots   of  each   pair   being   of  the   form 

pe**,  -e^  respectively;  so  that,  following  the  ordinary  mode  of  geometrical 

xepresentation  of  imaginary  quantities,  the  roots  of  a  conjugate  equation 
may  be  denoted  by  points  lying  on  the  circumference  of  a  circle  of  radius 
unity  (corresponding  to  solitary  roots),  and  points  (corresponding  to  the 
associated  roots)  lying  in  couples  on  different  radii  of  the  circle  at  reciprocal 
■distances  from  the  ceotre,  each,  couple  in  fact  constituting,  according  to 
Prof.  W,  Thomson's  definition,  electrical  images  of  each  other  in  respect 
to  the  circle.  If  the  circle  be  taken  with  radius  infinity  instead  of  unity 
{so  as  to  become  a  straight  line),  then  we  have  the  geometrical  eidolon  of 
the  roots  of  an  ordinary, equation,  the  solitary  roots  lying  on  a  straight  line, 
and  the  associated  or  paired  (imaginary)  roots  on  each  side  of,  and  at  equal 
distances  from,  the  line. 

In  the  inquiry  before  us,  whether  the  variahle  point  belong  to  the  real  or 
conjugate  part  of  the  plane  of  the  D  curve,  it  is  shown  to  remain  true  that 
the  number  of  associated  roots  will  be  two,  if  it  lie  inside  the  curve,  and  four 
if  it  lie  outside.  The  author  then  suggests  a  probable  extension  of  Newton's 
rule  to  conjugate  equations  of  any  degree.  In  conclusion,  he  deals  with  a 
question  in  close  connexion  with,  and  arising  out  of  the  investigation  of 
this  rule,  relating  to  equations  of  the  form  S  +  (ac +  &)*"  =  0,  to  which, 
for  convenience,  he  gives  the  provisional  name  of  "superlinear  equations" 
(denoting  the  function  equated  to  zero  as  a  superlinear  form),  and  establishes 
a  rule  for  limiting  the  number  of  rea!  roots  which  they  can  contain,  which  is, 
that  if  such  equation  be  thrown  under  the  form 

X,  (a^  +  c,)^  +  A,  (a^  +  Cs)™  +  . . .  +  X„  (ic  +  c™)™  =  0, 

and  Ci,  Cj, ...  o„  be  an  ascending  or  descending  order  of  magnitudes,  the 
equation  cannot  have  more  real  roots  than  there  were  variations  of  sign  in 
the  sequence  Xi,  Xi, ...,  Xn<  {~y^\' 

This  theorem  was  published  by  the  author,  but  without  proof,  in  the 
Comptes  Eendus  for  the  month  of  March  in  this  year*. 

But  the  method  of  demonstration  now  supplied  is  deserving  of  particular 
attention  in  itself;  for  it  brings  to  light  a  new  order  of  purely  tactical  con- 
siderations, and  establishes  a  previously  unsuspected  kind  of,  so  to  say, 
algebraical  polarity.  The  proof  essentially  depends  upon  the  character  of 
every  superlinear  form  being  associated  with,  and  capable  of  definition  by 
means  of  a  pencil  of  rays,  which  may  be  called  the  type  pencil,  subject  to 
"  [Above,  p.  360.] 
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a  species  of  circulation  of  a  differenb  nature  according  as  the  degree  of  the 
form  is  even  or  odd,  which  he  describes  by  the  terms  "per-rotatory"  in  the 
one  case,  and  "trans-rotatory"  in  the  other;  so  that  the  types  themselves 
may  be  conveniently  distinguished  by  the  names  "per-rotatory"  and  "trans- 
rotatory."  By  per-rotatory  circulation  is  to  be  understood  that  species  in 
which,  commencing  with  any  element  of  the  type,  passage  is  made  from  it 
to  the  next,  from  that  to  the  one  following,  from  the  last  but  one  to  the  last, 
from  the  last  to  the  first,  and  so  on,  until  the  final  passage  is  to  the  element 
commenced  with,  from  the  one  immediately  preceding.  By  trans-rotatory 
cii-culation,  on  the  other  hand,  is  understood  that  species  in  which,  com- 
mencing with  any  element  and  proceeding  in  the  same  manner  as  before 
to  the  end  element,  passage  is  made  from  that,  not  to  the  first  element 
itself,  but  to  its  polar  opposite,  from  that  to  the  polar  opposite  of  the  next, 
and  so  on,  until  the  final  passage  is  made  to  the  polar  opposite  of  the 
element  commenced  with,  from  the  polar  opposite  of  its  immediate  ante- 
cedent. The  number  of  changes  of  sign  in  effecting  such  passages,  whether 
in  a  per-rotatoiy  or  a  trans-rotatory  type,  is  independent  of  the  place  of 
the  element  with  which  the  circulation  is  made  to  commence,  and  may  be 
termed  the  variation -index  of  the  type,  which  is  always  an  even  number  for 
per-rotatory,  and  an  odd  number  for  trans-rotatory  types.  A  theorem  is 
given  whereby  a  relation  is  established  between  the  variation-index  of  a 
per-rotatory  or  trans-rotatory  and  that  of  a  certain  trans-rotatory  or  per-rota- 
tory type  capable  of  being  derived  from  them  respectively;  and  this  purely 
tactical  theorem,  combined  with  the  algebraical  one,  that  the  form  /{x,  y) 
cannot    have    fewer    imaginary   factors    than    any   linear    combination    of 

-4- ,  -4- ,  leads  by  successive  steps  of  induction  to  the  theorem  in  question, 

but  under  a  more  general  form,  which  serves  to  show  intuitively  that  the 
limit  to  the  number  of  real  roots  of  a  superlinear  equation  which  the 
theorem  furnishes  must  be  independent  of  any  homographic  transformation 
operated  upon  the  form.  The  author  believes  that,  whilst  it  is  highly 
desirable  that  a  simple  and  general  method  should  be  discovered  for  the 
proof  of  Newton's  rule  as  applicable  to  equations  of  any  degree,  and  that  the 
strenuous  efforts  of  the  cultivators  of  the  New  Algebra  should  be  directed  to 
the  attainment  of  this  object,  his  labours  in  establishing  a  proof  applicable 
as  far  as  equations  of  the  5th  degree  inclusive  will  not  have  been  unproductive 
of  good,  as  well  on  account  of  the  confirmation  tbey  atford  of  the  truth  of  the 
rule,  towards  the  establishment  of  which  on  scientific  grounds  they  constitute 
the  first  serious  step  yet  made,  as  also,  and  still  more,  by  reason  of  the 
accessions  to  the  existing  field  of  algebraical  speculation  to  which  they  have 
incidentally  led. 
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(1)  This  memoir*  in  its  present  form  is  of  the  nature  of  a  trilogy;  ib 
is  divided  into  three  parts,  of  which  each  has  its  action  complete  within  itself, 
bub  the  same  general  cycle  of  ideas  pervades  all  three,  aod  weaves  them  into 
a  sort  of  complex  unity.  In  the  first  is  established  the  validity  of  Newton's 
rule  for  finding  an  inferior  limit  to  the  number  of  imaginary  roots  of  alge- 
braical equations  as  far  as  the  fifth  degree  inclusive.  In  the  second  is 
obtained  a  rule  for  assigning  a  like  limit  applicable  to  equations  of  the  form 
%{ax +  hy"  =  (i,in  being  any  positive  integer,  and  the  coefficients  a,  b  real. 
In  the  third  are  determined  the  absolute  invariantive  criteria  for  fixing 
unequivocally  the  character  of  the  roots  of  an  equation  of  the  fifth  degree, 
that  is  to  say,  for  ascertaining  the  exact  number  of  real  and  imaginary  roots 
which  it  contains.  This  last  parb  has  been  added  since  the  original  paper 
was  presented  to  the  Society.  Ib  has  grown  out  of  a  foob-note  appended  to 
the  second,  itself  an  independent  ofPshoot  from  the  first  part,  but  may  he 
studied  in  a  g]'eat  measure  independently  of  what  precedes,  and  constitutes, 
in  the  author's  opinion,  by  far  the  most  valuable  portion  of  the  memoir, 
containing  as  it  does  a  complete  solution  of  one  of  the  most  interesting  and 
fruitful  algebraical  questions  which  has  ever  yet  engaged  the  attention  of 
mathematicians'".  I  propose  in  a  subsequent  addition  to  the  memoir  to 
resume  and  extend  some  of  the  investigations  which  incidentally  arise  in  this 
part.  The  foot-notes  are  numbered  and  lettered  for  facility  of  reference,  and 
will  he  found  in  many  instances  of  equal  value  with  the  matter  in  bhe  bext, 
to  which  they  serve  as  a  kind  of  free  running  accompaniment  and  com- 
mentary. 

Part  I. — On  Newton's  Rule  for  the  Discovery  of  Imaginary  Roots. 

(2)  In  the  Antkmetica  Universalis,  in  the  first  chapter  on  equations, 
Newton  has  given  a  rule  for  discovering  an  inferior  limit  to  the  number  of 
imaginary  roots  in  an  equation  of 'any  degree,  without  proof  or  indication  of 
the  method  by  which  he  arrived  at  ib,  or  the  evidence  upon  which  it  rests'". 
Maclaurin,  in  vol.  xxxiv.  [1726-7],  p.  104,  and  vol.  xxxvi.  p.  59   of  the 

*  [The  Author'a  Table  of  Contents  ia  given  on  p.  477.] 

(')  I  owe  my  thaaks  to  my  eminent  friend  Professor  De  Morgan  for  bringing  under  ray  notice, 
in  a  marked  manner,  the  original  question  from  which  all  the  rest  has  proceeded.  As  all  roads 
are  said  to  lead  to  Eome,  bo  I  find,  in  my  own  case  at  least,  that  all  algebraical  inqnirieB  sooner 
or  later  end  at  that  Capitol  of  Modern  Algebra  over  whose  shining  portal  is  inscribed  "  Theory 
ot  Invarianta." 

(=)  It  appears  to  be  the  prevalent  belief  among  raathematiciane  who  have  considered  the 
question,  that  Newton  was  not  in  possession  of  other  than  empirical  evidence  in  support  of  his 
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Philosophical  Transactions,  Campb            n  XXX  p    5  5         h     saa 

and  other  authors  of  reputation  1               gh  n    a  d        n    ra 

this  marvellous  and  mysterious  ru  g  y  b                    n 

mere  empirical  evidence,  I  have  ingaddb         dd  n 

of  its  truth  as  far  as  the  fifth  degr  h   h        h     gh  n 

only  a  small  instalment  of  the  des     d  I  d          ff 

insertion  in  the  TraTisactions  inhhp  gnd  n 

(^)  Campbell's  memoir  is  rather  on  an  a  nil 

which  he  refers  only  by  way  of  oomparia  hiE  m 

reasoning  is  committed  ae  in  the  notes  o  F  m 

asBanjiaKi  witliout  a  shadow  of  proof,  tha 

some  im^nary  roots,  a  saooeBBion  of  se  m 

teaet  as  many  dialinct  imaginary  pairs  of 

p.  328,  Phil.  Trans.,  vol.  xsxT.)— ™"=b  as  m  m 

in  the  same  field,  the  existence  could  be  as    m  an  m 

(<)  Mr  Archibald  Smith  has  obligingly  oa         m        te  to  m 

question   of  Newton's  rule  in  the  Medit  m 

reader  might  be  induced  to  anppoBe  that  in  W 

of  the  rnle  from  the  preceding  proposition  8  ooki       m 

not  the  slightest  vestige  of  proof,  the  rule  te  dm 

being  either  adduced  or  alleged.    In  fact, 
the  Meditatiartes,   the  reader  will  find  at 

wanting.    After  referring  in  order  to  Caini  Mac   ur  N 

own,  tor  discovering  the  existence  of  impo 

"  At  omnea  hte  regulfe  prsedietas  perrai  m  mm  mm 

in  cequationihus  multarum  dimensionum  ne  m 

strationes  solummodo  probant  impoaaibil      ra 
saltern  tot  sunt  quot  invenit  regula." 

"  Vera  resolutio  problematis   est  pen  Ifa  bo     sa 

possibilitate  pei'  ffiqualitatem  transire  ad   m  ta   m  m  ea 

autem  hujus  casus  valde  iaboriosa  est;  et  m 

magis  erit  Iaboriosa." 

Written  in  Latin,  and  when  the  proper  m 

a  work  of  much  labour  to  follow  Waring's  demons trations  and  deductions,  and  to  distmguiah  hia 
assertions  from  hia  proofs.  I  find  he  agrees  with  the  opinion  expressed  by  myself,  that  Newton's 
rule  will  not  "pene,"  as  stated  by  Newton,  but  only  "perraro,"  give  the  true  number  of  imagin- 
ary roots.  Like  myself,  too,  in  the  body  of  the  memoir  Waring  has  given  theorems  of  probability 
in  oonnesion  with  rules  of  this  kind,  bnt  without  any  clna  to  Ma  method  of  arriving  at  them. 
Their  oorrectneas  may  legitimately  be  doubted. 

[Since  the  above  was  sent  to  presa,  I  have  been  enabled  to  ascertain  that  the  great  name  of 
Euler  ia  to  be  added  to  the  long  list  of  those  who  have  fallen  into  error  in  their  treatment  of  this 
question:  see  Inetittitiones  Calculi  Diffsrentialis,  vol.  ii.  cap.  xm.  He  aaja  (p.  555,  edition  of 
Prony),  "  videndnm  est  utrum  hssc  duo  criteria  (meaning  Newton's  criteria  of  imaginariness)  sint 
contigua  necne ;  priori  casu  numenis  radioum  imaginarium  non  augehitur  ;  posteriori  vero  quia, 
criteria  litterat  prorsus  divenai  involvunt,  nnumquodque  biaas  radioes  imaginarias  raonstrabit," 

The  force  of  the  supposed  argument  is  contained  in  the  words  in  italics.  It  is  sufficiently 
met  by  the  question,  why  or  how  the  ooDOlusion  follows  from  them?  Moreover  the  letters  of 
two  non-oont^ous  criteria  are  not  necessarily  prorsus  diveraie  ;  for  two  criteria  with  but  a  single 
other  intervening  between  them  will  contain  one  letter  in  common,] 
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to  a  subject  so  intimately  bound   up  with  the  fundamental   principles  of 
algebra. 

Before  commencing  the  inquiry  I  ought  to  state  that,  in  addition  to  the 
rule  for  detecting  the  existence  of  a  certain  number  of  imaginary  roots, 
Newton  has  given  a  remarkable  subsidiary  method  for  dividing  this  number 
into  two  parts,  representing  respectively  how  many  of  the  positive  and  how 
many  of  the  negative  roots  indicated  by  Descartes's  rule  are,  bo  to  aay, 
absorbed,  and  thereby  obtains  two  distinct  limits  to  ths  number  of  positive 
and  the  number  of  negative  roots  separately :  of  the  grounds  of  this  method, 
as  far  as  I  am  aware,  no  one  has  even  attempted  an  explanation,  nor  do  I 
propose  here  to  enter  upon  it ;  the  rule,  aa  I  treat  it,  may  be  stated,  not  in 
Newton's  own  words,  but  most  simply  as  follows ; — 

If  the  literal  parts  of  the  coeffiioients  of  an  equation  affected  with  the  usual 
binomial  coefficients  be  a,  b,  c,  d,  e ...  h,  k,  I,  and  if  we  form,  the  successive 
criteria  Jf  —  ac;  c^—hd;  d'  —  ce;  ...;  k'  —  kl,  or,  which  is  the  same  thing 
differently  eospressed,  if  we  write  down  the  determinants"^^  of  all  the  successive 
quadratic  derivatives  of  the  given  equation,  then  as  many  sequences  ras  there  are 
of  negative  signs  in  the  arithmetical  values  of  these  criteria,  so  many  pairs  of 
imaginary  roots  at  least  there  will  be  in  the  given  equation.  If  we  choose  to 
consider  a^  and  V  also  as  criteria,  appearing  at  the  beginning  and  end  of  the 
series,  then  we  may  vary  the  expression  of  the  rule  by  saying  that  there  will 
be  at  least  as  many  imaginary  roots  as  there  are  variations  of  sign  in  the 
complete  series  bo  formed. 

It  will,  however,  be  found  more  convenient  for  our  present  pui'pose  to 
confine  the  designation  of  criteria  to  the  determinants  above  alluded  to. 

(3)  I  shall  deal  with  the  homogeneous  equation  f{x,y)  =  0  so  that 
the  question  of  the  reality  of  the  roots  is  that  of  the  reality  of  the  ratios 

-  or  ^ .     It  is  obvious,  from  known   principles,  that  /  cannot  have  fewer 
imaginary  roots   than   exist   in   -/-  or  -^     ,   or,    more   generally,   than   in 

(*)  To  avoid  the  poaaibility  of  misapprehension,  I  etate  here  once  for  all,  that  in  the  discri- 
minant of  a  form  of  any  degree  I  suppose  the  sign  to  be  so  taken  as  to  render  positive  the  term 
which  is  a  power  of  the  product  of  the  first  and  last  coefficients  ;  and  it  may  be  well  to  remember 
that  with  this  definition  tlie  number  of  real  roote  in  any  equation  =0  or  1  to  modalus  i  when 
the  discriminant  ia  positive,  and  =2  or  3  when  the  discriminant  is  negative;  whereas  the 
Determinant  of  a  Quadratic  form  is  to  be  taken  in  the  same  sense  as  that  in  which  it  is  used  by 
Oauss,  and  is  the  same  for  sach  form  as  the  Discriminant  with  the  sign  changed. 

(«)  This  rule  I  find  merges  in  the  following  more  general  and  symraetrjoal  one.  Let/,  ^  be 
any  two  qunntica  in  x,  y;  call  J  the  Jaoobian  of/,  ip;  then  the  difference  between  the  number 
of  real  roots  in  /  and  the  like  number  in  0,  taken  positively  and  augmented  by  unity,  cannot 
eseeed  the  number  of  real  roots  in  J.  When  ^  is  made  equal  to  y,  this  theorem  recurs  to  the 
familiar  one  alluded  to  is  the  text. 
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[t-M-A-t-J/;  from  which  it  immediately  foHows"'  that  if  /  have  all  its- 
roots  real,  and  the  quadratic  derivatives  of  /  be  called  Qi,  Qi, ...  Qn-n  and 
the  coefficients  of  any  function  F  of  two  degrees  lower  than  f,  whose  roots  are- 
also  all  real,  be  p\,pi,  ...'pn-i,  the  quadratic  function 

must  have  its  roots  real,  that  !•>  its  ili&ciimiiiaiit  must  bt  positive :  a/ 
particular  conBequeuce  of  this  is  that  by  causmg  F  to  eonbist  successively 
of  the  single  terms  ic"~^,  x"^p, .  ?y"~=  i/"^  we  see  th<tb  the  determinants 
of  Qi,  Qa,  .■-  Q»-i  must  each  of  them  be  positive ,  or  m  other  words,  if  any 
of  the  Newtonian  criteria  of  an  equation  are  negative,  it  must  have  some 
imaginary  roots,  which  is  all  that  Maclaurin,  Campbell,  and  others  have 
succeeded  in  proving. 

(4)  The  labour  of  proof  of  the  cases  hereinafter  considered  will  be  much 
lighteued  by  the  following  rule  of  induction,  namely,  granting  Newton's  rule 
to  be  true  for  the  degree  w  —  1,  it  must  be  true  for  all  those  cases  apper- 
taining to  the  degree  n  in  which  the  series  of  the  signs  of  the  criteria  doe^ 
not  commence  with  —  +  and  end  with  -1 — :  to  prove  this,  we  have  only  to 

remember  that  /  must  have  at  least  as  many  imaginary  roots  as  -j^  or  -/-  , 
and  that  the  criterion- series  con-esponding  to  -,—  and  to  -^  will  be  found  by 

cutting  off  from  the  series  ot /  one  term  to  the  right  and  left  respectively '*>, 

If,  now,  the  series  for  _/^  begins  with  ++  or or  -^ — ,  the  number  of 

negative  sequences  is  the  same  as  when  the  left-hand  sign  is  removed ;  so  that- 
it  is  only  necessary  to  prove  that  the  number  of  imaginary  roots  in  /  is  not 

'¥■■ 

ax 
is  not  greater  than  the  number  of  pairs  of  imaginary  roots  in  -^ ,  and, 

di  fortiori,  not  greater  than  the  number  of  such  in  f.  In  like  manner,  if 
the  two  last  criteria  of  _/  are  not  -| — ,  it  may  be  shown  that  the  truth  of 
the  rule  for  such  form  of  /  is  implied  in  what  is  supposed  to  he  known  to  be 

true  for  -4- . 
dy 

(')  By  operating  upon  /  successively  with  any  (n  ~  2)  distinct  factors  each  of  the  form 


„J,  III.  J)"»>.  (a,  »,,..»    fc  !,)•- 
,.i,  II.,  !,)-  =  »(      I,  ...  i.  Hx,  ,j)- 
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We  may  therefore  limit  our  attention,  as  we  ascend  in  the  scale  of  proof 
to  those  forms  of  /  in  which  the  criterion-aeries  begins  with  — h  and  ends 
with  ^ — .  Accordingly,  since  the  rule  is  a  truism  for  n  =  2,  it  is  at  once 
proved,  by  virtue  of  the  above  considerations,  for  )i=:3'". 

If  all  the  criteria  are  zero,  it  is  evident  that,  whatever  n  may  be,  all  the 

roots  are  real.     In  every  other  case  we  shall  find  that  zero  may  be  made 

positive  or  negative  at  will.     Thus  in  the  case  before  us,  if  the  two  criteria 

are  0  +  or  0  — ,  there  will  be  a  pair  of  imaginary  roots,  as  the  first  may  be 

read  as  — h  and  the  second  as  -1 — , 

df 
To  prove  this,  we  have  only  to  observe  that  in  either  case  -J-  will  have 

two   equal   roots ;   so  that  /  will   be   of  the   form   {am  +  hyf  +  cy",  which 
obviously,  for  any  real  values  of  a,  h,  c,  has  only  one  real  root. 

(5)  We  may  now  pass  to  the  case  of  n  —  ^,  and  excluding  for  the 
moment  the  consideration  of  zeros,  limit  our  attention  to  the  criterion- 
series  — I — . 

Let  die*  ^- 46a^j -F  6c*y  M- 4diB^ -1- ei/' =  0  be  the  equation  for  which  the 
signs  of  the  criteria  6^— ac,  (?  —  bd,  d^  —  ce  are  — | — .     Call  these  criteria 

(9)  The  theorem  for  the  case  of  cubic  equations  may  be  also  proved  directly  aa  follows ; 
Writing  the  eq,\xa.tioa<M^  +  ibx'j/  +  Sexy''  +  dy^-0,  the  two  criteria  arei  =  6=-ac,  M=e^-bd; 
and  the  diaeriminant  isaW  +  iaiy'  +  idb»--Si^c^-6abcd  =  A. 

1.  Let  L  and  M  be  of  opposite  signs,  so  that  one  and  only  one  of  them  is  negative.      Then 

A^[ad-bcy-4:{b''-ac}{c^-ld)  =  {ad-hc)''-iLM, 
and  is  therefore  poaitive. 

2.  Let  L  and  M  be  both  ncRative.  The  equation  may  evidently,  by  writing  x  and  y  for 
usjt,  d^y,  be  brought  under  the  form 

x'  +  Sex^y  +  3'iixy^  +  y^  —  0, 
with  the  conditiouB  t'^ri,  li'-^i;  from  which  we  may  deduce  that  e  and  ij  are  both  positive,  and 
(ij<l  and  ^0. 
Also  we  have 

=>1  -6s7(  +  8(ei))''-3e')(' ; 
or,  writing  eij  =  9^  A^l-  Gq^  +  Sq'-3q^, 

=.(l-a]'(l  +  3g); 
but  l>g>0.    Hence  A  is  positive. 

Hence  in  either  ease  two  of  the  roots  of  the  cubic  are  impossible.  Or  the  same  thing  may  be 
shown  more  immediately  from  the  identities 

a.^A=  (aH  +  263  _  gabcf  +  i{(n:-l^f. 

#A  =  [aiP  +  2e»  -  36cd)=  +  4  (6rf  -  cy, 

so  that  A  must  be  positive,  and  therefore  two  roots  Imaginary,  if  either  bd^'C^  or  ca:fb''.    It  may 

be  noticed  that  the  square  and  cube  in  these  identities  are  semi-invariants,  being  in  the  first  of 

them  unaffected  by  the  change  of  a;  into  x  +  ky,  and  in  the  second  by  the  change  of  y  into  y  +  kx. 
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L,  M,  N  respectively.     It  has  to  be  proved  that  all  four  roots  are  imaginary, 

since  there  are  two  distinct  negative  sequences,  each  sequence  consisting  of 

a  single  — .     Let  x  become  CB-\-€y ''"',  where  e  is  an  infinitesimal  quantity,  and 

the  equation  transformed  into  one  between  x  and  y ;  then  we  have  obviously, 

ha  =  (i,     Bb^ae,     Bc  =  2be.     Bd^^ice,     Be  =  ide, 

BL  =  %Ub  -  aBc  =  0,     S-if  =  2c8o  ■-  hBd  -  dBb  =  (6c  -  ad)  e, 

S-M  =  (hSc  +  cBb  -  aSd)  €  =  2  {b''  -  ac)  e"  =  2X«= ; 

so  that  S'M  is  essentially  negative,  since  L  is  so. 

Hence,  by  continually  augmenting  x  by  an  infinitesimal  variation,  we 
may,  leaving  i  unaltered,  so  choose  the  sign  of  e  as  to  decrease  M:  nor  can 
this  process  stop  when  be  —  ad  becomes  zero,  by  reason  that  B^M  is  negative. 
Hence  we  may  reduce  M  to  zero.  Now,  in  the  course  of  this  reduction, 
either  JV  retains  its  sign  or  changes  it ;  and  if  the  latter  is  the  c^e,  N  must 
have  passed  through  zero.  If  when  M  becomes  zero  iVis  still  negative,  the 
criteria  of  the  linearly  transformed  equation  become  —  0  ~ ;  and  it  may  be 
noticed  that  its  first,  middle,  and  last  coefficients  must  have  the  same  sign, 
by  virtue  of  the  negativity  of  the  two  last  criteria,  and  the  second  and  fourth 
the  same  signs,  by  virtue  of  the  zero  middle  criterion ;  consequently  the 
equation  will  take  the  form 

iy  +  e*)  a^  ±  i^ex'y  +  Se'eWy'  +  iee'ay^  +  {/j."  +  ^)  y' =  0, 
or  W  +  fi'y'  +  {ex  +  eyf  =  0, 

which  obviously  has  all  its  roots  impossible.  This  being  true  of  the  trans- 
formed equation,  will  also,  on  the  suppositions  made,  be  equally  so  of  the 
original  equation. 

Let  us  next  suppose  that  N  changes  its  sign  either  at  the  instant  when, 
or  before  M  becomes  zero.  If  M  and  N  both  become  zero  together,  so  that 
the  criteria  of  the  transformed  equation  bear  the  signs  —  0  0,  calling  the 
transformed  equation  F=Q,  -j-  will  have  all  its  roots  equal,  and  F  will 
therefore  be  of  the  form  (ax  +  byf  +  kx*,  with  the  condition 
(a'by  -  (a*  +  !c)  (a^b^)  <  0. 

Hence  k  is  positive,  and  consequently  F=0  has  all  its  roots  imaginary ; 
and  the  same,  as  before,  must  hold  good  of  the  original  equation  /=  0. 

C")  This  method  of  infinitesimal  substitution  is  that  which  I  applied*  in  myineinoD-  "On  the 
Theory  of  Forms,"  in  tbe  Cambridiie  and  Dublin  Matkemalical  Journal,  to  obtain  the  partial 
differential  equations  to  eyery  possible  species  of  mvanants  (inoluding  coyariante  and  eontra- 
yariauts)  o(  forms,  or  systems  of  forms  with  a  single  set  or  various  sets  of  yariabies,  proceeding 
upon  the  pregnant  principle  that  every  finite  linear  substitution  may  be  regarded  as  the  result  of 
an  indefinite  number  of  simple  and  separate  infmitesimal  variations  impi eased  upon  the  variables. 
M.  Aronhold  has  ecroceously  ascribed  to  others  the  priority  of  the  publication  ol  these  eiiuations, 

[*  Volume  I,  of  this  Reprint,  p.  356.] 
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It  remains  then  only  to  consider  the  case  when  N  becomes  zero  before  M 
vanishes.  When  this  is  the  case,  as  soon  as  N  is  reduced  to  zero,  in  lieu  of 
the  substitution  a?  x  +  ey  for  x,  we  must  leave  ai  unaltered,  and  continue 
substituting  y -^  6X  for  y.  We  thus  start  from  the  sequence  —  +  0 ;  W  will 
then  always  remain  zero,  and  we  must  either  come  to  the  series  —  0  0,  which 
we  know,  from  what  has  been  shown  above,  corresponds  to  four  imaginary 
roots,  or  to  the  sequence  0  +  0,  which  I  shall  proceed  to  consider. 

Since  the  iirst  and  last  coetBcients  must  have  the  same  sign  we  may  by 
cr     no-     ther  variable  a  proper  multiple*"    make  these  t\vo  cc efficients  alike, 

T       form  (1,  c,  e'i,   e.  3Jc    y)^  may  be  legarded  bm  a  new  and     for  many  puipoHes, 
se  n       a.1  form  of  a,  binaij  quartjc      It  may  be  made  to  eomprisu  vfithm.  its  sphere  of 

p  n  all  forms  corresponding  to  two  oi  fom  imaginary  faotoiB  bit  excluies  the  oa=e  of 

ur     al  s.     The  ordinary  oanonioal  torm  (1  0   bm   0   \\r:  g)*  compiiaes  witiin  its  spherea 

of  representation  those  forma  for  which  the  fBctors  ace  all  real  or  all  imaginary  but  so  far  as 
real  transformations  are  concerned,  excludes  the  caae  of  two  real  and  two  imagi  a  y  faisto     [  hat 
case  is  met  hy  the  form  (1,  0,  6m,  0,  -  l\x,  y)*\,  as  may  easily  be  eetabliah  d      th      by  d      m 
posing  the  form  firat  named  into  its  factors,  or  by  the  conaideratioD  that   t    d        m    ant  A 
(1  -  9m^)^,  and  is  therefore  always  positive ;  whereas  if  a  form  which  it  is  n  ed  1        i        nt  h 
two  real  and  two  unreal  factors,  its  disoriraiuaut  is  negative.     If  now  the  d  t    m    ant    t  t  a 
formation   be  D,  and  the  discriminant  corresponding  thereto  be  called  A  ha  e  A  — D  A 

showing  that  D^  is  negatlTC,  and  the  transformation  therefore  unreal. 

{b)  The  Teality  of  m  for  each  of  these  cases  (usually  assumed  without  proof)  may  be  demon- 
strated as  follows  :  Calling  the  cabio  invariant  and  the  discriminant  of  any  qnartio  form  T,  D,  we 
shall  have,  using  the  ordinary  canonical  form,  -  j —  '^  =  -jr ,  showing  that  when  D  is  positive, 
which  is  the  case  of  four  real  or  unreal  factors,  there  will  be  one  real  value  of  m,  and  when 
D  ia  negative,  a  reaJ  value  of  im.  The  former  case  possesses  over  the  latter  a  striking  distinction, 
which  is  that  all  the  roota  of  m  will  be  real ;  for,  as  I  have  shown  elsewhere  *,  if  m  is  one  toot  the 

complete  system  of  roots  will  be  i  m,  ±  ^ — ^  ,  ± ,     „     :  in  the  latter  ease  the  reality  of  the  two 

\+im        X - Am 
valaes  ±!m  does  not  seam  necessarily  to  imply  the  reality  of  the  other  four  values  ot  the  system. 

(c)  Analogy  suggests  the  establishment  ot  an  analogous  eauonieal  form  or  forma  for  ternary 
cubioB,  of  which,  as  is  well  known  and  is  even  dimly  foreshadowed  in  Newton's  Enumeration  of 
Lines  of  the  Third  Order,  the  theory  runs  closely  parallel  to  that  of  binary  quartics.  This  will 
be  effected  by  assuming  the  form 

and  assuming  3  ao  as  to  make  the  discriminants  of 

dF     dF     dF 
dx'    dy'    dz 
all  zero.     This  gives  rise  to  a  quadratic  equation  in  g,  of  which  the  roots  are  g  —  e,  g^ie^-e. 
Whanj;  =  «,Ificd 

S=e{l-ef,     T^{l-ef{l  +  ie     S)     A  =  T +fAS'^{l  +  8e)  (l-ef. 
When  ji  =  2e=-e,  I  find  A  =  {l-f)'(l-4f)J(I        )       b  j   ft  are  iniegera  to  be  determined. 

I'hese  forms  will,  I  thinlL,  he  found  important  a  th  fut  p  rspeotive  discussion  of  curves  of 
the  third  degree.  Whilst  I  yield  to  no  one  n  admnat  n  f  he  surpassing  genius  with  which 
Newton  has  handled  these  curves,  I  cannot  withh  Id  tl  xi  ession  of  my  opinion  that  every 
theory  of  forms  in  which  invariants  are  igu  drat  lab  nnder  an  inherent  imperfaclion, 
and  that  Newton,  fcom  want  of  acquaintance  with  the  indelible  characters  which  their  invariants 
[*  Volume  I.  of  this  Beprint,  p.  600,] 
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and  with  the  first,  second,  and  third,  as  well  as  the  third,  fourth,  and  fifth 
coefficients  form  geometrical  series ;  hence  it  is  obvious  that  the  transformed 
equation  may  be  reduced  to  one  or  the  other  of  the  two  following  forms, 
namely 

a>*  -f  ^ea?y  +  6e^iey  -  4>exf  +  y*  =  0,  (a) 

or  ic*  +  4-ewh/  +  Ge^c^  +  iewf  +  y*  =  0,  (b) 

with  the  condition  in  the  latter  case  that  e*  —  e'  is  positive,  that  ia  e'  >  1. 

It  must  be  remembered  that  we  know,  from  the  form  of  the  criteria-series 
to  the  derivatives  in  respect  to  either  x  ov  y  (indifferently),  that  the  equation 
must  have  some  imaginary  roots ;  and  the  question  therefore  lies  between  its 
having  two  or  four.  If  the  discriminant  ia  negative,  the  former  will  be 
the  case,  if  positive,  the  latter.  I  shall  show  that  in  each  equation  the 
discriminant  is  positive. 

Let  8,  t  represent  in  general  the  quartic  invariants,  then  we  have  to  show 
that  s'  —  STC  is  positive. 

In  case  ((e), 

5  =  1  +  4e=  +  Se* 
=  (l+e=)(H-3e"), 


-26^- 


atamp  upon  ourvee,  has  in  the  parallel  wbioh  he  has  drawn  between  the  generation  by  shadows  of 
all  conies  from  a  common  type,  and  of  all  cubic  curves  from  a  limited  number  of  forms,  eitber 
himself  fallen  into  error  of  conception,  or  at  least  used  language  wMoh  could  scarcely  fail  to  lead 
others  into  such  error.    For  no  species  wbatever  of  cubic  curre  can  be  formed  for  wbich  an 

nfinite  number  of  individuals  cannot  be  fomid  which  de^  linear  or  perspective  transformation 
each  other;   whereas  all  conies  proper  may  be  propagated   as   shadows   from   a  single 

ndividual.    It  should  be  noticed  in  connexion  with  this  subject,  that  the  indelible  characters  of 


quartio  binary,  and  cubic  ternary  forms  are  two  in  number,  namely,  the  Talue  of  -^  (where  i,  t  are 
the  two  fundamental  invariaata  in  either  ease)  and  the  sign  of  (.  The  indelibility  of  the  sign  of 
i  being  implied  in  the  inTariability  of  the  value  of  ^ ,  does  not  constitute  a  distinct  charaoter. 
Of  course  all  symmetrical  invariants  have  an  invariable  sign  ;  but  this  is  not  the  ease  with  skew 
invariants,  aa  for  example,  M.  Hermite's  octodeoinial  invariant  of  a  binary  quintie,  which  will 
ohange  its  sign  with  that  of  the  determinant  of  transformation. 

(d)  Whilst  upon  thia  subject  of  invariants,  I  may  allow  myself  to  make  a  remark,  bearing 
upon  what  will  be  noticed  further  on  in  the  test,  about  a  ease  of  equality  between  roots  not 
necessarily  being  a  mark  of  transition  from  real  to  imaginary  roots.  If  a,  b,  c,  d  being  the  roots 
of  a  binary  quartic  we  form  a  secondary  eubio,  of  wliicli  the  roots  are  {a~b){c-d),  (a-e)(d-  6), 
(a  -  d)  {6  -  c),  it  may  be  easily  shown  that  two  of  tlieae  quantities  become  equal,  or,  in  other  words, 
the  roots  of  the  original  equation  mark  out  a  harmonic  group  of  points,  when  (  (liie  oubinvariant) 

0.    Notwithstanding  which  a  change  of  sign  in  (  will  not  command  a  change  of  character 
.n  the  above  three  roots  of  the  secondary  (nor  consequently  of  the  original  equation),  because  it 

;  an  odd  but  an  even  power  of  t,  namely,  t^,  which  enters  into  the  discriminant  of  the 
secondary. 

25—2 
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so  that 

s'  -  21f  =  (1  +  ej  {(1  +  ^ej  -  27e^  (1  +  e")]  =  (1  +  ej  (1  +  9e=), 
and  is  positive. 
In  case  (J), 

s  -  (1  -  «  +  Se*)  =  (1  -  <•)(!  -  3e'), 

^t^  +  e^  +  e'-e^-e'-e^ 

and  s'  -  27c  -  (1  -  ^f  {(1  -  3e')' ~  27e"(l  -  «■)) 

=  (l.e.).(l_9.-). 

The  atiove  can  only  be  negative  when  e^  lies  between  1  and  ^ ;  but  in  the 
case  supposed  e>\.  Hence  the  discriminant  is  positive,  and  the  roots  are 
all  imaginary'^''.  Thus,  then,  the  theorem  is  established  for  n=  4,  as  well  as 
for  the  cases  where  the  ci'iteria  are  zero  (as  will  have  been  observed  ia  the 
course  of  the  demonstration),  as  for  those  where  they  are  plus  or  minus ;  and 
it  should  be  observed  that  the  demonstration  proceeds  upon  our  being  able  to 
show  that  the  quartic,  in  the  case  where  it  resists  reduction  to  the  case  of 
the  cubic,  namely  where  the  criteria  are  negative  at  the  two  extremes  and 
positive  in  the  middle,  may  by  real  linear  transformations  be  changed  into  a 
form  where  either  the  middle  criterion  is  zero  and  the  two  extremes  negative, 
or  the  two  extremes  zero,  and  the  middle  one  positive. 

Observation. — To  make  the  foregoing  demonstration  quite  exact,  it  should 
be  noticed  that  when  the  criteria  L,  M,  N  have  been  brought  to  the  form 
—  +  0,  and  the  series  of  substitutions  of  y-tex  for  y  has  set  in,  we  have 
N=0,    BN=0,    BM  =  (cd-be)e,    S'M^Ne^O,    S'M  =  0. 

■  if  cd  —  he  should  become  zero,  we  can  no  longer  go  on  de- 
Eut  as  soon  as  cd  —  be  =  0,  since  we  have  a!so  d'  =  ce,  b,  c,  d,  e 
come  to  be  in  geometrical  progression,  and  the  transformed  equation  takes 
the  form 

ax^  +  iota?'!/  +  Qto^x^f  +  ica^xf  +  «V  =  0, 

{"")  The  reader  oonversajit  only  with  ordinary  algebra  may  easily  verify  this  result.    For 

writine  -  +  -  =  j,   the  equation  beoomes  z^  +  iei  +  Se^-2  —  0,  and  this  will  have  its  roots   im- 

"  y  X  ' 
poasiible  unless  4e^>6e°-2,  or  2e'-2  negative,  which  it  cannot  be,  since  e'=.l,  and  oonseq.uently 
X  :  y  has  all  its  roots  imposeible.  Moreover  the  same  conclusion  would  (as  before  shown)  hold 
good  ncless  e°  ]ay  hetween  1  and  J  ;  for  on  making  s  —  2,  the  function  above  written  in  s  beoomes 
2  +  8e  +  6e',  or  2  (l  +  e}(l  +  3e) ;  and  making  !=  -2,  it  beoomes  2-8e  +  6e^  or  2  (1-e)  (1 -3e), 
which  two  quantities  evidently  have  both  positive  signs  nnless  e  lies  between  1  and  \,  or  between 
-1  and  -^;  so  that  the  first  SiCd  third  Sturmlan  functions  are  [except  on  that  supposition) 
respectively  positive  and  negative  for  z  —  2,  and  also  for  z  =  -  2,  showing  that  no  root  of  z  can  lie 
between  2  and  -  2,  and  oonsequenUy  that  all  the  roots  al  x  -.yK 
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with  the  condition  tu'  —  aay'  negative,  or  ti  >  1.     Hence  we  have 

which  obviously  has  all  its  roots  impossible'"'. 

(6)  We  may  dow  pasa  on  to  equations  of  the  fifth  degree,  ia  which 
the  case  resisting  reduction  will  be  that  where  the  criterion -series  bears 
the  signs 

-  +  +  -. 

Let  the  criteria  be  called  L,  M,  N,  P,  so  that  writing  the  equation 
a^  +  5bx'y  +  lOc^^.y^  +  lOdaiy  +  Sexy*  +ff  =  0, 
L  =  b''-ac,    M=c^-bd,    N=d?-ce,    P=e''-df. 
and  writing  for  x,  w  +  ey,  we  have,  as  before, 

hL  =  0,     ZM  =  (be  -  ad)  e,     S'M  =  Le% 
so  that  M  may  be  continually  diminished. 

If  M  becomes  zero  before  either  iV  or  P  changes  its  sign,  the  criterion- 
series  for  the  transformed  equation  becomes  —OH — ,  and  for  its  derivative 
in  respect  to  at,  the  series  ia  Q-\ — ,  which  proves  the  existence  of  four 
imaginary  roots  in  the  transformed,  and  consequently  also  in  the  given 
equation.  In  like  manner,  if  N  becomes  zero  before  Jf  or  P  have  changed 
their  signs,  the  criterion-series  becomes  — I-  0  — ,  which  obviously  leads  to 
the  same  result.  So  likewise  the  same  inference  may  be  drawn  if  L  and  M, 
or  M  and  M,  or  L,  M,  N  become  zeros  all  at  the  same  time,  and  we  have  only 
to  consider  the  case  when,  L  and  M  retaining  their  signs,  JV  becomes  zero. 
At  this  moment  the  order  of  the  substitutions  must  be  revei-sed,  and  for  y 
must  be  written  y-i-ex;  we  shall  then  have 

P  =  0.     SP  =  0,     BN=(de~cf)e ; 

and  reasoning  as  in  the  preceding  case  for  n  =  i  (with  the  sole  difference, 
that  if  BN  ■vanishes  by  virtue  of  de  —  of  vanishing,  we  should  have  P  =  0, 

(")  From  the  first  and  third  criteria  it  follows  thai  in  the  form  (a,  b,  c,  d,  e^x,  y)'',  a,  c,  e 

have  the  same  sign  and  may  he  regarded  as  all  positive ;  so  that  writing  a-  —  =  k',  e =  Ji*, 

the  form  becomes  h^x^  +  F+k^',  where 

F—  —  x*  +  ibx'y  +  61^1^^  +  idxy'  H —  y*, 

and  consequently  the  given  form  will  have  all  iti  loois  imaginaiy  \ihen  this  is  true  for  F,  so  that 
we  might  have  prooeeded  at  onee  to  deal  with  the  forms  maiked  (a),  (b)  at  p.  [387] ;  hut  as  the 
method  of  homographic  transfarmation  by  mtinitebimal  substitutions  appears  to  he  neoessary  in 
passing  to  the  corresponding  forms  in  the  case  of  the  tifth  degree  and  as  in  treating  that  case 
reference  ia  made  to  what  appears  aboie  I  haio  thought  th'it  no  object  would  be  gained  hy 
altering  the  test. 
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^  =  0,  and  the  criterion-series  — h  0  0,  which  at  once  indicates  the  existence 
of  four  imaginary  roots),  we  see  that  there  remains  only  to  consider  the  case 
where  the  criterion-series  takes  the  form  0  4-4-0.  It  is  scarcely  necessary 
to  observe  that  all  the  criteria  can  never  vanish  simultaneously;  for  that 
would  indicate  the  equality  of  all  the  roots  in  the  transformed,  and  therefore 
in  the  given  equation,  whose  own  criteria,  contrary  to  hypothesis,  would  also 
be  all  zero.  The  zero  values  of  the  two  extreme  criteria  indicate  that  the 
three  first  and  the  three  last  literal  parts  of  the  coefficients  are  in  geometrical 
progression,  from  which  it  will  immediately  he  seen  that  the  equation  to 
be  considered  may  be  thrown  (by  substituting  in  lieu  of  x  and  y  suitable 
multiples  of  x  and  y,  which  will  not  affect  the  characters  of  the  criteria)  into 
the  convenient  form 

a^  4-  beiCy  4-  10eW«/'  4-  Xfhfx^y'  4-  5i^xy*  4-  y'  =  0, 
with  the  two  conditions  ^  —  erf  positive,  ij'  —  r/e'  positive. 

The  form  of  the  criterion- series,  apocopated  from  either  end,  shows  that 
two  of  the  roots  must  be  imaginary ;  and  consequently,  in  order  to  establish 
the  existence  of  two  imaginary  pairs  of  roots,  it  is  only  necessary  to  show 
that  the  discriminant  of  the  above  equation,  subject  to  the  above  conditions, 
must  remain  always  positive.  That  discriminant  I  proceed  to  determine ; 
but  as  a  guide  to  the  form  under  which  it  is  to  be  expressed,  the  following 
observation  is  important.     Let  us  take  the  more  general  form 

aa^  +  bcc*y  4-  ca?'/^  4-  cte^f/'  4-  exy*  +fy'  —  0, 
where  a  =  l,    h  =  \e,     c  =  fie'^,    d  =  iMif,     e  =  \i},    /=!, 

X,  fi  being  any  numerical  quantities. 

The  discriminant  will  evidently  be  a  symmetrical  function  of  e  and  17. 

Let  a^'b^o'^d^e'  be  the  literal  part  of  a  term  in  the  discriminant.  By  the 
law  of  weight  we  must  have 

<(  4-  2r  4-  3s  4-  4(  =  5  X  4  =  20. 

But  in  the  equation  before  us,  a^b'<(fd^^  (to  a  numerical  factor  prh)  is 
ei+^ri^+\  and 

( J  4- 2r)  -  (2s  4- ()  =  (5  +  2r  4- 3s  +  4()  -  5  (s -K) 

Hence  the  difference  between  the  indices  of  e  and  ij  in  each  term  is  a 
multiple  of  5,  and  consequently,  since  the  discriminant  is  a  symmetrical 
function  in  e  and  1],  it  will  be  a  rational  integral  function  of  e'*  +  tf  and  en. 
Moreover,  as  no  such  term  as  c*ii'  can  figure  in  the  discriminant,  which,  as  we 
know,  must  in  all  cases  contain  one  or  the  other  of  the  two  final  and  of  the 
two  initial  coefficients,  we  see  that  no  term  can  be  of  higher  than  the 
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14th  degree  in  e,  ij,  nor  yet  so  high,  for  the  only  terms  that  could  be  of  that 
degree  would  be  6c^d'e ;  but  making  a  and  /  each  zero  in  the  original  form, 
it  becomes  obvious  that  al!  the  terms  free  from  a  and  /  contain  Ve^  as  a 
factor  1^*',  Hence,  in  fact,  the  discriminant  will  be  only  of  the  twelfth  degree 
in  6,  ij,  and  being  therefore  of  only  the  second  degree  in  e"  + 1;^  will  admit  of 
comparatively  ea.'^y  treatment. 

(7)  Before  proceeding  to  the  calculation  of  this  discriminant,  it  wilJ  be 
useful  to  investigate,  as  a  Lemma  ancillary  to  the  subsequent  discussion, 
under  what  CDnditions  four  of  the  roots  of  the  supposed  equation  will  become 
imaginary  when  6  =  77. 


— -(1,  e,  e^e^e,  l]J"a>,  .v)'=0 
a;  +  I,  ^  '    •  ^    '  -^^ 

becomes 

s=_2-£  +  l  +  56(3~l)  +  10e==s^  +  (5e-l)^+10e'-5e-l=0, 
orsay/(^)  =  0. 

The  determinant  of /(a)  is  thus 

(56  -  IJ'  -  406=  +  20e  +  4, 
that  is  5  {1  -  e)  (1  +  Se) ;  and  all  the  roots  of  z,  and  consequently  of  {(c,  y),  will 
be  impossible,  unless  z  lies  between  1  and  —J. 
Now  /(2)=l+5e  +  10e^ 

/'(2)  =  3  +  5€; 
so  that  when  z  has  any  real  roots,  that  is   when  e  lies  between   1   and 
~i>  /(2),  /'(2)  are  both  positive,  and  the  Stiirmian  functions  are  of  the 
signs  +  +  +. 

Again,  /(- 2)  =  5-15e+ 10e^  =  5(l-e)(l  -  2e), 

/•(-2)  =  -5  +  56; 
so  that,  on  the  same  supposition  as  before,  the  Sturmian  functions  are  +  — (-, 


^ 1-  when  ^  >  e  >  —  ^, 

+  when  1  >e>^. 

In  the  former  case  two  real  roots,  in  the  latter  one  real  root  of  s  lies  between 
2,  —  2.  Hence  in  the  former  case  no  real  roots  of  z  lie  between  the  limits 
00 ,  2,  and  the  limits  —  2,  —  «> ,  and  in  the  latter  case  one  real  root  lies 
between  those  limits.  Hence  x,  y  will  have  four  imaginary  roots,  unless  e 
lies  between  1  and  ^,  and  two  such  roots  in  every  other  case. 

(")  For  the  ffiaeriminant  of  xy^  {x,  y)  =  the  disoriminant  of  ip  [x.  y)  muitipiied  by  the  square 
of  the  product  of  the  resultant  of  (i,  4)  "-I'd  of  (y,  ip). 
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Thus  the  discriminant  of  (1,  e,  e^  if,  t),  lijic,  yf,  when  e^i),  is  negative 
when  e  lies  between  1  and  ^,  but  for  every  other  value  of  e  is  positive,  save 
that  it  vanishes  when 

e  =  l,  or  e  =  ^l"",  or  e  =  — ^. 

(8)     I  now  proceed  to  calculate  the  discriminant  of  the  form 
afl  +  5ex*y  +  lOe'a^'^  +  lOrj^x'^  +  Srjtmf*  +  y^ 
for  general  values  of  e,  t).     This  will  be  accomplished  most  expeditiously  by 
taking  the  resultant  of  the  two  derivatives  of  the  above  form,  say  U  and  V, 
where 

JJ=a.*  +  iea^y  +  6e^icy  +  itj^xy^  +  ♦;?/', 
F=  ear'  +  4«Vy  +  QrpaiY  +  ^v^"  +  y*  \ 
so  that       e[/"-r=6(£^-77')«y  +  4(ei?*-i))icy'  +  (eij-l);/'  =  j''P, 
-r7+ijF=(ei;~l)ai'  +  4  {ti^  -  e)  a;=y  +  6  (if  -  e")  mhf  =  a?Q,. 
Hence 
Resultant  of  {U,V)  =  - — -y-  x  Resultant  of  (y'f ,  ic^Q)  =  Resultant  of  (P,  Q) ; 

where  P  =  6  (e*  -  jj=)  a;'  +  4  (eij^-  j;)  ict/  +  (ei;  -  1)  i/=, 

Q  =  (^  -  1)  a^  +  4  ()?£=  -  e)  iBj/  +  6  (jj'  -  6=)  7/=. 
Hence,  calling  A  the  discriminant  of  the  original  form,  we  obtain  by  the 
well-known  formula  for  the  resultant  of  two  binary  quadratics,  writing  for 
the  moment 

P  =  (P.  2nA,  AJ^a:,  y)\     Q  =  (A,  2e^,  P'^ar,  y/, 
A  =  -  (46^^  -  ^AB')  mA^  -  4e^B)  +  (A^  -  BBJ 
=  (1  -  Wev)  A'  +  16  (e^P  +  n^B')  A'  -  IGe^BB'A^  -  2BB'A^  i-£'B'\ 
Hence,  writing  ei;  =  q,  e^  +  7f  =  S, 
A  =  (l~16q)(q-l)'  +  m(S-2(t)(q-iy-72{8q-i.l){q>  +  f-S){q-iy 

+mH^+q'-sy. 

Let  S  —  q^-q'  =  a-,  q~l=p,  so  that 

S~2q^=o--q^  +  q''  =  a-  +  (p  +  Ifp. 
Then 

A  =  36V=+  72  (8p  +  9)pV  +  96pV  +  96  (p  -I- 1)=^  -  (16p  +  15)p 
=  1296ct^ -I- (64Sp'  + 672p=)  ff  +  96p«  +  176jj'+ 81j)' 
=  ^  |(108<r  +  27^'  +  28p'y  +  729;p^  + 1584^°  +  864p«  -  (27p=  +  28p=)=}, 
or 

9A  =  (108<7  +  27/  +  28^)"  +  72?'  +  SOp'. 

{'')  When  e  =  4  the  (Hsoriminant  of  /  (^)  dora  not  vanish,  but  i  =  -  2  satisfies  the  equation  m  z, 
and  oonsequenily  -  has  two  equal  roots  - 1,  so  that  the  dtacriminant  ot  the  original  equation 
vaniahes. 
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(9)  Hence  we  see  at  once  that  A  can  be  negative  only  when  p  lies 
between  0  and  —•^^,  that  is  when  etf  (which  is  p+  1)  lies  between  1  and  -^. 
Accordingly  when  A  is  negative,  e  and  t)  must  be  both  positive  or  both 
negative.  The  latter  supposition  may  easily  be  disproved  as  follows :  treating 
the  equation  A  =  0  as  a  quadratic  equation  in  a,  in  order  that  A  may  be 
capable  of  becoming  negative,  its  discriminant  in  respect  to  a-  must  be 
negative,  and  its  value  when  tr  =  —  oc   is  positive.     Now 

so  that  when  e  and  i]  are  real  we  have 

(S > 2 (p  + 1)^ ^'\  that  'is<T>-ip  +  lf+^ip  + 1)=  - (i>  + 1)' 
when  e,  j;  are  both  positive,  and 

S<-2(^  +  l)^'«'"",  that  is  a <{p  +  \f  +  {p  +  \f -^{p  +  lf 
when  e,  i)  are  both  negative. 

If  now  we  substitute  (^  +  l)^+(p  +  l)'  — 2(p  +  l)«  for  cr  in  A,  I  say  that 
the  resulting  value  will  be  positive  whatever  positive  value  be  given  to  {p  + 1); 
in  fact,  if  we  write  p  —  v'^—\,  and  make  (j-  =  — i^+Sc"  — 1/°,  so  that  A  becomes 
a  function  of  the  twelfth  degree  in  v,  this  function  is  what  the  discriminant 
of  the  equation  in  a.',  y  becomes  when  we  have  e  =  ij  =  v;  but  in  the  antecedent 
Lemma  it  has  been  shown  that  this  discriminant  is  only  negative  when  the 
two  equal  quantities  e  or  17,  or,  which  is  the  same  thing,  when  v  lies  between 
1  and  \;  hence  A  is  positive  when  v  is  negative,  and  consequently  when 
(r  =  (p  +  I)=  +  (_p  +  l)»-2(p  +  l/. 

Thus  A,  a  quadratic  function  in  o",  and  its  discriminant  are  respectively  +  and 
—  for  this  value  of  o",  as  well  as  for  17  =  —  00 .  Hence  no  real  root  of  a-  lies 
between  such  value  of  cr  and  —  co  ,  and  consequently  A  must  be  always  positive 
when  e  and  i)  are  both  negative.  Hence,  if  A  is  negative,  we  must  have 
l>6i7>-j\f;  6>0;  Tj>0.  But  our  criJeWagive  e*  —  e);^>0,y  —  ije^>0,  which, 
when  e>0,  5j>0,  imply  ^>7f,  tf>e^,  and  consequently  ej?>l,  which  is  in 
contradiction  to  the  inequality  1  >  e/;.  Hence  when  these  criteria  are  satisfied 
the  determinant  is  necessarily  positive,  and  all  the  roots  are  imaginary,  which 
completes  the  proof  of  Newton's  rule  for  equations  of  the  fifth  degree. 

(10)  It  follows  as  a  corollary  to  the  Lemma  employed  in  the  preceding 
investigation,  that  if  in  A  we  write  (7  =  — (i/*  ~  1^)' and  p  =  it' —  1,  and  distinguish 
this  particular  value  by  the  symbol  (A),  then  (A)  ought  to  break  up  into  the 
product  of  odd  powers  of  !•  —  1,  v  ~  |,  of  some  even  power  of  {v  +  ^),  and  of  a 
factor  incapable  of  changing  its  sign,  and  remaining  always  positive.  This 
may  be  easily  verified;  for  dividing  (A)  by  {v  —  Xy,  we  obtain 

1296r^  [648  {v  +  \y  +  24  (1-=  -  1)  (j/  +  ly]  v'  +  96  (»/=  -  1)^  (v  +  \y 

+  176  (1.=  -1){W  Vy  +  81  (j.  +  1)^; 
('")  it  is  of  course  understood  that  {p  +  1)^^  is  to  be  taken  positive. 
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and  collecting  the  terms  12961/*-  648y*  (i'  +  Vf  +  81  (v  +  1)*  whose  sum  contains 
the  factor  {v  —  Vj,  we  have 


-I2%( 

'  +  r''  +  c=  + 

i-^  +  j.^  +  p'  + 
v'  +  v'  +  tj''  + 

..+1) 
«  +  l) 

-    648  ( 

»•  + 

v'^■v 

'  +  «■  + 

«+l) 

+      81  ( 

V 

■^  +  51.^ +  111' +  15) 

-      24(1. 

'  +  3»'  +  Sc- 

+  ,f) 

+      96  (r 

'  +  5(.«  +  9i.' 

+  .»' 

-    5.^- 

-1    9»'-5.-l) 

+    176  ( 

y« 

+  51.' 

+  10i.^+  10..' +5^  +  1) 

=  720j.'  -  240c*  - 

328»'  +  40i 

.'  +  6: 

;»•  +  5«' 

-01.-1. 

Hence 

(A)  =  (:-  - 1)' {iv  -  If  {90j/^  +  105r=  +  49i'=  +  lli-  +  l) 
=  („  _  ly  (2^  -  1)^31-  +  1)=  {10^  +  5i/  +  Ij ; 
showing,  agreeably  with  what  was  seen  in  the  Lemma,  that  the  discriminant  of 

(1.  e,  <,'.  e\  ,,  1J«;,  y)- 
vanishes  then,  and  then  only,  when 

e=  1,   or   e  =  ^,   or   6  =  -^, 
bwt  does  not  change  its  sign,  except  as  e  passes  through  the  limits  1  and  ^, 
and  only  within  those  limits  can  become  negative"". 

(11)     Although  the  theory  of  the  possibility  of  the  roots  of 

has  now  been  completely  investigated,  so  far  as  is  necessary  for  the  proof 
of  Newton's  theorem  applied  to  equations  of  the  lift  degiee  t  1  be  fo  d 
that  the  labour  will  not  be  ill  spent  of  considei  n^    no  e  c    se  y    he  real 

(")  In  general  the  oaae  of  equal  roots  of  an  eq^uation  is  th  n        u         w        a 

roots  into  imagmary,  or  vice  versa.     Bat  we  see  by  the  above  in  tan       h       li         n     n  ily 

the  oaee  always,  for  A  vanishes  on  making  e=  -J,  and  two  m      q  h  u      ny 

change   in  the  nature  of  the  roots  when  t  passes  from  being  g    a  b   n^  ha        .J 

In  such  ease,  however,  there  ia  a  sort  of  unstable  equilibrimn   n   h         m         h        ua  by 

which  I  mean  that  the  efieot  of  auy  general  infinitesimal  chant   p         m  d  npon  fli     n 

of  the  equation  wonld  be  either  to  cause  the  real  roots  in    h    r    ghb  ni       d 
disappear  by  the  factor  (e  +  J)'  beeomuig  superseded  by  a  quadra  n  h  rap       b 

roots,  or  else  a  region  in  the  neighbonrhood  of  e=  -^  would  appear  wt  h  h  qua  a 
would  acquire  two  real  roots,  owing  to  (e  +  3)'  becoming  Buperaed  d  by     q  ad  ti 

with  real  roots,  in  which  case  there  would  be  two  values  in  the  a    g  b      h  i  h 

of  which  there  would  be  a  pair  of  equal  roots  in  the  equation.     Th  p    bab  y   h    hrs 

instance  distinctly  noticed  of  this  singular  obliteration  of  the  nsna  ff  p  n  a  and  a^  ua  y 
roots  of  a  passage  through  eq.u9llty,  owing  to  the  appearano      faga      Is,         mhd 
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nature  of  the  criteria  which  separate  the  ease  of  one  pair  from  that  of  two  pairs 
of  impossible  roots  in  the  above  equation.  Newton's  criteria  being  constructed 
so  as  to  cover  every  possible  case  for  equations  of  every  degree,  will  always 
be  found  to  fit  loosely,  so  to  speak,  upon  each  case  treated  p&r  se ;  ao  that 
more  precise  conditions  can  be  assigned  in  each  particular  case  than  those 
which  are  furnished  by  his  rule.  So,  for  example,  it  may  be  remembered 
that  in  the  equation  (1,  e,  e^  e,  IjJiS,  yY  ~  0,  Newton's  rule  implies  only  that 
when  e  >  1,  the  roots  are  all  impossible;  but  we  have  found  further  that 
unless  1  >  e  >  ^  (a  much  closer  condition),  the  same  thing  takes  place. 

It  is  obvious  from  what  has  been  demonstrated  above,  that  if  we  treat 
p  and  0",  which  are  respectively  erj  —  l  and  e^  +  ij'  —  e'lf  —  ^if,  as  the  abscissa 
and  ordinate  of  a  variable  point  in  a  plane,  the  curve  A  =  0,  that  ^ 
(lOStr  +  27^  +  28p=)=  +  72p'  +  80j)«  =  0  wiU  be  the  line  of  demarcation  between 
those  values  of  e,  ij  which  correspond  to  one  pair,  and  those  which  correspond 
to  two  pairs  of  imaginary  roots. 

For  all  values  of  e,  7}  corresponding  to  internal  points  of  the  curve  A  there 
will  be  two  imaginary  and  three  distinct  real  roots;  for  all  such  as  correspond 
to  external  points  there  will  be  four  imaginary  roots,  and  for  points  on  the 
curve  two  imaginary  and  two  equal  roots. 

The  curve  A  is  a  curve  of  the  6th  degree  whose  form*  will  presently  be 
discussed.  But  there  is  an  important  remark  to  be  made  in  the  first  instance. 
Not  all  the  points  within  the  curve  A  will  correspond  to  real  values  of  e,  i?. 
In  order  that  these  quantities  may  be  real,  we  must  have 

6»  +  i;^  >  2  (eij)t, 
that  is  a  +  <f  +  (f>  2q^,  where  q=p  +  i, 

or  a^  +  2(cf^  +  f)iT  +  ^  -  iq^  +  q' >  0. 

Writing  this  inequality  under  the  form  S  >  0,  we  see  that  the  curve  R  =  0 
will  represent  a  second  sextic  curve  intersecting  the  former.  A  may  be  called 
the  curve  of  the  discriminant  or  discriminairiic,  and  will  be  a  closed  curve,  and 
R  the  curve  of  equal  parameters  or  equatrix,  and  will  consist  of  a  single 
infinite  branch.  All  points  on  the  latter  correspond  to  equal  values  of  e,  ij, 
those  on  one  side  of  it  to  real  values  of  e,  rj,  and  those  on  the  other  side  of  it 
to  conjugate  values  of  the  form  X  +  i/j.,  X  —  ifi  respectively.  Thus  the  area 
confined  within  the  curve  A  will  be  divided  into  two  portions  by  the  equatrix, 
and  it  is  impossible  to  shut  one's  eyes  to  the  inquiry  as  to  the  meaning  of  the 
variable  point  lying  in  that  portion  which  gives  conjugate  values  to  e,  ij.  It 
becomes  clear  by  analogy  that  some  kind  of  distinction  must  be  capable  of  being 
drawn  between  the  nature  of  the  roots  of  the  equation  (l,6,e',9;',ij,  IJiC,  y)"  =  0 
when  e,  9?  are  conjugate,  in  some  sense  similar  or  parallel  to  that  which  we 
know  to  exist  between  them  when  e,  jj  are  real;  and  obviously  this  inference 

[*  See  the  Figure,  p.  478  below,] 
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■cannot  be  confined  to  equations  of  the  particular  form  and  degree  of  that 
above  written;  in  a  word,  equations  whose  coefficients  are  not  real  but 
■conjugate,  must  have  roots  of  two  kinds,  one  analogous  to  the  real,  the  other 
to  the  imaginary  roots  of  equations  with  real  coefficients.  This  inference  wiU 
'he  justified  in  the  sequel;  but  in  the  meanwhile  it  will  be  desirable  to  complete 
the  investigation  of  the  special  equation  under  consideration,  by  a  discussion 
of  the  forms  and  relations  of  the  two  curves  A  and  R.  These  curves  we  know 
^  priori,  fi-om  what  has  been  already  demonstrated,  can  only  meet  in  the 
three  points  corresponding  to 

fi  =  ^  =  l,     e  =  -r,  =  i,     e  =  i]  =  -h> 
and  since  p  =  eTj  —  l,  the  abscissiE  of  these  three  points  will  be  0,  —  J,  —  |. 

Moreover  the  3rd  point  will  be  distinguished  from  the  other  two  by  the 
circumstance  that  A  does  not  change  its  sign  as  p  passes  through  the  value 
—  §.     Consequently  the  two  curves  must  touch  each  other  at  this  point. 

Since  when  A  =  0  p  lies  between  0  and  ~^,  the  curve  A  is  confined  to 
the  negative  side  of  the  axis  of  a:  It  is  also  confined  to  the  negative  side 
of  the  axis  of  p. 

For  between  the  limitsp=0,^  =  — i^, 

648^^  +  672^^,  that  is  24  (27p^  +  28^^)  is  obviously  positive, 

and  %p^  +  17Gp>  +  8lp^  =  ^{{24p  +  22f  +  2}  is  always  positive. 

Hence  the  two  values  of  o-  are  both  negative  throughout  the  extent  of  the 
curve  A. 

Thus  e^  +  i)''  —  e^v^  —  ^'v'  being  negative,  e'  — ij^  and  ij^—e^  have  the  same 
signs  when  e,  j;  are  real,  as  should  be  the  case;  for  in  order  that  A  may  be 
capable  of  vanishing,  e{e'  —  n^)  and  ii(if  —  e')  must,  by  Newton's  rule,  be  both 
negative,  which  could  not  be  the  case  if  either  e  or  ij  were  negative;  so  that 
t?  —  if  and  if  —  ^  must  have  the  same  signs,  in  fact  each  must  be  negative. 

The  curve  A  under  consideration  has  a  multiple  point  of  the  4th  order 
of  multiplicity  at  the  origin,  where  it  is  touched  by  the  axis  of  ^.  Its  distance 
from  the  axis  for  the  extreme  value  of p,  namelyp  =  — ■^^,  is  ^000- 

It  has  three  real  maxima  and  minima,  two  belonging  to  its  upper  portion 
and  one  to  the  lower  portion  at  the  points,  for  which  p  has  the  approximate 
values  - -^i  —53,  and  —  |('»i, 

(")  The  large  numbers  which  enter  into  A  may  be  uaefully  rednoed,  and  the  eciuation  A=0 
made  more  manageable,  by  aid  of  the  simple  Bubstitationa  ff=  ■-  -sr  ,  p=  "'!'■     ■'■''^  equation 
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The  curve  R,  that  is  a  =  {{p-Vl)±{p  +  l)^Y,  has  the  values  0  and  -4 
at  the  origin,  a  cusp  at  its  extremity  corresponding  to  p  =  —  \,  where  both 
of  its  branches  meet  and  touch  the  axis  of  p,  and  a  negative  maximum  in  its 
upper  branch  at  the  point  where  p  =  —^. 

At  all  points  within  the  curve  R,  e  and  j;  are  conjugate,  and  for  the  points 
outside  real.  Its  lower  branch  will  meet  and  touch  the  lower  portion  of  A 
at  the  point  where  p  =  —  %,  and  its  upper  branch  will  intersect  and  pass  out 
of  the  upper  branch  of  A  at  the  point  where  p  =  — f  ■  The  only  part  of  the 
area  A  therefore  which  corresponds  to  real  values  of  e,  tj,  is  that  which  is 
included  between  the  upper  segment  of  A  and  the  upper  branch  of  R,  and 
extends  only  from  ^  =  0  to  j?>  =  — f,  that  is  from  e5j  =  l  to  e»?  =  |.  Hence  we 
may  easily  find  an  inferior  limit  to  the  values  of  e  and  7}  when  the  equation 
(e,  ij)  =  0  has  two  real  roots;  for  we  have  in  that  case  e,  tj,  jj^  — e^,  e^  — V  eiII 
positive.     Hence 

ij'  >  e^tj^  >  (f,     if  <  e^tf  <  <f. 
Consequently  e,  tj  must  each  of  them  always  lie  between  q^,  }■■;  and  since 
the  least  value  of  q  is  J,  e,  ij  must  each  be  always  greater  than  (^)6,  that  i& 
than  -33499 P«. 

whose  masima  acd  minima  will  be  given  by  the  equation 

■mljich,  maltiag  1-Su  =  iu,  becomes 

370u3-46u'-9w  +  l  =  0, 
whose  roots  are  all  real,  and  are  one  jnst  a  little  gfeatet  than  -  J,  another  a  little  leas  thaa  J,  and. 
the  third  a,  veiy  little  less  than  iV  respectively;  whence  ^^|(iii-l)  will  have  the  approximate 
values  given  in  tlie  test, 

(")  e :  7)  will  have  a  maximum  value,  which  can  be  found  by  writing  Ue :  8)j ;:  s :  ij;  and  con- 
saquentlj,  remembering  that  3=^  +  1,  S'=t'  +  ij',  <r-S-g^-q^, 

SS:Bg::5S:  2q. 
and  therefore  Srr;Sp  :;5ir  +  q^-q^:2q::5iF+p  (p  +  1)';  2  (p  +  l). 

Substituting  the  values  of  &r;Sp  in  5A  =  0  and  wmbmrnfc  the  result  with  the  equation  iS  =  0,, 
p  and  a  may  be  found  by  the  solution  of  a  numerical  equation,  of  the  ?th  cie(^ree  and  then  e  and 
71  may  be  found  by  the  solution  of  a  quadiatio  and  the  extiattion  of  5th  roots  To  fled  the. 
maxima  and  minima  values  of  e  and  i)  tbemsehes  exactly  would  lead  to  the  solntion  of  aa 
equation  of  a  degree  quite  unmanageable. 

But  we  may  first  find  the  greatest  mammum  and  Ipast  minimi  m  values  of  5  that  18,  e'  +  ij', 
by  making  BiT=12(j  +  3g^)  Sq  in  M  =  0,  which  leads  to  an  equation  (I  forget  whether)  of  the  3rd  or 
5th  degree  (it  is  one  of  the  two) ;  calling  this  maximum  and  rainimum  m,  «  respectively,  and 
naming  p  (which  of  course  must  exceed  unity)  the  greatest  quotient  of  -  or  - ,  we  shall  have 


4/(rf^.)->->;/fe.)' 

ly  near  to  the  absolute  maximum  an 
It  maybe  noticed  that  we  know,  from  what  has  gone  before,  that  pean  never  exceed  {~j'- 


e  tolerably  near  to  the  absolute 
rioed  ti 
consequently 
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There  is  a  third  curve  not  undeserving  of  notice,  of  only  the  3rd  degree, 
which  embodies  the  joint  effect  of  the  two  middle  criteria  (the  two  extremes 
being  supposed  to  be  each  zero)  in  the  two  eases  where  Newton's  rule  will 
prove  all  the  roots  of  the  equation  under  consideration  to  be  impossible. 
These  criteria  are  Ci  =  e*  -  eij',  c^  —  rj^  —  v^-     But 

C,v'  +  0,^  =  q(2q'-S)  =  qi2q'-t-f-<r)  =  q{f-q-'-<y), 
which  for  all  values  of  q  on  the  positive  side  of  the  line  p  =  —  l  (that  is  q  =  0) 
will  have  the  same  sign  as  q^  —  q^—  cr,  which  we  may  call  £''"';  and  ^positive 
will  evidently  imply  that  Ci,  c^  are  one  or  both  of  them  positive.  The  whole 
plane  will  be  divided  by  the  curve  K  into  an  upper  region  (commencing  at 
D-  =  X  ),  for  which  K  is  negative,  and  a  lower  region,  in  which  K  is  positive. 
For  any  point  of  the  curve  K,  a-  =  ^  —  q\  which  within  the  limits  of  q  with 
which  we  are  concerned,  namely  those  within  which  A  lies,  is  negative;  for 
any  point  of  the  curve  R,  the  smaller  absolute  value  of  a-  is 

-  (j'  -  g^  4-  2g*  =  f  -  2'  +  2  (jS  _  g»), 
which  <q^  —  f  within  the  hmits  in  question.  So  that,  remembering  that 
each  of  these  values  of  a-  is  negative,  we  see  that  the  portion  of  the  area  A 
corresponding  to  real  values  of  e,  ij  will  be  completely  above  the  curve  K, 
that  is  in  the  negative  regiou  of  K,  and  that  accordingly  A  for  real  values 
of  e,  7)  can  never  vanish  when  K  ia  positive,  as  should  be  the  case.  This 
remark  does  not,  however,  apply  to  the  conjugate  region  of  A;  for  the  curve 
K  will  pass  through''^''  the  lower  or  conjugate  portion  of  the  area  A. 

(12)  I  may  now  say  a  few  words  on  the  signification  of  that  portion  of  A 
in  which  e  and  ij  are  conjugate  imaginary  quantities. 

(™)  I  call  K  the  Indicatris,  as  esbibiting  the  joint  effect  of  the  indicia  or  criteria  of  the  Bule. 

("I  This  may  easily  be  verified ;  foe  at  the  point  jj  =  -  J  it  will  bo  fotmd  that  the  ordinate  in 
K  and  the  lower  ordinate  in  A  are  equal,  and  at  the  point  p—  -.^  the  lower  ordinate  in  A  is 
-j^^,and  in  K  is  -jHsi  which  shows  that  the  curve  K  entering  the  area  A  when  at  the 
lower  half  of  the  curve,  at  a  point  where  p=  -f,  must  pass  through  ita  upper  contour  in  order  to 
cut  the  linep^  -^^  as  it  does  ahove  the  point  where  A  is  touched  by  that  lice. 

The  curve  K^  has  ita  negative  masimmn  at  the  point  9  =  ^,  that  is,  ])=  -  J.  It  passes  through 
the  origin,  and  begins  with  sweeping  under  the  curve  A,  which  it  enters  exactly  under  the  point 
where  E  quits  A,  and  passes  through  A  at  a  point  lery  close  in  let  1  to  tht  horizontal  estremity 
of  A.  It  may  be  noticed  that  when  p—  -  i,  the  smaller  ordinatea  of  B  and  A  are  each  -  j^.  'he 
ordinate  of  K  and  the  larger  ordinate  of  A  being  each  -  ^ 

I  have  found  the  points  of  oontaot  of  A  with  A  by  actuiUy  sulstitutng  f~q\  that  is, 
2)  (p  +  lj'  for  n  in  A=0.     This  gives  the  equation 

2064p'  +  7352j)=  +  9823i  =  +  o832p  +  l  Jfy  =  0 
one  factor  of  which  is  4ji  +  3,  dividing  out  which  we  have 

The  Hewtonian  criterion  applied  to  the  three  first  coefficients  of  the  above  gives  -  1362J,  showing 
that  two  of  the  roots  are  impossible ;  the  remaining  real  root  I  find  to  be  '8946,  &o.  It  does  not 
appear  to  be  a  rational  number. 
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In  general,  let 

{a  +  ia,  b  +  i0,  C  +  V7, ,  c-iy,  b-i0,  a-ia^x,  ?/)"  =  0 

be  an  equation  in  which  all  the  coefficients,  reckoning  simultaneously  from 
the  two  ends,  are  conj  ugate  to  one  another,  and  the  central  coefficient,  if  there 
is  one,  which  can  only  be  when  n  is  even,  real. 

Let  -  =  p-hiq  satisfy  this  equation.     Then  evidently  -  =^  —  j'g  will  also 

satisfv  it;  or,  which  is  the  sanae  thing,  -  =  ^ — ^  will  satisfy  it. 

Now  either  this  root  will  be  identical  with  the  former  one,  or  a  distinct 
root;  in  the  former  case  we  must  have  p^  +  q''  =  l,  and  the  root  will  be  of  the 
form  cos  a +  i  sin  a;  in  the  second  casep'H-^^  will  differ  from  unity,  and  there 

will  be  a  pair  of  imaginary  roots  of  the  form  p  (cos  a-\-i  sin  a),  -  {cos  a  +  i  sin  a), 
in  which  the  real  parts  p,  -  are  reciprocal  to  one  another,  and  the  directive 

parts  e""  identical.  Moreover,  if  we  write  the  given  equation  under  the  form 
[/■+iF'=0,  and  suppose,  as  can  always  be  done,  that  V  and  Y  have  been 
divested  of  any  algebraical  common  factor,  it  may  easily  be  shown  that  the 
equation  so  prepared,  and  which  may  be  called  a  Conjugate  Equation  proper, 
can  have  no  real  roots  and  no  pairs  of  imaginary  roots  in  the  sense  in  which 
that  term  is  employed  in  the  theory  of  equations  with  real  coefficients;  but 
the  distinction  between  simple  or  solitary  and  twin  or  associated  roots  reappears 
in  the  theory  of  conjugate  equations,  under  a  different  form.  It  will  of  course 
be  understood  that  the  class  of  simple  roots  for  which  the  modulus  is  unity 
is  quite  as  general  as  that  of  twin  roots,  for  each  of  which  the  modulus  may 
be  anjHihing  different  from  unity,  just  as  in  the  ordinary  theory  the  case  of 
real  is  quite  as  general  as  that  of  imaginary  roots,  although  the  former  may 
be  represented  by  points  on  a  fixed  straight  line,  whilst  the  points  representing 
the  latter  may  be  anywhere  in  the  plane,  this  liberty  of  displacement  being 
balanced,  so  to  say,  by  the  constraint  of  coupling.  The  general  geometrical 
representation  of  the  roots  of  a  real  equation  is  a  system  of  points  in  a  Hue, 
and  a  system  of  pairs  of  points  at  equal  distances  on  opposite  sides  of  the 
line.  So  the  general  geometrical  representation  of  the  roots  of  a  conjugate 
equation  will  be  a  system  of  points  in  the  circumference  of  a  circle  of  radius 
unity,  and  of  points  situated  in  pairs  in  the  same  radii  at  reciprocal  distances 
from  the  centre.  In  a  woi"d,  in  each  case  we  may  say  that  the  roots  can  be 
geometrically  represented  by  points  on  a  circle,  and  pairs  of  points  electrical 
images  of  each  other  in  respect  to  the  circle,  hut  the  radius  of  the  circle  in 
the  one  case  will  be  infinity,  in  the  other  unity.  Conjugate  like  real  equations 
will  have  all  their  invariants  of  an  even  degree  real,  and  those  of  an  odd 
degree  will  be  pure  imaginaries,  or  real  quantities  affected  with  the  multiplier  i. 
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Their  morphological  derivatives  (covariants,  contravariants,  &c.)  will  he  also 
conjugate  forms.  The  whole  doctrine  of  equations,  as  regards  the  separation 
of  real  from  imaginary  roots,  and  the  determination  of  the  limits  within 
which  the  former  lie,  will  reproduce  itself  with  suitable  modifications  in  the 
theory  of  conjugate  equations,  in  which  simple,  on  the  one  hand,  and  coupled 
or  twin  roots,  on  the  other,  wil!  correspond  respectively  as  analogues  to  the 
real  and  imaginary  roots  of  the  ordinary  theory.  Thus  the  following  theorem 
may  be  demonstrated  without  difficulty,  namely,  in  any  conjugate  equation 
the  number  of  coupled  roots  is  congruent  to  0  in  respect  to  the  modulus 
4  when  the  discriminant  is  positive,  and  to  2  in  respect  to  the  same  modulus 
when  the  discriminant  is  negative  '='>.  We  see  now  how  to  interpret  the  effect 
of  the  variable  point  whose  coordinates  are  e^  +  Tj^  and  er)  lying  within  the 
area  A,  in  that  portion  of  it  for  which  e,  tj  become  imaginary;  namely  it  is 
that  in  such  case  the  equation  (e,  ij)  =  0,  which  then  becomes  of  a  conjugate 
form,  will  have  three  simple  and  two  twin  roots;  and  thus  the  unity  of  the 
interpretation  is  restored  if  we  choose,  as  we  very  well  may,  to  extend  the  use 
of  these  terms  to  the  real  roots  and  the  paired  imaginary  roots  of  ordinary 

f^)  [a)  A  very  simple  linear  traosformfttion  ebows  the  immediate  connexion  between  the 
solitary  and  associated  roots  of  oonjugate  with  the  real  and  paired  imaginary  roots  of  ordinary 
equations.     For  if/lar,  y)  —  fi  be  a,  ooojugate  eqnation,  writing 

f(x,  y)  beeomes  F{v,,  «),  a  real  form  in  u,  v. 
When  u,  v  are  real,  we  have 


Thtu 

of  which  the  modulus  is  obTionsly  unity. 

(6)  Now  it  is  known  that  if  t  be  the  number  of  real,  and  r  of  imaginary  roots  in  the  real  form, 

(it,  p)",  its  disoriminant,  bears  the  sign  (-)    2~  .    Hence  the  e^n  of  the  disoriniinant  of  the 
conji^ate  form  (a,  y)"  (since  the  determinant  of  v  +  iUyV  —  iu  is  2i)  will  be  (-)",  where 

Hence  since  t  and  t  (t  - 1)  are  both  even,  ( -  )a=  ( -  )~i  ,  and  the  sign  of  the  disoriminant  of 
a  conjugate  form  is  +  or  -  according  as  the  number  of  imaginary  roots  does  or  does  not  con- 
tain 4  as  a  factor. 

It  must  he  remembered  that  the  sign  of  the  discriminant  la  not  in  general  the  same  as  that  of 
the  ieta  or  squared  product  of  differences  of  the  roots  The  sign  of  the  zita  for  real  equations 
follows  preoiBelj  the  same  law  as  the  sign  of  the  diii,i iininaiit  fur  conjugate  ones. 
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equations.  We  may  neglect  the  curve  of  reality  R  altogether,  aod  affirm 
that  all  over  the  area  A,  e,  tj  will  have  such  values  as  will  give  rise  to  three 
simple  and  two  coupled  roots. 

(13)  That  part  of  the  theorem  of  Newton  which  had  received  a  demon- 
stration from  Maclaurin  and  Campbell  in  the  generalized  form  in  which 
I  have  enunciated  it  in  this  paper,  may  be  easily  extended  to  the  case  of 
conjugate  equations.  It  will,  as  applied  to  them,  read  thus:  If  the  (m  — 1) 
quadratic  derivatives  of  a  conjugate  form  of  the  nth  degree,  all  whose  roots 
are  simple,  be  multiplied  respectively  by  the  coefficients  of  any  other  conjugate 
form,  all  whose  roots  are  also  simple,  of  the  degree  {n—  2),  and  the  sum  of 
these  products  be  taken  as  a  new  quadratic  form,  the  discriminant  of  this 
latter  must  be  positive,  or,  which  is  the  same  thing,  its  determinant  must  be 
negative. 

(14)  So  much  for  the  case  of  k  =  5.  If  we  were  to  proceed  to  the 
consideration  of  equations  of  the  6th  degree,  two  cases  of  resistance  would 
present  themselves  in  the  demonstration  of  Newton's  rule,  namely  one  in 
which  the  signs  of  the  cdteiia  are  —  +  +  +  —,  the  other —  +  —  -I-—.  In  the 
latter  it  would  only  be  necessary  to  show  that  the  discriminant  is  necessarily 
negative,  since  we  know  from  the  derivatives  that  the  equation  must  have 
four  imaginary  roobSj  and  the  choice  would  lie  between  the  alternatives  of 
there  being  four  or  six.  In  the  former  case  the  derivatives  only  indicate  the 
necessary  existence  of  two  real  roots,  and  it  would  become  requisite  to  prove 
that  there  must  be  four  or  six — an  alternative  which  depends  not  on  the  sign 
of  one  function  of  the  coeflicieiits,  but  on  the  nature  of  the  signs  of  two  such 
functions  given  by  Sturm's  or  any  equivalent  theorem.  It  would  thus  become 
requisite  to  prove  that  two  functions  of  the  coefficients,  say  L,  M,  could  not- 
hoik  be  negative;  and  this  might  be  shown  by  demonstrating  the  existence 
of  two  quantities,  L',  M',  other  functions  of  the  coefficients  incapable  of 
assuming  any  but  the  positive  sign  such  that  Z'i  +  if'if  would  be  necessarily 
positive. 

Part  II. — On  the  limit  to  the  number  of  real  roots  in 

EQUATIONS  OF   THE   FORM  2  {ax  +  &)". 

(15)  I  shall  now  proceed  to  the  consideration  of  a  theorem  relating  to  a 
particular  class  of  ordinary  equations,  which  occurred  to  me  in  the  course  of 
and  in  connexion  with  the  preceding  investigations.  The  theorem  itself  but 
unaccompanied  by  proof,  has  appeared  in  the  Oomptes  Rendus  of  the  Academy 
for  the  month  of  March  1864  [above,  p.  360]. 

Both  as  regards  its  nature  and  the  processes  involved  in  the  proof,  it 
stands  in  close  relation  to  Newton's  rule,  my  study  of  which  in  fact  led  me  to 
its  discovery.     It  will  therefore  take  its  place  most  appropriately  in  this  paper. 
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Certain  preliminary  properties  of  circulation  introducing  some  new 
notions  of  polarity  must  be  first  established,  by  way  of  Lemmas  to  the  proof 
in  question. 

By  a  type  let  us  understand  a  succession  of  symbols  of  any  subject  matter 
whatever  susceptible  of  receiving  the  signs  +-,  or  any  suchlike  indications 
of  opposite  polarity. 

Let  a,h,  c, . . .  i,  k,  I  be  any  such  type,  where  the  elements  a,b,c,...  may 
be  regarded  either  as  points  in  a  line  or  rays  in  a  pencil  affected  respectively 
with  the  signs  of  +  and  — . 

Then  by  a  per-rotatory  circulation  of  such  type,  I  mean  the  act  of  passing 
from  the  first  element  to  the  second,  from  the  second  to  the  third,  &e.,  from 
the  last  but  one  to  the  last,  and  from  the  last  to  the  first. 

By  a  trans-rotatory  circulation  of  the  same,  I  mean  the  act  of  passing 
from  the  first  to  the  second,  the  second  to  the  third,  &c.,  from  the  last  but 
one  to  the  last,  and  from  the  last  to  the  first,  with  its  sign  reversed. 

A  type  considered  subject  to  per-rotatory  circulation  may  be  termed  a 
Per-rotatory  Type;  one  subject  to  the  other  sort  of  circulation,  a  Trans- 
rotatory  Type. 

If  a,  b,  c,  d,  e  be  a  per-rotatory  type,  its  direct  phases  are 

a,     b, 


and  its  retrograde  phai 


If,  on  the  other  hand,  a,  b,  g,  <?,  e  be  a  trans- rotatory  type,  its  direct  phases 
will  be 

a,     b,    c,    d, 
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and  its  retrograde  phases 


where  the  sign  (— )  is,  for  greater  convenience  of  writing,  placed  over  instead 
of  before  the  elements  which  it  affects ;  and  so  on  in  general  a  type  of  n 
elements,  whether  per-rotatory  or  trail a-rotatory,  will  admit  of  n  direct  and 
n  retrograde  phases. 

If  we  count  the  number  of  variations  of  sign  in  the  circulations  of 
any  phase  of  a  per-rotatory  type,  this  number  will  be  the  same  for  all  the 
phases,  and  wiU  be  an  even  number;  this  even  number  may  be  termed 
the  variation-index  of  the  type. 

So,  again  if,  whatever  be  the  original  signs  of  the  element  in  a  trans- 
rotatory  type,  we  count  the  number  of  variations  in  the  circulation  ofany 
of  its  phases,  this  number  also  will  be  constant  and  will  be  odd,  and  this 
odd  number  may  then  be  termed  the  variation-index  of  the  type. 

(1 6)  Let  any  phase  be  taken  of  a  per-rotatory  type,  and  out  of  such 
phase  let  any  element  be  suppressed;  then  we  obtain  a  type  one  degree 
lower  in  the  elements,  which,  if  we  please,  we  may  consider  as  a  trans- 
rotatory  type,  and  such  trans-rotatory  type  may  be  termed  a  derivative  of 
the  original  per-rotatory  one. 

In  like  manner  any  phase  being  taken  of  a  trans-rotatory  type,  one 
element  may  be  suppressed,  and  the  reduced  type  treated  as  a  per-rotatory 
one,  and  termed  a  derivative  of  the  original  trans-rotatory  one. 

We  may  now  enunciate  the  following  important  general  proposition, 
namely: 

Any  fcrans-rotatory  type  or  any  per-rotatory  type  whose  variation-index 
is  different  from  zero  being  given,  a  per-rotatory  derivative  of  the  one  and 
a  trans- rotatory  derivative  of  the  other  may  be  found  such  that  the  variation- 
index  of  the  derived  types  in  either  case  shall  be  less  by  a  unit  than  the 
variation -index  of  the  types  from  which  they  are  derived. 

Case  (1).  Let  the  given  type  be  per-rotatory.  Then  by  hypothesis, 
since  it  has  some  variations,  we  may  find  a  phase  of  it  beginning  with 
+  and  ending  with  — ,  by  which  I  mean  beginning  with  an  element  that 
is  positive  and  ending  with  one  that  is  negative.  This  gives  rise  to  two 
sub- cases. 

'I',  the  phase  in  question,  will  be  + -| — 

©,  the  phase  in  question,  will  he  -|- . 

26—2 
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In  either  sub-case  let  the  last  sign  be  suppressed,  and  the  result  treated 
as  a  trans-rotatory  type ;   then  T,  ®  become  respectively  T',  &,  where 

r  is -I- + 

and 

&  is  -I- - 

and  evidently  the  variation-index  of  T  — variation-index  of  2"  =  number  of 

changes  of  sign  in  H 1-  less  changes  of  sign  inn —  =  2—1  =  1;   and  again 

variation -index  of  0  —  variation-index  of  0'  —  number  of  changes  of  sign  in 

1- less  changes  of  sign  in =1—0  =  1.     Hence  the  theorem  is  proved 

for  the  case  where  the  given  type  is  per- rotatory. 

Case  (2).     Let  the  given  type  be  trans-rotatory. 

Then,  again,  there  must  either  be  a  phase  of  the  form  P,  or  one  of  the 
form  "J*,  where  P  represents  a  continual  succession  of  signs  of  the  same  name 

as  -I- -I- . . . -t- or ..,— ,and  '!>  represents  a  succession  beginning  with  one 

sign  as  +  and  ending  with  one  or  more  signs  — ,  or  else  beginning  with  — 
and  ending  with  a  succession  of  signs  +.  Essentially,  then,  as  a  change  of 
signs  throughout  a  whole  succession  does  not  affect  the  variation-index,  we 
may  suppose 

P  =  -l- ++, 

the  signs  intervening  between  the  two  expressed  signs  —  in  ^  being  filled 
up  in  any  manner  whatever,  and  those  between  the  t^o  signs  +  with  signs 
exclusively  -I-. 

Let  now  that  phase  of  4"  be  taken  which  commences  with  the  first  sign 
of  the  final  succession  of  -|-.     Tiien  <i>  becomes 


which  is  of  the  form 


(*)  =  +  - 


■  +  +. 


so   that  P  is  only  a  particular  case  of  (*).     If  the  last  sign  in  (O)  be 
suppressed   and  the  result  treated  as  a  per-rotatory  type   be  called  (•I')', 

so  that  ('I>)'  =  -|- -]-,  we   have   variation -index   in  (it)- variation-index 

in  {^)'=  changes  of  sign  in  —  -i-  less  changes  of  sign  in-|--|-  =  l— 0  =  1. 
Hence  the  proposition  is  established  for  both  cases. 

(17)     The  theorem  to  which  this  Lemma-proposition  is  to  be   applied 
concerns  equations  of  the  form 

£,Uj™  +  Cajt,™  H- . . .  +  e^n-n"'  =  0, 
where  Ui,   %,..., m„  are  any   linear  functions  oi  x,  y;   m  is  any   positive 
integer,  and  e^,  e^, ...  e„  ate  each  respectively  and  separately,  either  pius  unity 
or  minus  unity. 
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Such  an  equation  for  conveuience  of  reference  may  be  termed  a  super- 
linear  equation,  and  the  function  equated  to  zero  a  auperlinear  function. 

Every  auperlinear  function  may  be  conceived  as  having  attached  to  it 
a  pencil  of  rays  constructed  in  a  manner  about  to  be  ( 


We  may  conceive  the  function  to  be  prepared  in  such  a  manner,  that, 
supposing  ax  +  h/  to  be  any  one  of  the  n  linear  elements  u,  every  b  shall 
be  positive.  If  m  is  even,  this  can  be  effected  by  writing  when  re- 
quired for  ax  +  by,  —ax— by  without  further  change.  If  m  is  odd,  we  may 
write  when  required  —aso  —  hy  in  place  oi  ax  +  by,  changing  at  the  same  time 
the  factor  e,  which  appertains  to  (ax  +  hy)™  from  + 1  to  —  1 ,  or,  vice  versd, 
from  —  1  to  +  1. 

Now  take  in  a  plane  any  two  axes  of  coordinates  0^,  Oi],  and  consider 
a,  b  as  the  ^  and  vj  coordinates  of  a  point.  All  the  n  points  thus  obtained, 
on  account  of  every  h  being  positive,  will  lie  on  the  same  side  of  the  axis 
0^,  and  thus  the  entire  n  linear  functions  will  he  represented  by  a  pencil 
of  «  rays,  the  two  extreme  rays  of  which  make  an  angle  less  than  two 
right  angles  with  each  other;  but  each  term  of  the  auperlinear  function 
contains,  besides  {ax-\-byY,  a  definite  multiple  +1,  or  —1,  and  we  must 
accordingly,  to  completely  express  such  term,  conceive  every  ray  affected 
with  a  distinct  sign  +  or  — .  A  pencil  thus  drawn  with  its  rays  so  polarized 
will  give  a  complete  representation  of  any  given  superlinear  function,  and 
may  be  called  its  type-pencil  "^'. 

I  am  now  able  to  state  the  following  proposition : 

(18)  The  number  of  real  roots  in  a  superlinear  equation  cannot  exceed  the 
variation  ^ndea>  of  its  type-pencil,  regarded  as  a  per-rotatory  type,  if  the  degree 
of  the  equation  be  even,  and  as  a  trans-rotatory  type  if  the  degree  of  the 
equation  be  odd.    I  prove  this  inductively  as  follows. 

(^)  Let  a  circle  ba  imagined  pierced  by  a  pencil  coDtaining  any  number  of  raya  protracted  in 
both  direotioni,  bay  in  the  opposite  pointa  a,  a;  b,  p  ;  c,  y;  d,  S  ;  and  let  these  points,  taken  in 
order  of  natural  snooeseion  from  left  to  right,  or  right  to  left,  be  a,  b,  c,  d,  a,  p,  y,  8.  Then, 
commencing  mCh  any  point  c,  a  caviplete  circulation  will  be  represented  by  the  succession  of 
transits 

But  Vihetlier  a,  (J,  7  3  bear  respectively  the  same  signs  or  a^ns  contrary  to  those  of  a,  b,  c,  d, 
the  transit  between  any  two  points  ^  to  7  will  be  of  the  same  nature,  as  regards  continuance  or 
change  of  sign,  as  the  transit  from  b  to  e,  and  thus  we  sea  that  the  complete  cycle  or  total 
revolution  above  indicated  is  only  a  reduplication  of,  and  may  be  fully  designated  by  the  hemi- 
oyclio  succession  c  to  li,  li  to  a,  a  to  j9,  ,3  to  7,  for  which  the  number  of  variations  therefore  will  be 
the  same  as  for  any  similar  auocesaion  obtained  by  eoraraeuoing  with  any  other  element  in  the 
original  system  of  points  instead  of  c.  If  the  opposite  points  bear  like  signs,  the  above  succession 
of  transits  may  be  indicated  by  the  order  c.  d,  a,  b,  c ;  if  they  bear  contrary  signs  by  the  order 
c,  d,  d,  b,  e,  and  thus  it  is  that  the  idea  arises  of  the  two  hinds  of  so-oalled  circulation,  but  which 
are  in  fact  only  more  or  less  disguised  species  of  semioirculation. 
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Suppose  the  theorem  to  be  true  when  the  variation- index  of  the  type- 
penci!  is  not  greater  than  the  even  number  v,  and  consider  an  equation  of 
the  odd  degree  (2i  + 1),  for  which  the  type-pencil  viewed  as  trans-rotatory 
has  the  variation- index  v  +  l. 

Let  a  phase  of  this  type  be  taken,  say  corresponding  to  the  rays 
Pn,  pn-i.-.ps,  pi,  such  that  the  per-rotatory  type  obtained,  by  striking  out 
the  term  p,  has  the  variation -index  v  (as  we  know  may  be  done  by  virtue  of 
the  Lemma). 

Take  for  new  axes  Of,  Oti,  when  0^'  coincides  with  pi ;  then  it  is  clear 
that  the  pencil  p„,  pn-i-'-pa.  Pi  will  still  serve  as  a  type-pencil  to  the  given 
function,  the  only  change  being  that  some  of  the  rays,  namely  those  that 
did  lie  on  one  side  of  p^,  have  been  inverted  in  direction  and  changed  in 
sign  (corresponding  to  a  change  in  the  coefficients  a,  b,  accompanied  with 
a  change  in  the  sign  of  the  corresponding  e),  whilst  the  rays  on  the  other 
side  of  ^1  have  been  left  unaltered. 

The  points  (Oi,  6,),  (a«,  6,)...(a,j,  &„)  corresponding  to  the  rays  p^,  p3,...p„ 
will,  with  respect  to  the  new  axes,  change  their  values,  becoming  converted 
into  (a„  0),  (o^,  y9,),  (a„  0^),...(an,  0n),  where  /9„  /3a,...;8„  will  still  all  be 
positive,  the  angle  between  p,  and  p„  being  the  same  as  between  the  two 
extreme  rays  in  the  original  figure  of  the  type-pencil,  and  the  superlinear 
equation  may  now  be  written  in  the  form 

F{u, ti)=ei(a,w)^+' -i- e,(a,u  +  ^^vf+'  +  e,(a,u  +  ff,vy'+' ...+  e„(a«M  +  0nvf^'  =  0, 
where  u,  v  are  real  linear  functions  of  x,  y. 

Let  the  derivative  of  this  function  be  taken  in  regard  to  v,  and  we  have 

2^  r  (u,  v)  =  Ae=  (».M  +  M"^  +  0.^.  («.«  +  ^.^T  ■  ■  ■  +  ^«e„  («„«  -t-  finVT, 
where  ^^e^,  ^^^...^^en  have  the  same  signs  as  e^,  ^3,,..%  respectively. 

Now  the  pencil-type  of  .f  (m, n)  will  be  the  per-rotatory  type  p«,  p„~i,.-p^, 
of  which  by  construction  the  variation-index  is  v.  Hence  by  hypothesis 
F'{u,  v)  has  not  more  than  v  real  roots,  that  is,  at  least  2i  —  v  imaginary  roots. 
Hence  F(_u,  v)  has  at  least  that  number  of  imaginary  roots,  that  is,  at  most 
(2i  -f- 1)  —  (2i  -  v),  that  is,  i-  -(- 1  real  roots.  Hence  if  the  theorem  is  true  for  v 
an  even  number,  it  is  true  for  v  +  l. 

In  like  manner  let  us  proceed  to  show  that  when  it  is  true  for  v  an  odd 
number,  it  would  remain  true  for  v+l. 

The  reasoning  will  be  precisely  similar  to  that  followed  in  the  antecedent 
case.  We  must  findaphaseof  the  per-rotofoj-y  type  p„,pn_i,...pi,pi  having  the 
variation- index  v  +  l  such  that  the  trans -rotatory  reduced  type  p„,  p„_2.---p2 
shall  have  the  variation -index  v ;  the  new  pencil  will  still  continue  to  be 
a  type-pencil  of  the  given  superlinear  function,  the  change  of  direction  in  the 
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bunch  of  rays  on  one  side  of  p,  being  now  unaccompanied  with  change  of  sign, 
such  change  corresponding  to  eiax+hy)^  becoming  changed  into  e{—aa:—hi/f' 
without  e  undergoing  a  change  of  sign. 

As  before,  the  axes  of  coordinates  are  transformed  from  ^,  t)  into  ^',  i\,  and 
we  obtain 

f{n,  v)  =  e,  («,w)^'  +  e,  («,M  +  ,9,^)='  + . . .  +  e„  («„w  +  Q^^Y, 

^.F'(u,v)  =  0,e,  («,«  +  0,vr-^  + . . .  +  ,3„e„  (a„M  +  ^„z.)^~', 

for  which  the  type-pencil  is  the  trans-rotatory  type  p„,  p„_,,...pa,  of  which 
by  construction  the  variation -index  is  v,  bo  that  its  number  of  imaginary 
roots  is  2*  —  1  —  1',  and  consequently  the  number  of  real  roots  of  F(ti,  v)  will 
be  ,/  -M. 

Thus,  then,  if  the  theorem  be  true  for  v,  whether  i-  be  even  or  odd,  it 
will  be  true  for  p+1. 

But  when  i'  =  0,  the  superlinear  function  becomes  a  sura  of  even  powers 
of  linear  functions  of  x,  y,  all  taken  with  the  same  sign,  of  which  the  number 
of  rCMDts  is  evidently  0.  Hence,  being  true  for  this  case,  the  proposition  is 
true  universally. 

It  will  be  noticed  that  the  algebraical  part  (as  distinguished  from 
the  purely  polartactic  part  of  the  above  demonstration)  depends  on  the 
principle  of  which  such  abundant  use  has  been  made  in  the  former  part 
of  this  dissertation,  namely  that  the  number  of  imaginary  roots  in  any 
ordinary  algebraical  eqiiation  in  x  cannot  be  increased  when  we  operate 
any  homographic  substitution  upon  x,  and  take  the  derivative  of  the  equation 
thus  transformed  in  lieu  of  the  original  '^. 

(24J  por  greater  olearness  I  preEent  in  att  inyerted  order  of  arrangement  a  summary  of  the 
foregoing  argument. 

By  an  ith  derivative  of /(it,  y)  is  meant  any  derived  form 

the  \,  li  quantities  being  any  real  qaantities  whatever.     Then  I  say — 

1.  If  T  is  the  type-pencil  (pet-cotatory  or  trans-rotatory)  of  any  superlinear  form  F,  every 
derivative  of  T  of  the  contrary  name  is  the  type-pencil  of  some  first  derivative  of  F,  as  shown  in 
art.  (19). 

2.  A  derivative  of  T  of  contrary  name  may  be  found  such  that  ita  variation-index  shall  he 
less  by  a  unit  than  that  of  T  itself,  as  shown  in  art.  (16). 

3.  Henoe  if  i  is  the  variation-indei  of  the  type-penoii  of  F,  an  ith  derivative  of  F  may  be 
found  such  that  its  variation-index  shall  be  zero,  and  consequently  having  no  real  roots. 

Henoe,  finally,  since  the  number  of  real  roots  of  any  rational  integral  homogeneous  function 
in  s:,  y  cannot  exceed  by  more  than  i  the  number  of  the  real  roofs  in  any  of  its  ith  derivatives, 
F  cannot  have  more  real  roots  than  there  are  units  iu  the  variation-index  of  its  type-pencil. 

The  subtle  point  of  the  argument,  it  will  be  noticed,  lies  in  forming  the  conception  of  the 
variation-index  to  a  trans-rotatory  pencil,  in  which  the  singular  phenomenon  occurs  of  a  reversal 
of  Telative  polarity  in  passing  from  the  last  ray  to  the  first,  whereas  in  a  pet-rotatory  pencil  any 
ray  indifferently  may  be  regarded  as  the  initial  ray,  no  such  reversal  in  that  case  taking  place. 
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(19)  The  propositioa  above  established  leads  immediately  to  the  theorem 
and  corollary  following,  namely  -. 

Theorem.  If  c^,  Cs,...Cn  be  a  series  of  ascending  or  descending  magni- 
tudes, and  m  any  positive  integer,  the  equation 

\i  («  +  C:)"' +  Xs  {a;  +  c)™  + . . .  +  X«  (ic  +  c,,)*"  =  0 
cannot  have  more  real  roots  than  there  are  changes  of  sign  in  the  sequence 

For  obviously  (1,  c,),  (1,  C2),...(l,  c„)  will  be  poiats  corresponding  to  rays 
within  a  semire volution,  and  therefore  forming  a  type-pencil. 

Corollary.  If  the  above  equation  be  transformed  by  any  real  homo- 
graphic  substitution  into  the  form 

/:*.  (2/ +  Ti)™  + /"s  (i/ +  7^)™  +  ■  ■  -  +  M«  (2/ +  7«)™  =  0, 
where  7,,  72, ...7^  are  taken  in  ascending  or  descending  order,  the  number 
of  changes  of  sign  in  the  series  fl.^,  fi3,...fin,  (—)™/J-i  is  invariable  *^' ;  for  the 
effect  of  any  such  formation  will  be  to  leave  the  type-pencil  unaltered  except 
in  its  phase. 

(20)  If  we  look  to  the  undeveloped  form  of  the  superlinear  function 

S  =  fiiWi"'  -I-  e^Wa™  + . . .  +  e„iin'", 
and  are  supposed  to  possess  no  knowledge  of  the  coefficients  which  enter  into 
the  linear  elements  u,  we  may  still  draw  some  general  inferences  aa  to  the 
limit  of  the  number  of  real  roots  in  S  =  0.  Thus  if  the  number  of  positive 
units  e  is  j,  and  of  the  negative  units  k,  and  j  is  not  greater  than  k,  it  is 
obvious  that,  whatever  may  be  the  form  of  the  type-pencil  to  iS,  its  variation- 
index  cannot  be  more  than  2y  when  m  is  even,  nor  more  than  2J+1  when 
m  is  odd ;  for  the  arrangement  the  most  favourable  to  the  largeness  of 
the  number  of  the  real  roots  is  that  where  every  two  rays  with  the  signs 
belonging  to  the  j  group  of  e  are  separated  by  one  or  moi'e  of  the  rays 
with  a  contrary  sign  to  themselves.  Thus  it  appears  that  when  only  the 
units  e-i,  ea,..,en  are  given,  we  may  impose  a  maximum  upon  the  number 
of  real  roots  in  the  superlinear  equation ;  this  limit  may  be  called  the 
absolute  mawimum,  being  the  double  of  the  inferior  number  of  like  signs  in 
the  series  Ci,  e^,  ...en  when  the  degree  is  even,  and  one  more  than  such  double 
when  the  degree  is  odd  "*'. 

(^)  It  may  be  noticed  that,  contrariwise,  the  limit  to  the  number  of  real  raote  given  by 
Newton's  erileria  is  not  an  invadant;  it  fluetuatea  with  the  homographic  traneformations 
operated  upon  the  equation ;  and  a  question  suggests  itself  aa  to  the  mazimani  valne  the 
number  of  imaginariee  indicated  b;  the  rule  can  attain.  I  presume  this  maximum  is  not  in  oU 
cases  necessarily  the  actual  numher  of  the  imaginary  roots  possessed  by  the  equation. 

t^)    {a)   If  a  superliuear  form  oC  an  odd  degree  contains  an  odd  number  of  terms,  say  2i;  +  I, 
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The  specific  maximum,  on  the  other  hand,  will  depend  on  the  form 
of  the  type-pencil,  and  cannot  be  ascertained  until  the  coefficients  of  the 
linear  elements  are  given.  It  can  never  exceed,  brit  may  be  less  than 
the  absolute  maximum.  It  may,  indeed,  be  easily  proved  that  in  general 
the  specific  maximum  will  be  leas  than  the  absolute  maximum.  Thus,  by 
way  of  example,  suppose  the  degree  to  be  even,  and  the  inferior  number 
of  like  signs  to  be  2 ;  the  absolute  maximum  number  of  real  roots  will 
be  four,  but  the  specific  maximum  will  more  generally  be  only  two.  For 
let  the  number  of  linear  terms  in  the  superlinear  fuoction  be  2  +  n,-n  being  2 
or  any  greater  number;  and  first,  to  iix  the  ideas,  suppose  n=2.  The 
type-pencil,  which  is  to  be  read  per-rotatorily,  consists  of  four  rays,  say 
a,  b,  c,  d,  following  each  other  in  uninterrupted  circular  order,  of  which 
two  are  to  bear  positive  and  two  negative  signs.  If  the  two  negative 
signs  fall  on  a,  c  or  on  b,  d,  the  variation -index  will  be  4,  but  in  the  other 
four  cases  of  incidence  such  index  will  be  only  2.  Consequently  the  chance 
is  2  to  1  <"'  that  the  specific  maximum,  which  may  be  4,  is  not  greater 
than  2;  and  consequently  the  chance  that  there  will  be  four  real  roots 
in  the  equation  will  be  only  a  chance  (too  difficult  to  be  calculated,  but 
which  is  a  function  of  the  degree  of  the  equation)  of  the  chance  ^  that 
there  will  be  as  many  as  four  real  roots  in  the  equation  u^+u^^u^—u^—O, 
where  tiy,  u^,  Ug,  W4  are  unknown  linear  functions  of  w :  thus  we  are  entitled 
to  say  that  in  general  the  number  of  real  roots  in  such  an  equation  is 
not  the  maximum  four,  but  a  less  number.  This  remark  is  of  importance, 
as    showing    that    on    this    subject   it    is    possible    to    speak   with    scientific 

tha  greatest  value  of  the  inferior  number  of  like  signa  ie  k,  and  the  extreme  limit  to  the  number 
ol  real  roots  will  he  94  + 1. 

If  it  contain  an  even  number  of  terms,  say  2k,  tlie  greatest  value  of  the  inferior  index  is  ft ; 
but  for  this  particular  case  it  will  readily  be  seen  that  a  limit  may  be  assigned  to  the  variation, 
iadex  closer  than  that  given  by  the  rule  in  the  text;  in  fact  the  variation -index  cannot  in  that 
case  eioeed  2k  - 1,  which  will  therefore  be  the  extreme  limit  to  the  number  of  real  roots.  Now 
suppose  the  canonisant  of  an  odd-degreed  function  of  x,  y  to  have  all  Its  roots  real,  then  it  may 
be  expressed  by  a  superlinear  form  of  which  the  number  of  terms  will  be  2i  -1- 1  or  2i,  according 
as  the  degree  is  4i-^l  or  ii-  1.  In  the  one  case  the  number  of  real  roots  cannot  exceed  2i-Fl,  in 
the  other  2i  -  1.     Hence  the  following  somewhat  ourioas  theorem  : 

(6)  If  the  canonizant  of  an  odd-degreed  qyantic  in  x,  y,  of  the  degree  4i  ±  1,  has  no  imaginary 
roots,  the  quantic  itself  must  have  at  lea»t  i  pairs  of  imaginary  roots.  From  the  fact  that  when 
the  roots  of  the  canonisiant  of  a.quintic  are  all  real  there  must  be  one  pair  at  least  of  imaginary 
roots,  we  can  infer  that  when  the  discriminant  of  a  quintic  is  positive  and  that  of  its  eanoniaant 
is  negative,  the  equation  has  one  real  and  four  imaginary  roots.  This  observation  has  led  to  a 
long  train  of  reflections,  which  will  he  found  embodied  in  the  3rd  part  of  the  memoir. 

{^f)  This,  in  faot,  is  identical  in  substance  with  the  noted  problem  of  determining  the  ehanee 
that  two  straight  lines  drawn  on  a  black  board  will  cross.  Mr  Cayley,  of  whom  it  may  be  so 
truly  said,  whether  the  matter  he  takes  in  hand  be  great  or  small,  "  nihil  tet%it  quod  non 
ornavit,"  soggests  the  following  independent  proof  of  this.  Taking  unity  as  the  length  of  the 
contour,  fixing  the  extremity  of  one  of  tlie  lines,  and  calling  s  the  distance  of  its  other  end  from 
it  measured  on  the  contour,  the  chance  of  the  second  line  crossing  this  is  easily  seen  to  he 
2i(l  -t),  which,  integrated  between  s  —  O,  e^l,  gives  ^,  as  before  obtained. 
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certainty,  and  on  other  than  empirical  grounds,  of  what  may  in  general 
be  expected  to  take  place.  Thus  we  find  Newton  declaring  twice  over 
in  the  chapter  quoted,  that  m  general  his  rule  will  give  not  merely  the 
maximum,  but  the  actual  number  of  the  imaginary  roots  in  an  equation. 
I  am  strongly  inclined  to  doubt  the  truth  of  this  assertion ;  but  it  is 
important  to  be  satisfied  by  analogy  that  such  an  assertion  may  rest  on 
a  scientific  and  demonstrative  basis,  and  not  on  the  utterly  fallacious 
foundation  of  aritbmetical  empiricism  i^'. 

(^)  A  few  additional  words  on  this  question  of  probability  may  not  be  unaooeptable.  la  order 
to  meet  the  case  o(  the  degree  of  the  superlinear  form  or  equation  being  odd  as  well  aa  evea,  let 
it  be  suppoBed  Itnown  imder  the  form 

_|X,  (•+!,)-, 

the  value  ot  the  quautitiei  <  being  supposed  to  be  left  ivholly  indeterminate,  and  only  the  signs 
of  the  quaiititiei  X  to  be  g:\en  Let  m  be  the  infeiioi  number  of  like  signs  in  the  \  aeries, 
meaning  theieby  that  the  number  of  Rigns  of  one  sort  is  lu  a 

Let  the  probability  of  the  specific  maiimum  of  leal  loota  bi 
sented  byp;(_!  ^id  of  its  being  24  +  1  when  m  is  odd  by  5ra+i 
nnmbei  of  oases  when  a  and  n  are  given  which  correspond  to 
2ft  +  l  respectively  Suppose  u  — 1,  then  obviously  when  m  is 
when  H  IS  odd  tfi  =  2  (for  when  eithei  eifreme  element  alone  is 
has  the  variation- indes  unity),  andD-5  =  n-2,  so  that 


Again,  suppose  io  =  %,  ia  being  even ;  then  obviously  Sj  is  the  number  of  ci 
cycle  of  n  elements,  and  s^  is  the  remaining  number  of  duads ;  hence 


Bothat  ^a^^Ti'    ^'^iTTi" 

2nd.  Suppose  10^2,  m  being  odd,  so  that  ir^,  a^,  a^  will  have  to  be  separately  estimated. 
To  fix  the  ideas,  let  the  X  series  be  termed  a,  6,  c,  d,  e,  f,  n,  in  which  two  of  the  elements  are 
supposed  of  one  sign,  say  negative,  and  the  rest  of  the  opposite  aign,  say  positive  ;  then  the  only 
dispositions  of  sign  which  correspond  to  the  specific  maximum  being  1  are  those  in  which  a,  b 
or  else  /,  g  are  both  negative.  Hence  b-^  =  2.  Again,  the  dispositions  of  sign  which  make  the 
specific  mammum  equal  to  3  are  those  in  which  a,  g  are  both  negative,  those  in  which  o  andu,  d,  e, 
or  /  are  negative,  those  in  which  g  and  e.  d,  c,  or  6  are  negative,  and,  finally,  those  in  which  any 
two  contiguous  elements  except  the  <i  and  g  are  negative.  Hence  Q-j  =  l-i-2[n-  3)  -f(n~3)  =  3it-  8; 
and  it  should  be  observed  that  this  result  cannot  be  prejudiced  in  its  generality  by  the  supposi- 
tion of  any  of  the  components  of  a^  becoming  negative,  since  u  =  2  implies  that  n  is  at  least  4. 
Hence,  finally, 

._.:l-:J-a,„m-^=''-'"".'"-''l"-'): 


This  example  serves  to  show  how  much  more  difficult  is  the      n  putat  o 
probabilities  when  m  is  odd  than  when  m  is  even,  owing  to  the  break    f  contmu 
readings  on  passing  from  the  last  to  the  first  term. 

It  seems  hardly  worth  while  to  pursue  this  subject  in  greatei  d  t    I      I  w  I 
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Notes  to  Part  IT. 


On  the  probability  of  the  specific  superior  limit  to  the  number  of  real 
roots  in  a  superlinsar  equation  equoMvng  any  assigned  integer. 

(21)  The  question  comes  to  that  of  determining  the  probability  of  a 
per-rotatory  or  trans-rotatory  pencil  with  a  definite  number  of  rays  of  each 
kind  possessing  a  given  variation-index. 

Since  the  footnote  below  was  written,  a  method  has  occurred  to  me  of 
obtaining  the  probability  in  question  in  general  terms,  as  follows. 

For  a,  per-rotatory  pencil  of  /t  positive  and  v  negative  rays.  Let  [/t,  v,  g\ 
be  the  probability  of  the  rays  being  so  disposed  as  to  give  rise  to  2^ 
variations  of  sign  in  making  a  complete  revolution.  Then  there  will  be  g 
distinct  groups  of  positive,  and  g  of  negative  rays.  The  number  of  partitions 
with  permutations  of  the  parcels  inter  se  of  /j.  elements  in  g  parcels  is 

(y-l)(,.-2)..(,.-if  +  l) 

i.2.-to-i) 

and  of  1/  elements  into  ff  parcels  is 

1-2. .(3-1) 
If  we  combine  each  pai-eel  with  each  in  every  possible  way,  and  then 
imagine   the   combined   parcels   let   into  a  circle  containing  m-\-n   places 
and   shifted  round  in  the  circle  through  a  complete  revolution,   we  shall 
obtain 

(y-I)(y-2)..(y-ff-H)  fr-l)(>-2)..(,-g  +  l) 
1.2..(g-l) 


(m  +  »).>^ 


1.2..(g-l) 


beooming  2u, 
ihem  may  be 
eome  together 


ifJihn        ttl       pifimmm 

11  d  p  nd    n  th    I     p    t    n    f  tt   w 

a    k  d      th  a  d   t      t  gn    n        I 

4.C0    igllfilb  mpttn 


f    nol      gns  shall 


a,ud  hence,  e 
I  deduce 


Thus  when  n  h 
and  the  chance . 


;r  of  eombiiiatiocs  of  n  elements  u 
valne,  namely,  2u,  Pau^"? 


towards  infinity  pi„,  approaches  indefinitely  near  to  unity, 
certainty  of  the  specific  not  becoming  less  than  the  absolute 
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arrangements;  but  on  examination  it  will  be  found  that  every  arrangement 
so  produced  will  be  repeated  ^  times ;  moreover  it  is  obvious  that  no  other 
arrangement  giving  rise  to  g  groups  of  each  sort  can  be  found.  Hence  the 
true  number  of  distinct  groupings  of  the  sort  in  question  is 

■        (/^  +  ")  (^-l)(^--2)..(^-g+I)   {v-l){v-1)..{v-g  +  \) 
g      •  1.2. .(3-1)  ■  \.t..{g-l) 

And   the   total   number  of  arrangements,  which   is  the   number   of  ways 
in  which  /t  i 
we  obtain 


in  which  /t  things  can  be  distributed  over  (/i  +  v)  places,  is  ^^ — - — :■- . 


[/i,  ".  S]  = 


f(^-l)(;.-2).,(^-g  +  l)x(^-l)(.-2)..(:--ff  +  I)1 


{f.^p-r)\\  1.2.{g-l){l.l.., 

M!(/.-l)Ul(f-l)! 
g\(g-l)\{lM-g)\{v~g)\{iJ.  +  v-l)\- 

If  there  should  appear  any  obscurity  in  the  statement  of  the  method 
by  which  has  been  obtained  the  number  of  distinct  distributions  of  the  /i,  v 
elements  into  g  groups  of  each,  the  reader  is  referred  to  the  equation  in 
differences  obtained  further  on  in  this  Note,  by  which  all  doubt  of  the 
correctness  of  the  result  will  be  removed. 


(22)  For  a  trans-rotatory  pencil  of  rays,  to  ascertain  the  probability  of 
the  variation -index  being  2g  +  l. 

Imagine  a  circular  arrangement  of  ^  positive  elements  and  v  negative 
elements  containing  2y  variations. 

Let  this  circle  be  supposed  opened  out  at  any  point  and  the  variations 
of  the  open  pencil  so  formed  to  be  reckoned  according  to  the  trans-rotatory 
law,  which  is  that  in  passing  from  one  extremity  to  the  other  a  change 
is  to  be  seen  as  a  variation,  and  a  variation  as  a  change.  If  the  break  is 
made  between  two  negative  or  between  two  positive  elements,  the  number 
of  variations  obviously  becomes  increased  by  one  unit;  but  if  between 
a  positive  and  a  negative  element,  that  number  becomes  decreased  by 
one  unit.  The  number  of  these  latter  intervals  is  2y,  and  of  the  former 
/*  +  ..- 27. 

Hence  the  probability  of  the  index  becoming  27  +  1  is ^^^ — 1L___T_  and   of 

27 
its  becommg  27  ~1  js  — —. 
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If,  then,  we  denote  the  probability  to  be  calculated  by  [^,  c,  3  +  ^],  it  i 
obvious  that  we  shall  have 

But  by  the  formula  previously  obtained  it  wil)  easily  be  seen  that 


yto  +  i) 


<F^r^h" 


When  (?  =  0  the  above  expression  fails ;   but  reverting  to  the  equation 
from  which  it  is  derived,  we  obtain 


(23)     These  combined  results  admit  of  an  easy  corroboration,  for 
2!,  [ti,  V,  ^  +  J.]  =  1,  and  2^  [>,  r,  g]  =  l. 
Hence  the  equation  marked  *  gives 

!  =  [.„, H.>^sfe^l-i. 

Hence  we  ought  to  have 

Mlf  1    ^  J^  2  [/^,  ".  g]  „  I 
ifi  +  i')!     11.  +  V  g 

that  is 


l  +  %r 


-(Jt+lll 


if  ~s)'-s '■'.'■- s) 'a'- 

which  is  true,  since  the  left-hand  side  of  the  equation  is 

which   is   obviously   the    coefficient   of  x"   in   {I  +  x^  (m  + 1)",   that   is,   in 

(24)    If  we  wish  to  find  the  chance  of  the  specific  superior  limit  becoiaing- 
eqnal  to  the  absolute  superior  limit,  we  must  write  ff  in  the  above  formulae 
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equal  to  v,  that  one  of  the  two  quantities  /t,  v  which  is  not  greater  than  the 
other,  and  we  shall  obtain 

so  that,  in  fact,  [/i,  j-,  u  +  ^]  =  [/t,  !■  +  1,  r  +  1],  which  i-elation   may  also  be 
obtained  by  a  prion  considerations. 

(25)  With  reference  to  the  remark  made  concerning  the  mode  of 
obtaining  the  value  of  [/i,  v,  g].  I  proceed  to  show  how  it  may  be  obtained 
directly  by  the  integration  of  an  equation  in  differences,  and  by  a  method 
analogous  in  idea  to  that  by  which  [^,  v,g-\'^'\  was  made  to  depend  on 
{ji,  V,  g].  For  as  in  that  case  we  conceived  an  open  pencil  to  be  closed 
and  then  reopened,  so  we  may  imagine  one  of  the  rays  to  be  withdrawn 
and  then  reinserted.  In  this  way,  observing  that  the  effect  of  introducing 
a  negative  sign  into  a  circle  of  fi  positive  and  n  negative  signs  consisting  of  c 
distinct  groups  of  each  is  to  produce  no  change  in  the  number  of  the  groups 
if  inserted  between  two  negative  signs,  but  to  increase  that  number  by  unity 
if  inserted  between    two   positive  signs,  we  may  infer  that  the  probability 


li.  +  n 


remaining  unaltered,  is  — 

Hence  we  obtain  the  equation  in  differences, 

in  which  /i  may  be  considered  constant,  and  v  and  g  to  vary. 

The  integral  must  satisfy  the  further  condition  that  \ji,  1,  g}  shall  be 
unity  when  g  is  1,  and  zero  for  all  values  of  g  greater  than  1. 

Assume  the  value  of  [^,  1,  g\  obtained  by  the  method  given  in  art.  (21). 
This  obviously  satisfies  the  initial  conditions  corresponding  to  jr  =  l.  More- 
over we  may  easily  deduce  from  it  the  equalities 

and 

[ft «.  rf  -  (^rrfew^  t**' "  -  ^' ^1- 

Hence  the  equation  in  differences  will  be  satisfied  if  it  be  true  that 
which  is  obviously  the  case,  since  v^  —  v  —  g'^ ■\- g  =  {v  —  g){v  +  g ~V). 
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Since,  then,  tbe  assumed  value  of  [fi,  v,  g]  is  correctly  determined  when 
ji  =  1,  it  is  obvious,  from  the  form  of  the  equation,  that  it  holds  good  for  all 
other  values  of  v,  as  was  to  be  shown. 

(26)  From  the  equation 

[fi,v,g+l]  ^  {iJ.-g)iv  -j) 

it^^v.g]  gig  +  i) 

making  (ft  — gyi^ —g)  =  g{g +  1)  or  g  =  -— r ,  we  may  readily  infer  that 

the  value  of  g  for  which  the  probability  [/t,  p,  g]  is  greatest  is  the  integer 
part  of- — — — ; ,  if  that  quantity  is  non-integer,  or  the  quantity  itself  and 
the  number  next  below  it  (indifferently)  if  it  is  an  integer. 

(27)  If  we  apply  a  similar  method  to  [fi,  v,  g  +  J],  we  obtain  by  aid  of  the 
formula  above  given, 

l>.''-g  +  ^]^        2^f-(;tt  +  i')Y         (^-i-l)-v(i-+I-7), 
\ji,p,g-i]      2/j.v-{-/j.  +  v-(fi-bv)y'  y 

and  equating  this  ratio  to  unity,  we  obtain 

2fiii  —  (/t  +  1-)  7        _  7^  . 

2fLv  +  fi  +  v-{iJ.  +  v)y~(fi.  +  l)(v+l)-{ii  +  v  +  i)y' 
or  writing  n  +  v^p,  /j,v  =  q, 

(p^+2i)y^  -  (3m  +  iq+p^+pyy  +  2?  iq  +i>  +  1)  =  0. 
The   roots  of  this  equation  will   be   both  of  them  real,  for   its  deter- 
minant is 

j)^g=  +  IGpq"  +  16'/  +  (j)"  +p^)  {fi."  +  v% 
which  is  necessarily  positive.  Hence  it  follows  that  there  are  two  positive 
roots  of  the  equation.  Whether  there  will  exist  values  of  g  which  give 
actual  maxima  or  minima  values,  or  one  and  the  other  to  [/*,  v,  g  +  ^], 
depends  on  the  further  condition  being  satisfied  that  the  values  of  g  ia 
the  above  equation  shall  come  out,  one  or  both  of  them,  not  greater  than 
either  of  the  two  numbers  /i.,  p.  The  inquiry  connected  with  the  satisfaction 
of  this  condition  may  be  conducted  by  means  of  repeated  applications  of 
the  processes  of  Sturm's  theorem ;  but  I  shall  not  enter  upon  it,  as  it 
appears  to  lead  to  calculations  of  complexity  disproportionate  to  the  interest 
of  the  result. 

(28)  It  may  be  noticed  that  the  average  value  of  [fi,  v,  g'\  can  be  calculated 
without  any  difficulty.     This  will  be  2  (^  [^,  v,  g}),  or 

(i\v\        r        (^-l)(v-l)      (;.-.l)(^-2)(:.-l)(^-2)  1 

(/^  +  i'-l}!L                  1  1-2^  J 

_       //.If!  (^  +  ;•  —  2) ! /J.V 

{fj.+v-i)V{f.~\)\{p-i)ri^+v-iy 


yGoosle 


416  On  Newton's  Rule  for  [74 

so  that  the  average  Dumber  of  variations  of  aigii  in  a  per-rotatory  pencil  with 
/*  positive  and  v  negative  signs  ie— ; — ^p.  ,  or  a  little  more  than  the  harmonic 
mean  between  /i,  v. 

In  like  manner,  for  a  trans-rotatory  pencil  this  number  will  be 

S  (25  +  1)  [ft  .,  »  +  i]  =  [^,  «,  H  +  S  |<2y  +  1)  (^^|ff^  -  l)  [„,  ,,  j]| , 

which,  observing  that  S  \ji,  v,  g\  =  1,  and  [/j.,  v,  |]  +  — '—  S         '      =  2,  gives 

fi  +  v  g 

as  the  average  number  of  variations  of  sign  — ^- ■ — — -  +  1. 

(29)  The  simplest  mode  of  calculating  the  value  of  [fi,  v,  g]  is  the 
following : 

Let  [p,,  V,  g),  [^,  T,  9  ~^)  denote  the  probabilities  that  an  arrangement 
in  open  line  (in  which,  as  is  the  case  in  applying  Des  Cartes's  rule  of 
signs,  no  account  is  taken  of  the  relation  of  the  extreme  signs  to  each 
other)  shall  contain  respectively  "ig  and  2^  —  1  variations.  Conceive  a  circular 
arrangement  of  7  groups  of  positive  and  7  groups  of  negative  signs.  If  this 
circle  be  opened  out  into  a  line  at  an  interval  between  a  positive  and  a 
negative  sign  (of  which  there  ai-e  27),  one  variation  will  be  lost;  but  if  at 
any  of  the  remaining  ^  +  r  —  7  intervals,  the  number  of  variations  remains 
unaltered.     Hence  we  derive  immediately 

[m.  I',  g)  =  ^     ^.^  ^  b^'  V.  gl  and  [fi,  v,g-^)^  — ^^  [i>.,  v,  g]. 

But  we  may  find  [/i,  v,  g  —  ^}  by  counting  the  arrangements  which  give 
/J.,  V,  2^  —  1  variations  of  sign.  These  may  be  all  obtained,  and  without 
repetition,  hy  intercalating  every  distribution  of  /t  into  g  groups  with  every 
distribution  of  v  into  the  same ;  and  the  intercalation  may  be  performed  in 
two  ways,  according  as  the  parcels  of  the  /*  signs,  or  those  of  the  v  signs,  are 
taken  first  in  order.     Hence  we  have 

r                l^     2(/^-l)(M-2)...fM-g  +  l) 
[M.  v,g-\)= j-2 ...     ,^„i) 

iv-r)iv-^)...{v-g  +  \)      tJ.\v\ 
1.2  ...     {g-1)    -(^  +  1.)! 

{p  +  ^)\{g-\)[{g-\)\{l,-g)\{v-g)\' 
and  thus 

r  1  _  -"  +  "  r  n  - fi.\i}i-l)\v\iv-l)\ 

Vl^,v,g\-    2^    [^.v,g     iJ-(^  +  ^_i)!^,(^_i)!(^_^)!(,„^): 
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as  previously  found ;  also 

(^  +  .-2ii)[y!(,.-I)!.l(— 1)1] 
^'''''•'"-(^  +  -)!jf  I  to- l)!(M-sr)  !(--</)!■ 

(SO)     Moreover,  we  thus  see  that  the  average  number  of  variations  in  an 
open  line  with  /i.  positive  and  v  negative  signs,  which  is 

X2g  {[n,  v,g-^)+  [/i,  v,  g)]  -X[iJ.,v,g-  i) 
will  be  equal  to 

X2y  [ft  -.  y]  -  2  ^^  [ft  .,  ff]  =  *^^i  S2?  [ft  ",  ?] 

_  ft,  +  V  —  1         S/ii^       _  _2/u^ 

ft+V        '  IJ.+  v  -1         fl  +  V 

The  total  number  of  variations  and  continuations  together  is  ^  +  c— 1. 
Hence  the  difl'erence  between  the  two  is 

^.-<'— ). 

or 

so  that  the  average  number  of  variations  is  greater  than,  equal  to,  or  less 
than  that  of  the  continuations,  according  as  the  difference  between  the 
numbers  of  the  two  sets  is  less  than,  equal  to,  or  greater  than  the  square 
root  of  the  entire  number  of  signs.  Obviously  the  average  should  be  the 
same  for  the  variations  as  for  the  continuations  if  the  number  of  signs,  say 
K  +  1,  is  given,  and  esich  is  supposed  equally  likely  to  be  positive  or  negative. 
This  is  easily  verified ;  for  multiplying  the  probable  value  of  each  distribution 
of  signs  by  the  probable  value  of  the  number  of  variations  corresponding 
thereto,  we  obtain  the  series 

il    «   /«  J- 1 1  J.  9  i«  -^  1  Wn  -I- 1 1  -  4-  R  ^n  -  s^-i  <!!i±l)5iOirJi)  J. . .  I 


(«  +  l)2" 


ll.n.{n  +  l)  +  2(n~l){n  +  l)~  +  nin-2) 


^n(M  +  l)2"-'^9i 
(«.  +  l)2"         2- 


This  is  the  final  average  of  the  number  of  variations  of  sign,  and  will  be 
equal  to  that  of  the  continuations,  since  the  entire  number  of  the  two 
together  is  n. 
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Part  III. — On  the  Nature  of  the  Roots  of  the  General  Equation 
OF  THE  Fifth  Degree. 

(31)  In  a  footnote,  Part  II.  of  this  memoir,  [p.  409  above]  I  have  shown 
that  when  the  discriminant  of  the  canonizant  (constituting  an  invariant  of 
the  twelfth  order)  of  au  equation  of  the  fifth  degree  bears  a  particular  sign, 
the  character  of  the  roots  becomes  completely  determined  by  the  sign  of  the 
discriminant  of  that  equation. 

This  has  naturally  led  me  to  investigate  de  novo  the  whole  question 
of  the  character  of  the  loota  of  an  equation  of  that  degree;  and  I  have 
succeeded  m  obtamm^  under  a  form  of  striking  and  unexpected  simplicity 
the  in^aiiantive  entena  which  serve  to  ascertain  in  all  eases  the  nature 
of  the  equation  as  legards  the  number  of  real  and  imaginary  roots  which 
it  contains  then  p<ibsini  to  the  expression  for  these  criteria  in  terms  of 
the  roots  themselveti  I  obtain  expressions  which  exhibit  the  intimate 
connexion  between  this  subject  and  a  former  theory  of  my  own  relative 
to  the  construction  of  the  conditions  for  the  existence  of  a  given  number 
and  grouping  of  equal  roots,  which  can  hardly  fail  to  lead  eventually  to 
the  extension  of  the  results  herein  obtained  to  equations  of  any  odd  degree 
whatever.  It  is  the  more  needful  that  these  results  in  a  question  of  so 
high  moment  to  the  advancement  of  algebraical  science  should  be  made 
public,  inasmuch  as  they  do  not  seem  to  accord  with  those  obtained  by 
my  eminent  friend  M.  Hermite,  who  has  preceded  me  in  this  inquiry  in 
a  classic  memoir,  published  in  the  year  1854  in  the  ninth  volume  of  the 
Oambridffe  and  Dublin  Mathematical  Journal,  since  which  time  I  am  not 
aware  that  the  subject  has  been  resumed  by  any  other  writer.  The  dis- 
crepancy between  our  conclusions  may  be  only  apparent;  but  there  can 
be  no  doubt  of  the  superiority  of  the  form  in  which  they  are  herein 
presented,  inasmuch  as  only  three  functions  of  the  coefficients  are  required 
by  my  method,  and  five  by  M.  Hermite's.  The  solution  offered  by 
M.  Hermite  is  confessedly  incomplete,  but  to  this  great  analyst  none  the 
less  will  always  belong  the  honour,  not  only  of  having  initiated  the  inquiry, 
but  of  having  emitted  the  fundamental  conceptions  through  which  it  would 
seem  best  to  admit  of  successful  treatment.  The  arrow  from  my  hand  may 
have  been  the  first  to  hit  the  mark,  but  it  was  his  hand  which  had  previously 
shaped,  bent,  and  strung  the  bow. 

Our  methods  of  procedure,  however,  are  widely  dissimilar,  and  by 
employing  my  well-known  canonical  form  for  odd-degreed  binary  quantics, 
long  since  given  to  the  world,  I  have  succeeded  in  evading  all  necessity 
for  the  colossal  labours  of  computation  required  in  M,  Hermite's  method, 
and  am  able  to  impart  to  my  conclusions  the  clearness  and  certainty  of  any 
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elementary  proposition  in  geometry,  not  scrupling  to  avail  myself  for  such 
purpose  of  that  copious  and  inexhaustible  well-spring  of  notions  of  continuity 
which  is  contained  in  our  conception  of  space,  and  which  renders  it  so 
valuable  an  auxiliary  to  Mathematic,  whose  sole  proper  business  seems  to 
me  to  be  the  development  of  the  three  germinal  ideas — of  which  continuity 
is  one  and  order  and  number  the  other  two*. 


Section  I, — Preparati 


n  of  the  General  Binary  Quantic  of  the 
Fifth  Degree. 


(32)    Let  (a,  b.  c,  d.  e,  i^a:.  yf  =  F(w,  y)  ; 

a  cubic  covariant  of  F  is  the  canonizant  G,  where  G  represents  the  deter- 
minant 


yx' 


Let  us  first  suppose  that  this  form  does  not  vanish  identically,  and  has  at 
least  two  distinct  factors  f,  tj,  linear  functions  of  x,  y,  where  of  course  f,  rj 
are  each  of  them  determinate  to  a  constant  factor  pres ;  giving  any  value 
to  the  constant  factor  for  either  of  them,  we  may  write  F{x,  y)  =  '^{^,  v) 
=  (a,  0,  7,  S,  e,  tj^,  ij)",  and  the  canonizant  of  <I>  with  respect  to  f,  tj  becoraea 
the  determinant  T,  where  T  represents 


"1-f 


is  identical  with  C,  the  coefficients 


Hence  since  2"  to  a  constant  factor  } 

of  if  and  ^  in  the  above  determinant  must  vanish  in  order  that  f^  may 

be  contained  in  T. 

Hence  the  two  determinants 


y8     7      2 


both  vanish. 

*  Herein  I  think  one  cleai     d 
whioh  observation  iaa  long  m  d 
not  Music  be  described  as  th    M 
floul  of  each  the  same  I     Thaa 
Masic  the  dream,  Mathematio  0 
wheo  the  bninan  intelligence 
future  Mozart-Diriohlet  or  Bee 
tiie  genius  and  labours  of  a  H    m 


he  coincidence  oi 
ioal  and  musical  fflo!.  May 
as  Masio  of  the  reason?  the 
mathematjoian  thinks  Music, — 
onsumma.tion  from  the  other 
J  bine  forth  glorified  in  some 
indistinctly  foreshadowed  in 

27—2 
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Hence  either  ^,  7,  B,  or  otherwise  7,  S,  6 

I   ^     7   I 


■e  for 

V  else  the  first  minors  of 


[74 


are  each  zero. 

The  first  two  SEppositions  must  be  excluded,  since  either  of  them  would 
lead  to  the  coiiciusiou  of  T,  and  therefore  0,  being  a  perfect  cube,  contrary  to 
hypothesis.  The  last  supposition  implies  either  that  j3,  7,  B,  or  otherwise 
that  7,  3,  e,  or  else  that  ^S  —  y  and  ye—  S^  are  each  zero. 

If  (S,  7,  S  are  each  zero,  T  becomes  a  multiple  of  r/'^ ;  if  7,  S,  e  are  each 
zero,  T  becomes  a  multiple  of  t]^;  that  is  to  say,  T,  and  consequently  C, 
contains  a  square  faetor ;  and  obviously  the  converse  is  true,  so  that  when  0 
contains  a  square  factor  F  is  reducible  to  the  form  au^  +  oeuv^  4  /v\     When 

this  is  not  the  case  8  =  ^,  s  =  ~  =  ¥-.     Hence 


which 


3  of  the  form  0 


'  +  0'  + 1^»,  to,  <^,  -^  being 


■  linear  functions  of  x,  y. 


(33)  We  have  supposed  G  not  to  be  a  perfect  cube.  When  it  is  a 
perfect  cube,  say  |^,  we  may  assume  tj  any  second  linear  function  of  x,y. 
and  expressing  F  in  the  same  manner  as  before  in  terms  of  f,  ri,  it  is  clear 
that  ail  the  first  minors  of 


except  the  one  obtained  by  cancelling  the  last  column  in  the  above  matrix, 
must  vanish ;  consequently  S,  e,  t  must  all  vanish,  so  that  "!>,  and  consequently 
F,  must  contain  a  cube  factor  identical  with  the  canonizant  itself. 

Lastly,  if  the  canonizant  vanish  entirely,  every  first  minor  in  the  above 
matrix,  when  we  write  again  a,  h,  c,  d,  e,  i  in  lieu  of  a,  /3,  7,  B,  e,  i,  will  be 
zero.     Hence  either  a,  b,  c,  d,  or  b,  c,  d,  e,  or  c,  d,  e,  i  must  each  vanish  or 
else  that  must  be  the  case  with  the  first  minors  of 
b, 
c,     d, 


or  of 
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Under  the  first  or  third  supposition  F  must  contain  four  equal  factors ; 
under  tlie  second  ^  becomes  a^^  +  tV;  nnder  the  fourth  or  fifth  it  Js  readily- 
seen  that  the  form  becomes 

respectively,  so  that  the  second,  fourth,  and  fifth  suppositions  conduct  alike 
to  the  form  m'  +  0^  a  particular  case  of  the  preceding  one. 

It  remains  only  to  consider  the  sixth  supposition,  namely  that  the  first 
minors  of 

la,     b,     c,     d  \ 

I  c,     d,     e,     i    I 
are  all  zero. 

In  this  case  if  we  write 

and  if  neither  a  nor  c  is  zero,  it  will  readily  be  seen  that  F{x,  y)  becomes 
Av?  +  Bv^  by  virtue  of  the  relations 


^-^.  «=©"«■  ^=e>- 


If  (( =  0  or  c  =  0,  the  preceding  transformation  fails. 

But  unless  also  i  =  Q  or  e  =  0  at  the  same   time  as  a  =  0  or  c  =  0,  a 
legitimate  transformation  similar  to  the  above  may  be  performed  by  inter- 
changing a,  c,  «,  y  with  i,  a,  y,  x. 
If  now 

a  =  0,  it  will  easily  be  seen  that  a,  h,  c,  d  or  else  a,  c,  e  are  each  zero. 
Similarly,  if 

i  —  0,  it  will  easily  be  seen  that  i,  e,  d,  c  or  else  i,  d,  h  are  each  zero. 
Again,  if 

c  =  0,  it  will  easily  be  seen  that  a,  b,  c,  d  or  else      c,  e  are  each  zero ; 
and  if 

d  =  0,  it  will  easily  be  seen  that  o,  d,  e,  i  or  else       d,  b  are  each  zero. 

H  Thus  we  see  that  the  equation  ax^  +  5bx^  +  10aex'  +  10bO!r^  +  5ac^x  +  1>o^^O  belongs  to  the 
elass  of  soluble  forms. 
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Thus,  then,  it  a  =  0  and  i  =  0,  all  the  coefficients,  or  else  all  except  one, 

namely  h  or  e,  are  zero  ; 
if  a  =  0  and  <?  =  0,  all  the  coefficients,  or  else  only  not  e  and  i 

or  only  not  b  or  only  not  i  are  zero ; 
so  if  i  =  0  and  c  —  Q,  all  must  be  zero  except  b  and  a  or  e  or  a ; 

if  c  =  0  and  d  =  Q,  only  e  and  i  or  else  a  and  b  or  else  a  and  i 

will  differ  from  aero. 
Hence,  then,  in  any  case  there  will  be  at  least  four  equal  roots,  or  else  F  is 
of  the  form  ao:?  +  iy". 

Thus,  then,  for  the  first  time  has  been  here  rigorously  demonstrated,  free 
from  all  doubt  and  subject  to  no  exceptions,  the  following  important  pro- 
position : 

Every  binary  quintic  function  not  containing  three  or  more  equal  roots  is 
reducible  to  one  or  the  other  of  the  two  following  forms, 
li"  4-  ii"  +  iv^,  or  au"  +  5euv*  +  fa". 
The  former  is  the  case  when  the  discriminant  of  the  canonizant  is  different 
from  zero,  the  latter  when  it  is  equal  to  zero ;  for  it  will  be  observed  that, 
whether  the  canonizant  has  equal  roots  or  totally  disappears,  its  discriminant 
in  both  cases  alike  is  zero. 

(34)  It  has  been  seen  that  when  the  quintic  has  three  equal  roots  the 
canonizant  becomes  a  perfect  cube ;  and  it  may  not  be  out  of  place  here  to 
point  out  what  the  conditions  (necessary  and  sufficient)  are  to  ensure  the 
quintic  having  four  equal  roots.  These  are  all  comprised  in  that  of  the 
quadratic  covariant  vanishing.  To  prove  this,  let  ■»;  be  a  factor  of  F(cc,  y), 
so  that 

F{a^,  2,)  =  *  {m,  v)  =  («,  ^,  7-  S,  e,  Oj^.  ^)=. 
Then,  since  the  similar  covariant  quoad  x,  y  must  also  vanish,  we  have 

a€  -  4;SS  +  7=  =  0.     -  3j3e  +  2^8  =  0,     -  4^6  +  38^  =  0. 
If  6  =  0,  then  S  =  0,  7  =  0  by  virtue  of  the  two  extreme  equations,  and  4>, 
and  therefore  F,  contains  four  equal  factors.     If  e  is  not  zero, 

T=  47'    ^  =  2^'     "  =  ltt7a'  ^'^°-  *  becomes  ^x[-^x  +  ^vy, 

so  that,  as  before,  there  are  four  equal  factors.  Convereely,  it  is  obvious  that 
if  there  are  four  equal  factors  u,  so  that  ^  =^  au^  +  6bu*v,  the  quadi-atic 
covariant  of  O  disappears. 

(35)  The  quadratic  covariant  also  it  was  which  led  me  to  perceive  the 
transformation  applied  in  the  antecedent  article.  For  when  the  first 
minors  of 

In,     b,     c,     d  \ 
\c.     d,     e,    f  \ 
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are  all  zeros,  the  quadratic  covariaut  becomes , 

4  (c'  -  Id)  a:^  +  4  (d=  -  ce)  y^ 

Supposing  neither  of  those  coefficients  to  vanish,  and  callin 
u  and  V,  aud  making 

F{^,  5)  -  1>  («,  ,)  -  {a.  0,  7.  S,  .,  .$.,,  .)■. 
it  is  clear  that  the  r 


:  its  two  factors 


-J  longer  all  be  z 


1  that  c 


4(y^ 


e  should  ha' 
-  7e)  v^ 


containing  w,  v  as  factors.  Consequently  the  canonizant  of  ^  must  vanish 
under  one  or  the  other  of  those  remaining  suppositions  which  had  been 
previously  shown  to  conduct  to  the  form  um'  ■(-  bt/',  or  else  to  the  case  of  three 
or  more  equal  roots.  When  the  quEidratic  eovariant  vanishes,  we  know  that 
there  must  be  four  equal  roots;  and  when  it  becomes  a  perfect  square  but 
does  not  vanish,  it  will  be  found  on  examination  that  the  equation  has  three 
equal  roots. 


(36)     Returning  to  the  general  case,  where  *  =  m'  +  ))^  +  v/,  and  making 

U        V        W   .  U      V      li)  .      , 

-T  +  ^  +  :i  identically  aero,  and  writing  u',  v',  w'  for   -,,-;,  ^   respectively, 

$  becomes  ra'^  +  sv'^  +  tw'",  or,  if  we  please,  ru'  +  sif  +  tw",  with  the  condition 
u  +  v  +  w  =  0. 

Moreover  u,  v,  w  will  all  throe  be  factors  of  the  canonizant  of  F.     For 
taking  the  canonizant  of  F  with  respect  to  u,  v,  it  becomes 

[,         0,  0,  0 


r  rst  {uv^  - 


-t, 


f>?),  that  ii 


or    rt 


-1, 


-  rst  uvw. 


Hence  if  a!  +  ey,  cc  +/>/,  ^  +  g>/  are  three  distinct  factors  of  the  canonizant 
of  F  with  respect  to  x,  y,  if  we  choose  the  ratios  X  :  /i :  v  so  that  X  +  /i  +  v=^0, 
eX+fii  +  gv  =  0,  we  may  make  w^Xi^  +  ey),  v  =  fj.(x+/y),  w  =  v{!e-{-gy), 
and  shall  then  have  F{x,  y)  =  ru?  +  sxi^  +  tvfi,  with  the  condition  m  +  ji  +  «;  =  0, 
where  r,  s,  t  may  be  found  from  three  equations  obtained  by  identifying  any 
three  of  the  six  terms  in  F  with  the  corresponding  terms  ru^  +  sv^  +  tv^ 
expressed  as  a  function  of  sc,  y.  These  equations  being  linear,  it  follows  that 
rw',  fiu°,  frill'  form  a  single  and  unique  system  of  functions  of  x,  y. 
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So  when  the  canonizaut  has  two  equal  roots  and  is  of  the  form 

in   which  case   the   reduced    form   is  au^  +  Sewji'  +fif,    the    canonizant    in 
respect  to  m,  i;  becomes 

I  a,  0,  0,  0 

0,  0,  0.  e 

0,  0,  e,  f 

I  #,      ~  v''u,     vu\      —  m'     , 
that  is,  ae^uv\     Hence,  writing 

u  =  w+  py,     v  =  iv  +  qy,     F  =  au'  -f-  5euv'  +/»", 
a,  e,  f  may  be  obtained,  as  before,  by  means  of  three  linear  equations,  and  the 
terms  au^,  5e-uv*,/v''  form  a  single  and  unique  system. 

Finally,  when  the  canonizant  vanishes  entirely,  so  that  the  form  becomes 
GM^+Zi;^,  the  quadratic  covariant  will  take  the  form  G{a:  +  ey)(x +fy);  and 
making  u=^x  +  py,  v  =  x  +  qy,  a,  f  become  determined  by  means  of  two 
linear  equations,  so  that  rau",  Jv"  form  a  single  and  unique  system,  as  in  the 
preceding  cases, 

(37)  When  the  canonizant  has  three  distinct  roots,  they  may  be  all  real, 
or  one  real  and  the  other  two  imaginary.  In  the  former  case,  in  the  expres- 
sion ru"  +  sv^  +  tiif,  u,  V,  w  may  be  considered  ?^  all  real  functions  of  x,  y,  and 
r,  s,  t  will  then  also  all  of  them  be  real  In  the  latter  gaae  w  may  be  taken 
as  a  real  function  of  x,  y  and  u,  v  as  conjugate  imaginary  functions ;  and  conse- 
quently it  is  easy  to  see  that,  except  when  r,  s  are  equal  to  each  other,  they 
will  constitute  a  pair  of  conjugate  imaginary  quantities :  in  this  case  we  may 
take  for  our  canonizant  form 


.(.-»)•, 


or,  if  we  please,  nt,"  4-  sw/  +  tu^, 

understanding  by  w,,ii,  respectively — ~ —  and   — ^ — .     And  it  should  be 

noticed  that  the  determinant  of  u^,  if,  in  respect  to  u,  v  will  he 


(38)     Let  us  proceed  briefly  to  express  the  invariants  of  ni' +  sv' +  tw'^, 
which  call  ^,  with  respect  to  u,v;  the  corresponding  ones  of  rw/  +  sv,^  +  tvf. 
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which  call  O,,  in  respect  to  the  same  variables  u,  v,  will  be  found  by  attaching 
to  these  suitable  powers  of  i. 

<^  =  (r~t.    -t,    -t.    -t,    ~t.    s  -  (Jw,  vf. 
Hence  its  quadratic  covariant  is  the  quadratic  invariant  of 

({r  ~  *)  w  -  tv,   —  tu  -  tv,   -  tu  -  tv,   —tv-  tv,   —tu  +  (s-t)  v^u\  v'f, 

which  is  obviously 

—  Ttu^  —  stv"  +  (rs  —  rt  —  st)  uv. 

Of  this  the  quadratic  invariant  is 

rt.st-i  {rs  -  rt  -  sty ; 
or  writing  p  =  si,  a-  =  tr,  t  =  rs,  and  calling  this  invariant  —  i(J), 
(J)  ^p'  +  tr^  +  r^-  2pa-  -  2<rT  -  2Tp. 

Again,  the  cubic  covariant  or  canonizant  has  been  already  shown  to  be 
rst  {v?v  -f  uv^).     Calling  the  discriminant  of  this  —  ^  (L),  we  have 
(L)  =  r's't*  1="'  =  p^a-V. 

Again,  to  find  the  discriminant  (D)  in  respect  to  it,  v. 

When  ru"  +  stfi  +  (w*  =  0  has  two  equal  roots,  and  u  +  v  +  w  =  0,  it  is  easy 
to  see  that  we  have  ru*  +  X  =  0,  sjj*  +  X  =  0,  (m/  +  \  =  0. 

Hence  to  a  constant  factor  pres  (D)  will  be  the  Norm  of 

(st)i  +  {tr)i  +  (rs)i,  that  is  of  pi  +  a-^  +  t*  (^')- 
To  find  the  value  of  this  norm,  suppose  pi  +  ff*  +  ri  =  0,  then 
p  +  a  +  T  =  2{pitri+  a^ri  +  ripi), 
and  p^-\-<r'  +  T'-2prT-  2pT  -  2<tt  =  8p^ff^T*(p4  +  o-i  +  t*). 

Hence 

(p^  +  o^  +  T=  -  2po-  -  2pT  -  2<nf  =  64p<7T  {(p  +  <T  +  r)  +  2  (pi<T^  +  o-^t*  +  T^i)} 
=  128p(rT(p  +  o-  +  T). 

Hence  (Z*)  must  contain  (Jy  —  ISSptrr  (p  +  a-  +  r)  as  a  factor ;  and  since  when 
(  =  0,  p  =  0,  o-  =  0,  and  (D)  =  -r^  =  (J)\  it  is  clear  that  (C)  =  (Jf  -  128(ir), 
where  (K)  =  ptrr  (p  +  a- +  t). 

n  Foe  this  is  (o,  y  ,  ~,  O0«,^')^  and  the  discriminant  of  (a,  h,c,  diu.vfis 

a'd^  +  4ocS  +  4dlfl  -  36=0=  -  Sabcd. 
(^')  It  is  worthy  of  observation  that  (J)  is  also  a  Norm,  namely,  o!  p'  +  ir*  +  A  so  that  (J)  is 
the  fliserimmant  of  rii^  +  sv^  +  tw^.   I  have  not  been  able  to  perceive  the  morphological  aignificancy 
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(39)  Although  in  the  investigation  in  view  (K)  will  only  figure  aa  an 

abbreviation  of  — yorr — ,  it  may  not  be  amiss  to  indicate  a  direct  process 

for  finding  it.  Let  us  for  this  purpose  act  upon  the  Hessian  of  ■!>,  treated  as 
a  function  of  u,  v,  twice  with  the  canonizant  of  ^  converted  into  an  operator 

by  substituting  -j- ,   — r-  in  place  of  v,  and  v. 
•'  °  dv        du       '^ 

The  Hessian  of  <!'  may  be  obtained  without  difficulty  under  the  form 

rswV  +  stv'vi'  -j-  tJ-v/'w'  or  tuV  +  pv^uf  +  o-wV  "^^ 

Operating  upon  this  with 

\dv '  du  \du     dvJJ  ' 
■we  obtain  pa-riAr  +  Bp  +  Oa),  where 

^  =  -(rJ(s)"»-=-'^^ 

and  as  we  know  that  this  quantity  must  be  of  the  form  X{K)  +  p.{jy,  we 
have  p.  —  0,  A,  =  —72;  so  that,  denoting  the  operator  coiTesponding  to  the 
canonizant  by  T,  and  the  Hessian  by  H,  we  have  (K)  =  —  y'^  T^H^  '^'.  This 
gives  a  ready  practical  method  for  finding  the  discriminant  of  a  general 
quintic  F  by  means  of  the  identity  D  =  J''+^T'H,  where  D  ia  the  dis- 
criminant, H  the  Hessian,  T  the  canonizantive  operator,  and  J  the  quadratic 
invariant  of  F  in  respect  to  its  own  variables. 

(40)  If  now  we  suppose  the  determinant  of  w,  v  in  respect  to  x,  y  to  be 
fi,  where  /t  is  by  hypothesis  a  real  quantity,  and  if  we  call  the 

Quadratic  invariant  in  respect  to  w,y  ,  ,  —  ^J^, 

Discriminant  of  primitive  „           „  .  .  D, 

Discriminant  of  the  canonizant     „  .  .  —  ^L, 
we  have  obviously 

J=  fl'"  (y  +  0-=  +  t'  -  2p(7  -  2pT  -  2(Tt),  1 

K  =  fi^p<7T  (p  +  (7  +  t),  D  =  J^-  128  K,       \  invariants  of  a>. 

L  =  /:i=y  (7=T^,  1 

This  applies  to  the  case  where  the  reduced  form  is  '3>,  that  is,  where  the  roots 
of  the  canonizant  are  all  real,  and  consequently  where  -  i  is  negative,  that  is, 
L  positive, 

(52)  It  will  be  the  quadratic  invariant  of  ru^^^  +  sv^Ty'  +  tv)'^^  with  respect  to  ?,  jj,  S+i]  +  f 
being  zero;  juat  as  the  quadratic  covariant  of  *  is  the  quadratic  invariant  of  ru|^  +  siiij*  +  (wf * 
with  regard  to  the  same  variaMes.     This  latter  is  in  fact  riuv  +  stew  +  tncu. 

{^)  The  intervening  eovariantic  form  of  degree  3  in  the  variables  and  6  in  the  coefficients, 
namely,  THi,  will  easily  be  seen  to  be 
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When  L  is  negative  and  the  reduced  form  is  ^„  then,  since  the  deter- 
minant of  M^,  ff,,  in  respect  to  u,  v,  is  i,  we  have 

J=~  p}"  (p2  -^(T^'  +  T^-  2p(T  -  2pT  -  Strr),  j 

if=      /t™/)o-T(p  +  o-  +  T),  i)  =  J^-128ff',     I  invariants  of '3>,. 

By  means  of  the  ratios  -^ ,  -^,  it  is  obvious  that  in  either  case  alike  the 

ratios  of  p,  a-,  t  become  determinable  by  means  of  the  same  cubic  equation, 
namely 

4 

p,  o",  T  will  be  to  each  other  as  the  roots  of  this  equation  '^. 

(41)  Since  ■ni"  +  sv^  +  tw"  represents  a  function  in  w,  y  with  real  coef- 
ficients, it  follows  that  when  L  is  positive,  w,  w  as  well  as  w  being  real,  a:0:y 
are  ratios  of  real  quantities,  and  the  roots  of  the  preceding  cubic  wi!l  be  real ; 
when  L  is  negative,  u,  v  becoming  conjugate  imaginary  functions  of  a:,  y, 
whilst  w  remains  real,  r,  s,  unless  they  are  eqnal,  must  become  conjugate 
imaginary  constants.  When  r,  s,  t  are  ail  real,  p,  cr,  t  will  be  so  too ;  and 
when  r,  s  are  imaginary  and  t  real,  p,  tr  will  be  imaginary  and  t  real.  Thus 
according  as  £  is  positive  or  negative  the  roots  of  6  are  or  are  not  all  real. 
Hence  understanding  by  A  the  discriminant  of  the  preceding  equation  with 
respect  to  6  and  1,  A/i  must  be  always  either  zero  or  negative.  We  see  A 
prion  that  A./L  must  be  integer,  because  when  L  =  0  the  cubic  has  two 
equal  roots,  ^K.  To  compute  its  value  more  conveniently,  write  K=6k, 
J  =  12y.     Then  the  equation  becomes 

(1,  2fe,  U-'-jL,  Z=5^,  --1)', 

C)  For  since  the  absolute  values  at  p,  <r,  t  are  not  in  question,  we  may  consitler  p,  a,  t  as  tke 
roots  ote'-Ke'  +  qe-r.  so  t'ha.ip  +  a  +  T-K.    We  have  then 

wMeh  gives  r  —  L'',     Again, 

As  regards  the  sign  to  be  given  to  JL  in  q,  since 
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of  which  the  discriminant  is 


Hence 


=  L^-  \0?,k'j  +  36Pj=Z  -  '\^I?  +  ^2k^L 


>-    3ek'j  +  24k^fL ' 


4^^L'-    'ik'l  +  12jkL\ 


Accordingly,  multiplying  the  above  equation  by  —3  x  12"  in  order  to  avoid 

fractions,  replacing  k,  j  by  their  values  in  terms  of  K,  J,  and  naming  G  the  , 

quantity  —  432A/i,  positive,  or  to  speak  more  strictly  Don-negative,  we  have 

G^JK'  +  8LK'  -  2J^LK^  -  72JL^K  -  4-22L'  +  J'lJ'  "". 

It  is  evident  that  G  must  be  identical  to  a  positive  numerical  factor  pres 
with  the  function  which  M.  Hermite  denotes  by  P  ■'"*. 


(**)  It  will  be  observed  that  wheo  J=0  and  L^O,  G  ' 
5  priori  ;  for  when  J=0  and  L^O,  the  reduced  form  has  bet 
the  oanonizant  is 


BB.     This  is  easily  verifiable 
1  to  be  ax'  +  Sexy',  of  which 


r- 


yi:\ 


which  ejnalfl  aexy^. 

Hence  the  form  and  its  caiioniKaut 
vanishes;  hence  J=0  and  G=I-=0.     G  also  v, 
easily  verifiable ;  for  then  the  reduced  form  becon 
and  couseqaently  the  resultant  of  the  form  and  its  c 
acooants  for  the  high  power  of  K  in  {JK"),  the  sole  t( 


Q  factor  X,  and  consequently  their  resultant 
s  when  K  =  0  and  i  =  0,  which  is  also 
ii^  +  ii",  of  which  the  oanoniEant  vanishes, 
anoniaant  becomes  intensely  zero  ;  which 
n  of  (?  in  which  L  does  not  appear. 

C)  (a)  Compare  eipression  for  16J^,  Cambridge  and  Dublin  Journal,  p,  203.  This  will  Le 
found  to  contain  nine  terma,  and  to  rise  as  high  as  the  fifth  power  in  A  (which  to  a  constant 
factor  jirfe  is  identical  with  my  J);  whereas  in  -AjL  there  are  only  sis  terms,  and  no  power  o£  J 
beyond  the  third.  This  seems  to  indicate  that  the  K  and  L  are  more  fortunately  chosen  than 
M.  Hermite's  J^,  J,,  which  are  invariants  of  the  like  degrees  S  and  12.  It  is  of  course  evident 
that  the  following  relations  exist  between  M.  Hermite's  A,  J^,  J^  and  the  J,  K,  L  of  this  paper, 
A  =  ZJ. 

J^==mJ'^+nK, 
Jg^pJ'  +  qJK+rL, 
where  I,  m,  it,  p,  q,  r  are  certain  numerical  quantities.     Until  thes 
possible  to  confront  M.  Hermite's  results  with  ray  own,  to  asoerta 
identical  in  substance,  and,  if  not,  wherein  the  difierence  consisi 
necessary  calculations  for  effecting  this  important  object. 

Let  us  first  take  the  form  ar'  +  5ea:3/^+y^.     The  quadratic  covatiant  of  this  is  a:  {ex  +  y). 

Accordingly,  to  obtain  M.  Hermite's  A,  B,  C,  C,  B',  A'  {Cambridge  and  Dublin  Journal, 
vol.  K.  p.  179),  we  must  make 


are  ascertained,  it  is 
whether  or  not  thej 
I  therefore  subjoin 
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(42)     In  fact  M.  Hermite's  octodecimal  invariant  is  most  simply  obtained 
as   the  resultant  of  the  piimitive  quintic  and  its  canonizant.     Using  the 

which  giTea  (vide  Cambridge  and  Dublin  Journal,  p.  180) 

F^X^  +  5eX{¥-eX)'+(Y-eX)'' 
=  (J,B,  C,C',B\  A'\X,  Yf, 
■where  ^  =  l  +  4cS,    B=-3^*,     C=2e»,     C'=-e\    1 

Accordingly  (vide  Cambndge  and  Dublin  Joumai,  p.  184), 

AA'-3BB-+    2CC'=l  +  ie^-    4e''=l 


.   BE'-   2CC'  =  1  + 


=  0.    A'  =  l. 

J; 


AA-  +  6BB'  +  10CC'  =  l  +  4^-20e''=l-16e^^ 
HencB  A  =  1,    7,= 3  +  16e>,     /^  =  3  - 

Again  (Vide  Cambi-id^e  and  Dublin  Journal,  p.  186,  §  vii.), 

8^1  =  71 -d^=l  +  16e»,    3iJ^j  =  Zj-2Zid  +  A'=  -l-64e»; 
bnt  J,,  Jj  are  subseqnently  i«f (hou(  iDarning  (compare  eiptessiocs  for  AA',  BE',  CC,  pp.  186, 
192)  renntned  J~,  J,;  so  that 


The  oorreBpondia 


!S  of  J,  K,  L  have  bi 


247, 


1  -  64«», 
.iready  oalculated,  and  we  have  found 


+  2fi»  =  S-2Ce»,     — 


2j5,    L  = 
_1_H4  J 
24      21^ 


ThuB 


.4  =  1,      U  =  TT,      (.'=-1, 


"•-&■  "-,- 


To  find  F,  take  aaothec  form  convenient  for  the  purpose,  as  ifi  +  Wdx^y^  +  y' 
Taking  the  emanaut  of  this  {x,  0,  dy,  dx,  y^x',  y')'',  the  quadratic  c 

xy  +  Sd^y'',  EO  that  J  =  l. 
Also  its  disori'minant  is 


0, 


:{-dx^+  y'lx)  =  dh/«-  dy^x+d^". 


Hence  by  definition 

Again,  to  find  A,  B,  C,  C,  B',  A', 


and« 


m 

=  d"' 

Arf^ 

e-^^-d 

"  +  ii* 

+  3cPy 

{X-id:'Yf-i-l(id(X-'Ad'YfY^+Y^^{A,  B,  C,  C',E',AJX,  Y)^. 
Since  J~  1  and  K  is  of  the  eighth  order  only  in  the  coelScients,  it  is  obvious  that  neither  J'  nor 
JK  can  contain  a  term  involving  d'".     In  order  therefore  to  flndF,  it  will  be  sufficient  to  compare 
the  coefficient  of  d">  in  J,  and  in  L. 

Now    ^  =  1,    B-  -M\     C  =  %d\     C'^21d^  +  d,     B'^SM^'12d\     A'^2i3di«  +  90d^  +  l. 
Also  A  =  J=l.     Hence  negleoting  all  but  the  terms  which  bring  in  d"',  24Jj  (p.  186,  Memoir)  is. 
tantamount  to  J,,  and  I5  (p.  186)  is  tantamount  to 

2  (243^11  -  5  . 3  .  81rti»  + 10  ,  9  .  27<ii"}, 
■which  is  12  X  243iii». 
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reduced  forms  for  these  two  functions, 

rw'  +  SI!"  —  ( (w  +  ii)",    Tstuv{u  +  1!), 

Hence  in  J3  the  term  containing  dP  is  ^\^. 


Hence  we  have,  finally*,  A=J, 

J,=  -l^L  +  iJK- 


Uahappily  a  further  step  is  wanting  to  bring  M.  Hemiite's  reBults  to  the  final  test  of  com- 
parison ;  for  the  value  of  AA'  fp.  192)  does  not  agree  with  that  given  for  AA'  (p.  186]  bj  simply 
changing  Jj,  J,  into  J^,  J^  respectively;  a  further  change  of  A  into  2A  becomes  neeeaaarj  to 
make  the  ratios  of  AA',  BB',  CC  (p.  192)  acooid  with  the  ratios  of  the  same  quantities  at  p.  186. 
Finally,  even  after  making  this  change  the  expression  for  l&I'  (p.  203)  does  not  accord  (even  to  a 
constant  coeEEoient  prie)  with  that  with  which  it  is  meant  to  be  identical,  namely,  161,"  (p.  187) ; 
so  that  after  great  labour  I  am  still  baffled  in  my  attempt  to  ascertain  the  agreement  or  dis- 
crepancy of  my  conclusions  with  those  of  my  precursor  in  the  inquiry.  As  will  appear  hereafter, 
tha  two  sets  of  conclusions  are  undoubtedly  discrepant  iu  form ;  but  whether  they  are  so  in 
aubstBjioe  or  not,  or  rather  whether  they  are  not  in  contradiction  to  each  other,  requires  a  dose 
esaminatiou  W  discover,  the  more  especially  because,  as  will  hereafter  be  showo,  there  is  a 
certain  necessary  element  of  indetencvnateness  in  the  scheme  of  invariantive  conditions  which 
serve  to  fix  the  character  of  the  roots.  It  is  greatly  to  be  lamented  that  so  valuable  a  paper  as 
M.  Hermite's  should  be  to  some  extent  marred,  in  respect  of  the  important  end  it  would  serve  as 
a  term  of  comparison,  by  the  existence  of  these  nnmerioal  and  notational  inaBCUraoies.  I  have 
spent  hours  upon  hours  in  endeavouring  to  reconcile  these  several  texts  of  the  same  memoir,  and, 
after  all  my  labour,  the  work  is  left  unperformed  without  whioh  the  truth  as  between  the  two 
methods  cannot  be  elicited.  I  feel,  however,  as  confident  of  the  correctness  of  my  own  eon- 
elusions  as  of  the  truth  of  any  proposition  in  Euclid. 

(6)  It  is  worthy  ot  notice  that  there  is  a  failing  ease  in  M.  Hermite's  process  for  finding  I^ 
in  terms  of  A,  J^,  J^,  just  as  there  is  one  in  mine  for  finding  G  in  terms  of  J,  K,  i,— the  failure 
of  the  process,  however,  in  neither  ease  entailing  any  corresponding  defect  in  the  results  obtained. 
The  process  employed  in  this  memoir  fails  when  i  =  0  :  for  then  the  general  form  ru'  +  sv"  +  to' 
is  superseded  by  the  supplementary  one,  a«' +  5e«jJ* -f/r".  M.  Hermite's  fails  when  J  (the  J  ot 
this  memoir)  =  0  ;  for  then  the  quadratic  invariant  becomes  a  perfect  square,  and  the  substitution 
of  its  factors  in  place  of  the  original  variables  becomes  inadmissible,  since  the  two  former 
coiuoide. 

(c)  It  may  be  as  well  here  to  notiee  tlie  form  whioh  M.  Hermite's  two  linear  oovariants 
assume  when  referred  to  the  canonical  form  above  written.  The  quadratic  eovariant  being 
reuv  +  stvw  +  trwn,  if  we  operate  with  the  correlative  of  this,  obtained  by  writing  in  it 


dv  \dii     dvj ' 

vw,  which  has  been  already 
=  J,  J.^---K,  J^^JK+dL.     Cayley's 
B  given,  Call.  Papers,  vi.,  p.  170.] 
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their  resultant  in  respect  to  w,  v  is  obviously 

(r.()-(r-,)(,-t)((-r)", 

obtained  ;  repeating  the  process,  it  is  easy  to  see  that  the  first  lineav  oovariaiit  of  the  fifth  degree 
in  the  eoelEeient  assmnea  the  Biniple  form  rut  {stu  + Its  +  rate),  or  rsi  (pu  +  ifl'  +  Tro).  TaMug 
again  the  correlative  of  this,  namely, 

and  opecatiog  with  it  upon  rauu  +  aiwiP  +  tncM,  it  will  be  fonnd  witliout  difiiculty  that  tlie  second 
linear  covariant  of  the  seventh  degree  in  the  coefficients  becomes 

■which  is  cliBtii^niBhable  in  speeieB  from  the  former  one  by  its  symmetry  being  only  of  the 
henuhedral  ^iud. 

ice  here  that  the  Hessian  of  the  oaaonioal  form  will  be 

(e)  Again,  if  we  write  m  (p«  +  o-w  +  ™)  ==  |, 

and  from  these  aquations  deduce  the  valnea  ot  ii,  ii,  lu,  and  substitute  them  in  nt'  +  su'  +  tiu',  we 
shall  obtain  M.  Hermite's  "forme-type"  expressed  in  terms  of  the  parameters  of  the  reduced 
form,  and  every  coeffioiant  therein  will  he  inrariantive. 

The  resultant  of  the  equations  above  written  (on  making  J  =  0,  f=0)  will  appear  in  the 
denominator  of  each,  such  coefficient.  Hence  it  appears,  from  M.  Hermite's  expressions 
{Cambridge  and  Dublin  Mathematical  Journal,  vol.  is.  p.  193),  where  J,  will  be  seen  to  enter  into 
the  denominator  ot  A,  B,  (7,  C,  S',  A',  that  this  resultant  to  a  factor  prSs  ie  his  J,.  Its  value 
may  easily  be  oaloulaled,  and  will  be  found  to  be 

piTT[(p  +  ir  +  r)'-4(p  +  ff  +  T)(f)ir+pr  +  ffT)  +  9(WT]=J^+9L. 
Accordingly  as  L  (to  use  Dr  Salmon's  convenient  elliptical  expression)  is  the  condition  of  the 
failure  of  mj  general  reduced  form,  so  is  9i  i-/.ff  the  condition  of  the  failure  of  M.  Hermite's 
"forme-type."  As  particular  cases  of  this  last  failure,  we  may  suppose  J=0,  X,  =  0,  or  K=0, 
L  =  0.  In  the  former  case  the  reduced  form  is  hj:' -i- 6ej'i/,  of  which  the  simplest  quadratic  and 
cubic  covariants  are  respectively  aex^;  ae^y^x.     Thua  to  find  L,  the  first  linear  covariant.  we 


have  to  operate  upon  ae^'a;  with  ae(~\,  which  gives  a'e*j;;  and  to  findij,  we  have  to  operate 
on  (aex^f  with  ««^f^j  j-,  or,  if  we  please  (aoeordine  to  M.  Hermite's  method),  with 
("^^'(iii/'  °°  ''^^''  ^^""'"S  that  Lj  vanishes,  hut  7j,  continues  to  subsist.  When,  secondly, 
.ff=0,  i  =  0,  the  reduced  form  is  ax^  +  ey°,  and  the  canonizant  disappears  entirely,  so  that  the 
first,  and  consequently  also  the  second,  linear  covariants,  each  of  them  becomes  a  nvU. 

(*)  By  aid  of  the  reduced  forms  ot  the  invariants  J,  K,  L,  I  given  in  the  text,  it  is  easy  to 
prove  that  every  other  invariant,  say  O  of  a  quintic,  is  a  rational  integral  function  of  these  four. 
In  what  follows,  let  a  parenthesis  enclosing  the  symbol  of  any  invariant  signify  its  value  when 
any  two  of  the  quantities  u,  v,  lo  in  the  reduced  form  ruP  +  sv'  +  Iw',  where  «  +  u  +  w  =  0,  are  taken 
as  the  independent  variables.     We  have  then 

(J)=l^  +  a^  +  -f^-2p,7-2pT-2aT,  (K)=:p^(p  +  a  +  T),  (ij^pW,  iI)=)^^^(p-ir}ia-T){T- p), 
p.  (T,  T  meaning  st,  ir,  rs. 

The  degree  of  ii  must  be  of  the  form  4m  or  4to  +  2.  (1)  Let  it  be  of  the  form  im.  Then, 
since  the  interchange  of  any  two  of  the  variables,  u,  v,  w  must  leave  (12)  unaltered,  (fi)  will  be 
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and  consequently,  if  we  call  I  the  resultant  in  respect  to  x,  y,  we  have 

±  7  =  [A.yVr^  (o-  -  p)  (t  -  a-)  (p  -  t), 
and  P  =  //'"p'o*!-*  {a-  —  py  (t  -  a-y  (p  —  rf 

(43)  Thus  we  see  that  the  two  quantities  G,  P,  which  are  both  rational 
integral  functions  of  the  degree  36  in  the  coefficients  of  F(a!,  y),  cannot  one 
vanish  without  the  other,  at  ail  events  when  L  is  not  equal  to  zero.  This  is 
sufficient  to  show  that  they  are  identical  to  a  numerical  factor  pr^s,  whatever 
Z  may  be,  zero  or  not  zero  '^'',  and  consequently  that  the  quantity  called  Q, 
proved  to  be  positive  upon  the  supposition  of  L  not  being  zero,  must  also 
remain  positive  when  L  is  zero,  because  it  is  in  fact  the  square  of  a  rational 
function  of  the  coefficients.  But  we  may  also  prove  this  independently  by 
virtue  of  the  supplementary  reduced  form  av?  +  5euv*  +f>f  applicable  to  the 
case  of  L  zero. 

unaltered  by  the  interchange  of  any  two  of  the  letters  r,  s,  t,  and  is  consequently  a  symmetrio 
function  of  p,  a,  t,  the  roots  of  the  equation 

Hence  SJ)  =  — ' — rnsi > 

F  denoting  a  rational  integral  function -form  of  tbe  quantities  it  affects.     Consequently 

Hence  siuee  S2  cannot  become  infinite  when  t  =  0,  wbieh  merely  implies  that  the  general  form 
reduces  to 

(a,  0,  0,  0,  e,  i\x,  yf, 
n  =  $  (J,  E,  L),  a  rational  integral  function  of  J,  K,  L. 

(2)  If  the  degree  of  fi  is  of  the  lorra  4m +  2,  (SI)  will  be  a  function  of  r,  s,  t,  which  changes  its 
sign  when  u  and  v  or  any  two  of  the  quantities  w,  u,  w,  are  interchanged,  Buoh  interchange 
having  the  effect  of  introducing  as  a'niultiplier  the  S  (2m  +  l]th  power  of  the  determinant  of 
substitution  (  -  I).     Hence  (O)  is  of  the  form 

(,-,)(,-,)  (r-,)F(,,  ,,  X),  ihltl,a-?^i£li^ 
which  again  is  of  the  form 

60  that  !i  is  of  the  form 

I.FjJ,  K,  L) 
J^=fi        ■ 
Hence  since,  as  before,  ii  cannot  become  infinite  when  i  =  0,  and  since,  furthermore,  J  does  not 
■vanish  (for  if  so  then  G,  whicli  is  I^  would  vanish)  when  L  =  0,  O  must  be  of  the  form 

I^{J,K,   L).       Q.E.I>. 

(38J  poc  if  Q'^KI'^  for  an  indefinite  number  of  systems  of  values  of  a,  b,  c,  d,  e,  /,  of  which  Q, 
I  are  rational  integral  functions,  Q'  and  KI''  must  be  absolutely  identical ;  this  of  course  is  the 
case  when  Q'  and  KP,  aa  proTed  in  the  test,  are  known  to  he  identical  for  all  values  of  a,  6,  c,  d, 
e,  f  which  do  not  make  Z,  aero. 
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For  when  i  =  0,  G  becomes  JK* ;  so  that  the  condition  "  G  not  negative" 
implies  simply  that  J  is  positive  unless  K  vanishes. 

Now  the  canonizant,  when  it  does  not  vanish,  that  is  when  e  is  not  zero, 
contaios  v^u  as  a  factor,  and,  its  coefficients  being  real,  u,  v  are  both  of  them 
necessarily  real  functions  of  x,  y.  Consequently  J,  which  by  definition  is 
—  4  X  discriminant  of  quadratic  covariant,  becomes  —  4/^'°  x  discriminant  of 
an  {en  +fv)  in  respect  to  u,  v,  which  =  p^'a^f,  it-  being  real.  Consequently  J 
is  positive,  since  the  reality  of  »,  v  implies  that  of  a,  e,f,  when  e  is  not  zero, 
nay  b         h         a  maginary ;  for  w*  +  w"  may  be  real 

0  n  ga  e  agina  y  functions  oi  x,y;  but  in  that 
un  by  p  ng  e  pon  the  Hessian  with  a  canonizant 
p  an  then   all  the  coefficients  of  the 

H  h  h      (?  cannot  be  negative  is  seen  to 


"When 

wheth 

ase^ 

which,  applied  to  the 

mul   p     ng  tiy   -tV'  gi'ss  K—  -HaV,   so   that 
D  8K  «?  h        ca  y  verifieatiom.     Id  fact  D  beoomea  the 

resultant  of  au  -i-ev   audi   [ieu+fi),  u   introdu:,es  the  factor  a'  iato  D;  and  futtiier,  making 
u;  V  : :-/:  4e  and  substituting  in  au*  +  eJ>\  we  obtain  the  other  factor  af*  +  2SGe^. 

If  we  adopt  u'  +  oeav*  +  v^  as  the  cednqed  form  for  the  failing  case  (a  f 
well-known  one,  it^  +  Gcu't^  +  w*,  for  the  general  quartic),  to  find  e  we  have  J—ii",  K—  -2/i'°e°. 


a^  +  lOdx'y^  J=0        K^O' 

ax^  +  Sbs^y  +  lOcxY         i  =  0  J^O         ^=0. 

{c)     The  condition  for  the  existence  of  four  equal  roots  in  a  qnintic  is  the  vanishicg  of  the 
quadratic  covariant ;  that  is  to  say,  we  must  have 

iM-^6d  +  3c=  =  0,    af-Bbe  +  2ad  =  0,     bf-ice  +  Sd^  =  0. 
The  three  quantities  equated  to  zero  are   not  separately  invariants,   t 
ensemble  an  invariantive  plexus. 

(d)  [It  may  here  be  noticed  incidentally  that  the  conditions  for  equal  roots  i 
form  are  as  follows.  Tor  two  equal  roots,  of  course,  the  discriminant  is  aerc 
roots  the  two  lowest  invariants  are  each  zero,  and  tor  two  pairs  of  equal  r 
[A,  B,  G,  By  E^x,  y)*  becomes  to  a  factor  pres  identical  with  the  primitive  (a,  b, 
that  alJ  the  first  minors  of  the  matris 


vanish.  Qiuere,  whether  the  character  of  the  five-rajed  pencil  (centre  at  origin),  in  which  a,  A  ; 
b,  B;  e,  C ;  d,  B ;  e,  E  mark  points,  may  not  serve  to  distinguish  between  the  case  of  four  real 
and  four  imaginary  roots,] 
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lb  may  be  said  that  the  case  of  three  or  more  equal  roots  existing  in 
F{x,  y)  has  been  lost  sight  of;  but  we  know,  and  it  is  capable  of  immediate 
verification  by  taking  as  the  reduced  form  au"  +  5Jw*w  +  10cm"h',  that  on  such 

(«)  When  J=0  and  7f =0.  hut  not  I,  =  0,  it  ia  obvious  that  p  :  rr  :  t  : :  1 :  i :  i^,  (  being  any 
imaginn'y   culie  root    of    unity,   and    the   reduced   form   is   tt' + «'' +  (^lo'',   ■with   the   relation 

J  and  K  being  Eero,  Z)  will  be  so  too,  and  aceordinglj  the  equation  u'  +  ro'  +  t'iu^^O  will  have 
two  equal  roots.  It  will  easily  be  found  that  these  equal  roots  oorreepond  to  the  system  of 
ratios  w^l,  v  —  i\  w  — i.     In  fact,  if  we  write  u-l-\-p,v  =  i^  +  ip,w-i-i-fip,  the  equation  becomes 

Hence,  understamJing  by  e  either  of  the  two  prime  sixth  roots  of  unity,  the  complete  system 
of  ratios  of  u,  v,  to  may  be  expressed  as  follows  :™ 

«  =  l  +  4/(10).         «-^-^(10)  K'  =  .=  +  ,y(10)<^ 

Thtis,  when  J=<i  and  K—d,  «,  v,  ic  (with  the  relation  it  +  ii  +  !u  =  0|  may  first  be  tounci,  in 
terma  of  x,  y,  by  solving  the  eabio  equation,  obtained  by  equating  to  zero  the  canonizant  of 
{a,  i,  c,  d,  e,/j3;,  y),  and  then  x,  y  will  be  known  from  the  above  system  of  values  for  any  two  of 
tbe  quantities  -u,  i^,  w. 

{/)  It  is  obvious  that  the  form  ax' +  lOdx^' gives  J —0  and  Jir=0;  but  it  seems  desirable  to 
prove  theeonverse,  namely  that  when  J=Oand£^=0,  but  not  X  =  0,  the  form  is  always  reducible 
to  ofi"  +  lOiii'u' ;  which  may  be  done  as  follows.  Since  J=0  and  ^=0  the  discriminant  ia  zero, 
and  we  may  assume 

F= oic"  +  5bx^  +  lOca;  V  +  lOdxV. 
and  we  have  J— discriminant  of 

{-ibd  +  3«')  {'  +  2cd?7,  +  Sd^yK 
Hence  3d^  (Se^  -  ibd)  -  c=d==0  ; 

d  cannot  bo  zero,  for  then  we  should  have  J=0,  K=0,  L-0,  contrary  to  hypothesis.    Hence 

It  ft^O  and  c  =  0|  F  is  already  reduced  to  the  desired  form  ;  but  if  not,  d=-^,  and  F  becomes 


or,  mating  <t--^  =  ii,     — —25,    a:+ -v   =f, 

F-a3:'  +  lQSxh>\  as  was  to  be  shown. 

The  corresponding  converses  for  the  ease  of  J=0,  L  —  0,  and  of  7^=0,  i  =  0  have  been  already 
established 

(3)  It  wjU  be  observed  that  unler  a  ceita  n  poujt  of  view  L  for  bmar}  qumtics  is  the 
analogue  of  A  the  discnmtrmnt  tor  binarv  inartn,s  the  conilitmn  of  tailure  m  the  neneml 
reduced  form  in  the  two  caaeB  bemg  L-O  and  A  =  0  respeotively  The  mere  vanishmt  ot  the 
disonminant  in  the  ca'je  of  the  qumtic  function  unattendefl  by  any  other  condition  does  not 
afiect  the  natire  ot  the  loduoed  form 

(ft)  It  has  been  shown  previously  in  the  test  that  when  L  —  d  the  primitive  is  reducible  to 
the  form 

(     0  0  0,.   (Jr  yf 
Hence xl  I,,  is  any  dnodeiamal   n  anant  which  vanishes  nhen  h  —  0  i—d  d—d   ly  must  vanish 
whenever  L  va      h       and      n    q    ntl         noe  i  is  of  as  high  a  degree  as  J,^,  I,i  must  be  a 
numerical  mult  pi      f  i     In  M     C  jl  y      Third  Memoir  on  Quinties,   "No.  29"  represents 
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hypothesis  all  the  invariauta  J,  K,  L  must  vanish,  so  that  JK*  is  still  non- 
negative  '*". 

(44)  It  is  most  important  to  notice  that  G  can  only  become  zero  hy 
virtue  of  two  of  the  quantities  p,  ir,  t,  and  therefore  of  r,  s,  t  becoming  equal. 
When  M,  V  are  imaginary,  it  is  the  coefficients  r,  s  which  must  become  equal, 
as  otherwise  the  reduced  form  would  not  be  a  real  function  of  x,  y.  By 
equating  r  to  s,  and  using  as  an  auxiliary  variable  the  ratio  t  or  - ,  we  shall 
be  able  to  study  the  composition  and  inward  nature  of  G  with  the  utmost 
clearness  and  facilifcy. 

Section  II. — On  the  Criteria  which  decide  the  Number  of  Real  and 
Imaginary  Roots. 

(45)  Since  in  the  preceding  section  we  have  supposed  that  u,  v  are 
always  real  linear  functions  of  x,  y,  it  is  obvious  that  the  character  of  the 
roots  of  the  given  quintic  in  x,  y  is  completely  identical  with  that  of  the 
roots  in  the  reduced  form,  and  it  has  been  shown  that  only  one  reduced  form 
corresponds  to  a  given  system  of  values  of  J,  D,  L  '■"'. 

a  duodecimal  invariant  calculated  by  M.  Paa  de  Bruno,  ancl  oliaracterized"  morphoJogioally  by 
Mr  Cayley  aa  being  that  daodeoimal  iiiTariant  in  which  "  the  leading  coefficient  a  does  not  rise 
above  the  tourtb  degree."  On  examining  No.  29  it  will  be  found  to  contain  no  term  in  which 
6,  c,  d  are  all  simultaneouslj  abseut.  Henoe  it  is,  by  virtue  of  the  above  observation,  a  multiple 
of  my  i ;  to  determine  the  numerical  factor,  let  all  the  ooeffioienta  in  the  primitive  except  a,  d 
be  supposed  zero  ;  tbea  the  i 


0 


d'y'  +  iiiPi'. 


I  J/'     ~y^x    yi? 

Henoe  L  becomes  -37a°d'°,  but  "No.  29"  becomes  2!tal'd'^°.  Hence  we  have  the  importaut 
relation  "No.  29"  =  -L,  so  that  No.  29  ia  a  discriminant,  an  intrinsii:  property  of  the  calculated 
invariant,  which,  I  believe,  was  not  suspected. 

(i)  It  will  at  once  be  recognized  that  "  No.  19  "  given  In  Mr  Caylej's  Second  Memoir  upon 
Qnantica  is  identical  with  tbe  J  of  Ibis  memoir,  whence  it  follows  fromf  Mr  Cayley's  equation 
(No.  26)  =  {No,  191^-1152  (No.  95),  that  .^=9  (No,  25).  Thus  abstraction  made  of  a  mere 
numerical  factor,  Mr  Cajlej  and  myself  agree  upon  perfectly  distinct  grounds  in  recognising  K 
and  L  as  the  true  simplest  invariants  of  tbeir  respective  degrees,  an  accordance  as  satisfactory  aa 
it  was  unexpected,  and  which  must  be  considered  as  setting  at  rest  the  question  of  what  should 
be  deemed  tbe,  so  to  say,  staple  invariants  of  the  Binary  Quintic. 

j40j  -^ffaea  the  form  is  au"  +  5eut>^ +/«"  so  that  t  =  0,  the  canoniaant,  as  has  been  seen  before, 
ia  ae'ii^u;  the  resultant  of  tbese  two  is  a»ei"a^/=a'e'"/.  Again,  J^a'f,  K=-2aV;  thus  the 
square  of  the  resultant  =  1^8 J!K*;  so  that  if  we  call  this  resultant,  which  we  may  take  aa  the 
definition  of  tbe  Octodecimal  Invariant  1,  we  have  G  =  16Z^. 

(*')  It  should  be  well  noticed  that  the  mere  ratios  j^i  -^  ^o  not  suffice  to  determine  the 
character  of  the  roots.    When  these  ratios  are  given,  it  is  true  that  the  ratios  r,  s,  t  in  the 
["  Cayley's  Coll.  Papers,  ii.,  pp.  29i,  314.]  [+  Ibid.,  ii.,  p.  313  and  VI.,  p.  Ii8.] 
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-Let  us  suppose  J,  D,  L  to  be  taken  as  coordinates  of  a  point  in  space ; 
when  J,  B,  L  are  so  related  tbat  the  condition  G  non-negative,  is  satisfied, 
the  point  will  correspond  to  an  equation  witli  real  coeftiGients,  and  may  be 
termed  a,  facultative  point.  But  when  &  is  negative  it  will  correspond  to  an 
equation  of  the  kind  alluded  to  in  the  recent  section  of  this  paper,  and  there 
called  conjugate;  such  a, point  maybe  termed  non-facultative.  Thus  the 
whole  of  space  will  be  divided  into  two  parts,  separated  by  the  surface  (?  =  0, 
which  may  be  termed  respectively  facultative  and  non-facultative  (as  being 
made  up  of  facultative  or  non-facultative  points  '*"),  It  is  clear  that  these 
two  portions  will  be  exactly  equal,  similar,  and  symmetrical  with  regard  to 
tho  axis  of  i3 ;  by  which  I  mean  that,  if  two  points  be  taken  in  any  line 
perpendiculai'  to  the  axis  of  I)  at  equal  distances  from  that  axis,  one  will  be 
facultative  and  the  other  non- facultative,  as  is  evident  from  the  fact  that 
when  J,  L  become  —  J,  —  L  {K,  and  therefore  D  or  J'^  -  12SK,  remaining 
unaltered),  G  is  converted  into  —  G.  Thus  by  a  semirevolution  round  the 
axis  of  D  the  facultative  and  non-facultative  portions  may  be  made  to 
exchange  places, 

(46)  The  axis  of  D  itself  lies  on  the  surface  of  G,  and  like  every  other 
portion  of  this  surface  is  facultative,  for  there  is  no  reason  for  disallowing  G 
to  become  zero.  Conversely,  if  instead  of  a  real  equation,  we  take  one  of  the 
conjugate  class  (described  in  the  second  section),  the  whole  of  the  facultative 
portion  of  space  (except  the  separating  surface  G)  becomes  non -facultative, 
and  the  non-facultative  part  becomes  facultative,  but  G  itself  remains  facul- 
tative. When  the  invariants,  or  any  of  them,  become  imaginary,  we  are  put 
out  of  spEice  altogether,  and  the  system  can  belong  neither  to  a  real  nor  to  a 
conjugate  family,  but  to  one  with  coefficients  at  the  same  time  imaginary 
and  non -conjugate.  6  —  0  '■"',  it  may  be  remarked,  will  in  all  cases  be  the 
condition  of  an  equation  capable  of  linear  transformation  into  one  of  recur- 
rent "**  form ;  for  the  reduced  form  then  in  general  becomes 
ru"  +  rv^-t(u  +  vf. 

reduced  form  are  given,  but  aooording  aa  i        po   t  n  gab         li     a  g  m  n  n 

Tii''  +  ii>''  +  tw'>  {auppoeing  w  to  he  the  real  1  f  n  t  f       j)      11  b        al         m  gmaiy 

When  J,  L,  D  are  all  gi^en  abunlulely,  thiin  th      li        t        t  th  t  p    talj  d  t    m      d 

The  indelibie  marks  of  a  iiuintic  function  ate  thr     in      mb  m  Ij  11        '°     j~    j~    ^'^  *'' 

sign  of  Z,  or  J,  as  for  a  quartio  fnnetion  they  are  two  m  number,  namely  ^  and  the  sign  of  e. 

C^  It  will  also  be  convenient  to  call  the  ooordinatea  J,  D,  L  corresponding  to  any  facultatiye 
point  a  faonltative  system  of  invarianta,  and  -=5 ,  -=,  corresponding  to  the  same  (for  a  given  sign 
of  J)  a  facultative  system  of  Jnvariantiye  ratios. 

('3)  Ishallhereafterallude  to  thesurtacedenotedbyG^Ounderthenam     fth   Amph  g 
Surface,  as  being  the  locus  of  the  points  which  give  birth  to  real  and      nj  g  t     f    m     in 
diSerentlj. 

(")  Tke  roots  of  recurring  equations,  geometrically  represented,  in  gene    I  g      n  q     dr  j  1  t 
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The  ease  when  Q  becomes  zero  by  virtue  of  J=  0  and  X  =  0,  that  is  to  say 
when  the  function  ia  reducible  by  real  or  imaginary  linear  substitutions  (see 
footnote  '^°'  (/))  to  the  form  u  {w^  +  v*),  ia  the  one  which  might  for  a  moment 
be  supposed  to  offer  an  exception  to  the  rule ;  but  the  exception  is  only 
apparent,  since  ■«(«*  — t**),  OD  writing  w=p  +  g',  v=p  —  g,  tecomes 
8{p  +  q)pq(p^  +  q-'). 

(47)  To  every  point  in  space,  it  has  been  remarked,  will  correspond  one 
particular  family  of  equations  all  of  the  same  character  as  regards  the  number 
they  contain  of  real  or  imaginary  roots,  because  capable  of  being  derived 
from  one  another  by  real  linear  substitutions,  such  family  consiating  of  an 
infinite  number  of  ordinary  or  conjugate  equations  according  Eia  the  point  is 
facultative  or  non-facultative ;  but  it  may  be  well  to  notice  that,  conversely, 
every  point  does  not  correspond  to  a  distinct  family.  In  fact  the  equations 
D-pJ^,  L  —  qJ"  (p,  q  being  constants)  will  denote  a  curve  divided  into 
two  branches  by  the  origin  of  coordinates,  one  of  which  will  be  facultative 
and  the  other  non- facultative ;  but  in  each  separate  branch  every  point 
will  represent  the  same  family.  Any  such  separate  branch  may  be  termed 
an  isomorphic  line ;  and  we  see  that  the  whole  of  space  may  be  conceived 
as  permeated  by  and  made  up  of  such  lines  radiating  out  from  the  origin 
in  all  directions. 

(48)  The  origin  at  which  /=  0,  D  =  0,  £  =  0,  as  already  noticed,  corre- 
sponds to  the  case  of  three  equal  roots.  The  theorem  that,  when  more  than 
half  as  many  roots  are  equal  to  each  other  as  there  are  units  in  the  degree 
of  any  binary  form,  all  the  invariaots  vanish,  waa  remarked  by  myself 
originally  in  the  very  infancy  of  the  subject,  before  Mr  Cayley's  paper, 
alluded  to  by  M.  Hermite,  appeared  in  Crelle.  The  method  of  proof  which 
then  occurred  to  me  ia  the  simplest  that  can  be  given.  For  instance,  in  the 
case  before  us,  if  the  quiutic  have  three  equal  roots,  we  may  reduce  it  to  the 
form 

ax"  +  5b^y  +  lOa^)/^ 

Suppose  now,  if  possible,  an  invariant  of  the  degree  m ;  the  weight  of  each 
term  therein,  say  a''b'c',  in  respect  to  ic  or  j/  would  be  the  aame  (namely  omjl), 
so  that  we  should  have 

5r-|-4s4-3(  =  ^==s  +  2(,  or  5r -I- 3s  +  *  =  0, 

and  therefore  r  =  0,  s  —  0,  (  =  0,  m  =  0.     So  for  a  sextic  with   four  equal 


A,  A' ;  B,  B',  where  A  and  B,  aa  also  A',  B',  are  mutnal  optical  images  of  each  other  in  reHpect 
to  a  fixed  line,  and  A,  A',  as  also  IS,  B',  are  electrical  images  of  eaeli  other  in  respect  to  a  oirole 
of  which  the  fised  line  is  a  diameter — with  liberty,  ot  coarse,  for  the  images  taken  in  either  mode 
of  combination  to  coalesee'SO  as  to  reduce  the  quadruplet  to  a  simple  pair. 
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roots  reduced  to  the  form  (a,  h,  c,  0,  0,  0,  (i\x,  y}".  Supposing  any  term  in 
one  of  its  invariants  to  be  «.''6*c*,  we  should  have 

s  +  2(,  or  6r  +  4s  +  2i;  =  0, 

which  is  absurd,  unless  r  =  0,  «  =  0,  ( =  0,  wi  =  0,  and  so  in  general  for  a  binary 
form  of  any  degree.  If  in  the  above  example  for  the  degree  m  only  three 
roots  were  equal  inter  se,  the  form  assumed  being  (a,  b,  c,  d,  0,  0,  05^.  2/)°, 
any  term  in  a  supposed  invariant  being  a'^fc'd",  where  r +  s  +  t  +  u  =  m,vf& 
should  have 

6r  +  5s  +  4*  +  3m  =  3m  =  s  +  2*  +  Sw, 
and,  as  before, 

no  longer,  however,  m  =  0,  but  m  =  «,  which  is  left  undetermined. 

(49)  Before  proceeding  further  it  will  be  proper  to  consider  under  what 
circumstances  a  variation  (in  the  coefficients  of  any  equation)  arbitrary, 
except  that  the  coefficients  are  to  remain  real,  can  affect  the  character  of 
the  roots. 

Let  F(w)  =  0  be  any  algebraical  equation  with  real  coefficients,  and  let 

BF(a!)  be  the  variation  of  F  due  to  the  variation  of  the  coefficients,  dF{x) 

the  variation  due  to   the  change  of  x  into  x-\-dx.     If,  now,  r  be  a  root 

of  ^{a:)  =  0,  and  r-^-dr  the  corresponding  root  oi F{x)-\-hF(x)=<^,  we  have 

F{r)  =  0,     F{r  +  dr)  +  SF(r)  =  0, 

or  hF{r)  +  ^  Fir)  «^r  +  ^  (^Y  F{r)  d^  +  &c.  =  0. 


will  be  the  same  as  that  of  r. 

so  that  there  are  i  roots  r,  i  being  any  integer  greater  than  zero,  then  to  find 
dr  we  have  the  equation 


(dr)'- 


F(r) 


Thus  dr  will  have  i  distinct  values;  of  these,  if  i  is  odd,  all  hut  one  will 
be  imaginary,  but  if  i  is  even  they  will  be  all  imaginary,  or  only  all  but  two 
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imaginary  and  the  remaining  two  real,  according  as  the  sign  of  BF(r)  is  the 

same  as  or  the  contrary  to  that  "f  l-j- 1  F(r).     Accordingly,  if  r  is  real  '"• 

and  i  even,  the  nature  of  the  ensemble  of  the  i  roots  r  +  dr  will  not  be  the 
same  when  SF(r}  is  positive  as  when  SF(r)  is  negative. 

(50)  So,  further,  if  F{w)  =  0  have  2wi  equal  roots  r,  2n  equal  roots  s,  and 
so  on,  the  deduced  corresponding  groups  of  roots  in  F{!e)  +  hF{a))  =  0  will,  or 
may  at  least  each  of  them,  undergo  a  change  of  character  to  the  extent  of  one 
pair  of  the  r  group  changing  their  nature  with  the  sign  of  BF(r),  one  pair  of 
the  s  group  changing  their  nature  with  the  sign  of  BF(s),  and  so  on  ;  but  in 
no  case,  except  F{x)  possess  some  equal  roots  (that  is  unless  its  discriminant 
be  zero),  can  an  iiifiuitesimal  variation  in  the  constants  affect  the  character  of 
the  roots  '*«'. 

(51)  To  every  facultative  point  corresponds  a  certain  set  of  values  of 
J,  D,  L;  and  when  these  are  given,  it  has  been  shown  that  the  equation 
(a,  b,  c,  d,  e.f^x,  yf  is  reducible  to  the  form  s-m' +  sw°  +  (w°,  where 

M  + 1?  +  w  =  0, 
or  to  the  form  rw,'  +  sji,"  +  tv/,  where 

,           —w  +  iv              —w  —  iv 
M,  +  Wi  +  Ml  =  0,  and  Ui  =  - — ^—  ,   v,  = ^ —  ' 

or  to  the  form  au'^  +  5euv*  +/v^,u,v,wheing  always  retil  linear  functions  oi x,y, 
with  the  sole  exception  that  when  J  =0,  K  =  <i,  L  =  0,  the  reduced  form  is 

au^  +  obu^  +  lOcw^ii". 

When  these  three  invariants  are  not  all  zero,  the  coefficients  in  the 
reduced  form  r,s,  t  or  a,  e,f&Te  known  functions  of  >/,  D,L,  and  the  character 
of  the  roots  is  perfectly  determinate;  so  that  to  every  facultative  point  corre- 
sponds an  infinite  family  of  equations  with  real  linear  coefficients  all  deducible 
from  each  other  by  real  linear  substitutions.  Thus  then,  with  the  sole 
exception  of  the  origin,  every  facultative  point  corresponds  to  a  determinate 
character  of  equation,  namely  to  an  equation  with  four,  or  two,  or  no  imaginary 
roots;  so  that  by  a  bold  figure  of  speech  we  may  be  permitted  to  speak  of 

(*")  r,  although  Buppoaed  to  be  one  of  s,  group  of  equal  toots,  is  not  neceisarily  real,  for  it  may 
belong  to  a  faotor  (i^  +  Saeoos  S  +  e')^. 

j«)  Oompace  this  statement  with  the  corresponding  one  given  by  M.  Heimite,  Gami.  and  Dub. 
Jmtntal,  vol.  IX,  p,  204,  where  only  one  parameter  is  supposed  to  undergo  a,  ehange.  I  think  that 
greater  breadth  and  at  the  same  time  Kreater  precision  and  elearneaa  are  gained  by  the  mode  of 
espoaition  emplojed  in  the  test  above.  It  will  be  observed  that  for  a  change  of  character  to  be 
possiblB  when  the  function  passea  through  a  phase  of  equal  roots,  it  is  not  enough  that  there 
ehall  exist  a  group  of  equal  roots  r,  but  there  must  be  an  even  nnmber  of  such  roots  in  the  group, 
aaid,  tiartherniore,  the  equal  coots  must  be  real ;  when  this  last  supposition  is  not  satisfied,  no 
change  in  the  ehftractec  of  dr  will  affect  the  character  of  r  +  dr  :  an  instructive  esemplifi cation  of 
this  remark  will  occur  in  the  sequel. 
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every  point  but  one  in  iacultative  space  having  a  determinate  quality,  aa 
masculine,  feminine,  or  neuter.  The  origin  alone  is  exempt  from  this  law, 
and  may  be  considered  to  be  of  epicene  gender,  since  the  factor 

av?  +  hhwo  +  lOifi 
may  have  its  roots  real  or  imaginary.  As  we  travel  continuously  from  point 
to  point  in  the  facultative  portion  of  space  we  pass  from  family  to  family,  or, 
if  we  please,  from  an  individual  of  one  famiiy  to  an  individual  of  another 
family,  differing  from  the  former  individual  by  an  infinitesimal  variation  of 
the  constants. 

(52)  If,  then,  we  insulate  any  portion  of  facultative  space,  and  in  the 
block  so  insulated  it  is  possible  to  pass  from  one  point  to  any  other — -that  is 
to  say,  if  we  can  draw  a  continuous  curve  of  any  sort  from  one  point  to 
another  without  passing  out  of  the  block,  and  without  cutting  or  touching 
the  plane  7)  =  0,  then  by  virtue  of  the  principle  just  laid  down,  we  see  that 
all  the  points  in  such  block  have  the  same  character,  and  the  nature  of  the 
roots  will  be  the  same  in  the  infinite  number  of  families,  each  containing  an 
infinite  number  of  individuals  which  the  points  in  that  block  severally 
represent.  Now  imagine  a  block  taken  so  extensive  as  to  admit  of  no 
further  augmentation,  except  accompanied  with  a  violation  of  the  condition 
of  the  capability  of  free  communication  between  point  and  point  without 
cutting  or  touching  the  surface  B;  such  a  block  may  be  termed  a  region, 
and  the  whole  of  facultative  space  will  be  capable  of  siibdivision  into  a 
certain  number  of  these  regions.  This  being  supposed  effected,  the  character 
of  each  region  will  be  known  when  we  know  the  character  of  a  single  point 
in  it ;  that  is  to  say,  every  region  will  have  a  determinate  character  of 
positive,  negative,  or  neuter.  It  will  presently  be  shown  that  the  number  of 
such  regions  is  only  three  '*'"  (the  least  number  it  could  be  to  meet  the  three 
cases  of  four,  two,  or  no  imaginary  roots),  one  masculine,  one  feminine,  one 
neuter ;  and  consequently  there  will  be  but  three  cases  to  consider  when  the 
invariantive  coordinates  J,  J),  L  are  given ;  according  as  J,  D,  L  belong  to  one 
or  the  other  of  these  three  regions,  the  equation  to  which  they  belong  will 
have  all  its  roots  real,  or  only  one  real,  or  three  real  and  two  imaginary.  The 
origin,  it  need  hardly  be  added,  constitutes  a  region  per  se,  in  which,  so  to  say, 
the  characters  of  masculine  and  feminine  are  blended. 

(53)  Let  it  be  observed  that  we  can  see  6,  priori  that,  were  it  not  for  the 
distinction  between  facultative  and  n on- facultative  portions  of  space,  it  would 
be  impossible  for  each  point  corresponding  to  a  given  system  of  invariants  to 
possess  an  unequivocal  character ;  for  in  such  case  there  would  necessarily 

("■]  It  is  clear  from  the  definition,  that  a.  region  oan  only  be  bounded  by  G  the  amphigenoua 
surface",  aodD  the  plane  of  thfi  diEeriminant ;  ani  granted  (aa  will  be  ehovm.  hereafter)  that  G 
and  D  touch,  each  other  in  only  one  oontinuoua  line,  it  becomea  obvious  &  priori  that  there  can 
he  but  two  regiona  on  one  side  of  D  and  a  single  region  on  the  other.       ["  p.  436.  Footnote  (43).] 
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be  free  continuous  communication  possible  between  all  the  points  on  each 
side  of  D  mtei  se,  and  consequently  we  should  be  landed  in  the  absurdity  of 
conceiving  the  general  equation  of  the  fifth  degree  not  to  admit  of  division 
nto  cases  of  four,  two,  or  no  imaginary  roots ;  D  being  negative,  we  know, 
vould  imply  two  loots,  and  not  move  than  two,  being  imaginary;  and  accord- 
ugly  D  positive  would  imply  either  that  four  roots  are  imaginary  or  none — 
not  sometimes  one  and  sometimes  the  other,  but  in  all  cases  alike  four 
maginary,  to  the  exclusion  of  the  supposition  of  the  roots  being  all  real — or 
else  that  all  the  roots  are  real  and  never  four  imaginary.  Thus  we  Bee  that 
the  mere  fact  of  a  given  system  of  invariants  communicating  a  definite 
character  to  the  roots,  implies  the  necessity  of  the  invariants  exercising  a 
restraining  action  over  each  other's  limits,  and  that  where  this  restraint  does 
not  exist  it  is  impossible  that  the  character  of  the  roots  can  be  determined  by 
the  values  of  the  invariants. 

(54)     This  is  precisely  what  happens  in  biquadratic  equations.     In  such 
we  know  the  fundamental  invariants  *,  s,  or,  if  we  please, 
(,  A  (where  A  =  ir'  +  27('), 

are  perfectly  independent  and  subject  to  no  equation  of  condition ;  so  that  if 
we  consider  t,  A  as  the  coordiBates  of  points  in  a  plane,  the  whole  of  the 
plane  will  be  made  up  of  facultative  points.  When  A  is  negative,  that  ie 
for  representative  points  lying  on  one  side  of  the  line  A,  it  is  true  we  know 
that  there  is  just  one  pair  of  imaginary  roots  constituting  what  may  be 
termed  the  neuter  ease ;  but  when  the  representative  points  lie  on  the  other 
side  of  this  plane,  they  cannot  be  said  to  be  either  masculine  or  feminine, 
but  will  every  one  of  them  possess  that  epicene  character  which  is  peculiar 
to  the  origin  alone  in  the  case  of  quintic  forms.  A  single  example  will  make 
this  clear. 

Take  the  two  reduced  forms 

where  u,  v  are  real  linear  functions  of  x,  y,  and  ai,  6  conjugate  imaginary  ones 
of  the  same ;  and  suppose  s,  the  quadrin variant  in  respect  to  (s,  y,  to  be  the 
same  for  both  forms.  For  greater  convenience  of  computation  consider  e  to 
be  infinitesimal. 

Then  in  the  one  case  the  t  is  of  the  same  sign  as 

(1  +  e)  (1  -  (1  +  ef),  that  is,  -  2e, 
and  in  the  other  the  t  is  of  the  contrary  sign  to 

(1  -  6)(1  -  (1  -  kf),  that  is,  26, 
so  that  t  is  of  the  same  sign  (namely  negative)  in  each  case. 
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Again,  in  tbe  two  cases  respectively 


«■     1+3(1±.)-       ■■ 
Hence  t  as  well  as  s,  and  consequently  t  and  A  are  alike  for  both  forms. 

But  in  the  one  first  written  the  roots  are  of  the  same  nature  as  those 
of  w'  +  6m^jj'  +  w*,  that  la,  are  all  impossible,  and  in  the  other  of  the  same 
nature  as  in 

where  u,  v  are  real  linear  functions  of  x,  y  and  i  =  i/—  1,  in  which  case 
the  roots  are  all  possible.  Thus  we  see  that  the  very  same  values  of  (, 
A  may  correspond  either  to  the  case  of  four  real  or  four  imaginary  roots, 
showing  that  the  point  (,  A  is  what  we  have  termed  epicene.  If  we  choose  to 
take  s,  t  as  the  coordinates,  the  same  remarks  would  apply,  except  that  A 
instead  of  a  straight  line  would  become  a  semicubical  parabola.  All  the 
points  on  one  side  of  this  curve  would  have  a  definite  neuter  character, 
but  those  on  the  opposite  side  would  be  neither  masculine  nor  feminine, 
but  epicena 

(55)  With  a  view  to  its  subsequent  distribution  into  regions,  I  now 
proceed  to  ascertain  the  form  of  that  moiety  of  space  which  I  have  termed 
facultative. 

Let  J"=  =  gK", /'^ci.     Then 

G      1        8         2        72      432      1  ,  Z>      ,       128 

-n~-,+  ^, ^  — r  +  -;  1  and  -js  =  1 ■ 

J"      g*      v^      vq^      v'q        i^       k"  J=  q 

We  may  for  the  moment  make  abstraction  of  the  section  of  Q  made  by  the 
plane  of  L ;  that  being  done,  and  J,  K,  L  being  referred  to  the  form 

rw°  +  sv"  +  tw^  or  ru^"  +  sv-^^  +  tw", 
calling  ^'",  M,  and,  as  before,  using  p,  a;  t  to  denote  st,  tr,  rs,  we  have 
[pp.  426-7] 

+  J=  M{p'  +  ff^  +  T^  -  2/jo- -  2pT  -  2<rT), 

R  =  M^pffT{p  +0-  +  T), 

±i=Jlfy<TV. 

Now   when  (?  =  0,  we   may  suppose  p  —  <t,  -  =  -  =  $+ i-,  6   being  a   new 

auxiliary  variable  [real.     Cf.  §  44].     We  have  then 
±J=M{t^ -  ipr)  =  MprO, 
K^M'p^(2p+T)  =  My^(^l  +  ^^, 

±L=J^pV  ^uyr^^, 

and  consequently  i/  =  -i^  =  fl*  +  4f?', 


?- 


J'    e'js  +  vi 
K      e  +  6   ■ 
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(56)  In  general  we  have  6*-\-'^6^—v  =  0. 

By  a  well-known  corollary  to  Descartes'  rule  this  equation  can  never  have 
more  than  two  real  roots ;  when  v  is  positive  there  will  always  be  two  real 
roots  of  opposite  signs;  but  when  v  is  negative  and  infei'ior  to  a  certain 
negative  limit,  all  the  roots  become  imaginary.  When  v  lies  between  zero 
and  that  limit,  two  roots  of  S  will  be  real  and  both  negative.  To  finci  that 
limit  we  may  make  4^H  129^  =  o,  or  ^  =  -  3,  which  gives  f=81  - 108  =  -  27. 

(57)  When  11  =  0,2  =  ^=128, 

that  is,  6'  +  4>0'  -  128^  -  768  =  0,  or  (0  +  Hf  ((9  -  12)  =  0 ; 

thus  the  roots  of  6,  when  D  =  0,  are  —  8,  —  8,  + 12,  and  the  corresponding 

vahies  of  p  are  2",  2",  27-2"'. 

If  now  we  make  6*  +  4^'  =  2",  one  of  the  real  values  of  d  we  know  is  —  8, 
and  the  other  will  be  the  real  root  of  the  cubic  equation 

6>  ~  iffi  +  S2e  -  25&  =  0. 
When  0  =  5,  the  left-hand  aide  of  the  equation 

=  125  +  160-  100 -256  =  -71. 
When  6  =  6,  the  left-hand  side  of  the  equation 

=  216  -I- 192  -  144  -  256  =        8. 
Hence  the  real  root  lies  between  5  and  6,  and  q  lies  between  —y  and  y— . 
Thus  §  <  30  and  yj  =  1  —  —  'S  negative. 

Again,  if  we  take  6'+ 4-6^  =27-2"',  and  take  out  the  root  6=12,  the 
resultiiig  cubic  becomes 

6" -H66^  +  1926 -^  2304  =  0, 
where  it  will  easily  be  seen  the  real  root  lies  between  - 12  and  -  16. 

When  6  =  - 12, 


9=256x^  =  3071. 

Moreover,  when  9  is  a  maximum  or  minimum,  it  will  readily  be  found  that 
6' -I- 116 -I- 24  =  0;  so  that  6  =  -3,  or  6  =  -8.     Hence  for  the   value  of  6 

found  from  the  above  cubic  q  <  192  and  7^  =  1 is  positive. 
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(58)     When  J  =  0,  i-  =  0 ;  and  when  i  =  0,  i.  =  co . 

For  these  two  case3  it  will  be  more  simple  to  dispense  with  the  auxiliary 
variable  6,  and  to  revert  to  the  original  equation  between  J,  K,  L. 
Accordingly,  when  J  =  0,  we  find  %LK''  —  iSSi'  =  0.     Hence 

J"=0,  or  Z'  =  54i^  that  is  ('=^Y  =  54i=; 

thus  the  complete  section  of  G  made  by  the  coordinate  plane  J  becomes  a 
straight  line,  namely  the  axis  of  D,  and  a  eemicubical  parabola  whose  axis  is 
the  negative  part  of  B. 

When  J  is  very  nearly  zero,  n  becomes  a  positive  or  negative  infinitesimal 
in  the  equation  ^  +  4^^  =  v. 

One  real  root  of  this  equation  is  ^  =  ( jj   . 

The  other  is -4  +  S,  where  [4 (  -  4)' + 12 (- 4)^]  S  =  !■, 
or  ^  =  -^- 

N°"  X^  =  l^^^  +  *^  =  (?T4)- 

The  first  value  of  6  gives  K''  =  54^"  to  an  infinitesimal  pres  ;  the  other 


value  gives 
■,  to  an  infinitesimal  prh 


that  D  passes   from  +  cc  t 
through  zero. 


(59)     In  the  annexed  figure  '**',  the  plane 

of  the  paper  represents  the  plane  of  B,  that  is, 

the  plane  for  which  D  =  0;  JO  J  is  the  axis  of 

%      U.        J,  OJ  being  the  positive  and  OJ  the  negative 

direction ;  LOL  is  the  axis  of  L,  OL  being  the 

''  positive   and  OL  the  negative   direction.     In 

order  to  avoid  any  appearance  of  an  attempt  at  a  practicably  impossible 

accuracy  of  drawing,  I  use  straight  lines  to  denote  cubical  parabolas,  and  pay 

no  attention  whatever  to   relative    magnitudes,  but   only  to   the   order   or 

1  of  magnitudes,  using  the   lines  which  are  drawn  in  the  figure 


C*!  I  shall  refer,  when  I  have  oooaBioa  to  do  so,  to  this  figure,  which  contains  a  Ejnopsis 
the  whole  theory,  under  the  name  of  the  Dial  figure. 
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not  as  copies  but  as  symbols  of  the  actual  curves  which  are  to  be  mentally 
imagined. 

Thus  the  line  JOJ  is  used  to  represent  the  straight  line  X  =  0 ;  A'O'A' 
the  cubical  parabola  J'  =  27'2'°£ ;  AOA  the  cubical  parabola  J'  =  2"L ;  IlOn 
the  cubica]  parabola  /'  =  ~  21 L  "". 

It  will  be  observed  that  certain  combinations  of  plus,  zero,  minus,  positive 
and  negative  infinity  are  placed  along  the  lines  and  inside  the  sectorial 
spaces.  The  meaning  of  these  will  be  sufficiently  obvious  from  what  has 
preceded.  They  refer  to  the  signs  of  the  two  values  of  D  in  the  surface  Q 
for  each  point  in  the  line  or  sector  along  or  within  which  they  are  placed. 
At  every  point  along  the  line  OJ,  -^  has  only  one  value,  and  that  positive  ; 
along  A'OA',  y-^  has  two  values,  one  positive  and  the  other  zero.    Along  AOA, 

Y^  has  two  values,  one  zero,  the  other  negative.  Immediately  below  LOL 
two  values,  one  +  co ,  the  other  finite  and  negative.  Immediately  above  LOL 
two  values,  one  —  oo  ,  the  other  finite  and  negative.  Along  IlOn  one  value, 
finite  and  negative. 

Moreover  I)  has  been  shown  to  be  never  zero,  except  along  A'OA',  AOA. 
Hence  it  is  obvious  that  inside  A.'OJ  and  the  opposite  sector  D  has  two  values, 
both  plus ;  inside  the  next  pair  of  opposite  sectors  two  values,  one  plus,  the 

(*")  It  has  been  shown  in  the  pceeeding  articles  that  oorrespondiag  to  the  line  JOJ  and  to  the 
line  noil,  the  vertical  ordinate  D  of  the  amphigenous  anrface  (G  =  0)  has  onlj  one  yalae,  positive 
for  the  [ormer,  negative  for  the  latter ;  along  the  line  A'OA'  two  values,  one  positive  the  other 
zero  ;  for  the  space  between  AOA,  LOL  icdeflnitelj  near  to  the  latter  two  valnea,  one  posi- 
tively infinite,  the   other  negative ;   and  for  the  space  indefinitely  n 


opposite  of  it,  two  valuea,  ( 
aiiii  represented  sjmbolioally  it 


These  rt 


■e  collected 


0  the  upper  sheet  of  G, 


-  (- 

e  have  the 


and  to  the  lower  e1 


(-») 


the  two  sheets  coming  together  at  a  cuspidal  edge  above  JOJ  and  below  Ilon. 

Moreover  these  are  the  only  positions  of  the  line  revolving  in  the  plane  ot  D  corresponding  to 
which  a  change  in  the  nature  of  D  can  take  place,  and  thus  we  can  without  further  examination 
fill  up  the  Table,  giving  the  nature  ot  D  for  the  intervening  spaces,  and  may  thus  obtain  the 
Table  embodied  in  the  dial-figure  above,  that  is, 

J  A'  A  in 
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other  minus ;  inside  the  next  pair  of  sectors  also  two  values,  one  plus,  the 
other  minus;  inside  the  next  pair  of  sectors, two  values  both  minus,  and  in 
the  pair  of  sectors  left  vacant,  for  which  !■<  —  27,  it  has  been  shown  that 
D  becomes  i 


-^ 


(60)  Thus  it  will  be  seen  that  the  surface  G  consists  of  two  opposite 
portions  precisely  similar  and  symmetrical  in  respect  to  the  axis  of  B. 

Let  us  trace  that  one  of  these  whose  ground-plan  is  comprised  within 
the  sector  TIOJ.  It  will  consist  of  two  sheets  coming  to  a  cuspidaJ  edge 
(a  common  parabola)  in  the  superior  part  of  the  plane  of  i.  The  upper  sheet 
will  touch  the  plane  of  D  in  OA  ™,  and, 
remaining  above  the  plane  of  D,  approach 
continually  to  the  plane  of  J  as  au  asym- 
ptotic plane.  The  lower  sheet  will  cut  the 
plane  of  B  in  OA',  pass  under  the  plane  of 
D,  cut  the  plane  of  J",  progress  to  a  maxi- 
mum distance  from  it,  and  then  approach 
indefinitely  io  J  as  its  asymptotic  plane. 
This  will  become  apparent  by  taking  a 
vertical  section  of  this  portion,  cutting  the 
lines  OL,  OJ;  for  the  nature  of  the  flow  of 
the  two  branches  of  the  section  will  evidently 
be  as  figured  here,  where  j,  X,  X',  I,  tt  repre- 
sent the  points  in  which  the  lines  OJ,  OA', 
OA,  OL,  on  are  cut  by  the  secant  plane.  [It 
should  be  particularly  noticed  that  this  figure 
is  only  intended  to  exhibit,  under  its  most 
general  aspect,  the  nature  of  the  flow  of  the 
two  branches  of  the  curve;  it  is  drawn  in 
other  respects  almost  at  random,  and  makes 
no  pretension  whatever  to  giving  a  represen- 
tation of  the  actual  form  of  the  curve.] 

No  part  of  the  surface  G  lies  under  or  above  the  sector  IIOJ',  except  the 
axis  of  D.  The  cusp  0^  where  the  two  branches  meet,  is  the  intersection  of 
the  cutting  plane  with  the  parabola  J=B^  lying  in  the  plane  of  L,  and  there 
will  be  another  cusp  at  t,  the  point  of  maximu  m  recession  from  the  plane  of  J. 

(61)  I  now  proceed  to  discriminate,  by  aid  of  this  surface,  the  facultative 
from  the  non-facultative  portion  of  space. 

If  in  the  expression  for  G  as  a  function  of  J,  K,  L  we  substitute  for  K  its 
value  ~  ^n;^  -I-  :i-i:^,  we  obtain  (?=,-Y7,-jn-D*+ terms  involving  only  lower 


128 
(">)  For  Uie  value  of  U  for  tl 


-(128)^ 

o  all  along  OA,  and  positivi 
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of  D;  so  that,  calling  J?,,  D^  the  two  real  values  of  D  in  the  upper  and  lower 
sheets  of  G  respectively  corresponHing  to  any  point  J,  L, 

G  =  J(D'D{)(I>-  D,)Q, 
Q  being  a  quantity  essentially  positive. 

Hence  when  J  is  negative  the  facultative  points  in  any  line  parallel  to  D 
wili  he  those  for  which  D  lies  between  D^,  D^,  but  when  J  is  positive,  the 
facultative  points  must  be  exterior  to  the  segment  D-,D^ ;  I  denote  this  diifer- 
ence  in  the  figure  by  placing  a  colon  between  the  signs  in  each  sector  for 
which  /  is  positive,  indicating  thereby  that  the  facnltative  points  lie  between 
+  00  and  i)i,  and  between  A  and  —  <» ;  hut  where  no  colon  is  interposed, 
then  it  is  to  be  understood  that  the  facultative  points  lie  between  D^  and  B^. 
Thus,  if  we  turn  back  for  a  moment,  to  the  section  of  G  last  drawn,  the  whole 
of  the  space  included  between  the  two  branches  and  the  asymptote  is 
facultative,  because  up  to  the  asymptote  J  is  negative,  and  beyond  the 
asymptote  the  whole  of  the  space  not  included  between  the  asymptote  and 
the  lower  branch  is  facultative,  because  beyond  the  asymptote  J  becomes 
positive.  Thus,  then,  we  see  that  the  whole  of  that  portion  of  the  plane 
which  lies  on  the  left-hand  side  of  the  entire  curve  is  facultative,  and  the 
poi-tion  on  the  right-hand  side  of  the  same  non-facultative ;  the  curve  sepa- 
rating facultative  from  non-facultative  space  as  a  coast-line,  indefinitely 
extended,  separates  land  from  water;  so  that  there  is,  as  of  course  we  might 
have  anticipated,  no  break  of  continuity  in  passing  through  the  plane  J. 

If  we  take  a  corresponding  section  of  the  opposite  portion  of  space  corre- 
sponding to  the  ground-plan  JLll,  it  is  obvious  that  precisely  the  contrary 
takes  place,  because  the  sign  of  J  is  opposite  in  the  opposite  sectors ;  so  that 
what  was  facnltative  becomes  n  on -facultative,  and  vice  versd. 

(62)  It  is  now  clear  that  the  whole  of  the  facultative  part  of  space  is 
divided  into  three,  and  only  three  of  the  regions  previously  defined.  One 
region  will  consist  of  that  portion  of  it  which  is  entirely  under  the  plane 
of  D:  the  second  region  will  be  so  much  of  the  upper  portion  as  stands 
upon  the  acute  sector  JOA;  and  the  third  of  .'^o  much  of  the  remainder  of 
this  portion  as  stands  on  the  sector  AOJJOTl ""'.  Again,  as  regards  the 
second  region,  the  line  OA'  is  quite  inoperative  against  its  unity,  because 
we  have  vertical  ordinates  above  OA'  through  which  free  communication  can 
ak     pla  e  b  n    1     b!    k        e    JOA'  and  A'0\.     but      h  n  i^e      me 

wi     be  hoia         mdh       hwh  hnbtepsmbh!)  dbw 

stadngllO  g  mcUgnbpptetoOn 
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to  OA,  where  G  touches  the  plane  of  1),  there  we  have  an  effective  line  of 
demarcation  between  the  adjoining  blocks  above  the  plane  of  D\  for  it  is 
impossible  to  pass  from  one  into  the  other  without  going  under  D  and 
coming  up  again  through  that  plane,  or  else  descending  to  the  line  OA  and 
so  meeting  the  plane  of  D  <*". 

(63)  It  remains  only  to  fix  the  characters  of  the  several  regions ;  but 
this  requires  no  calculation  to  effect,  for  we  know  that  when  D  ia  negative 
there  is  one  and  only  one  pair  of  imaginary  roots.  This  disposes  of  the  first 
of  the  regions  above  enumerated.  Again,  we  know  that  when  L  is  positive 
so  that  the  reduced  form  is  the  superlinear  equation  ru''  -1-  st^  +  to"  =  0, 
u,  V,  w  being  real  functions,  D  being  also  positive,  there  must  bo  four 
imaginary  roots,  as  follows  from  the  theory  of  the  second  section.  Hence 
the  third  region  has  for  its  character  two  pairs  of  imaginary  roots ;  and  con- 
sequently the  only  remaining  region,  the  second  described,  must  correspond 
to  the  case  of  no  imaginary  roots,  since  otherwise  we  should  be  absurdly 
assuming  the  impossibility  in  any  case  of  a  quintic  equation  having  all  its 
roots  real. 

(64)  It  may,  however,  be  an  additional  satisfaction  to  see  how  the  change 
of  character  comes  to  pass  at  the  critical  line  OA  from  one  to  five  real  roots. 

Along  the  line  OA  [with  0  =  0]  we  have  found  [p.  443]  that,  calling  the 
reduced  form 

ru,'  +  svi'  +  tw\ 

r^s,  -=^  =  ^=6i+4  =  -4. 
p      St      t 

Hence  the  equation  becomes 

iu,"  +  iv,^  +  (Ml  +  v^f  =  0. 

Mj,  Vi  being  of  the  form , ,  because  L  is  negative. 

Hence,  beside  Ui  +  Ui  =  0, 

4  (u*  -  u,%  +  u,H^  -  u,v,'  +  V,')  +  (u,  +  v,y  =  0, 
that  is  5ui*  +  lOitiV  +  W  =  0. 

that  is  («i^  +  Vj^f  =  0 ; 

(*')  Two  superior  regions  we  know  a  priori  must  exist  to  oorrefipond  respectively  to  tlie  two 
oases  o£  five  aEd  of  one  real  root.  Moreover  wa  know  a  jn'iori  that  two  regions  can  only  meet  on 
the  plane  of  D,  and  an  inspection  of  the  dial-figure  sliowa  that  only  OA  can  be  such  line.  Thus 
with-ont  completely  making  out  the  geometry  of  tlie  question  as  regards  the  remarkable  line 
(J=0,  L  =  0)  (the  axis  of  D)  which  lies  on  the  swfa^e  G,  we  may  feel  assured  that  the  upper  pact 
of  this  line  (which  is  easily  found  to  belong  to  the  1-real-root  region)  cannot  have  any  point 
eioept  the  origin  in  oommon  with  the  B-ceal-coots  region,  since  otherwise  these  two  regions 
would  communicate  along  this  line  and  merge  into  one.  When  it  is  considered  that  <?  is  a 
snrface  of  the  ninth  order  in  J,  D,  L,  it  will  not  appear  surprising  that  some  difficulty  arises  in 
forming  a  mental  conception  of  certain  of  its  local  properties;  on  the  contrary,  the  auhjeet  of 
wonder  rather  is  that  enough  can  be  ascertained  about  it  in  a  very  brief  compass  to  shed  all  (he 
needful  light  upon  the  analytical  problem  which  it  illustrates. 
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so  that  there  are  two  pairs  of  equal  roots  of —.namely +  i;  to  these  values  of  ^ 

correspond 

u  —  iv_.      u  —  w___ 

u  +  iv      '     u  +  iv 
Hence  (J  ~i)u  =  {i-l)v,  or  (l +i)u  =  {i  +  l)v; 

so  that  the  two  pairs  of  equal  roots  of  ujv  are  +  1,  the  outstandiug  root  corre- 
sponding  to  u,  +  v,=  0  being  ujv  =  0. 

Now,  still  keying  upon  the  surface  0,  which  we  know  is  facultative,  let  9 
become  —  8  +  ie,  where  e  is  an  infinitesimal,  then 

8  ( j)  =  2"  =  (*^'  +  1"2^)  S^  =  -  5120e ; 
also  the  supposed  equation Taecoiries 

(4  -  4e)  («/  +  V,')  +  (u,  +  V,)'  =  0, 
or  (iv  -uf-  {iv  +  m)»  -  8  (1  +  e)  M°=  0 ; 

or,  calling  vju  =  p, 

{ip  ^  ly  -  (ip  +  iy  ~  8(1  +  e)  =  0. 
Let  p  =  ±1  +  <7,  where  a-  is  an  infiniteaimal.     Hence 

[-  10  (±  i  -if  +  lO{±i  +  l)']o-=  -  8e  =  0, 
or  20(-3  +  l)ff''-8e  =  0, 


!5600^  [l/- 


Hence  calling  a-,,  cr^  the  two  values  of  a,  the  four  roots  that  at  OA  were  1,  1, 
-1,-1  become  1  +  o-,,  1  +  0-3,  - 1  +  o-j,  - 1  +  a^,  when  J'/L  becomes  varied  by 
SiJ^IL),  and  consequently  become  all  real  liJ'jL  is  increased,  and  all  imaginary 
if  J'jL  is  decreased,  that  is,  become  real  or  imaginary  according  as  the  line 
OA  sways  towards  or  away  from  OJ,  conformably  with  what  has  been  shown 
on  other  grounds. 

It  will  be  noticed  that  in  the  line  OA  produced  in  the  opposite  direction, 
that  is,  along  the  line  OA,  L  being  positive,  the  reduced  form  is 

and  the  roots  of  -  become  -=—1,  -  =  +  i,  ~=±i;  so  that,  according  to  the 

V  V  V        ~        V  ° 

canon  laid  down  at  the  commencement  of  this  discussion  (see  foot-note  '■'°'), 
no  change  in  the  character  of  the  roots  can  possibly  take  place  along  OA,  and 
accordingly  we  have  seen  that  this  curved  line  does  not  correspond  to  any 
demarcation  of  regions. 

(65)     It. is  easy  to  express  the  conditions  to  be  satisfied  by  the  coordinates 
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of  a  point  according  as  it  lies  in  one  or  another  of  the  three  regions  which 
have  now  been  mapped  out,  and  it  is  clear  that  we  have  the  following  rule  : 

When  D  is  negative  the  equation  has  two  imaginary  roots. 

When  D  is  positive  the  equation  has  no  imaginary  roots,  provided  the  two 
criteria  /  and  2"L  —  J^  are  both  *  negative  ''^' ;  but  if  either  of  these  is  zero 
or  positive,  there  are  two  pairs  of  imaginary  roots  *"'. 

The  duodecimal  criterion  -  invariant,  2"J!/  —  J',  and  the  invariants  of 
the  like  order,  27-2'°i-/^  -11L-J\  I  shall  henceforth  cali  A,  A',  11 
respectively.  It  has  been  shown  just  above  that  the  three  invariants  J,  D,  A 
of  the  4th,  8th,  and  12th  orders  respectively  are  sufficient  for  ascertaining  the 
character  of  the  roots  of  the  quintic  to  which  they  appertain. 

(66)  The  assertion  that  the  whole  of  facultative  space  is  divisible  into 
three  regions,  in  strictness  requires  a  slight  modification.  It  is  obvious  that 
the  plane  of  I)  itself  cannot  be  said  to  belong  to  any  of  the  regions ;  and  in 
order  to  make  our  theory  quite  complete,  so  as  to  furnish  criteria  applicable 
to  equations  having  equal  roots,  and  to  enable  us  to  distinguish  between  the 
case  of  the  unequal  roots  being  all  three  real,  or  two  imaginary  and  one  real, 
we  must  examine  what  takes  place  in  this  plane,  and  under  what  circum- 
stances a  passage  from  one  point  of  it  to  another  wili  or  may  be  accompanied 
with  a  change  of  character  in  the  roots. 

If  the  roots  of  f(x)  =  0  are  supposed  to  be  a,  a.,  c,  d,  e,  where  c,  d,  e  are 
unequal,  on  varying  the  constants  of  f{x)  in  such  a  manner  that  the  variation 
of  the  discriminant  I)  is  zero,  the  two  equal  roots  a,  a  will  remain  equal. 
Now  in  general  we  have  Bf  (a)  +  ^  f"  (a)  da"  =  0 ;  if  this,  under  the  particular 
supposition  made,  continued  to  obtain,  da  would  have  two  distinct  values, 
and  the  two  equal  roots  would  cease  to  continue  to  be  equal,  eoutraiy  to 
hypothesis.     Hence  we  see  that  D  =  0,  BJ)  =  0  necessarily  implies  5/'(a)=0*"', 

C^)  Obserye  that  this  implies  L  also  being  negative  ;  so  that  2"  — j^  is  positive  and  —  <:  2". 

C)  (a)  Observe  tbat  in  general  when  3"i- J^  is  aero  there  are  no  facultative  points  above 
the  plane  of  D,  but  when  J  and  2"i- J^,  and  consequently  L  and  J  are  both  simnltaneously 
zero,  a,  facultative  right  line  springs  into  existence,  namely,  the  axis  of  D  extending  tiotb  above 
and  below  tlie  plane  of  D,  The  reduced  form  of  equation  (as  previously  demonstrated) 
corresponding  to  this  singular  line  Is  «';buu^^O. 

(b)  It  may  further  be  noticed  that  on  each  side  of  the  lino  OA.  the  limits  of  D  are  between 
positive  infinity  and  a  positive  quantity,  and  between  negative  infinity  and  a  negative  quantity ; 
so  that  as  we  pass  from  OA  to  either  side  of  it  no  facultative  point  can  be  found  lying  in  the 
plane  of  D,  showing  that  we  cannot  pass  by  a  real  infinitesimal  variation  of  coeffioients  from  an 
equation  witb  two  pairs  of  equal  imaginary  roots  to  an  equation  with  a  single  pair  of  equal  roots, 
as  is  apparent  also  on  purely  analytical  grounds. 

^^)  (a)  This  is  a  somewhat  curious  theorem  (whether  new  or  otherwise  I  know  not)  thus 
incidentally  estabhshed  in  the  test,  namely,  that  if  D  (/)  represent  the  disoriminant  of  /,  and  if 
[*  2"i  -  J'  should  be  positive,  and  L  negative.    Of.  p.  372  above.] 
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and  consequently  hf(a  +  da)  is  no  longer  hf{a),  but  ^f'{a)  da;  so  that  we  obtain 

da=  Q.  01  da  = ;{,,.' ,  and  no  change  of  character  in  the  five  roots  results. 

/  (a) 
If,  however,  the  original  roots  are  a,  a,  c,  c,  e,  then,  as  shown  in  the  general 
case.  Be  will  have  two   distinct   values,  which    will   be   both   real   or   both 


imaginary.     Accordingly  we  see  that   in  the   plane   of  D  i 

possibly  take  place  except  in  crossing  the  line  which  corresponds  to  a  family 

of  two  pairs  of  equal  roots. 

(67)  It  has  already  been  pointed  out,  in  a  foot-note,  that  we  cannot  pass 
facultatively  from  OA  to  either  side  of  this  curve  line.  Hence  the  sepa- 
ration of  the  plane  of  D  into  subregions  can  only  take  place  along  the 
line  OA,  and  it  remains  but  to  ascertain  the  character  of  the  points  on  either 
side  of  this  line,  which  we  know,  therefore,  ti  priori,  must  possess  opposite 
characters,  since  otherwise  we  should  be  admitting  the  absurd  proposition  of 
its  being  impossible  to  construct  an  equation  of  the  fifth  degree  having  two 
equal  I'oots  without  the  remaining  three  being  always  of  one  character,  either 
all  real  or  all  not  real.  Let  us,  then,  ascertain  the  character  of  the  points  in 
OJ  for  which  i)  =  0,  i  =  0,  and  ^  is  positive  i"«. 

D(/)=0  and  !D(/)  =  0,  then  when  f-Q  we  muat  have  3(/)  =  0.     The  verj  simplest  example 


that  can  be  chosen  will  b« 

irve  to  illustrate  this  proposition.     Let 

f^ax^  +  2bxy  +  cy^ 

SapposB 

I>(/)=ac-6==0, 

ODdalso 

SD{f)  =  aS<:  +  cda-2bSb  =  0, 

we  have 

S{f)=^da  +  2xy6b  +  y~-dc. 

Now  if/=0  B 

'e  may  wri 

t,ex  =  b,  3= -a,  and  8/ becomes 
b^Sa-2ahSb  +  a''Sc 
=  b^Sa  -  2abSb  +  2abSl  -  acSa 

Etcoording  to  the  theorem. 

If  wemake/=(3;.  1)",  D  we  know  becomes  a  sjzygetio  function  of /and/'  or  d/jdx. 
Henee  since  311  vanishes  when/(3:)=0,  D  —  0,  and  S/(a;)  =  0,  we  learn  that  S(D)  is  asyaygetio 
function  of  (/,/',  6f). 

The  theorem  thus  stated  easily  admits  of  extension  to  the  higher  variations  of  D,  and  eo 
tend  d  tok       I  bel  th    f  n  wmg  f  rm 

d  (D)=     y  y    t    f      t        !(f  f   f         f    Sf) 
(b)    P    ftaso    C  yl  y  has  nt    m  i  m     th  t  th      h       m         (   )   (  )      b  h 

igin  1  ty  I  wa         d     bt    will  b    f        \        S  hi  6      I     El      oat  Th  t  th    fi    t 

Tin    na  plag        mlh        b        ■niltytt       idth       m        tmawl         f       dhplm 

pdtlimAmbm        glng  tebym[?p4b]        th 

C     p       E    d  htwt  tghtl  fb  f  wl         Ibl         Ih 

ni       d(lk  Ikgmh       leep)   J         t    th         y  d  t         nd      tat         tb        b 

toefj  fpp  tibyShlfl  1     M    hen  I  J  (whilb 

my      m  f  th     d  t         p       t   fac   I 

n  W  Id       t  tak     J       g  t         f      th    f    ultat       p      t      f  D        J         tw    p     t 

4       tt  b      d   1 fi 
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Since  i  =  0,  the  reduced  form  is  u"  +  aeui)*  +  »)^ 

This  equation,  by  Deseartes's  rule,  must  contain  imaginary  roots.  Hence 
in  the  sector  KOJ  the  roots  are  all  real,  and  in  the  remainder  of  the  facul- 
tative portion  of  the  plane  (from  which  it  may  be  noticed  the  sector  KOJ  is 
excluded)  two  of  the  roots  are  imaginary. 

Along  Oh.  itself  there  are,  as  already  observed,  two  pail's  of  real  equal 
roots,  and  along  OA  two  pairs  of  imaginary  equal  roots.  Thus,  finally,  we 
have  the  complete  rule*. 

If  D  is  negative,  2  roots  imaginary. 

If  J)  is  positive. 

When  J^,  A  are  both  negative,        0  roots  imaginary. 
„     J,  A  are  not  both  negative,  4  roots  imaginary. 
If  Z>  is  zero. 

When  J,  A  are  both  negative,        0  roots  imaginary )   1  pair  of  equal 
.„     J,  A  are  not  both  negative,  2  roots  imaginary/  roots. 

„     J  is  negative,  A  zero,  0  roots  imaginary }   2  pairs  of  equal 

„     J  is  positive,  A  zero,  4  roots  imaginary  )  roots. 

„     i/"is  zero,  A  zero,  3  equal  roots  !«'»'). 

Thus  we  see  our  space  referred  to  an  arbitrary  origin,  and  with  the 
invariants  J,  D,  A  for  the  coordinates,  has  been  first  divided  into  facultative 
and  non-facultative  space.  The  former  has  then  been  resolved  prism atically 
into  two  regions  above  and  one  below  the  plane  of  D.  The  plane  of  D  itself, 
or  the  facultative  part  of  it,  into  two  planar  regions  on  opposite  sides  of 
the  line  AOA ;  and  again  this  line  into  two  linear  regions  on  either  side  of 
the  origin  0,  which  last  corresponds  to  the  case  of  three  equal  roots,  and 
constitutes  a  region  or  microcosm  in  itself. 

(68)  It  may  as  well  be  noticed  here  that  the  ambiguity  of  character  in 
the  points  representing  the  different  families  of  biquadratic  forms  when  t  and 
D  are  taken  as  the  coordinates  (and  the  same  would  be  true  if  s  and  D  were 

(hbmjj  ■WheQD  =  0,A  =  O,  there  are  two  pairs  of  equal  roots.  If  J  is  negative  these  pairs  are 
both  real.  If  J  is  positive  they  are  both  imaginary.  When  J  is  aero  there  are  no  longer  two 
pairs,  but  a  single  triad  of  equal  roofs.  This  perfectly  esplains  what  at  first  sight  has  the  air  of 
a  paradox,  namely,  that  the  dia crimination  between  the  two  kinds  of  double  equality  of  an 
apparently  equal  order  of  generality  that  may  subsist  between  the  roots  of  an  equation,  depends 
on  the  fulfilment  or  failure  of  an  algebraical  equality.  The  fact  is,  as  shown  above,  that  there 
are  not,  as  commonly  supposed,  two,  but  three  kinds  of  double  equality,  according  as  there  are 
two  pairs  of  real,  two  pairs  of  imaginary,  or  one  triad  of  equal  roots ;  and  the  last  is  a  sort  of 
transition  case  between  the  other  two. 

[*  For  D  —  Q,  the  eeotor  JO  A.'  of  the  dial  figure  is  non-facultative,  as  follows  from  the  diagram 
of  p.  446.  Thus  the  rule  is:  D<:0,  2  roots  imaginary;  JJ5>0,  5  roots  real  when  i<0,  Aa-0, 
1  root  real  when  one  or  both  of  these  is  reversed;  D  =  0,  5  roots  real  when  A>0,  A'-=0,  3  roots 
real  when  A<:0,  A'-=0;  Z>=0,  A  =  0,  5  roots  or  1  root  real  according  asX«:0  or  Z,=.0.] 


y  Google 


74]  the  Discovery  of  Imaginary  Roots  453 

employed),  which  prevails  when  these  points  lie  above  the  line  D  =  0,  equally 
obtains  along  this  line  itself.     For  the  reduced  form,  when  D  =  0,\s 

a^  +  Aha?y  +  (ica?y^. 
In  that  case,  calling  the  determinant  of  transformation  ^,  we  have 

s  =  3^"c=,     D  =  -  /i^'c' ; 
and  thus,  whatever  s  and  D  may  be,  the  character  of  the    unequal   roots 
is  left  undecided. 

It  may  also  be  noticed  that  the  blending  of  characters  at  the  origin  for 
the  quintic  form  is  not  precisely  of  the  same  nature  as  that  for  the  points 
above  the  line  D  in  the  biquadratic  form ;  for  at  these  points  it  ia  the  cases  of 
4  and  0  imaginaries  which  become  undistinguiahable  invariantively;  whereas 
at  the  origin  for  quintics  the  reduced  form  becomes  aaf+  5bte'i/-i- 10*')/',  and 
the  characters  left  undistinguished  are  those  of  4  and  of  2  imaginary  roots — 
unless,  indeed,  we  consider  equal  real  roots  as  belonging  indifferently  to  the 
class  of  real  and  imaginary;  on  which  supposition  all  the  three  genders  (so  to 
say),  masculine,  feminine  and  neuter,  become  blended  together  at  that  point. 
But  if  we  consider  equal  real  roots  as  exclusively  of  the  real  class,  then  the 
origin  for  quartics  ceases  to  be  epicene ;  for  when  there  are  three  equal  roots 
all  of  them  must  be  real.  Thus  the  origin  in  quintics  is  the  only  epicene 
point,  and  in  quartics  the  only  non-epicene  point — understanding  by  epicene 
the  blending  of  the  masculine  (4  imaginary  roots)  and  feminine  {no  imaginary 
roots)  characters. 

(69)  We  may  draw  some  further  important  inferences  from  an  inspection 
of  the  "dial  figure,"  or  the  section  of  facultative  space  which  follows  it 

Within  the  prism  JOA' '"'  it  will  be  observed  D  is  always  positive '"'. 
Hence,  when  J  is  negative  and  A'  is  negative,  all  the  roots  must  be  real,  and 
the  necessity  for  using  the  criterion  J)  is  done  away  with. 

Again,  when  J  and  L  are  both  negative,  D  is  always  negative,  so  that 
just  two  of  the  roots  must  be  imaginary;  and  in  this  ease  also  it  becomes 
unnecessary  to  apply  the  criterion  D. 

Again,  since  there  is  no  facultative  prism  corresponding  to  IIOJ',  the 
combination  of  L  and  D,  both  negative,  can  never  occur  unless  11  is  negative. 

When  L  is  negative,  but  J  not  negative,  there  may  be  two  or  four 
imaginary  roots,  according  to  the  sign  of  D ;  but  all  the  roots  cannot  be  real. 

C)  By  wiiioh  I  mean  within  the  facultative  prism  of  which  JOA.'  ia  the  seetion  made  by  the 
plane  of  D. 

(^)  The  vertical  section  of  facultative  space  in  this  supposition  (see  figure)  ia  the  area  \G\', 
which  lies  wholly  above  the  plane  of  D. 
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(70)  M.  Hermite'e  rule  is  as  follows.  For  remarks  on  the  relation 
between  his  A,  J^,  J,  and  the  J,  K,  L  of  this  paper,  see  [p.  430,  above]  foot- 
note '^,     D  is  still  the  discriminant. 

If  P  is  negative  (of  course)  two  roots  are  imaginaiy. 
If  D  is  positive. 
When  A  is  negative,  25A^  —  3 .  S'"/^  negative  and  J,  positive,  no  roots  aiB 
imaginary. 
A  is  negative,  25A'  —  3 . 2">7s  positive,  25A'  —  '^"■Js  negative,  no  roots 

are  imaginary. 
A    is  positive,  25 A^  —  3  .  'i,'°Js  posibive,  25 A°  —  2" ^"3  negative,  four  roots 

are  imaginary. 
A  is  negative,  25A*  —  3 .  2"</'b  positive,  25A'  —  2"J'b  positive,  four  roots 
are  imaginary '°°'. 

(71)  What  is  the  effect  of  the  condition  "  A  positive  or  negative"  as  the 
ease  may  be  ?  or  rather,  how  does  this  condition  arise '(  The  ground  of  it  is 
simply  this,  that  A  =  0  represents  a  cylindrical  surface  passing  through  the 
curve  OA  (see  dial  figure),  which  carve  ia  the  edge  of  separation  between  two 
regions  of  opposite  characters  above  the  plane  of  D ;  the  cyUnder  in  question 
cuts  the  facultative  portion  of  space  below  the  plane  of  D,  but  above  this 
plane  (except  along  the  vertical  line  J"  =  0,  i  =  0,  that  is,  the  axis  of  D) 

(»»)  (a)  The  laat  four  conditions  ought  to  tally  (and  be  in  effect  ooestengive)  witli  the  two 
given  by  me  for  the  ease  of  Z>  positive.  The  third  at  tliem,  namelj-Uie  caee  of  I>  positive 
A  positive,  I  have  already  noticed,  as  intereneeE  from  the  dial  figure  ;  for  M.  Hermite'a  A,  if  not 
identical  nith  raj  J,  Is  at  all  events  a  positive  multiple  of  it.  I  do  not  see  hotv  the  case  of 
A  negative,  25A'  -  3 . 2'" Jj  negative  with  D  positive,  is  met  by  this  system  of  nriteria,  smee  Jj,  as 
well  aa  A,  may  be  negative  coasistently  with  the  second  condition.  I  have  not  been  able  to 
ascertain  whether  in  the  memoir  such  a  combination  is  shown  to  be  ImpoBsihle.  M.  Hermite 
admits,  and  indeed  has  been  always  aware  of,  the  existence  of  a  iacana  in  the  conditions  above 
stated,  which,  I  nnderstand  from  him,  it  is  his  intention  at  some  future  time  to  fill  up,  and  thus 
to  complete  his  original  solution.  In  the  meanwhile  he  has  heen  led  to  study  the  question  from 
a  different  point  of  view,  and  has  saoceeded  in  obtaining  a  new  set  of  criteria  adequate  to  a 
complete  solution  of  the  question  without  calling  in  the  aid  of  the  principle  of  oontinuity.  In 
this  new  system  my  A  criterion  is  replaced  by  an  invariant  of  the  twenty. fourth  degree,  which  is 
of  course  an  objection  as  far  as  it  goes,  but  in  no  wise  diminishes  the  extraordinary  interest  that 
attaches  to  this  altered  mode  of  approaching  the  question,  which  bears  to  his  original  method 
and  my  own  the  same  relation  as  the  proof  of  Stnrm's  theorem  by  the  law  of  inertia  for 
quadratic  forms  hears  to  that  given  by  Sturm  himself. 

[h)  It  ia  apparent  from  the  fact  that  when  D  =  0,  G  (M.  Hermite's  J*)  becomes 
(25a3_3.2'0J3)  (35A'-2'"J3)« 
(Camb.  and  Dub.  Journal,  vol.  rs.  p.  206),  that  the  feictoTs  of  this  product  are  respectively  of  the 
form  aA'  +  bJD,  cA  +  eJD,  a,  b,  c,  e  being  certain  numerical  quantities.  This  gives  rise  to  a 
flingular  reflection,  to  wit,  that  my  own  criteria  for  the  ease  of  D  positive  may  be  varied  by  the 
addition  of  a  term  XDJ  to  A  (X  being  a  numerical  coefficient),  provided  X  lies  within  certain 
limits,  the  form  of  the  criteria  in  all  other  respects  remaining  nncbanged.  This  proposition, 
fraught  with  the  most  important  consequenoes,  and  not  unlikely  to  lead  to  an  entire  revolution  in 
the  mode  of  attacMng  the  general  problem  of  critei:ia,  I  proceed  to  establish  in  the  text. 
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it  passes  exclusively  through  no n- facultative  space,  never  again  cutting 
or  meeting  the  surface  G  (the  facultative  boundary).  Now  it  is  clear  that 
any  surface  whatever  which  passes  through  OA  and  never  meets  the  surface 
G  above  the  plane  D  =  Q,  except  along  the  axis  of  D  (that  is,  the  line  J  =0, 
L  =  0),  may  be  substituted  for  A  '*"'  and  will  serve  equally  well  with  A  to 
distinguish  between  the  masculine  and  feminine  regions  of  space.  A  —  pJH 
will  fulfil  the  condition  of  passing  through  the  line  OA,  whose  equation  is 
A  =  0,  D  =  0,  and  obviously  is  the  only  invariant  not  exceeding  the  twelfth 
order  capable  of  so  doing;  it  only  remains  to  ascertain  within  what  Hmits  the 
numerical  coefficient  p  must  be  taken  so  aa  to  fulfil  the  condition  that  the 
combiued  equations  A  —  pJD  =  0,  G  =  0  shall  be  incapable  of  being  satisfied 
by  any  positive  value  of  J). 

(72)  Substituting  for  A  and  D  their  values,  the  equation  to  be  com- 
bined with  (?  =  0  becomes 

J«  _  2"i  +  pJ(J-'  -  nsK)  =  0. 
Returning  to  the  notation  of  Art.  (55)  [p.  442],  and  dividing  by  JK,  this 
equation,  when  G  =  0,  becomes 

q -  2"l  + p{q- 128)  =0, 
or  {l  +  p)qv-2"q=12Spv, 

which,  substituting  for  q,  v  in  terms  of  d,  gives 

or         (i9  +  4)  ^(^  +  8) [(^'-4^'  +  32^-  256)  +  {&'-  4^^-  96^)p]  =  0. 

When  ^  +  8  =  0.  i>  =  0,  see  Art.  (57);  neglecting,  then,  this  factor,  the 
condition  to  be  satisfied  is  that  when  from  the  equation 

(^-l-4)fl^[(^-4^  +  82e-256)  +  (^-4^=-96^)p]  =  0 
a  value  of  6  has  been  deduced,  the  value  of  D  corresponding  thereto  shall 
not  be  a  positive  finite  quantity. 

(73)  Now 

P_     _  128  (fl  +  6)     g°  +  4g°  -  128  (g  +  6)  _  (g  +  8)°(g  - 12) 

J"'         ^(^+4)  e'{6+As)  dH'e-\-4.)     ■ 

If  ^  —  0,  or  ^  +  4  =  0,  since  D  cannot  be  infinite,  we  have  J=  0,  so  that 
A  —  pJI)  becomes  identical  with  the  original  criterion  A.     Hence  the  factor 

(8")  The  surface  to  be  employed  will  be  A  -  pJD,  which  call  M.  A  and  M  (or  at  least  their 
npper  portions  above  the  plane  of  D)  may  then  be  regarded  aa  the  two  sides  of  a  sack,  of  infioite 
dimeosionB,  open  at  the  top,  and  seamed  together  at  the  bottom,  along  the  curved  line  D~0, 
A=0,  and  in  the  vertical  direction  along  tiie  straight  line  J=0,  L  =  0,  The  surface  A  aerving  as 
a  screen  of  separation  between  the  two  upper  regiona,  it  ia  clear  that  M  will  aerve  equally  well  aa 
such  screen,  provided  no  superior  facultative  points  lie  in  the  interior  of  the  saoli. 
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{9  +  4)fl^  in  the  quantity  just  above  equated  to  zero  may  be  neglected,  and 
the  condition  to  be  fulfilled  by  p  is  that  if  9  be  any  root  of  the  equation 

C  shall  be  between  —4  and  12;  this  equation  on  making  ^=  —  40,  so  that 
1  >  0  >  —  3,  becomes 

_     ^  j.°  +  ^'  +  2^  +  4 
''  ~     0s  ^  0s  _  (50    ' 

-l-p 
or,  writing  <r=    — j--  , 

2.^  +  1  2<f.  +  l 


^s  +  0^_60     (0-2)0(<^  +  3)' 

(74)  We  wish  to  ascertain  what  values  of  a  will  be  incompatible  with 
the  violation  of  the  limits  juat  assigned  to  0,  and  accordingly  we  must 
inquire  what  is  the  range  of  values  assumed  by  <7  when  0>lor0<  —  3;  any 
values  of  a  not  included  within  this  range  will  be  admissible  for  the  purpose 
in  view. 

When  0  <  —  3,  a-  is  always  positive,  and  proceeds  continuously  from  oo  to  0 
as  if>  passes  from  —  3  —  e  (e  being  infinitesimal)  to  —  co .  Consequently  a  must 
not  be  allowed  to  have  any  positive  value.     When  0  =  03 ,  (7  =  0,  and  when 

0  =  1,(7  =  -J. 

Hence,  if  no  minimum  value  of  <r  (that  is,  no  maximum  value  of  —ir) 
occurs  between  0  =  1,  0  =  « ,  o-  may  have  any  value  between  0  and  —  | ;  but 
if  such  a  minimum  value,  —M,  where  M>^,  should  exist,  the  admissible 
values  of  a-  would  become  more  enlarged,  and  might  be  taken  between 
0  and  -M. 

Making  then  Ba-  =  0,  we  have 

2      ^  30'  +  20  -  6 
20  +  1  ~  0^  +  0=  -  60  ' 
or  40"  +  50'  +  20  -  6  =  0 ; 

which,  substituting  1  + 1^  for  0,  becomes 

4f' +  17^=4-24^  +  5  =  0; 
so  that  there  can  he  no  real  root  of  the  equation  iu  0  greater  than  unity. 
Hence  the  admissible  values  of  o-  are  defined  by  the  inequalities 
0>o->-|, 
thatis,  0>--^>-|,      or  0>-(l+p)>-3,      or2>p>-l. 

(75)  We  have  thus  obtained  the  complete  solution  of  the  problem  of 
assigning  invariantive  criteria,  such  that  their  signs  (positive,  negative,  or 
zero)  shall  serve  to  fix  the  nature  of  the  roots.    These  criteria  we  now  see  are 
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where  (i.  (the  negative,  it  must  be  noticed,  of  p)  is  any  numerical  quantity 
intermediate  between  1  and  —  2  ""'. 

(J6)  This  important  modification  of  the  original  criteria  J,  B,  A 
I  proceed  to  apply  to  the  problem  of  obtaining  the  simplest  and  most  sym- 
metrical expression  for  the  criteria  in  terms  of  the  roots  of  the  equation. 
Let  a,  b,  c,  d,  e  be  the  roots,  and  write 

2  =  2  K«  -  vf  («  -  c)^  {i  -  oy  («  -  dy  {a  -  ey  {h  -  dy  (b  -  ey  {o  -  dy  (c  -  ey], 

orsay  ^  =  2  |f  (.,&,.)  f//)}  - 

Then,  since  each  letter  occurs  the  same  number  of  times  (12)  in  each  term, 
Z  will  be  an  invariant. 

(77)  Again,  suppose  any  two  roots  to  become  equal,  say  that  e  becomes 
d,  then  Z  reduces  to  the  single  term  f  (d,  6,  c)  I    ,   ,  ) ;  for  any  such  factor 

as  f  (a,  b,  d)  will  be  accompanied  with  the  factor  f        ,    j  which  vanishes. 

If,  further,  we  suppose  any  two  of  the  letters  a,  6,  c  to  become  equal, 
then  Z  disappears  entirely,  since  on  that  supposition  f  (n,  b,  c)  vanishes. 
Hence  Z  is  an  invariant  of  the  twelfth  order,  possessing  the  property  of 
vanishing  when  the  equation  to  which  it  belongs  has  two  pairs  of  equal  roots. 
Hence  Z  is  of  the  form  ^A  +  qJD,  and  it  becomes  of  importance  to  ascertain 

the  value  of  the  ratio  - . 
P 
To  do  this  let  ns  suppose  e  =  (f,  a  =  —  b,  c  =  —  d. 
The  ten  terms  in  Z  correspond  to  the  following  ten  partitions : — 

(1)  (2)  (3)  (*) 

oftc  abd  acd  bed 

de  ce  be  ae 

(6)  (6) 

abe  cde 

cd  td> 

(?)  (8)  (9)  (10) 

ace  hde  ade  bee 

bd  ac  be  ad 

C)  strictly  it  has  only  been  proved  that  the  anrfacB  A  +  «i^D.  which  paBses  through  the  line 
A,  D,  oontainB  no  Bnpecioc  facultatiye  points  except  those  comprised  in  the  line  i  =  l>,  J-0.  It 
is,  I  think,  not  difficult  to  see  Irora  this,  that,  if  in  the  "sack"  formed  between  A  and  A  +  iiJD 
any  such  points  were  contained,  L  —  0.  J—0.  that  ie  the  asia  oF  D  would  be  a  double  or  multiple 
line  on  the  surface  G,  whicli  is  easily  diaproved  by  examining  tiie  algebraical  form  of  O  in  Art.  41, 
where  K  represents  ■ — .  ■ ;  any  obsourity,  however,  which  may  be  supposecl  to  cling  to  this 
view  is  immatedal,  as  a  demonstration  capable  of  being  iollowed  in  piano  and  leaving  nothing  to 
be  desired  in  point  of  perapicnity,  will  be  found  in  the  Note  appended  to  this  Part, 

(6!j  Agreeable  to  the  meaning  assigned  to  f  and  to  a  couple  of  rows  of  letters  in  my  memoir 
on  Syzjgetic  Eelations  in  the  PMhsopMeal  Traneactione.     [Vol.  I.  of  this  Reprint,  p.  429,] 
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(78)  The  coiTesponding  values  of  the  terras  will  be 

4a=  (a^ -  <ff  \Qa?c^ {a? -  c")* ;  4a^ {a?  -  cj  16a."c« (a'  -  c^)'; 

ia'c' (0.^-0"^)';  4ic^a^(a''-c^y;  {a-c)''25Qa"'c"'(a  +  cf;  (a,-cf25ea}V(a  +  cf; 
(a  +  cf  256a"'c"' (a -  c)';  (a  +  c)"  256a"'c'° (a  -  c)'. 
Collecting  and  aimplifying  these  terms,  and  obBerving  that 
(a  -  cKa  +  or  +  ia  +  of  {a  -cf  =  {a"  -  c=)^[(a  +  of  +  («  -  cf] 

=  4{o'  -  <ff  (o"  +  c')  {a*  +  14a^c=  +  C), 
we  find         ^  =  128  (a=  +  c=)  aV  (a*  -  c=)«  +  4  (o»  +  c^  a'c"  (a'  -  c')' 

+ 1024  (a'  +  c^  (a^  +  14a=c^  +  &)  {a'  -  (ff  a'°c'". 

Let  (a^  —  d'f  =  p,  oV  =  o,  and  let  Z,  —  ^-^r-"-:r— .  ■     Then 
Z,  =  IGSHipq'  +  1024pY  +  128p'.3'  +  4p* 
=  2^'ptf  +  2^Yq'  +  2'p'q  +  2y. 

(79)  We  must  now  calcuiate  J,D,L: 

i)  =  l^(a,  _a,  c, -c,  0) 

or  writing  Dj=  —, 

Again,  for  J.     The  form  to  which  it  belongs  13 

x"  —  {a"  +  <f)  a^y^  +  a'c^xy*, 
i^  +  e'^ 

so  that  the  coefficients  of  the  biquadratic  Emanatit  are 
a"  +  0"  a"  +  c'  a'^c" 

Hence  the  quadratic  covariant  becomes 

20(iV  +  3(«'  +  c")'   ,      2  ,  ,,      , 
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Hence,   by   definition,   J  (which    =  —  4  x  Discriminant    of   the    Quadratic 
Oovariant) 

J 


and  making  Ji  = 


(o'  +  C)}' 


e           84             6 
•'■  — 626^'-625«--Si*'- 

2« 

Finally,  to  calculate  £.     The  canonizant  of  the  form, 

l             0             ^             0 

0           4            0            s 

4            0             B             0 

!,■;        -^f:     rt,;         -«■ 

is                                       (A^-AB)ai'  +  (&-  A'B)  xf, 

of  which  the  discriminant  is 

A^--^.      S  =  f . 

Hence,  by  definition. 

L  =  AB'(A^- 

nv                       ('I'j  1  /j-W/T^MirCj 

^- 

125    10*^           '^^''-^ 

and  making 

£ 

(a?  +  <^)q" 

^-    iJ.m^"    "=»>*      ■A''-"'    1 

(80)     Now  let  us  write 

1 

^Z  =  T)L  +  eJD  I*''  +  e  J= 

-  16a'b'] ; 


This  gives  kS  ■^i  =  eg-^i-Oi  +  e  (p  +  4g)  -/i'  +  ij-t, 

or      4p*  + 1283^"  +  1024gy  +  16384^5^ 

=  125  (256pY  +  ^4>p^q)  e  +  (p  +  iq)iQp  +  Qiqfe  +  ^^(p  -  Ifig^yij, 

by  means  of  which  identity  we  can  obtain  linear  equations  for  finding  the 
values  of  e,  e,  r}. 

(*>)  Since  Z  has  been  proved  to  be  of  the  form  pA  +  qJD,  we  know  a  priori  the  value  of  - ;  bat 
I  hitTe  thonght  it  safer  to  determine  e,  ij  independent! j,  as  an  additional  cheek  upon  the  aoouraoy 
of  the  compnfationB. 
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Thus,  equating  the  coefficients  of  p*,  <^,  p'q  respectively,  we  obtain 


which  gives  t;  =  —  2"e  (as  it  ought  to  do), 

128  =  (24  X  12o)e  +  (4  x  216  +  108  x  64)e  +  64  .  2"e 

=  3000e  +  SSOOe. 

1  2" 

Hence  200e  =  4,       e  =  ^,      w  =  -^, 

3000e  =  128-l76  =  -48,    e=-:f|v  and -  =  -|. 
125  €         5 

In  order  to  verify  the  value  of  e,  let  j3  =  —  4,  5  =  1 ;  then,  assuming  the 

correctness  of  the  above  determinations,  we  ought  to  find 

4*  - 128 .  4=  + 1024 .  16  +  16384 

=  125 (256 .  16  -  24 .  64).  ^  +  ^  .  160000  ■  -  2" .  ^ , 

or  2'"  (1  -  8  +  16  -  64)  =  (-  32 .  256  +  48 .  64)  -  ^  X  160000, 

or  2'"(-  55)  =  -  5120  -  25 .  2048  =  2"'(-  5  ~  50), 


which  18  right. 


(81)    Thus  -Z.^UhL-J'+^Jd] 


and  accordingly  we  have  proved  that  —  ^  is  of  the  form  (A  +  ^JD);  and 
consequently,  since  |  lies  within  the  allowed  limits  1  and  —2,—Z  may  be 
used  to  replace  A  in  the  system  of  criteria. 

(82)     On  examining  the  composition  of  Z,  it  will  be  found  to  have  a 
remarkable  relation  to  the  lower  criterion  J. 

J  we  know  is,  to  a  numerical  factor  pres,  of  the  form 
2  {(d  -  ey^(a,  b,  c)}, 
i^  denoting,  as  usual,  the  squared  product  of  the  differences  of  the  quantities 
which  it  affects ;  and  Z,  it  will  readily  be  seen,  is  of  the  form 
1 

c)(, 

and  the  squared  factor  is  always  positive  whatever  the  roots  may  be,  for  ^  i 
always  real. 
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Hence  the  essential  part  of  our  rule  thus  transformed  comes  to  this,  that  if 
•S.{Kia.b,c)^{d-ey]  and  ^[{^{a,h,  c))-'{d-e)-^] 
are  both  of  them  positive,  then  when  the  discriminant  is  positive,  so  that  the 
case  of  two  of  the  five  quantities  a,  h,  c,  d,  e  being  conjugate  and  the  other 
three  real  is  excluded,  and  the  choice  lies  between  supposing  all  or  only  one  of 
them  real,  we  are  able  to  affirm  that  they  will  all  be  real.  Nothing  could  be 
easier  than  to  multiply  tests  expressed  by  simple  symmetric  functions  of 
differences  of  the  roots,  any  infringement  of  which  would  contradict  the 
hypothesis  of  all  the  five  letters  denoting  real  quantities;  the  difficulty  con- 
sists in  discovering  a  system  of  the  least  number  that  will  suffice  of  decisive 
tests,  such  that  not  only  their  infringement  shall  contradict  the  hypothesis 
of  imaginary  roots,  but  whose  fulfilment  shall  ensure  the  roots  being  all  real. 
This  is  what  has  been  proved  to  be  effected  by  means   of  the  invariants 

In  the  case  before  us  it  is  clear  that  when  the  roots  are  all  real,  each 
of  the  sums  above  written  must  be  positive  and  greater  than  zero.  That 
their  being  both  positive  and  greater  than  zero  is  inconsistent  with  four  of 
the  letters  a,  b,  c,  d,  e  being  imaginary  would  probably  not  admit  of  an  easy 
direct  demonstration. 

Z  we  have  seen  is  only  a  particular  value  of  the  general  invariant 
A+fjJD,  which  may  be  called  M,  where  /i,  is  an  arbitrary  constant  limited 
to  lie  between  1  and  —  2. 

(83)  It  may  be  well  to  notice  the  effect  of  using  as  a  criterion,  in  con- 
junction with  /  and  D,  the  value  of  M  corresponding  to  either  extreme  value 
oi  li.  In  such  case,  supposing  M  to  become  zero,  it  might  for  a  moment 
appear  doubtful  to  which  region  that  point  representing  the  family  of  forms 
is  to  be  referred.  But  since  the  doubt  can  only  arise  when  J  is  negative  and 
D  positive,  and  since  by  hypothesis  we  have  A  =  —  iiJD,  we  see  that  A  takes 
the  sign  of  fi ;  and  consequently  the  sign  of  M,  when  it  becomes  zero,  is  to  be 
understood  as  following  the  sign  of  /t,  that  is,  as  positive  when  /^  is  1  and 
negative  when  /:*  is  —  2, 

(84)  The  method  above  given  for  ascertaining  the  nature  of  the  roots  of 
a  quintic  involves  the  use  of  only  three  criteria.  It  may  be  inquired  how 
many  would  become  needful  in  applying  Sturm's  method.  In  the  case  of  a 
cubic-  equation  only  the  last  of  the  two  Sturmian  criteria  comes  into  use ; 
and  it  seems  therefore  desirable  to  ascertain  whether  ail  four  of  the  Sturmian 
criteria  applicable  to  that  case  are  required,  or  whether  a  smaller  number 
are  sufficient.  I  speak  of  four  criteria,  inasmuch  as  the  leading  terms  fa  and 
f'x  cannot  be  considered  as  such,  their  signs  being  fixed ;  so  that  we  are  at 
liberty  to  consider  them  both  positive.  Suppose  all  six  Sturmian  functions 
to  be  written  down,  including /«  {a  function  of  x  of  the  fifth  degree)  and/'jr. 
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and  let  us  characterize  by  the  index  (r,  s)  any  succession  of  signs  of  the 
leading  coefSeients  which  contain  r  continuations  and  s  variations,  and  which 
therefore  wiU  correspond  to  the  case  of  (r  -  s)  roots. 

The  total  number  of  cases  to  be  considered  are  the  sixteen  following : 
(5,0)      +     +     +     -}-     +     + 


(4,1) 


f  + 


(1,4)  +  +  -  +  _  + 
the  successions  corresponding  to  the  indices  (2,  3),  (1,  4)  will 
impossible,  as  corresponding  to  a  negative  number  of  real  roots.  An 
inspection  of  the  eleven  cases  corresponding  to  the  indices  (5,  0),  (4,  1),  (3,  2) 
will  show  that  no  ternary  combination  of  signs  in  the  third,  fourth,  and 
sixth  columns  belongs  to  any  of  the  three  characters  (5,  0),  (4,  1),  (3,  2) 
exclusively,  and  consequently  all  four  signs  must  be  used ;  and  therefore, 
if  the  method  of  Sturm  is  employed,  four  criteria  are  indispensable  for 
determining  eflfectually  the  character  of  the  roots  in  an  equation  of  the  fifth 
degree  "*' ;  whereas  in  the  symmetrical  and  invariantive  method  which  I  have 
employed  three  have  been  seen  to  suffice. 

C)  (a)  For  an  equation  of  the  nth  degree  there  are  m-1  variable  criteria,  eaeh  capable  of 
being  +  or  -,  and  thus  giving  rise  to  2"-'  conceivable  diversities  of  combination.  The  actual 
number  possible,  howeyer,  is  oonsiderably  less  than  this  ;  and  I  find  by  an  easy  method  that  this 


number,  when 


is  odd,  i 


H^ 


b3"-= 


(6)  Not  quite  foreign  to  this  subject  is  the  inquiry  as  to  the  comparative  probability  of  each 
different  succession  or  each  different  family  of  successions  posaeBsing  equivalent  characters ;  and, 
as  connected  therewith,  the  comparative  probability  of  a  certain  specified  number  of  the  roots  of 
an  equation  of  a  given  degree  being  real  and  the  remainder  imaginary.  In  the  simplest  case  of 
a  quadratic  equation  of  which  the  coefficients  are  real  but  otherwise  arbitrary,  J  find  that  upon 
the  particular  hypothesis  of  the  squares  of  the  three  eoefBcieuts  being  limited  by  one  and  the 


e  quantity,  the  probability  of  the  roots  being  imaginary 
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In  an  equation  of  the  seventh  degree  the  case  of  0  or  4  will  be  distinguish- 
able from  that  of  2  or  6  imaginary  roots  by  the  sign  of  the  discriminant,  and 
then  again  the  case  of  0  from  that  of  4,  and  of  2  from  that  of  6,  by  other 
invariantive  criterion-systems.  So  for  an  equation  of  the  ninth  degree,  the 
first  separation  will  be  that  of  the  0,  4,  or  8  case  from  that  of  2  or  6 ;  then  it 
may  be  conjectured  the  2  case  will  he  invariantively  separated  from  the  6, 
and  the  0  or  8  from  that  of  4,  and,  finally,  0  and  8  from  each  other — the 
reduction  of  cases  apparently  depending  upon  the  relation  of  the  index  of  the 
equation  to  the  powers  of  the  number  2.  This  much  we  know  (from  Art.  49) 
as  matter  of  certainty,  that  no  single  criterion  other  than  the  discriminant 
can  ever  serve  to  distinguish  one  form  of  roots  from  another  so  tiiat  all  other 
criteria  must  aceoYopany  each  other  in  groups ;  and  accordingly  the  scheme 
of  criteria  established  in  the  foregoing  investigation  is  in  kind  the  very 
simplest  d,  priori  conceivable, 

Note  on  the  arbitrary  constant  which  appears  in  one  of  the  criteria  for 
distinguishing  ilie  case  of  four  from  that  of  no  imaginary  roots,  and 
on  the  curve  whose  coordinates  express  the  limiting  relations  of  all  the 
octodecimal  invariants  of  a  binary  quinHc,  &c. 

(85)  The  appearance  of  an  arbitrarj'  constant  in  a  criterion  is  a  circum- 
stance so  unexampled  and  remarkable  that  I  have  thought  it  desirable  to 
give  a  more  complete,  or  at  least  a  more  palpable  proof  of  the  validity  of  the 
substitution  of  A-i-fiJD  for  A  than  that  famished  in  the  foregoing  text, 
where  some  indistinctness  arises  from  the  difficulty  of  raising  up  in  the  mind 
a  clear  conception  of  the  form  of  the  amphigenous  surface,  and  the  two 
portions  of  space  which  it  separates.     That  difficulty  is  entirely  obviated,  and 


Pd6  r  (ia  ^1  -  ^^^  ;  but  we  are  not  at  liberty 


leas  than  4-  tbis  being  the  value  of  Hie  integral 

to  inter  from  this  the  value  of  the  probability  in  question  when  the  coefficients  are  left  absolutely 
unlimited.  A  case  in  point,  as  illustrating  the  efieot  of  impoaing  a  Umit  in  queationa  of  this 
kind,  occurs  in  the  problem  (which  I  raised  in  my  lectures  on  Partitiona)  of  finding  the  probability 
that  four  points  placed  at  hazard  in  a  plane  will  form  the  angles  of  a  reentrant  quadrilateral, 
which  Professor  Cayley  has  shown  is  exactly  J  in  the  absence  of  any  limit.  For  if  ABCD  be  the 
four  pointa,  and  ABC  the  greatest  of  the  four  triangles  of  tvliich  they  may  be  regarded  as  the 
angular  points,  and  if  through  A,  B,  C  be  drawn  Hnea  parallel  to  BC,  CA,  AB  respectively, 
the  triangle  a^  bo  formed  will  be  fonr  timea  aa  great  aa  ABC,  and  the  point  D  muat  be  some- 
where within  a^-y?  Otherwise  ABC  would  not  he  leaa  than  each  of  the  three  other  triangles  ABD, 
BCD   CAD        d  q       tly    *        J  mu     1'    wthin    BG  wh  n  th        ad  ilate    1  '         n 

th    p    b  bility         1      t  —3—  iNwisay  h         nRh  m 

py 

tt         thtf       J  t  lit         bempsedaa  hrm      p  n    h     p  n  h 

f  ur  p      t     th    p    b  b  hty      f       d  to  will  J  by      fin       q  y—  m     h 

p      d       al  pTior  Id  ha  scd  h       h 

w  uld  b    th       ea      f  th  1  p     d  h         p  pp  ry  po 

form  of  Umit. 
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the  theory  rendered  palpable  to  the  senses  by  the  following  investigation, 
where  the  problem  is  so  handled  as  to  involve  the  contemplation  of  two 
dimensions  only  of  space.     We  have  in  general 

2>  =  J=-128^,     A  =  2048i-J', 
and  at  the  amphigenous  surface  (see  Art.  57) 

K  ^     ^  +  6  i_ _1 

J''     {6  +  ^)6^'     J'     {$  +  1)0^' 

Let                                   0  =  iip,  y=t-j^,    ^  ^  7^  ■ 

Then 

,;      1  12?.     "  +  "          1  '^**^^        (j.  +  2y(»-3) 

»  "°(e  +  4)«-  ^(*  +  I)          *•(*  +  !)       ' 

__            20*8     _  8       _-(,^  +  2)(.ji'-iy  +  8(>.-4) 

and  consequently 

,    _l(J+2)(4*+Jl).,      .    ^     Hi±±S)  S,j_     4'  +  ^. 

^1 — *■(*+!)■     *■  ^—^Hf^if^'''-  a 2"-- 

X,  y  may  be  considered  as  the  coordinates  (inclined  to  each  other  at  any 
angle)  of  a  curve  of  the  fourth  order,  whose  form,  so  for  as  is  essential 
to  the  object  in  view,  I  proceed  to  determine.  It  is  obvious,  furthermore, 
that  this  curve  will  be  a  section  of  the  amphigenous  surface  made  by  the 
plane  J=  1. 

(86)  This  curve  will  be  seen  to  consist  of  four  branches,  coming  together 
in  pairs  or  two  cusps,  so  as  to  form  two  distinct  horns  '*^.  For  when  ^  =  x , 
or  0  =  —  1^,  Zy,  Bie  will  each  of  them  be  zero.  Hence  there  is  a  cusp  at  the 
point  where  a;  =  —  1,  y  =  1 '""',  and  again  at  the  point  where 

^81-108    '^■''^'  y    (1)4       °- 

(87)  When  ^  =  0,  and  also  when  0  =  —  1,  a;  and  y  each  become  infinite ; 
when  tj>=±ix,x  and  y  each  become  unity. 

ffl     (a)   Since  ^4  +  ^__^=0. 

wa  see  at  onoe,  from  DeecatteB's  rule,  that  tp  can  never  hsTe  more  than  two  real  values  to  one  of 
j^,  or  oonseq.uently  of  x,  and  eonseyuently  there  eiui  onlj  bet         al         fyt         h    ( 

(6)  When  J"=0,  the  cusp  of  the  lett-band  torn  and  th  tw  p  nl  f  t  t  u  t  the 
deiter  horn  with  the  asia  of  L  coincide  at  the  origin  th  pp  b  an  h  f  th  latt  nd  the 
lower  of  the  former  become  the  lower  and  upper  part  f  th  a  i  D  hil  t  tl  1  w  and 
upper  branches  of  the  same  teapectively  become  the  1  ft  and  ght  1  a  d  b  an  h  f  th  semi- 
onbical  parabola  27-2^L==-D^ 

C)  Where  this  brancli  outa  the  axis  of  y  wa  have  ij^-  ^^  +  20-4=0,  of  which  the  real  root 
will  be  a,  trifle  leas  than  f . 
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As  ^  passes  from  +00  to  0,  ty  is  always  negative,  and  x  always  positive ; 
so  that  there  will  be  one  branch  of  the  curve  {CMP  in  Figure  [p.  479])  ex- 
tending from  x  =  -l  to  ic  =  +  00  ,  for  which  y  commences  at  1/  =  1,  which  cuts 
the  axis  of  x  when  ^  =  3,  that  is  a!  =  — |^W,  and  which,  for  the  remaining 
part  of  its  course,  lies  completely  under  the  axis  of  x,  becoming  infinite  when 
X  becomes  indefinitely  great. 

Again,  as  ^  passes  from  -co  to  —  1,  Sa;  remains  always  positive,  but  hy  is 
negative  so  long  as  0  <  —  2  vanishes  when  <^  =  2,  and  ever  afterwards  continues 
positive.  Thus  there  is  a  second  branch,  GOQ,  which  starts  from  the  cusp  0, 
touches  the  axis  of  x  at  the  origin,  ever  afterwards  remaining  positive,  and 
5  up  to  positive  infinity. 


Since  when  0  =  oo  ,  J^  =  co ,  the  tangent  at  (7  is  parallel  to  the  axis  of  y, 

and  consequently  the  two  branches  which  start  from  C  lie  on  the  same  side 

of  the  tangent,  so  that  the  cusp  at  this  point  is  of  the  second  or  ramphoidal 

kind;  in  Professor  Cayley's  nomenclature  a  cusp-node,  and  equivalent  to  the 

union  of  a  double  point  and  a  cusp  of  the  first  kind. 

There  remains  to  account  for  the  values  of  0  in  the  interval  between  0 

and  —  1.    Throughout  this  interval  y  and  x  remain  both  of  them  negative,  and 

ty        ^(0  +  2),,,^,  .      ,  ... 

w-  =  "        c, — - '  '   '  18  always  positive. 


res  X,  y,  tlie  eucve  in  question  is  reotifiable  by  means  of  elliptic  funotiona 

;   for  ^  will  ba 

■p       -bl               f       It      f        f*      dth     5              t    f     q     rf    f      f 

I0      Th       m 

1           will  h  H  f      tl       iirv      lit      ed  bj  m  k    g  /          t     t     li      J   t 

g   h         tb      y 

t     f  th       phlh       d       y     f  th     t     Ifth      d               t  k             th 

di     te      f  a 

phig                 f  ^ 

()T             t       whb        gt^g         th        p              dhhtli       f 

tl          f  tl 

luthmlt^-                    t^mlth^^-           dtbth        al 

f*          1      1 

b         =        H         til    tw        1         i  y           1     d    B        *         ly 

1  ^     e,  ly      1 

speotirely  will  be 

1&         13   ....  ..          M    1      )      4 

Thus  ^1  ia  negative  for  «  positise  or  n^;ative,  but  ^3      p     t  th 

th     th      a   already  seen  for  the  dexter  horn.    We  a       1      tl    t       b 
than  j  that  it  is  the  value  of  ^  near  to  - 1     1    h  tl 

cq       tly  tl      superior  branch  of  the  sinister  horn  b  1  t     th 

uf  n      t    the  range  from,  -f  to  -1. 

(88)  It  may  further  be  noticed  that  each  horn  so  call  1  t        h 

point  of     at  ary  fleiure,  except  at  infinity ;  for  otherw  1      Id  i 


dx''~dx'  d^  dx^^'^   '     8(4^  +  3) 

which  implies  ^=0  or  0=  -  1,  for  each  of  which  values  of  <p,  x  and  y  become  infinite.  It  will  lie 
seen  hereafter  that  it  is  only  for  the  value  corresponding  to  ^  =  0  that  there  does  esiat  at  infinily 
a  point  of  inflesion. 

s.  II.  30 
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There  will  thus  be  two  branches,  in  each  of  which  x  and  y  increase 
simultaneously  in  the  negative  direction,  coming  to  a  cusp  necessarily  of  the 
first  kind  at  the  point  «;=  — 76^,  y  =  — 25,  one  branch  corresponding  to  the 
values  of  <p  from  —  f  to  0,  the  other  to  the  values  of  0  from  —  f  to  —  1,  both 
of  them  lying  -completely  under  the  axis  of  x,  and  becoming  respectively 
infinite  at  the  extreme  values  of  ^  (0  and  —1). 

Again, 

ly-x  +  b^  ^^  1(20'  -  20=  +  20)  +  (0'  -0^  +  20-4)1  +  5 

=  ^(30--60-4)  +  5^^'^^"^f^"^ 

Hence  when  0  =  ~1,  for  which  value  of  0  a:  and  y  both  become  infinite, 
2)/  —  iC  +  5  =  0 ;  hence  the  straight  line  2y  —  a:  +  5  =  0,  represented  by  AN  in 
the  diagram,  will  be  an  asymptote  to  the  curve  ^°\ 

If  now  we  draw  the  straight  Une  2i/  — ;e=0,  represented  by  OB  in  the 
figure  and  join  00,  the  curvilinear  triangle  QGM  will  be  completely  tinder  OG, 
and  the  curvilinear  infinite  sector  XOP  completely  under  OB, 

(88)  What  we  have  to  prove  is,  that  so  long  as  ij.  lies  between  —2  and  1, 
so  long  may  A  +  iJ.JD  be  substituted  as  a  criterion  in  lieu  of  A,  it  being 
remembered  that  A  only  plays  the  part  of  a  criterion  when  D  is  positive  and 
J  is  not  positive.  Hence,  since  when  J=Q,  A  +  fiJD  and  A  coincide,  we 
have  only  to  show  that,  so  long  as  jD  is  positive  and  ^-is  negative,  A  +  fiJD 
and  A  will  bear  the  same  sign  for  all  such  values  of  J,  J),  L  as  constitute  a 
facultative  system,  that  is  coordinates  to  a  facultative  point  in  space. 

Now  at  any  facultative  point  G  (the  function  of  the  amphigenous  surface), 
or  say  rather  G(J,  K,  L)>0,  or  75^(1,  -rj,  -j-A>0,  and  consequently 
considering  t^  >  t^  as  the  coordinates  of  a  plane  curve,  the  line 
(?(l,  -j^,  "ri)  =  '^  (tbe  sign  of  J  being  fixed)  will  separate  those  points 
for   which   J,  K,  L  constitute  a  facultative   system   from   those  in  which 

(^")  The  two  points  where  the  asymptote  euta  the  curve  will  be  found  by  writing 

which  gives  ip— — ^  , 

The  superior  sign  correaponds  to  a  point  a;,  y  in  the  inferior  branch  of  the  dester  horn,  and  the 
lower  sign,  for  which  ^=-  -f ,  to  the  superior  hranoh  of  the  sinister  horn.  It  is  easy  to  see  that 
there  can  be  no  other  asymptote;  for  x,  y  only  become  infinite  when  0=  - 1,  or  0  =  0 ;  so  that  if 
>>x  +  ny  +  vi8sai  aaymptnte,  it  must  contain  {^  +  1)',  or  ^  as  a  factor.  The  first  condition  is  only 
satisfied  when  X:/t:i':: -1:2:5;  and  the  latter  cannot  be  aalisfied  at  all. 
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J,  K,  L  constitute  a  non-facultative  one.  But  the  curve  above  traced  is 
obviously  a  homographic   derivative  of  that  line 

Hence  this  latter  curve  will  also  separate  systems  of  values  of  J,  D,  A 
corresponding  to  facultative  from  those  corresponding  to  non -facultative 
points.  Moreover  when  J  is  negative  and  D  positive,  it  has  been  shown 
(see  dial  figure)  that  the  values  of  D  (in  facultative  systems)  corresponding 
to  finite  values  of  J  are  limited  in  magnitude ;  hence,  upon  the  same  suppo- 
sitions, facultative  systems  of  J,  D,  A  will  con'espond  to  the  interior  and 
contour  of  the  curve  we  have  been  considering. 

(89)  Accordingly,  since  D  is  supposed  positive,  our  sole  concern  will  he 
with  the  curvilinear  triangle  CMO  and  the  infinite  sector  QOX,  and  we  have 
to  show  that  for  all  points  not  exterior  to  those  areas  A  and  A  -f-  fiJD  have  ■ 

the  same  sign ;  that  is  to  say,  \+ii.  —z— ,  or  1  +  /n  ^  is  positive. 

When  y  and  x  have  opposite  signs  (as  is  the  case  in  the  triangle  CMO'), 
all  negative  values  of  ^,  and  when  y  and  a:  have  the  same  signs  (as  is  the 
case  in  the  sector  XOQ),  all  positive  values  of  /a  obviously  make   1  +  /iK 

positive.  But  furthermore  - ,  which  ia  —  1  for  the  line  00,  is  greater  than 
—  1  for  all  points  in  the  triangle  just  named;  and  again,  -,  which  is  ^ 
for  OB  (the  parallel  to  the  asymptote  through  0),  will  be  less  than  ^  for  all 
points  in  the  sector  QOX.  Thus,  then,  as  regards  points  either  in  the 
triangle  or  in  the  sector,  -  is  always  intermediate  between  —  1  and  ^ ;  so  that 

when  fi  lies  between  1  and  —  2,  1  +  fi-  will  be  always  positive,  and  A  and 
A  +  jjJD  will  bear  the  same  sign,  so  that  A  +  fiJD  may  be  used  to  replace 
A  as  a  criterion.     Q.E.D. 

(90)  It  is  apparent  from  the  nature  of  the  preceding  demonstration  that 
A  may  be  replaced  by  an  invariant  containing  not  one  merely,  but  an  infinite 
number  of  arbitrary  constants  (limited),  provided  we  are  indifferent  to  the 
degree  which  the  substitute  for  A  may  assume.  To  this  end  we  have  only  to 
draw  any  algebraical  curve  F{a:,  y)  =  0. passing  through  the  origin,  and  with 
its  parameter  subject  to  such  conditions  of  inequality  as  will  ensure  the 
mistilinear  triangle  and  sector  COM,  XOQ  lying  on  opposite  sides  of  the 
curve.     If  its  degree  be  n,  the  number  of  parameters  in  F  left  arbitrary 

within  limits  will  be  —     ,  and  eF  {A,  JD),  where  e  means  one  of  the 
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two  quantities  +1  or  —  1,  may  be  used  as  a  criterion  in  lieu  of  A.  For 
instance,  a  common  parabola  with  its  axis  coincident  with  that  of  a;  and 
passing  through  0  will  obviously  serve  as  a  screen  between  these  figures ; 
its  equation  will  be  ^/^  —  at  =  0,  and  the  invariant  D^  —  J  A,  which  is  of  the 
sixteenth  degree  in  the  coefficients,  will  serve  together  with  J  and  D  to  fix 
the  nature  of  the  roots ;  so  in  general  we  may  obtain  invariants  of  any  degree 
of  the  form  4d  from  twelve  upwards.  Thus  M.  Hermite,  by  a  method  not 
introducing  the  notion  of  continuity,  has  found  one  of  the  twenty-fourth 
degree,  which  he  has  been  so  obliging  as  to  communicate  to  me,  namely 
(D,-5AJ,f  +  (&D-26A'')J^\  where  D,  =  1QJ^+25AJ^;  and  D  is  his  dis- 
criminant, which  I  cannot  safely  attempt  to  express  in  terms  of  x,  y  for 
want  of  a  certain  knowledge  of  the  arithmetical  relations  between  his 
A,  J'j,  Ja,  D,  and  my  own  /,  K,  L;  but  were  this  transformation  effected, 
the  curve  so  represented  must,  ew  necessitate,  pass  clear  between  the  triangle 
and  sector  above  referred  to,  or  else  the  invariant  in  question  could  not  be 
a  criterion.  I  have  ascertained  without  difiiculty  that  it  passes  through  the 
origin  and  represents  one  of  the  principal  species  of  Newton's  diverging 
parabolas. 

(91)  The  curve  which  we  have  been  discussing  will,  on  reference  to 
PlUcker's  Algebraischen  Cwrven,  p.  193,  be  seen  to  belong  to  his  sixteenth 
species  of  curves  of  the  fourth  order  having  two  double  points;  but  as  in 
reality  one  of  these  is  tantamount  to  the  union  of  two,  it  may  be  considered 
as  having  three,  the  maximum  possible  number  of  sjich  points,  and  con- 
sequently comes  under  the  operation  of  Clebsch's  rule,  given  in  the  last 
Number  of  Orelle's  Journal,  and  accordingly  its  coordinates  have  been 
seen  to  be  rational  functions  of  a  single  variable.  The  equation  connect- 
ing (C,  y  may  of  course  be  obtained  by  means  of  a  simple  and  obvious 
substitution  operated  upon  the  G  of  Art.  41,  or  it  may  be  found  directly  by 
writing 

^  +  l^/r_       1  yjzl=  20  +  3 

8         ^      ^'  +  tjx''       4         ^         0'  +  ^^' 
whence  we  obtain 

*'  +  *'~|  =  0.  (1) 

2^'  +  3,f,  + 1  =  0.  (2) 

Calling  i^i,  0a  the  two  roots  of  equation  (2),  mailing 

and  substituting  the  values  of  the  symmetric  functions  of  </>i,  0^  found  from 
the  same  equation,  we  obtain  without  difficulty 

,4  _  ^^3  _  8^^2  +  36^4^  -I-  16f  =  -  27p  =  0 
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for  the  equation  in  question.  The  curve  thus  denoted  I  propose  to  call  the 
Bicom,  Its  figure  is  given  below  [p,  479],  in  which  |,  17  are  taken  at  right 
angles,  hut  they  may  of  course  he  supposed  to  he  inclined  at  any  angle 
whatever.  If  we  now  Eiasume  at  pleasure  any  two  new  axes  U,  Y  in  the 
plane  of  the  Bicom,  the  coordinates  m,  w  wiil  be  always  respectively  pro- 
portional to  two  invariants  of  the  twelfth  order  of  the  given  quintic,  whose 
particular  forms  wiU  depend  upon  the  positions  of  the  two  new  axes  so  taken. 
If  one  of  these  axes,  say  that  of  u,  he  made  coincident  with  the  axis  of  f, 
V  will  be  proportional  to  JD,  and  u  to  some  other  invariant  of  the  twelfth 
degree.  When  this  is  the  case,  then  in  general  v,  as  u  travels  from  one  end 
of  infinity  to  the  other,  will  somefcimea  have  four,  and  sometimes  two,  or  else 
sometimes  two  and  sometimes  no  real  values,  as  will  be  obvious  by  inspection 
of  the  figure.  There  is,  however,  one  direction  of  the  axis  of  v  which  will 
cause  V  in  all  cases  to  have  two,  and  only  two  real  values.  This  direction  is 
that  of  the  line  joining  the  two  cusps.  At  the  node-cusp,  for  which  0  =  00 , 
^=0,  J7  =  0;  at  the  other  cusp,  for  which  0  =  — |,  ?  =  — ■W',  'n  =  ~^- 
Hence  the  equation  of  the  joining  line  is  9|^  —  81?  =  0.     Now 

^  =  _^       A-J_ 

J^'     32'     ,/^~256" 

Hence  along  this  line  9L  +  JK=0;  and  consequently,  if  the  axis  of  v  be 
taken  parallel  to  this  line  and  passing  through  the  origin,  whilst  it  is 
proportional  to  9X  -I-  JK,  v  will  be  proportional  to  JD ;  and  thus  we  see 
that  for  every  value  of  9i/  +  JK,  which  is  Hennite's  J3  (see  footnote  '^°*  (e)) 
[p.  431],  D  at  the  amphigenous  surface  (that  is  when  0  =  0,  and  therefore 
when  Hermite's  J=  0)  will  always  have  two,  and  only  two  real  valuea  This 
perfectly  agrees  with  M.  Hermite's  conclusion'"',  and  in  an  unexpected 
manner  confirms  the  correctness  of  the  concordance  established,  in  the  foot- 
note cited,  between  his  J^  and  my  J,  K,  L.  Had  M,  Hermite  employed  any 
duodecimal  invariant  whatever  other  than  J^,  a  mere  inspection  of  the  Bicom 
shows  that  a  similar  conclusion  could  not  have  obtained. 

(92)  The  intersections  of  the  curve  whose  equation  is  written  in  the 
preceding  article  with  infinity  evidently  lie  in  the  lines  ij°  =  0,  »?  —  |^  =  0. 
This  latter  is  the  equation  to  a  line  parallel  to  the  asymptote  which  touches 
the  highest  and  lowest  of  the  four  branches  of  the  curve,  and  corresponds  to 
the  value  —  1  of  ^.  Thus  we  see  that  there  is  a  point  of  inflexion  correspond- 
ing to  the  point  at  infinity  at  which  the  second  and  third  branches  of  the 
Bicorn  maybe  conceived  to  unite.  It  is  easy  to  show  that  the  Bicom  has  no 
double  tangent ;  for  we  have  seen  that 

dy  ^     <!>■'  + 2<f> 

dx  2 

P)  Lemma  3,  p.  202,  Cambridge  and  Dublin  Journal,  vol.  is. 
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and   consequently   the   values   of  0   corresponding    to   the    two 
points  of  contact  may  be  regarded  as  the  two  roots  <^,,  ^^  of  the  equation 
^'+2^  +  2X  =  0,  and  we  shall  have 
20, +  3      20,4 


_.(      2  2      \ 

0l'+0l'     '     02° +  0."  \0l'+0i*  0i'  +  0iV' 

that  is 

-  (20,  +  3)  (0,=  +  0.=)  +  (20,  +  3)  (0,»  +  0,')  =  (0.'  +  0,=)  -  (0,*  +  0,'). 
or  4X.(-2)  +  4X  +  3(4-2X.)  +  6(-2(4-4\)  +  (4.-2X))  =  0, 

or  (_ 8  +  4-6  +  8- 2)>,+ 12 -6-8  +  4  =  0, 

thatis  -4X  +  2  =  0,     X  =  i,     0=+20  +  l=O, 

and  the  two  values  of  0  coincide,  contrary  to  hypothesis. 

It. is  also  easy  to  find  its  class;  for  when  -^  corresponds  to  any  point  in 
which  the  curve  is  met  by  a  tangent  drawn  from  the  point  whose  ^,  i? 
coordinates  are  a,  b,  we  have 


20  +  3)  -  (0  +  2)  , 


|-(0=  +  20)a  +  6  =  O; 


0^  +  0' 

hence  a0'  +  2a0^  +  60=  +  1  =  0 ; 

and  0  having  four  values,  four  tangents  (real  or  imaginary)  can  be  drawn  to 
the  Bicorn  from  every  point  in  its  plane.  It  is  thus  of  the  fourth  order, 
fourth  class,  possesses  a  common  cusp  and  a  cusp-node,  no  double  tangent,  and 
one  point  of  inflexion  at  infinity.  These  results  accord  with  those  given  by 
PlUcker  (Algehraiscken  Gurven,  p.  222). 

(93)  The  canonical  form  of  the  equation  to  the  Bicorn  is 
(pr  +  9^)=  +  P9'  =  0, 
as  seen  in  PlUcker,  p.  193,  where  p  =  0,r  =  0,  q  —  0  will  obviously  be  the 
equations  to  the  tangent  at  the  node-cusp,  to  the  tangent  at  the  common 
cusp,  and  to  the  line  of  junction  of  the  two  cusps.  This  leads  to  a  remarkable 
transformation  of  the  invariant  G  of  Art.  41.  Thus  we  may  write  p  =  ^, 
q  =  IJ,{9^—  8jj);  and  to  find  r,  we  must  draw  the  tangent  to  the  lower  cusp, 
for  which  0  =  — f,  which  gives 

^         27  ■     '  ■}•     dl        16      ' 

C^)  I  find,  by  a  calculation  which  offers  no  difficulty,  that  the  value  of  ^  at  the  point  where 
this  taogeot  cute  the  curve  will  be  given  by  the  equation 

-  356^'  -  256i?»  +  288^  +  432^  4  135  =  0  ; 
and  taking  away  the  factor  (4^  +  S)'  which  belongs  to  the  cuHp,  there  remains  ^— ^,  which 
ooTreiponds  to  a  foint  in  the  lower  brouoli  of  the  superior  horn. 
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consequently  we  may  write  r  =  X(144i;  — 135^  +  256),  and  then  proceed  to 
satisfy,  by  assigning  suitable  values  to  \,  fi,  v,  the  identity 

{X  (144,f - 135^'  +  2561)  +  f^"  (Sv  -  m]'  +  f^'H^V  -  9f)' 
On  performing  the  necessary  calculations  it  will  be  found  that 

Hence  we  see  that  J^O  may  be  expressed  under  the  form  (ii,  +  cJs^f  +  eLJ^', 
where  i,  is  a  new  duodecimal  invariant,  and  c,  e  are  two  known  numbers ;  in 
fact 

J'&  =  {L  {1%JE  +  ISSjP  -  J'L)  +  {JK  +  QLff  +  64i  {JK  +  9i)l 

I  am  indebted  to  ray  friend  Dr  Hirst  for  these  references  to  the  immortal 
work  of  PlUcker. 

(94)  The  existence  has  been  demonstrated  of  a  linear  asymptote  which 
is  a  tangent  at  infinity  to  the  first  and  fourth  branch.  A  cubic  asymptote 
touches  the  intermediate  branches  in  the  point  at  infinity  corresponding  to 
0=0.     For  we  have 

and  writing  v  for  —  ri. 

Hence  we  may  determine  A,  S,  G,  D  so  that 

Av^  +  Bv+  Cv^  +  D-^  shall  =  Xa"  + //,o>^  +  ...  > 
and  I  find  A=\,      B  =  -|,      0  =  ^,      D  =  -\. 

Thus  the  cubic  asymptote  will  have  for  its  equation 

which  is  a  divergent  cubic  parabola  with  a  conjugate  point,  namely  the  point 
for  which 
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(95)     It  is  obvious  from  the  preceding  article,  that  we  may  expand  ^  in 
terms  of  v  by  the  descending  series 

f  =  ^))^  +  B«  + (7«^  +  i>  +  ^  + .... 

But  we  may  also  obtain  an  ascending  series  for  f  in  terms  of  v  which  will 
exhibit  the  nature  of  the  curve  of  the  cusp-node  at  which  point  (f)  —  xi.  Let 
0  =  — ,  then 

1 


^   0'(*  +  l)    l  +  »    "  ^^ 

-W+(B^-(0"... 

), 

2.^  +  3          ,  «  +  3a,\ 

ri)=(2-|-ft,-w''  +  w^ 

^ 

'     .f(*  +  l)     "  U+»/ 

•■•)- 

i!=  =  «^(4  +  4w-3»=  + 

2  0)5 

). 

t.l  =  „'(        4V(2)«.  +  5v'(2)o> 

■-¥v(2).-... 

), 

»■-»•(                                    8o) 

•+           12rf... 

), 

»l.a,'( 

V(2)».-... 

). 

&c.  -  &c.. 

Q  which  we  may  easily  deduce 

f-(D'-(l/4(lJ 

'     109 /ON*    , 

in  which  it  will  be  observed  that  the  indices  of  the  powers  of  v  are  precisely 
complementary  to  those  in  the  preceding  expansion,  the  two  series  of  indices 
together  comprising  all  multiples  of  ^  from  positive  to  negative  infinity. 

(96)     We  now  see  how,  supposing  the  curve  to  be  given  with  ^  and  ij  at 

any  angle,  the  axes  corresponding  to  -^ ,  -^  may  be  defined :  namely,  the 

origin  of  coordinates  will  be  at  the  cusp-node ;  i),  along  which  -^  is  reckoned, 


reckoned,  will  be  the  axis  of  that  common  parabola  which  at  the  same  point 
has  the  closest  contact  with  the  given  curve. 

It  seems  desirable,  with  a  view  to  a  more  complete  comprehension  of  the 
form  of  the  amphigenous  surface,  that  is  the  Ivmiting  surface  of  invariantive 
parameters,  to  ascertain  the  nature  of  the  systems  of  plane  sections  of  it, 
parallel  to  each  of  the  three  coordinate  planes.  The  sections  parallel  to  J, 
which  are  curves  of  the  fourth  order,  have  been  already  satisfactorily  eluci- 
dated. It  remains  to  consider  brie%  the  sections  parallel  to  J  and  D,  which 
will  be  curves  of  the  ninth  order. 
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(97)  When  L  is  constant,  writing  J=s,  I>=y,  where  for  facility  of 
reference  we  may  conceive  y  horizontal  and  z  vertical,  and  making  L  =  ^^ , 
we  have 

Sy     2       (»-l)(«.»  +  3)  8«     1    4,^  +  3    , 

y      S(*  +  2)(^-3)(,(,  +  l)   ''■  2      3 ,(,(,), +  1)  "''• 

8^  _  1        (.»  +  1)»       ■ 

8y     2i(,^ -!)(,(. +  2)    '"' 

when  ^  =  —  1,  s  =     0,         ?/  =      =o , 

^  =  _  3-,         S?/  =      0,         Ss  =      0, 

^  =     0,  s  =     0,         y  =-  12A;^ 


1.         ^=     0, 


y=     0, 


2/  = 


„  ^  =  -<x>,  z=  +  x,  i/=+cc. 
Hence  it  appears  that  the  curve  consists  of  three  branches,  two  coming 
together  at  an  ordinary  cusp  at  the  point  corresponding  to  <^  =  —\,  and  the 
third  completely  separate.  The  nature  of  the  siga  of  k  does  not  affect  the 
nature  of  the  curve.  If,  for  greater  clearness,  k  be  supposed  positive,  the  first 
branch,  having  the  negative  part  of  the  axis  of  y  for  its  asymptote,  lies 
entirely  in  the  ~y,^z  quadrant,  and  is  always  convex  to  the  axis  of  y ;  the 
second  branch,  joining  the  first  at  a  cusp  corresponding  to  0  =  ~  f ,  is  concave 
to  the  origin,  cuts  the  axia  of  y  negatively  and  of  z  positively,  and  goes  off  to 
infinity ;  the  third  branch,  having  the  positive  part  of  the  axis  of  y  for  its 
asymptote,  lies  in  the  + 1/,  +  a  quadrant,  is  always  convex  to  the  axis  of  z, 
which  it  touches  at  a  point  below  that  where  it  is  cut  by  the  second  branch, 
and  also  goes  off  to  infinity,  lyiag  entirely  under  the  second  branch.  A  straight 
line,  according  to  the  direction  in  which  it  is  drawn,  may  cut  the  curve  in  one, 
three,  or  five  real  points. 

(98)     When  O  is  constant,  writing  J=z,  L=x,  we  have 

(<^  +  2)'(.^-3)'     ^     (0-3),^(0  +  2)=- 

The  form  of  the  curve  changes  with  the  sign  of  D.     For  sections  parallel 
to  and  above  the  plane  of  S,  we  may  make 

I>  =  c=,     T=  =  ^ — ^,     or    0  =  -^ — ^i 
ip  —  A  r  —1 
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then  the  complete  equation-system  to  the  curve  will  be 
3-H  +  l  ,       (r"-iy 

it  being  unnecessary  to  affect  c  with  a  double  sign,  since  s  and  x  change  their 
signs  with  that  of  t. 

ga^_(T'-H)(15T'+l)aT  hz     (t^-1)(15t^  +  1)St 

"  t(3t=  +  1)(5t^-1)' 

_      (15-^  +  1)  (T'-l)g 


I        t(t"-1)(5t>-1)  • 

,        c-(t'  +  1)(1St'  +  1)(t- 

-!)• 

"       4                (5t'  -  !)• 

S«_i!'(t'  +  1)(t'-1)' 

Sa      4        (St^-I)"       " 

To  the  values  of  t  included  between  +  \l{\)  and  —  •J{^  will  correspond  one 
branch  of  the  curve  passing  through  the  origin,  where  it  has  a  point  of  contrary 
flexure,  and  extending  to  infinity  in  both  directions. 

When  (5t°  —  1)  is  positive  -  is  always  positive ;  and  when  t^  =  1, 

5a^  =  0,      S2  =  0.     ^  =  0. 

Hence  there  will  be  a  cusp  of  the  second  kind  when  a  =  0,  z  =  ±c,  the 
axis  of  z  being  a  tangent  to  the  curve  at  each  cusp.  One  pair  of  branches 
has  its  cusp  at  the  point  iC  =  0,  z  =  c,  and  the  values  of  x,  z  increase  in- 
definitely in  the  respective  branches  as  t  passes  from  1  to  +  oo  and  from  1  to 
V'(-^)-  This  pair  lies  in  the  +ie,  -\-z  quadrant,  and  there  will  be  a  precisely 
similar  and  similarly  situated  pair  in  the  -~^,  —z  quadrant.  Thus  there  will 
he  in  all  one  infinite  /-formed  branch  passing  through  the  origin,  and  two 
detached  pairs  of  infinite  branches  lying  in  opposite  quadrants'"'.  The  value 
^  for  T^,  it  will  of  course  be  seen,  corresponds  to  —  2  for  0,  and  gives,  as  it 
ought  to  do,  the  position  of  the  cusp. 

('^)  Let  f  be  an  infinitesimal,  and  S^=  1  +  e  ;  then 


H            t     th 

p  tl     b        h  th    t  rtb         m      d  t    m  th 

as        f 
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I          t  6    bt 

Id              d  th        f          b        h  t      t 
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th  t  th        d       f 
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th        &    t    p      t 
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(99)     Finally,  for  sections  parallel  to  the  plane  of  the  discriminant  and 
lying  below  it,  making  D  =  —  k'',  i^  =  n — ^,  we  obtain  in  like  manner 


■  1 '  4(5(^4- 1)='      X       ((i=+  1)(5(=  +  1) 

Sz  ^  (f  +  l)(15f'-l) 

J,       /,f>{P-l)(15ll'-l)(P  +  iy       .       ,(15i^-l)(i=  +  l) 

Bz~  4>       {5f  +  iy       ' 

Sx 
When  (^  =  ^  there  will  be  an  ordinary  cusp,  and  when  P  =  1,  p-  =  0, 

There  will  therefore  be  three  branches, — one  corresponding  to  the  values 
of  t  between  —  V(tV)  ^^'^  +  VCiV)'  ^^^  other  two  to  values  of  t  between  these 
limits  and  —  and  +  infinity  respectively.  The  middle  branch  passes  through 
the  origin,  where  it  undergoes  an  inflexion,  and  comes  to  a  cusp  at  a  finite 
distance  from  the  origin  in  two  opposite  quadrants.  The  connected  branch 
at  eaeh  cusp  crosses  the  axis  of  x,  sweeps  convexly  towards  the  axis  of  s, 
arrives  at  a  minimum  distance  from  it,  and  then  goes  off  to  infinity. 

The  vaJue  -^  for  &  corresponds  to  —  J  for  <(>,  and  gives,  as  it  ought  to  do, 
the  cusp-node.  In  fact  the  values  ^  =  —  f,  ^  =  --2  correspond  respectively 
to  a  cuspidal  and  to  a  cusp-nodal  line  in  the  limiting  surface  whose  sections 
we  have  been  considering. 

When  the  cutting  plane  is  that  of  D  itself,  the  section  becomes  a  double 
cubic  parabola  and  a  single  cubical  parabola  crossing  each  other  at  the 
origin. 
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DE8CEIPTI0N    OF   THE    FIGURES    [pp.  i78,  479]. 

FiGUEE  I.  [see  p.  395  above]. 

The  <€,  ij)  equation  is  (1,  t,  i\  rf,  tj,  \.'§x,  yf  ^  0,  of  which  two  roots  are  always 
imaginary ;  its  extreme  criteria  are  0,  0 ;  its  middle  criteria  t*  -  cyf,  rf  -  -q^. 

Points  (p,  <r)  above  the  discriminatrix  indicate  2  pairs  o£  associated  roots  in 
the  (t,  tj)  equation. 

Points  (py  a)  on  the  discriminatrix  indicate  2  equal  roots  in  the  (e,  ij)  equation. 

Points  {p,  u)  under  the  discriminatrix  indicate  3  solitary  roots  in  the  («,  i;) 
equation. 

Points  (^,  <r)  above  the  equatrix  indicate  t,  -q  real  and  unequal. 

Points  {p,  <t)  on  the  equatrix  indicate  t,  ij  equal. 

Points  {p,  tr)  under  the  equatrix  indicate  «,  ij  imaginary  and  conjugate. 

Points  {p,  w)  above  the  loop  of  the  indicatrix  indicate  middle  criteria  not  both 

Points  (p,  a)  on  the  loop  of  the  indicatrix  indicate  middle  criteria  of  opposite 

Points  {p,  <t)  under  the  loop  of  the  indicatrix  indicate  middle  criteria  not  both 
negative. 

The  discriminatrix  is  a  closed  curve,  the  whole  of  which  is  figured,  and  is 
shaped  somewhat  like  a  harp:  it  has  a  cusp  of  the  fourth  order  at  the  origin. 

The  equatrix  consists  of  two  branches  coming  together  at  a  cusp  at  the 
distance  1  from  the  origin ;  the  upper  branch  touches  the  horizontal  axis  at  the 
origin  ;  the  lower  branch,  after  touching  the  discriminant  at  a  single  point,  sweeps 
out  from  and  round  it,  cutting  the  vertical  axis  at  the  distance  4  below  the  origin. 
Both  branches  go  off  to  infinity  to  the  right,  and  lie  completely  under  the 
horizontal  axis.  Where  the  lower  branch  touches  the  discriminatrix,  the  discrim- 
inant of  the  (e,  ij)  equation  passes  through  zero  without  changing  its  sign. 

The  indicatrix  consists  of  a  single  branch  extending  indefinitely  in  both 
directions.  It  passes  from  infinity  below  and  to  the  left  until,  at  the  distance  1 
from  the  origin,  it  touches  the  axis,  which  at  the  origin  it  crosses  at  an  angle  of 
45°,  after  which  it  goes  off  to  infinity  in  the  positive  direction.  Its  loop  extends 
from  p  =  0  to  p  =  —  l.  The  two  portions  of  it  figured  join  on  together,  coming 
to  a  maximum  at  a  great  distance  below  the  horizontal  axis.  The  narrow  tract 
marked  "  Region  of  Eeal  parameters  "  is  that  portion  of  the  harp-shaped  apace 
for  which  alone,  e,  ij  being  real,  the  {«,  i;)  equation  can  have  more  than  one  real 
root.  The  areas  of  each  of  the  three  regions  into  which  the  discriminatrix  is 
divided  by  the  equatrix  and  indicatrix  may  readily  be  expressed  numerically  in 
terms  of  algebraic  and  inverse  circular  functions  only. 

I  am  indebted  to  Gentleman  Cadet  S.  L.  Jacob,  of  the  Royal  Military  Academy, 
for  the  tracing  of  the  curves  of  which  the  Figure  is  a  somewhat  imperfect  re- 
production. 

Figure  II. 

Described  in  text,  p.  465,  etc. 
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Proof  (up  to  fifth  degree  inclusive)  of  Newton's  Rule  for  obtaining  an 
inferior  limit  to  the  number  of  real  roots  in  sM  equation 

Theory  of  the  equation  (1,  (,  f^,  tj^,  ij,  Ijar,  yf  and  conjugate  equations 

Theory  of  per- rotatory  and  trans-rotatory  circulation  .... 

On  an  inferior  limit  to  the  number  of  real  roots  in  superlinear  equations  . 

On  the  probable  value  of  the  above  limit 

On  the  reduction  of  the  general  oquat  to  of  the  iifth  d%iee  to  its  cin 
ocieal  fomi    .... 

Geometrical  representation  of  the  mutual  1  nutations  of  the  bTsic  myoi 
ants  of  Quintic  forms,  and  of  the  cause  of  the  absence  of  the  aii  e 
for  Qjiartio  forms  . 

On  the  invariantive  criteria  for  determining  tbe  nature  of  the  roots  of 
such  equation 

On  an  endoscopic  representation  of  the  above  criteria        .... 

Geometrical  determination  of  the  arbitrary  constant  (limited)  of  the  third 
criterion  by  means  of  one  of  the  principal  sections  of  the  limiting 
surface  of  invariants     ......... 

On  the  forms  of  the  other  principal  sections  of  the  same     .         .         .         .     i 


Supplemental  References. 

Propcsed  new  reduced  forms  for  binary  quartics  and  ternary  cubics  (note  "). 
Theorem  on  the  imaginary  roots  of  odd-degreed  equations  (note  ^). 
Concordance  between  Hermite's  invariants  and  those  of  the  memoir  (note  ^). 
Identification  of  the  latter  with  the  corresponding  numbered  Tables  of  Professor  Cayley 

(note  w  (A)  {%}). 
Proof  that  every  invariant  of  a  quintic  is  a  rational  integral  function  of  the  four  basiu 

invariante  (note  ^). 
Invariantive  conditions  for  certain  special  forms  of  quintica  (note  s'). 
Conditions  necessary  in  order  that  an  infinitesimal  vai'iation  of  the  coefficients  of  an 

equation  may  he  accompanied  with  a  change  of  character  in  the  roots  (note  ''). 
Schlafli's  theorem  (proof  and  eitension  of)  (note  <■''). 
On  a  number  of  cases  capable  of  arising  under  Sturm's  theorem,  and  on  certain  questions 

of  probability  (note  *'). 
All  the  invariants  of  a  binary  form  vanish  when  more  than  half  the  roots  are  equal  to  one 

another,  art.  48. 
Identification  of  section  of  limiting  smfece  of  invariants  as  a  variety  of  the  sixteenth 

species  in  Pliicker's  enumeration  of  quartie  curves  with  two  multiple  points,  art  92. 
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ON   A   SPECIAL   CLASS   OF   QUESTIONS    ON   THE 
THEORY  OF  PROBABILITIES. 

[Birmingham  British  Association  Report  (1865),  p.  8.] 

After  referring  to  the  nature  of  geometrical  or  local  probability  in 
general,  the  author  of  the  paper  drew  attention  to  a  particular  class  of 
questions  partaking  of  that  character  in  which  the  condition  whose  proba- 
bility is  to  be  ascertained  is  one  of  pure  form.  The  chance  of  three  points 
within  a  circle  or  sphere  being  apices  of  an  acute  or  obtuse-angied  triangle, 
or  of  the  quadrilateral  formed  by  joining  four  points,  taken  arbitrarily  within 
any  assigned  boundary,  constituting  a  reentrant  or  convex  quadrilateral,  will 
serve  as  types  of  the  class  of  questions  in  view.  The  general  problem  is  that 
of  determining  the  chance  that  a  system  of  points,  each.with  its  own  specific 
range,  shall  satisfy  any  prescribed  condition  of  form.  For  instance,  we  may 
suppose  two  pairs  of  points  to  be  limited  respectively  to  segments  of  the 
same  indeiinite  straight  line:  the  chance  of  their  anharmonic  ratio  being 
under  or  over  any  prescribed  limit  will  belong  to  this  category  of  questions, 
to  which,  provisionally,  the  author  proposed  to  attach  the  name  of  form- 
probability.  In  questions  of  form-probability,  in  which  all  the  ranges  are 
either  coUinear  segments  or  coplanar  areas,  or  defined  portions  of  space,  rules 
may  be  given  for  transforming  the  data,  so  as  to  make  the  required 
probabihty  depend  on  one  or  more  probabilities  of  a  simpler  kind,  leading 
to  summations  of  an  order  inferior  by  two  degrees  to  those  required  by  the 
methods  in  ordinary  use.  Thus  Mr  Woolhouse's  question  relating  to  the 
chance  of  a  triangle  within  a  circle  or  sphere  being  acute  can  be  made  to 
depend  upon  an  easy  simple  integration,  the  solutions  heretofore  given  of 
this  problem  involving  complicated  triple  integrals.  It  was  shown,  as  a 
further  illustration,  that  the  form-probability  of  a  group  of  points  all 
ranging  over  the  same  triangle  remains  unaltered  when  the  range  of  one 
of  them  is  limited  to  any  side  of  the  triangle  chosen  at  will,  and,  again, 
(for  convenience  of  expression  distinguishing  the  contour  into  a  base  and  two 
sides)  will  be  the  mean  of  the  two  probabilities  resulting  from  limiting  one 
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poiut  to  range  over  either  side  with  uniform  probability,  and  simultaneously 
therewith  a  second  point  of  the  group  over  the  base,  with  a  probability 
varying  as  its  distance  from  that  end  of  the  base  in  which  it  is  met  by  the 
side.  An  analogous  rule  can  be  given  for  transforming  the  form- probability 
of  a  group  limited  to  any  the  same  parallelogram.  So  again  for  a  group 
of  points  ranging  over  a  plane  figure  bounded  by  any  curvilinear  contour. 
The  problem  may  be  transformed  by  supposing  two  of  the  points  of  the  group 
to  raoge  on  the  contour  itself,  according  to  a  law  which  may  be  expressed  by 
saying  that  the  probability  of  their  being  found  on  any  arc  shall  vary  as  the 
product  of  the  segment  included  between  the  arc  and  its  chord,  multiplied 
by  the  time  of  describing  the  arc  about  any  centre  of  force  arbitrarily  chosen 
within  or  upon  the  contour, — a  theorem  which,  accepting  the  idea  of  negative 
probability,  admits  also  of  extension  to  the  case  of  a  centre  of  force  exterior 
to  the  contour. 

Among  other  problems  which  the  author  readily  resolves  by  aid  of  his 
principle  of  transformation,  may  he  mentioned  that  of  determining  the  mean 
value  of  a  triangle  whose  angles  are  taken  at  random  anywhere  within 
a  given  triangle,  parallelogram,  ellipse,  or  ellipsoid.  In  this  description 
of  questions  a  peculiar  difficulty  arises,  from  the  fact  that  the  figure  which 
is  to  be  integrated  in  order  to  determine  the  numerator  of  the  fraction 
which  gives  its  mean  value  must  always  be  taken  positive,  whereas  its 
algebraical  expression  will  repeatedly  change  its  sign,  according  to  a  more 
or  less  complicated  law.  This  quality  of  the  analytical  exponent  of  the 
arithmetical  value  of  the  figure  constitutes,  in  fact,  a  sort  of  polarization 
which  has  to  be  got  rid  of;  and  the  depolarizing  process  is  effected  with 
great  ease  by  virtue  of  the  simplified  form  impressed  upon  the  data  by  the 
method  set  forth  in  the  paper. 

The  author  further  took  occasion  briefly  to  allude  to  the  form  in  which 
his  own  problem  of  four  and  Mr  Woolhouse's  problem  of  three  points  were 
originally  proposed,  viz.  in  each  case  without  a  specified  boundary,  and  to 
express  his  opinion  that  the  principle  which  had  been  applied  to  tiiem,  and 
in  which  he  had  formerly  acquiesced,  was  erroneous,  as  it  could  be  made 
to  lead  to  contradictory  conclusions,  and  must  be  abandoned.  He  was 
strongly  inclined  to  believe  that,  under  their  original  form,  these  questions 
do  not  admit  of  a  determinate  solution. 
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NOTE  SUR  LES  CONDITIONS  N^CESSAIRES  ET  SUFFISANTES 
POUR  DISTINGUER  LE  CAS  QUAND  TOUTES  LES  RACINES 
D'UNE  EQUATION  DU  CINQUIEME  DEGR^  SONT  R^ELLES. 

[Comptes  Itendus  de  VAcad4mie  des  Sciences,  Lx.  (1865),  pp.  759 — 761.] 

Dans  une  communicatiion  [p.  371  above]  que  j'ai  eu  I'honneur  de  faire 

precedemment  ^  I'Academie,  j'ai  di)iin6  la  definition  de  troia  invariants 
appartenant  k  utie  forme  binaire  du  cinquifeme  degrt^,  que  j'ai  nomm^s  /, 
D,  L,  D  ^tant  le  discriminant. 

Quant  &,  J"  et  i,  il  y  a  une  autre  m^thode  tres-nette  qui  suffit  pour  les 
definir. 

Si  on  suppose  la  fonotion  donnee  mise  sous  la  forme 
(ax  +  byf  +  {ex  +  dyf  +  (ex  ^fyf, 
et  si  on  ^crit 

(ad-h6f=^A,    {cf-def  =  B,     (eh-faf=G, 

J^A-'  +  B'+C-^AB-^AG-^BO, 
L^A''B'C\ 
Avec   /  et   i   on   forme  un  noiivel  invariant    que  j'ai  nomnie  A,   tei    que 
A  =  2"i-/^ 

Alors,  quand  I)  est  positif,  on  sait  que  les  conditions  n^cessaires  et 
sufEsantes  pour  que  toutes  les  racines  soient  reeltes,  sent*  que  J  et  A  +  fiJD 
eoient  tous  les  deux  n^gatifs,  /*  ^tant  une  quantity  num^rique  cboisie  k 
volont^,  pourvu  qu'elle  ne  sorfce  pas  de  I'intervalle  compris  entre  lea  deux 
limites  1  et  —  2. 

On  voit  done  (ehoae  jusqu'ici  inou'ie  dans  les  recherches  de  cette  nature) 
que  I'un  des  trois  criteria  eat  variable  entre  des  limites  fixes. 

Mais  on  se  forme  une  id4e  beaucoup  trop  restreinte  de  la  nature  de  cette 
ind^bermination  en  se  bornant  aux  invariaiUts  (tela  que  A)  du  douzifeme 
degr^  par  rapport  aux  coefficienta  de  la  fonction  donnee  pour  servir  ainsi 
comme  troisifeme  crit^riuni. 

Au   lieu  de  A  +  /iJB,  on   pent   aubstituer   une  fonction  rationnelle  et 
entiere  quelconque  de  J,  K,  L,  K  4tant  la  quantity  A^BG  +  AB^C  +  ABC 
[•  Cf.  footnote,  p.  452.] 
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homogene  par  rapport  k  J,  K^,  L^,  h  savoir  F{J,  K,  L),  pourvu  que  certaines 
conditions  soient  satigfaites  que  je  vais  donner,     Ecrivons 

alors  i^devietit  une  fonction  de  9,  et  les  conditions  n^cessaires  et  suftisantes 
pour  que  F  (pris  avec  ie  signe  convenable)  soit  un  bon  troisifeme  erit^rium 
(comme  rempla^ant  de  A)  sont  les  suivantes,  qu'en  ^cartant  toutes  les  racines 
de  F,  qui  se  r4pfetent  un  nombre  pair  de  fois,  une  des  restantes  est  ^gale  k 
—  4,  mais  nnlle  autre  lie  sort  des  limites  0  et  12. 

Ainsi,  par  exemple,  on  peut  se  servir  (comme  crit^rium)  d'un  invariant 
du  seizifeme  degr^  par  rapport  aux  coefficients,  dans  lequel  il  entrera  deux 
paramfetres  variables,  et  on  tombe  aur  une  question  trfea-iut^resaante 
d'Algfebre  pour  trouver  les  conditions  auxquelles  ees  deux  parametres  doivent 
^tre  assujettis  pour  que  i'invariant  aoit  bon  comme  crit^rium,  probleme 
qui  se  r^sout  par  des  considSationa  g^om^triques  et  sur  lequel  je  prendrai 
quelque  autre  occasion  de  revenir.  Comme  exemple  de  la  mauiere  de  mettre 
a  r^preuve  un  crit^rium  quelconque  donn^,  je  prendrai  la  fonction  trouv^e 
par  M.  Hermite  par  une  metbode  particuliere  a  lui  qu'il  a  eu  la  grande 
bont^  de  me  communiquer. 

Oette  fonction,  exprim^e  dans  ma  notation,  eat 
ISIZ-JKL-K"; 
en  faisant  lea  substitutions  dont  j'ai  parle,  cette  quantity  devient 

-2^»(^^+2(J'-7e  +  4)  =  -2(5  +  4)(^-iye», 
oil  on  voit  qu'il  existe  une   racine   —  4   et   que   les   autres   racines   d'une 
multiplicity  impaire,  c'est-a-dire   celles   qui   appartiennent   au   facteur   8', 
ne  sortent  pas  des  limites  0,  12. 

De  m^me,  on  peut  d^montrer  plus  g^n^raleraent  que 
(2i^  -  AT')  +  ij.  (16i*  -  JKL) 
sera  bon  comme  crit^rium,  pourvu  que  /i  >  —  ^. 

Par  exemple,  en  mettant  /x  =  1,  on  retombe  sur  le  crit^rium  de 
M.  Hermite:  en  mettant  /:i  =  0,  on  trouve  comme  criterium  2D  -  K^,  et 
en  mettant  /j.=  x ,  on  trouve  IQL^  —  JKL,  equivalant  au  seul  facteur 
\QL-~JX,  qui  h  son  tour  peut  s'exprimer  sous  la  forme 

^^t^(«rJ)-J--128ir); 

on  reconnait  immediatement  que  1  ^tant  compris,  comme  caa  extreme, 
entre  les  limites  1  et  —  2,  A  +  JD  et  coos^quemment  IQL  —  JK  doit  Stre 
bon  comme  ciiti^rium. 

On  comprend  aisdment  que  la  forme"  {2X'  — ^')+/*(16i'  — iT^i),  avec 
/i>-|,  n'est  qu'une  solution  particuliere  du  problfemede  trouver  le  criterium 
Ie  plus  general  du  degr^  24  dans  les  coefficients,  lequel  contiendra  5  para- 
mfetres  variables,  c'est-^-dire  2  moios  que  le  nombre  des  compositions  du 
nombre  6  qu'on  peut  effeotuer  avec  lea  i^lf^ments  1,  2,  3. 

31—2 
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THfeOR^ME  D'ARITHM^TIQUE. 

[Oomptes  Sendns  de  I'Aoaddmie  des  Sciences,  lx.  (1865),  pp.  1011 — 1012.] 

SoiT  F  (a,  b,  c,  d)  le  repr^sentant  de  la  quantitt? 

a^(P  +  4(ic»  +  4-df/'  -  SbV  -  6abod ; 

soient  b,  c  deux  quantites  positives  qui  satisfont  k  T^quation 

F(a,b,c,d)  =  0; 

^crivona  1' Equation  cubique  en  a: 

F{a,x,c,d)  =  Q, 

et  soient  (b,  b^)  les  deux   racines   positives  de  cette  Equation.     De  mSme 

F{a,  br,a!,d)  =  0, 

et  soient  (c,  Ci)  ses  deux  racines  positives  ;  posons  semblablement 

F{a,cc,Ci,d)  =  {), 

dout  (fei,  6a)  sont  les  deux  racines  positives,  et  ainsi  de  suite;  on  obtiendra  de 
cette  fa9on  deux  series  infinies  b,  6,,  b^,  b^...;  c,  c,,  c^ 

Or  je  dis:  1"  que  si  b  est  plus  grand  que  b^,  chacune  des  deux  series 
sera  constamment  dferoissante,  et  si  au  contraire  b  est  moindre  que  bi, 
cbacune  sera  constamment  croissante.  De  plus,  je  dia :  2°  que  dans  ces 
deux  cas  les  quantifies  b  tendront  vera  ^{a^d),  et  les  quantit^s  c  vers  ^/{ad^) 
comme  limite.  Noramons  \/(a'(i)  — 6„  =  yS„,  V(ad?~c,^  =  'yn-  Jedis:  S^qu'en 
mfeme  temps  que  /3„  et  7„  deviennent  infinimeut  petibs  quand  n  est  infini, 
les  differences  /S„  — 7„,  ^n  —  ffn-i,  7n— 7b-i  deviendront  infinimeut  petites 
par  rapport  a  ;S„  et  7„, 

On  remarquera  que  F  (a,  b,  c,  d)  est  un  discriminant  binaire  du  troisieme 
ordre.  II  y  a  un  theorfeme  g^n^ral  analogue  pour  le  discriminant  binaire  d'un 
ordre  quelconque. 
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RECTIFICATION  ET  D:6mONSTRATION  D'UN  TH^OREME 
D'ARITHM^TIQUE  DONNfi  DANS  LE  COMPTE  RENDU  DU 
15  MAI. 

[Comptes  Bend/us  de  I'Acadimie  des  Sciences,  lx.  (1865),  pp.  1121 — 1135.] 

Une  erreur  s'est  gliss^e  dans  I'^nonc^  que  j'ai  eu  I'honneur  de  donner 
tout  r&emment  dans  les  Comptes  rendus;   je  me  hate  de  la   corriger  en 
ajoutant  en  m^me  temps  la  demonstration  du  th^r^me  auquel  il  se  rapporte. 
Consid^rons  I'^quation  cnbique 

^u  =  «w'  +  Qbu^  +  3cw  +  d  =  0. 
Supposons  a,  b,  c,  d  tous  positifa.     II  est  Evident  que  si  les  racines  sont 
toutes   r^elles  et  distinctes,  on  peut   faire  varier  k  volont^  d'une  quantity 
infinitesimal  e  ou  b  ou  c,  sans  que  les  racines  cesaent  d'ettre  r^elles.     Mais 
quand  ^  possfede  deux  racines  4gales  p,  en  faisant 

<l>u+SSb.u'=rO, 
pour  determiner  si  les  racines  sont  ou  non  toutes  r^ellea,  il  faut  consid^ier 
r^quation 

f>.^'  +  38i.p'-0, 

et  les  racines  resteront  reelles  ou  non,  selon  que  —  tf>"p  et  Sb  auront  les 
m^mes  signes  ou  des  signes  contraires.  De  mSme,  la  r^alit^  dea  racines  de 
I'equation 

^M.  +  38c .  M  =  0 
depend  de  la  circonstance  que  —  <j>"p  et  Bb.p  aient  ou  non  les  mSmes 
signes,  c'est-a-dire,  puisque  p  est  n^cessairemgnt  n^gatif,  dans  Ic  cas  oil 
^  possfede  deux  racines  4gales,  il  sera  toujours  possible,  ou  en  diminuant 
infiniment  peu  b  ou  en  diminuant  infiniment  pen  c,  de  conserver  la  r^alit^ 
des  trois  racines.  Si  en  diminuant  b  cela  a  lieu,  il  n'en  sera  pas  de 
m^me  quand  on  diminue  c,  et  vice  versd,  c 'est- &.- dire  en  diminuant  une  des 
quantit^s  b,  o,  par  exemple  6,  et  en  augmentant  I'autre  c,  les  racines  restent 
reelles ;  au  coutraire,  en  augmentant  h  et  en  diminuant  c,  deux  des  racines 
deviennent  imagin aires. 

J'ai   suppose   que   deux   seulement   des   racines   de   i^   sont   egales ;    si 
toutes  trois  sont  ^galea,  la  chose  marche  autrement,   car  dans  ce   cas  on 
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aura  uonseulement  (j>p  =  (),  tf)'p  =  0,mais  aussi  tf>"p  =  0,et  en  faisant  varier 
en  meme  temps  b  et  c,  on  trouve 

^■■'p  .  M+  3S6 .  /  +  3Sc.  p  =  0. 

DonCj  en  faisant  ou  Bb  =  d  on  8c  =  0,  il  serait  impossible  d'empScter  que 
deux  des  trois  racines  deviennent  imaginaires.  Afin  de  conserver  ta  r4alit^ 
de  ces  trois  racines,  il  faut  prendre  8h .  p  +  Be  =  8,  oh  8  est  an  z^ro  ou 
une  quanbit^  infinit^aimaie  d'lirt  certain  degr^  i  au  moins, '  par  rapport  k 
Zh  ou  he;  alors  la  r^alit^  de  ces  racines  d^peodra  de  la  circonstance  que 
2S6 .  p  +  Sc  soit  du  signe  contraire  k  4'"'p>-  c'est-a-dire  n6gatif,  ainsi  done  Be, 
et  consequenimeat  Bb  sera  positif,  et  en  nieme  temps  ~-p  +  l  infiniment 
prea  de  z^ro. 

Or,  commen^ons  avec  I' Equation  tjm  —  O,  en  possession  de  deux  racines 
r^elles,  et  supposons  que  c'est  b  qu'on  peut  diminuer  sans  introduire  des 
racines  imaginaires :  allons  toujours  en  dimtnuant  b  tant  que  cela  sera- 
possible,  c'est-&-dire  jusqu'il  ce  que  <j>u  ait  deux  racines  ^gales ;  k  cet 
instant,  on  ne  peut  plus  diminuer  b,  mais  on  peut  diminuer  c  sans  perdre 
de  racines  r^elles,  et  le  diminuer  jusqu'^  ce  que  deux  des  racines  deviennent 
^gales;  alors  il  faut  recommencer  avec  6,  et  ainsi  de  suite  pour  c  et  6  tour 
k  tour.  Je  dis  qu'en  continuant  ces  operations,  ni  J  ni  c  ne  peut  devenir  z4ro, 
car  dans  ce  cas  on  sait  que  I'^quation  en  u  ne  pourrait  avoir  qu'une  seule 
racine  r^elle,  il  faut  en  effet  se  rappeler  que  quand  J  deviendrait  z^ro, 
c  serait  positif,  et  vice  versd.  De  plus,  il  est  4vident,  lea  variations  de  6  et  c 
n'^tant  pas  simultan^es,  qu'on  ne  peut  pas  tomber  exactement  sur  le  cas 
de  trois  racines  relies.  Done,  en  conimen(;'ant  avec  b  et  c,  on  torn  be  sur 
une  s^rie  double  prolong^e  a  I'infini  be,  biCi,  b^Ci,,  63C3,...,  telle,  que  tous 
les  b  ddcroissent  et  tous  les  c  d^croissent,  mais  sans  que  ou  &  ou  c  d^passe 
jamais  une  certaine  limite  fixe  pour  I'une  et  pour  I'autre,  J'ai  suppose 
que  c'^tait  b  qui  commen^ait  k  d^croitre ;  si  6  ne  peut  pas  Hre  diminu^, 
on  sera  n^cessairement  en  droit  de  coaimencer  avee  c,  et  on  trouvera  la 
s^rie  double 

cb,     iC,b,    jcA---- 
Ainsi  on  voit  qu'on  peut  toujours  former  deux  paires  de  series 

b,  61,  6j,  63,  ...,     e,  Ci,  Cs,  ..., 

C,  iC,  aC,  3C,  ...,     b,  ,6,  J),  ..., 
et  que  I'^quation 

au^  +  Sxu^  +  3yw  +  rf  =  0 
r4elles  quand 


=  bi. 


y  =  Ci 


yGoosle 
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et  aussi  quand  x  =  ib,  y^iO, 

ou  bien  i^  =  ^,  p  =  i+iC. 

Dans  I'une  dea  deux  paires  de  series  !es  b  et  les  c  cro5tront,  comme  il 
eet  facile  de  d^montrer,  sans  limite;  dans  I'autre  paire,  il  y  aura  une  limite 
pour  les  6  et  une  limite  pour  les  c,  vers  lesquelles  ces  quantit^s  tendent 
contiiiueUement. 

La  condition  que  au^  +  Sxii'  +  '^yn  +  rf  =  0  ait  deux  racines  t^gales  sera 
(^^  +  4ay"  +  4da!'  —  ^x'^if  —  %o.dx>)  =  0, 
disons  F{x,  y)  =  0. 

En.  Bupposant  cette  equation  satisfaite  par  les  valenrs  positives  a;  =  6, 
y=C,  pour  obtenir  la  premifere  paire  de  series,  on  4crit: 

F{x,  c)  =  0,     qui  don n era    x  —  h,  x  —  b^     6,  ^tant  positif, 

F{b„  y)  =  0,     qui  donnera    y  =  c,y=Ci,     c,  6tant  poaitif, 

F{x,c^  =  Q,     qui  donnera     x  =  h^,x  =  h,,     &2  6tant  positif, 

et   ainsi   de   suite.   "De   cette   maniere,   on  pent   trouver   les   series   6,   &i, 

fcg,  ...,  c,  Ci, ...,  et  semblablement  I'autre  paire. 

De  plus,  on  remarquera  que  ces  series  se  developpent  par  le  moyen 
de  la  solution  d'^quations  quadratiques,  car  dans  les  Equations  cubtques 
F{x,A)  =  0,  ou  F{B,  y)~0,  dont  il  eat  question, une  des  racines  est  toujours 
connue  d'avance. 

II  reste  seulement  k  fixer  la  valeur  de  la  limite  pour  chaque  s^rie 
dferoiesante,  ce  qui  est  bien  facile.  Car  si  &«  difffere  infiniment  peu  de  bn+i, 
c'est  que  deux  racines  de  F{x,  c„)  seront  infiniment  prfes  I'une  de  I'autre, 
c'est-^-dire  que  le  discriminant  de  F  sera  infiniment  voisin  de  z^ro. 

Or  ie  discriminant  du  discriminant 

a'd?  +  4ac=  +  4d6'  -  Si'c^  -  Qahcd 
par  rapport  k  b,  on  le  trouve  facilemeiit  {k  un  facteur  positif  nuni^rique  pr^s) 
4gal  k  {ad^  —  c')";  done  la  limite  de  c„,  quand  n  -devient  infiui,  sera  u^- 
cessairement  l/iad?) ;  de  meme,  la  valeur  limite  de  b^  sera  y{a?d),  de  sorte 
que,  comme  on  aurait  pu  le  deviner  d,  "priori,  la  fonction  limite  de  0w  est 
la  forme  pour  iaquelle  toutes  ces  trois  racines  deviennent  ^gales. 

Ainsi  on  volt  que  les  valeurs  limites  des  b  et  des  c  sont  ind^pendantes 
de  la  valeur  initiale  de  I'une  on  de  I'autre.  Ou  voit  aussi  que  par  ce  th^o- 
reme  on  se  trouve  approcher  continuellement  de  la  racine  cubique  d'un 
nombre  quelconque  donn^  et  de  son  carr^  sans  tdtcmnement  et  sans  autre 
proc^d^  que  I'extraction  de  la  racine  positive  d'une  suite  infinie  d'^quations 
quadratiques.  Pour  cela,  tout  ce  qui  est  necessaire  est  de  commencer  avee 
I'^quation 
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X  4tant  arbitraire.     Oela  donnera 

tt  =  l,     d  =  D,     6  =  2X  +  ^^,     c  =  \^  +  ^. 

Alors  Tune  oa  I'autre  des  deux  paires  de  series,  commeiiQaiit  avec  les 
valeurs  d&nn^ea  pour  h,  c,  aura  n^cessairement  1/{I)),  ^{D')  pour  limites 
respectives. 

Puisque  6  et  c  d^croissent  continuellement  vers  leurs  limites  respectives, 
on  voit  que  le  th^orfeme  suppose  que  quand  I'^quation 

a^d^  +  4fflc'  +  idb'  -  Qabcd  -  St^c^  =  0 
est  satisfaite  par  des  valeurs  positives  a,  b,  c,  d,  on  aura  n^cesaaireraent 

b  >  ^/{a'd),  c  >  ^(ofP). 
Cela  se  confinne  trfea-simplement.  Car  en  traitant  cette  Equation  comme 
une  Equation  en  b,  puisqu'une  racine  positive  existe,  toutes  les  racines  seront 
r^elles;  done  le  discriminant  par  rapport  h  b  sera  n^gatif,  c'est-&,-dire 
{a<P-(?y  sera  n^gatif;  cons^quemment  <^  >  ad^,  et  de  m%me  on  demontre 
que  6»>ffl»d. 

A  I'aide  des  principes  expliques  plus  haut,  on  demontre  saos  difficult^ 
qu'en  supposant  ^/(aH),  lj{ad^)  les  limites  de  i„  et  c„,  quand  on  ^crit 
^n  =  V{fM)  -  K,         7„  =  ^/{adF)  -  c„, 

— -g- — . —  seront  tous  les  deux  infiniment  petits  quand  n  devient 

infini ;   et,  de  plus,         ^T" LJ5^  gera  infiniment   petit   sous   la   mSme 

0n  ou  7„  '^ 

supposition. 

Je  prends  la  liberty  d'ajouter  que  le  theoreme  ici  donn^  ressort  tout 
naturellement  d'une  ^tude  approfondie  que  j'ai  eu  r^cemment  occasion  de 
faire  sur  les  conditions  que  la  variation  d'une  fonction  rationnelle  doit 
remplir  pour  qu'elle  n'amene  pas  une  perte  de  racines  reelles.  C'est 
M,  Hermite  qui,  k  ce  qu'il  me  parait,  a  et^  le  premier  k  se  servir  du  grand 
principe  de  la  variation  des  coefficients  pour  I'^tude  de  la  nature  des  formes 
alg^briques.  En  poursuivant  cette  theorie  dans  ses  details,  j'ai  di5ja  reussi 
avec  son  aide  k  etablir  le  th6orfeme  de  Newton  pour  la  d4couverte  de  racines 
imaginaires  jusqu'au  septi^me  degr^  inclusivement,  et  il  est  bien  probable 
que  dans  un  court  d^lai  on  r^ussira  (moi  ou  quelque  autre)  a  Etablir  ce 
grand  th^orfeme  dans  toute  sa  g^n^ralit^  pour  les  equations  d'un  degre 
quelconque. 
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SUK  LES  LIMITES  DU  NOMBRE  DES   KACINES  K^ELLES 

DEs  Equations  alg^briques. 

[Comptes  Rendus  de  VAcad^mie  des  Sciences,  lx,  (1865),  pp.  1261— -1263.] 

J'ai  Thonneur  de  soumettre  k  TAcsid^mie  un  th^orfeme  que  j'ai  tout 
r^cemment  r^uasi  k  ^tablir  par  une  analyse  dea  plus  simples.  On  verra  qu'il 
comprend  comme  cas  particulier  le  c^lfebre  th^oreme  de  Newton  qui, 
donn^  sans  preuve  par  son  auteur,  n'a  pas  6t4  d^inontr^  jusqu'k  ce  jour, 
noQobstant  lea  efforts  dcs  Maclaurin,  des  Waring  et  dee  Euler,  Soit/a;  une 
fonction  rationnelle  et  entifere  de  x.  Soit  c,  ne,,  Jk(w  —  1)gi,  ...,  Cn  les  co- 
efficients des  puissances  successives  de  a:  <iaaaf(ie+p).     Ecrivons 

Alors  on  pent  dire  qu'S.  chaque  petite  lettre  Cr  est  associ^e  une  grande 
lettre  C,,  et  de  m^me  k  chaque  succession  Cr,  o,.+i  de  petites  lettres  est 
associee  une  succession  de  grandes  lettres  C>,  (7,.+i.  Quand  ces  successions 
formenfc  toutes  deux  des  permanences,  c'est-k-dire  quand  lea  prod  nits 
Cr.(V+i  et  Ct-  Cr+j  Bont  tous  lea  deux  positiis,  on  pent  dire  que  ia  succession 

compos^e  (  „  Z'^^  j  forme  une  double  permanence;  et  en  prenant  de  cette 

sorfce  toutes  lea  successions  simultan^es  fournies  par  ces  deux  suites,  il  y  aura 
un  certain  nombre  de  ces  permanences  qu'on  pent  nommer  le  nombre  de 
permanences  doubles  propres  S,  p. 

Or,  je  dis  qu'en  supposant  p  plus  gramd  que  q,  la  difference  ent/re  le 
nombre  des  permav-ences  doubles  propres  d  p  et  le  nombre  de  ces  permanences 
propres  a  q  ne  sera  jamais  negative,  et  de  plus  elle  foumira  une  limite 
superieure  au  nombre  de  racines  reelles  comprises  entre  p  et  q. 

Si  Ton  prend  p  4gal  k  z^ro  et  q  ^gal  i  ~  x ,  il  est  Evident  que  le  nombre 
de  permanences  doubles  propre  ^  —  oo  est  zero,  car  toutes  les  successions 
simples  dans /(—go)  sont  des  variations. 
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Ainsi,  en  donnanb  aux  coeEBcients  de  ft^,  disons  c,,,  c^,  Cj,.--,  Cn,  le 
nom  de  suite  cartdsienne,  et  k  0„,  Gi,  0^,...,  Gn,  formes  de  la  manifere 
d^crite  plus  haut,  celui  de  suite  newtonienne  appartenant  a  /x,  on  peut 
aftirmer  que  le  nombre  des  rdcines  negatives  dans  une  ^quatioD  a  pour 
lira  it  e  superieure  le  nombre  des  permanences  doubles  fournies  par  la 
combinaison  de  la  suite  cart^sienne  avec  la  suite  newtonienne ;  et  con- 
s^quemment,  en  changeant  3;  en  —a:,  on  voit  eg;alement  que  le  nombre 
des  racines  positives  de  la  mSme  Equation  aura  pour  timite  superieure  le 
nombre  des  successions  simultan^es  compos^es  d'une  permanence  newtonienne 
associ^e  a  une  variation  cartesienne.  C'est  la,  en  d'autres  termes,  le  th^oreme 
coniplet  de  Newton,  comme  on  peut  le  v4rifier  en  consultant  I'Antkmdtique 
universelle. 

On  voit  facilement  que,  pour  la  forme  /(j^+p),  les  ^l^ments  Cj,  c,,  ...,  c„, 
au  moyen  desquels  on  forme  G^,  G,,  ....  (7„,  ne  sont  autre  chose  (pris  en  ordre 
inverse)  que  les  quantities 

mais  on  n'est  nullemeut  bom4  a  cette  suite  determin^e  de  valours  pour  les 
^yments.  Je  trouve  qu'on  peut  prendre  poijr  ^l^ments  un  systfeme  de 
multiples  num^riques  ^'^  fp,f'p,f"p,  ■■•  dans  iesquela  11  entre  deux  para- 
mfetres  arbitraires,  dont  I'un  cependant  est  limite  par  la  grandeur  de  n. 
Par  exemple,  on  peut  prendre  tout  simplement  pour  les  deux  series 

fp.    f'p,  ■■;    /'"-"p,    /""p, 

Tp,     T,p.  ...,     T^,p,      T„p, 
oil  Trp  signifie 

Alors  le  nombre  de  permanences  double  dans  ces  deux  suites,  moins 
le  nombre  semblable  quand  on  6crit  q  pour  p,  donnera  comme  auparavant 
une  limite  superieure  au  nombre  des  racines  r^elles  deftc  compris  entre  p  et 
q:  et  I'on  doit  remarquer  que  quelquefois  I'une  des  methodes  et  quelquefois 
I'autre  donnera  ia  meilleure  limite,  except^  pour  les  cas  de  n=  2  et  «  =  3, 
cas  oil  la  premiere  methode  est  toujoui«  pr^f^rable. 

Ainsi  Ton  voit  qu'on  peut  substituer  k  la  regie  de  Fourier  une  regie  o^ 
les  fonctions  qu'il  emploie  sont  associ^ea  k  des  combinaisons  quadratiques 
d'elles-mSmes,  formant  deux  systemes  dont  I'un  eat  effeetivement  fixe, 
I'autre  variable.  Je  n'entre  pas  dans  les  details  sur  la  !oi  de  variabilite,  parce 
que  mon  seui  but,  en  faisant  cette  communication,  est  de  faire  connaitre 
les  principes  sur  leaquels  repose  la  demonstration  du  th^orfeme  de  Newton, 
demonstration  qui  a,  depuis  prfes  deux  sifecles,  echappe  aux  recherches  des 
g^mfetres. 
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TH60E:feME    D'ALGfi:BEE    ELEMENTAIBE. 

[Gomptes  Rendus  de  I'AcadSmie  des  Sciences,  lxi.  (1865),  pp.  282 — 283.] 

Je  demande  la  permission  d'ajouter  i'^oonc^  exact  du  th^orfeme  g^n4ral 
auquel  (sans  le  pr^eiser)  allusion  a  4t4  faite  dans  lea  Cotnptes  rendus  de  la 
Heance  du  19  jnin  dernier. 

D^signons  une  quelconque  des  quatre  combinaisons  de  signes 

+  +  ++  

+  +  ++  

par  le  mot  double  permanence,  et  une  quelconque  des  combinaisons 
+  -  +-  -+  -  + 

+  +  ++  

par  le  mot  va/ria  permanence. 

8oit_^  =  0  une  Equation  alg^brique  du  degre  n ;  v  une  quantity  reelle  qui 
n'est  pas  comprise  en  dedans  des  limites  0,  —  n  (bien  entendu  que  les  limites 

elles-metnes  ne  sout  pas  exclues).     Que  /'■«  repr^sente  la  quantity  'A^f"^' 
Q^x  la  quantity 

Formons  la  progression  simultan^e 

Gx,    G,x,    G,x,  ...,     GnO!.}  ^  ' 

Alors  je  dis:   1"  qu'en   faisant  w  croitre  de  X  jusqu'a  /j,,  le  nombre  de 

doubles  permanences  dans  (P)  ne  peut  pas  d^croitre,  et  que  le  nombre  de 

varia  permanences  ne  peut  pas  croitre  ; 

2°    Que  le  nombre  des  racines  r^elles  de  /x   comprises  entre  X  et  /a 

ne  peut  exc^der  ni  le  nombre  des  doubles  permanences  gagnees,  ni  le  nombre 

des  varia  permanences  perdues  par  (P)  quand  x  passe  de  X  a  /i. 
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3°  On  peut  ajouter  que  !a  difFdrenee  entre  le  premier  et  le  second  ou 
entre  le  premier  eb  le  troisifeme  de  ces  nombrea  sera  toujours  un  nombre 
pair. 

Pour  retrouver  le  th^orfeme  de  Newton  donn^  dans  le  chapitre  intitule  De 
formd  (equationis,  dans  I'Arithm^tique  umverselle,  en  tanb  qu'il  se  rapporte  k 
la  limite  du  nombre  des  racines  negatives  de  fa,  on  prend  v  =  —  n,X  =  —  oo, 
^  =  0,  et  on  fait  le  compte  dcs  doubles  permanences  gagn^es ;  en  tant  qu'il  se 
rapporte  k  k  limite  du  nombre  des  racines  positives,  on  prend  v  —  —  n,  X  =  0, 
/t  =  «i ,  et  on  fait  le  compte  des  varia  permanences  perdues.  Ainsi  on  obtient 
uue  regie  qui  est  en  effet  identique  avee  celle  de  Newton,  savoir :  qu'en 
4crivaiit 

fa  =  ax^  +  nbx'^'  +  J*i  («  -  1)  ca-'^-^H- .... 
la  progression  simultan^e 


b"  —  ac,  tf~  bd,  ...,       P  . 


(Q) 


fournit,   par   ses   doubles   permanences   et  par  ses  varia  permanences,  des 
limites  au  nombre  des  racines  negatives  et  positives  respectivement  de_/a;. 

J'ajoute  qu'en  4crivant/c  dans  la  forme  beaucoup  plus  g^n^rale 

ou  bien  sous  la  forme 

i+l'"      +(i  +  l)(i+2)''^     (i  +  l)(.  +  2)(.  +  3)''''      +■•■■ 
selon  que  v  est  positif  ou  n^gatif,  alors,  pourvu  que  i  soit  un  entier  positif  et 
V  une  quantity  r^elle    quelconque  qui   n'est  pas  comprise   en   dedans   des 
limites  i,  —  n,  la  progression  (Q)  sert  toujours  k  limiter,  comme  auparavant, 
le  nombre  total  des  racines  negatives  et  positives  de  fx. 

Comme  corollaire  particulier  on  d^uit  que,  sous  les  conditions  suppos^es, 
la  fonction  liyperg^ometrique* 

("  +  1)       ^^.  ,        v{v^l){v  +  ^)         ^. 

(sauf  le  cas  oii,  v  ^tant  —  neti  ^tant  0,  cette  fonction  devient  une  puissance 
esacte)  ne  peut  jamais  avoir  plus  d'une  seule  racine  r^elle. 
["  Cf.  p.  513.] 
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ON    NEWTON'S   RULE   FOR   THE   DISCOVERY   OF    IMAGINARY 
ROOTS  OF  EQUATIONS. 

[Proceedings  of  the  Royal  Society  of  London,  xiv.  (1865),  pp.  268—270.] 

In  the  first  part  of  my  "Trilogy  of  Algebraical  Researohes,"  printed  in 
the  Philosophical  Transactions,  will  be  found  a  proof  of  Newton's  Rule  for 
the  discovery  of  imaginary  roots  carried  as  far  as  equations  of  the  5th  degree 
inclusive.  The  method,  however,  therein  employed  offered  no  prospect  of 
success  as  applied  to  equations  of  the  higher  degrees,  I  take  this  oppor- 
tunity, therefore,  of  announcing  that  I  have  recently  hit  upon  a  more  refined 
and  suhtle  method  and  idea,  by  means  of  which  the  demonstration  has  been 
already  extended  to  the  6th  degree,  and  which  lends  itself  with  equal  readiness 
to  equations  of  all  degrees.  Ere  long  I  trust  to  be  able  to  lay  before  the 
Society  a  complete  and  universal  proof  of  this  rule — so  long  the  wonder  and 
opprobrium  of  algebraists.  For  the  present  I  content  myself  with  stating 
that  the  new  method  consists  essentially,  first,  in  the  discerption  of  the 
question  as  applied  to  an  equation  of  any  specified  degree  into  distinct  cases, 
corresponding  to  the  various  combinations  of  signs  that  can  be  attached  to 
the  coefficients ;  secondly,  in  the  application  of  the  fecund  principle  of  varia- 
tion of  constants,  laid  down  in  the  third  part  of  my  "  Trilogy,"  and,  in 
particular,  of  the  theorem  that  if  a  rational  function  of  a  variable  undergoes 
a  continuous  variation  flowing  in  one  direction  through  any  prescribed 
channel,  then  at  the  moment  when  it  is  on  the  point  of  losing  real  roots,  not 
only  must  it  possess  two  equal  roots  (a  fact  familiar  to  mathematicians  as  the 
light  of  day),  but  also  its  second  differential,  and  the  variation,  when  for  the 
variable  is  substituted  the  value  of  such  equal  roots,  must  assume  the  same 
algebraical  sign*.  By  aid  of  the  processes  afforded  by  this  principle,  which 
admits  of  an  infinite  variety  of  modes  of  application,  according  to  the  form 
imparted  to  the  channel  of  variation,  and  constitutes  in  effect  for  the  exami- 
nation of  algebraical  forms  an  instrument  of  analysis  as  powerful  as  the 

*  The  above  is  on  the  BuppoBitioii  that  there  is  no  ternary  or  higher  group  of  equal  roots. 
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microscope  for  objects  of  natural  history,  or  the  blowpipe  for  those  of  chemical 
research,  the  probiem  in  view  is  resolved  with  a  surprising  degree  of  sim- 
plicity ;  so  much  so  that,  as  far  as  I  have  hitherto  proceeded  with  the  inquiry, 
the  computations,  algebraical  and  arithmetical,  which  I  have  had  occasion  to 
employ  may  be  contained  within  the  compass  of  a  single  Kne.  The  new 
method,  moreover,  enjoys  the  prerogative  of  yielding  a  proof  of  the  theorem 
in  the  complete  form  in  which  it  came  from  the  hands  of  its  author  (but 
which  has  been  totally  lost  sight  of  by  all  writers,  without  exception,  who 
have  subsequently  handled  the  question),  namely,  in  combination  with,  and 
as  supplemental  to,  the  Rule  of  Descartes.  On  my  mind  the  internal  evidence 
is  now  forcible  that  Newton  was  in  possession  of  a  proof  of  thin  theorem 
(a  point  which  he  has  left  in  doubt  and  which  has  often  been  called  into 
question),  and  that,  by  singular  good  fortune;  whilst  I  have  been  enabled  to 
unriddle  the  secret  which  has  baflBed  the  efforts  of  mathematicians  to  discover 
during  the  last  two  centuries,  I  have  struck  into  the  very  path  which  Newton 
himself  followed  to  arrive  at  his  conclusions. 

Since  the  above  note  was  sent  in  to  the  Society,  I  have  completed  the 
demonstration  for  the  7th  degree,  and  in  the  course  of  the  inquiry  have  had 
occasion  to  consider  the  conditions  to  be  satisfied  in  order  that  a  rational 
function  of  ic,  with  r  equal  roots  a,  may  undergo  no  loss  of  real  roots  for  any 
assigned  variation  imparted  to  the  function:  for  the  theory  of  the  7th  degree 
the  case  of  three  equal  roots  has  to  be  considered,  and  the  conditions  in 
question  are  that  the  variation  itself  may  contain  the  equal  root  a,  and  that 
its  first  differential  coefficient  may  have  the  contrary  sign  to  that  of  the  thu-d 
differential  coefficient  of  the  function  which  it  varies  when  a  is  substituted 
for  m — a  theoi'em  which  is,  of  course,  capable  of  extension  to  the  case  of  an 
equation  passing  through  a  phase  of  any  number  of  equal  roots*. 

*  The  above  is  on  the  suppoaition.  that  one  of  the  three  equal  roots  remains  unaffeoted  in 
magnitude  by  the  variation,  whOet  the  other  two  change.  If  all  three  are  to  change 
simultaneously,  infinitesimals  beyond  the  first  order  and  with  fractional  indices  have  to  be 
brought  into  eonBideration  ;  in  that  case,  on  mating  x  —  a,  the  variation  need  not  become 
absolutely  zero,  but  must  contain  no  infinitesimal  of  the  first  order.  And  a  further  limitation 
becomes  neecEsarj  in  addition  to  the  conditions  stated  in  the  test,  in  order  that  no  loss  of  real 
roots  may  be  incurred  in  consequence  of  the  variation. 
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ON   A  THEOREM  CONCERNING  DISCEIMINANTS. 

3/  the  Royal  Society  of  Lmdon,  xiv.  (1865),  pp.  336—337.] 

Let  F  {a,  b,  c,  d)  =  aM^  +  iad'  +  idb'  —  Sb/'c"  —  Qabcd,  and  let  a,  b,  c,  d  he 
four  quantities  all  greater  thau  zero,  which  make  this  function  vanish. 

(1)  The  cubic  equation  in  a;,  F(a,  ai,  c,  d)  —  0,  will  have  two  positive  roots 
(b,  bi);  BO  F(a,  6i,  a:,  d)  will  have  two  such  roots  (c,  c,),  F (a,  cc,  Cj,  d)  two 
such  {b,,  6a),  F{a,  b,,  x,  d)  two  such  (ci,  Ca),  and  so  on  ad  infinitum;  we  may 
thus  generate  the  infinite  series  biC^b^^ 

Similarly,  beginning  with  the  equation  F(a,  b,  x,  d),  and  proceeding  as 
above,  we  shall  obtain  a  similar  series,  c',  b',  c",  b"  ...;  and  combining  the  two 
together,  and  with  the  initial  quantities  b,  c,  we  obtain  a  series  proceeding  to 
infinit}'  in  both  directions b" c" b'c' bob,Cib^Ci 

(2)  The  four  quantities 

^     SF     BF     8F 

6a'    Sb'    be  '    M  ' 
where  F  represents  F  (a,  b,  c,  d),  will  present  one  or  the  other  of  the  three 
following  successions  of  sign, 


0     0      0      0 

(3)  When  the  last  is  the  case,  that  ia,  when  the  differential  derivatives 
ail  vanish,  the  quantities  b,  c  remain  stationary  in  the  above  double  infinite 
series ;  in  the  two  other  cases,  the  b  quantities  and  c  quantities  continually 
increase  in  one  dii-ection  and  continually  decrease  in  the  other,  the  increase 
taking  place  in  that  direction  in  which  we  must  read  the  successions  of  sign 
of  the  derivatives  of  F  so  as  to  begin  with  passing  from  plus  to  minus. 


(4)     To  the  increase  of  b  and  c  there  is  no  limit,  but  to  the  c 
each  there  is  a  limit,  namely  a^  d^  and  tt*  rfs  are  the  limits  towards  which  the 
b  and  the  c  terms  respectively  converge. 

I  conclude  with  remarking  that  the  above  theorem  is  only  a  particular 
illustration,  and  the  most  simple  that  can  be  given,  of  a  very  wide  theory 
relating  to  discriminants  of  all  orders  which  springs  as  an  immediate  conse- 
quence from  the  principles  involved  in  the  theory  of  variation  of  algebraical 
forms  referred  to  in  the  note  which  I  had  recently  the  honour  of  laying  before 
the  Society. 
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ON   LAMBERT'S  THEOREM   FOR  ELLIPTIC  MOTION. 

[Monthly  Notices  of  the  Royal  Astronomical  Society,  xxvi,  (1865),  pp.  27—29.] 

The  original  demonstration  by  Lambert  of  the  celebrated  theorem  which 
bears  his  name  was  a  geometrical  one,  see  Monthly  Notices,  vol.  xxii.  p.  238, 
where  this  demonstration  ia  reproduced  by  Mr  Cayley.  Lagrange  has  given 
no  le88  than  three  distinct  demonstrations  of  the  same  :  one  a  sort  of  verifi- 
cation by  aid  of  trigonometrical  formulae,  another  founded  on  a  property  of 
integrals,  and  a  third,  perhaps  the  most  remarkable  of  ail,  derived  from  the 
general  expressions  for  the  time  in  an  orbit  described  about  two  centres 
of  force  varying  according  to  the  law  of  nature  by  supposing  one  of  them  to 
be  situated  in  the  orbit  itself,  and  to  become  zero.  Notwithstanding  this 
plethora  of  demonstration,  the  following  direct  algebraical  method  of  proving 
from  the  ordinary  formulae  for  the  time  of  a  planet  passing  from  one  point 
to  another,  that,  when  the  period  is  given,  the  time  is  a  function  only  of  the 
sum  of  the  distances  of  these  points  from  the  centre  of  force,  and  of  their 
distance  from  one  another,  may  be  deemed  not  wholly  undeserving  of  notice. 

Let  p,  p  be  the  distances  of  the  two  positions  from  the  Sun,  c  their 
distance  from  one  another,  v,  v'  the  true,  u,  u'  the  excentric,  jji,  m'  the  mean 
anomalies  thereunto  corresponding,  e  the  excentricity, 

a>  =  m  —  m',  s  =  p  +  p',  A  =  ^(f  —  c'^): 
then 

p  =  l  —e  cos  II,  p'  —  1  —  e  cos  u',  m  =  u  —  e  sin  u,  m'  =  u'  —  e  sin  u', 

p  cos  j)  =  cosM  — e,      psinii  =  V{1  —  e')sin  u, 

p  cos  ti  =  cos  m'  —  e,   p'  sin  j/  =  •J{Y  —  e^)  sin  m', 

c^  =  /5^  +  p'^  —  2/)p'  cos  (n'  —  Jl). 
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Writing  for  brevity  c,c',s,s',  fur  cos m,  cosh',  sioji,  sinu',  and  to  avoid 
confusion  patting  also  for  the  moment  s,  c  in  place  of  the  original  s  and  c,  we 
have 

s  =  2  —  ec  —  ec',  w  =  m  —  m'  —  es  +  es', 

A^pp  +  pp' cos {v'  —  v)  =  l  +  cc'  +  ss' -  2e{o  +  c)  +  e^ (1  +  cc'  —  ss'). 


-2(c+c')  +  2e(l+cc'- 
-c-c 


then  J  is  the  determinant 

,  cs'—c's+2es-e^{cs'+c's) 
es  ; 


s'  +  2es'— e'(cs'+c's) 


^1+e, 


Denoting  this  determinant  by 

\  A.     B,     0 

-0,    E,    r    , 
\  G,    H.    K 
we  find 

{A,  B,C)-2H  {D,  E.  F)  +  2E  {G,  H.  K)  =  (0,  B,  -  B), 
{A,  B,  0)  -  2K  (D,  E,  F)  +  2f  {G,  H,  K)  =  (0,  -  C.  C), 
\A.      B,       G  \ 
so  that  /=     0,        B,  -B    =0. 


0, 


0 


Hence  restoring  s,  c,  instead  of  s,  o,  it  appears  that  dto  is  a  linear  function 
of  ds  and  tZA ;  that  is,  <d  is  a  function  of  s  and  A,  or  what  is  the  same  thing 
of  s  and  o,  independent  of  e.  If  then,  when  e=  1,  the  corresponding  vahtes 
of  p,  p',  V,  v'-,  11,  u'  are  r,  t\  0,  6',  <f>,  if),  we  have  cos ^  =  —  1,  cos ^  =  —  1, 
sin  d  =  0,  win  ^'  =  0,  r  —  r  =c,  r  +  r'  —  s,  whence  writing 

s  —  c 


1  —  cos  d 


,  1  —  cos  1^'  = 


we  have  finally  m  =  ^  —  ^'  —  sin  0  +  sin  0'  as  was  to  be  proved. 

Essentially  this  demonstration  is  of  the  same  value  as  the  first  of 
Lagrange's  three  methods  of  proof  above  referred  to,  but  with  the  difference 
that  it  leads  up  to  and  accounts  beforehand  for  the  success  of  the  transforma- 
tions therein  employed. 
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ON  AN  ELEMENTARY  PROOF  AND  GENERALIZATION  OF 
SIR  ISAAC  NEWTON'S  HITHERTO  UNDEMONSTRATED 
RULE  FOR  THE  DISCOVERY   OF   IMAGINARY  ROOTS*. 

[Syllabus  of  Lecture  delivered  at  King's  College,  Loiidonf,  June  28,  1865. 
Proceedings  of  the  London  Mathematical  Society,  i,  (1865 — 1866),  pp.  1 — 16.] 

Let  /ic  =  0  be  an  algebraical  equatioQ  of  degree  n. 

Suppose      /a!  =  o!oa!»  +  naia:"-i  +  ^«(ft  —  l)aim^-^+ +«.«„_ia^  +  «„; 

Mo,  Oi,  a^  .........  On  may  be  termed  the  simple  elements  of/ic. 

Suppose 
Ai,=  aa',    Ai  =  ai—ao(h:    -A2  =  a,.^  —  aia^,  ...  .dn-i  =  «-^n— !—''»-!!''«>    A,t  =  ar}; 

A^,   Ai,    A^i,  An   may   be   termed   the   quadratic   elements   of  fa. 

ar,  Mr+i  is  a  succession  of  simple  elements,  and  Ar,  Ar+i  of  quadratic 
elements. 

'  I  is  an  associated  couple  of  elements ; 

.    .  '^■'S-  is  an  associated  couple  of  successions. 

AtAt+i) 

A  succession  may  contain  a  permanence  or  a  variation  of  signs,  and  will 
be  termed  for  brevity  a  permanence  or  variation,  as  the  case  may  be.  Each 
succession  in  an  associated  couple  may  be  respectively  a  permanence  or  a 
variation.  Thus  an  associated  couple  may  consist  of  two  permanences  or  two 
variations,  or  a  superior  permanence  and  inferior  variation,  or  an  inferior 
permanence  and  superior  variation ;  these  may  be  denoted  respectively  by 
the  symbols  pP,  vV,pV,  vP,  and  termed  double  permanences,  double  varia- 
tions, permanence  variations,  variation  permanences.  The  meaning  of  the 
simple  symbols  p,  v,  P,  V  speaks  for  itself. 

*  In  ohap.  2  of  part  3  of  the  Antkmetica  Universalis,  entitled  "De  FormS,  ^q^viationis." 
t  The  suhstanee  of  this  leotura  was  oommnnioated  to  the  Mathematical  Society  of  London 
(ProfeesoT  De  Morgan  in  the  Chair),  Juue  19,  1866. 
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Newton's  rule  in  its  complete  form  may  be  stated  as  follows: — On 
writing  the  complete  series  of  quadratic  under  the  complete  series  of 
simple  elements  of  fco  in  their  natural  order,  the  number  of  double  per- 
manences in  the  associated  series,  or  pair  of  progressions  so  formed,  is  a 
superior  limit  to  the  number  of  negative  roots,  and  the  number  of  variation 
permanences  in  the  same  is  a  superior  limit  to  the  number  of  positive  roots 
in  >. 

Thus  the  number  of  negative  roots  =  or  <  SpP)  This  is  the  Complete  Rule  as 
„      „        „        „  positive  roots  =  or  <  S^Pj  given  in  other  terms  by  Newton. 

The  rule  for  negative  roots  is  dedueible  from  that  for  positive,  by  chang- 
ing X  into  —  X. 

As  a  corollary,  the  total  number  of  real  roots  =  or  <  SpP  -|-  2wP,  that  is, 
=  or  <  2P. 

Hence,  the  number  of  imaginary  roots 

=  or  >  M  —  2P,  that  is,  =  or  >  S  F, 

This  is  Newton's  incomplete  rule,  or  Jirst  part  of  complete  rule,  the  rule 
as  stated  by  every  author  whom  the  lecturer  has  consulted  except  Newton 
himself*. 

By  a  group  of  negative  signs,  or  a  negative  group,  if  we  understand  a 
sequence  of  negative  signs,  with  no  positive  sign  intervening,  this  incomplete 
rule  may  be  stated  otherwise,  as  follows  : — 

The  number  of  imaginary  roots  of  an  algebraic  function  cannot  be  less 
than  the  niimber  of  negative  groups  in  the  complete  series  of  its  quadratic 
elements. 

Arithmetical  illustrations  :— 

Relation  of  Newton's  complete  rule  to  rule  of  Descartes.  Newton's 
"  Imaginary  positives,"  "  imaginary  negatives  "  equivalent  to  S^F,  SwF", 

Newton's  complete  rule  may  be  made  to  undergo  its  first  step  of  gene- 
ralization as  follows : — 

Let  the  two  series  of  simple  and  quadratic  elements  of /(ic  H-  X)  be  formed, 
and  the  double  permanences  due  to  this  transformation,  say  SpP(X),  or  more 
briefly,  pP  (X),  be  called  the  number  of  double  permanences  proper  to  X,  and 
in  like  manner  pP  (fi)  the  number  of  the  same  proper  to  ft. 

*  In  some  cases  this  tnle  appears  to  give  very  little  information.  For  example.  If  vie  lake  the 
equation  i^  +  Sqx  +  r  —  O,  its  immediate  application  will  only  stow  that  if  all  tlie  roots  ace  real 
g^O.  If,  however,  we  maie  y  =  x>-  and  apply  the  criteria  to  tlie  transformed  equation  m  y, 
giving  \  sncceBsive  values  between  1  and  oo ,  the  rule  will  in  fact  lead  Ithough  by  a  difficult 
prooess)  to  the  true  discriminative  criterion ;  this  eiample  serves  to  show  that  there  is  a  deeper 
signifieance  seated  in  the  Newtonian  criteria  than  does  at  first  sight  appear. 

32—2 
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[N.B.  pP(0)  becomes  the  notation  for  what  has  been  termed  above 
2pP.] 

Then  we  have  the  theorem  following : — ■ 
Supposing  /i.>\, 

or  more  exactly, 

pP(lJ,)-pP(\)  =  (/i,X)  +  2k, 

where  (p,  X)  denotes  the  number  of  real  roots  included  between  /j,  and  X,  and 

k  is  zero  or  any  positive  integer. 

Statement  of  this  theorem  in  general  terms. 

This  is  to  Newton's  what  Fourier's  is  to  Descartes's, 

Fourier's  theorem  recalled ;  it  may  be  stated  as  follows  : — 

Form  the  simple  elements  appertaining  to  /(a?+X)  and  to  f(3;+ii) ;  then 

P(/*)    -p(S)       =(/i,X)  +  2A:,  briefly  p{ii)-p{\)=  or  >(/a,  X);  as  a  con- 
sequence 

^  (0)    -  p  (-  oo  )  =  i?  (0)  for  p  (—  00  )  =  0 ;  hence  permanences  in  fx  =  superior 
limit  to  number  of  negative  roots; 

p{'xi)—p(p)        =jj(0)  for  p(oo)  =  m;    hence   variations   in   /a;  =  superior 
limit  to  number  of  positive  roots. 
So  from  the  new  theorem,  briefly  No.  1  Theorem  (pr-esently  to  be  esta- 
blished in  a  more  general  form),  namely, 

pP(l^)-pP(\)=  or  >(^,\), 
since 

pP  (0)  -pP{-  oo)=pP(0)  ;  for  p  (-  00  )  =  0,  j)P  (-  ^  )=  0, 

we  obtain  pP  (0)  =  or  >  (0,  -  oo  ). 

On  examination  it  will  be  found  that  P  (+  ao  )  =  P  (-  co  )  =  ?i  or  {w  —  2) 
according  as  the  second  quadratic  element  in  P  (0)  is  positive  or  negative  *. 
Thus 

pP{x)-pP(0)  =  n-pP{0)^vV{0)  +  vP{0)+pV{0)  =  ov>{M,0), 
or  else 

pP{^)^pP(0)  =  n-2-pP(0)^vV(0)  +  vP(0)  +  pV{0)-2=or>i'J^.O), 
which  is  not  what  is  wanted ;  but  by  changing  as  into  -  x,  and  thereby  com- 
muting the  variations  and  permanences  of  the  simple  elements  oi  f{x)  one 

*  If  /ai^ldo.  "i.  <h.i  -  <^«i^,  !)">  and  if  B  =  a^-a„a^,  and  ft=±=o,  the  series  of  quadratic 
elements  (when  Ln  oaoh  term  onlj  the  highest  power  of  h  is  retained)  will  be  found  to  be  a' ;  Bh^; 
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into  the  other,  the  rule  for  the  negative  roots  gives  the  rule  required,  namely, 
cP(0)=  or>(oo,0)*. 

No.  1  theorem  may  be  transformed  or,  rather,  otherwise  stated  as 
follows : — 

The  simple  elements  oif{x  +  \)  are  in  feet 

/'"'^  ■  1    /'"-'^-    ■    1  ■  2      /"'-^'>-    .    .  y:2^.  ft 

1.2...n'    nl.2...{n-\y    «  («.- 1)  1 .  2...(re- 2)' ■"  '    n   1    '  ■' 
It  will  not  affect  the  successions  either  in  this  series  itself  or  the  derived 
series  of  quadratic  elements   if  we   reject  the  common   factor  ~  from 

each  term.     It  then  becomes 

fX-.f'-'X;  1.2/"-=X.;  l."2.3/"-=X;  1.2.3.4/"-'X,;  ... ;  1.2...'«/\;  etc.  (A) 
and  similarly  rejecting  the  positive  fiictors  1',  (1.2)*,  (1.2.3)^etc.,  from  the 
second,  third,  fourth  derived  terms  respectively,  the  derived  series  may  be 
written 

G„X;  (?^i\;  G^\;  ;  Gx,  (B) 

where  in  general 

•yr  denoting  the  fraction . 

Theorem  No.  2  stated.     If  7,.  in  the  above  association  of  series  4  „>  be 

subject  to  satisfy  the  equation  in  differences  2  -  7,  = ,  provided  y,  re- 
mains always  positive  from  r  —  n  to  r=l  inclusive"!",  ajid  if  we  call  the 
number  of  double  permanences  in  |  _}■,  pP(X),  then  it  is  still  true  that 

pP  (/J.)  -  pP  (X)  =  {/>.,  \)  +  2k. 
The  theorem  will  be  subsequently  simplified  by  intonating  the  above  equa- 
tion, and  will  be  shown  to  include  theorem  No.  1. 

*  So  in  general  pP(\)-rPt")  =  (/i,  A)  +  2fc',  where  fc' ia  zero  or  a  positive  integer.  We  have 
(liuB  a  second  theorem  aa  general  as  the  tirst,  aad  the  two  will  give  different  limits  unless  k  =  k', 
thatia,  nnle8sP(»  =  P(X),  for  2  (ft-i^)=P(H)-P(X).  There  is  nothing  eorreaponding  to  this  in 
Fourier's  theorem  ;  for  the  two  iueqnalitiea 

PW-pW=  or  <(ftM,    v[\)-v(i>,)=  or  <C",  X) 
constitute  not  dlatinot  but  identical  assertions. 

t  Aa  resardfl  the  necessity  of  the  extreme  limits  n  and  1,  observe  that  nnleaa  7„  were  made 
positive  the  product  of  ^  *  r  1  (*^^  ^'  !'■  ^^'  wonld  not  follow  the  s^  of  e  for  the  case  of 
r=n-l,  G„_i=0;  and  nnleaa  71  were  made  positive, /"./ would  not  be  po3itive(seep.  504)  when 
Gj  =  0;  cunaeqnently  the  three  final  associated  pairs  of  eigns  as  x  increases  m^ht  pass  through 

+  +  +  I  +  0  +l  +  -+r 

and  thus  a  double  permanence  would  be  lost  ia  the  ascending  transit. 
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A  theorem  No.  3  exists  derived  from  an  order  of  considerations  into  which 
this  Lecture  will  not  enter.  It  gives  much  greater  generality  to  the  value  of 
7,  by  the  introduction  of  a  second  arbitrary  parameter  into  the  criteria :  see 
footnote  *,  p.  508. 

I  proceed  to  establish  theorem  No.  2  by  a  method  precisely  analogous  to 
that  used  in  establishing  Fourier's  simpler  one. 

For  brevity,  by/''  understand /"■;!;;  by/'"(+e),  understand  f''{x±e);  and 
so  by  Qr,  Gr{±  e)  understand  Q^x,  0^  («  ±  e). 

e  will  denote  an  infinitesimal. 
"When/'-=0,/''e  =  €/^+\ 


But  (/'y-yr{f'-^)ir*'}  =  0 


^{(y-?-w^/-}. 


ff.(e)=^^.^G,.+.*  (0) 

Similarly,  when 

it  may  be  proved  that 

GAe)=-fTr\ &  ^'+^t. 

*  Consequently  if  we  write     '  f-      \  ^^^  product  of  tliese  four  quantities  obeys  tlie  sign 

o!  E.  '^'        ' 

+  For  esample,   If  G,=0  and  0^+1  =  0.  we  have 

But  2-37-  +  27r., -7_.Y,,.,  =3-27,  = .  -1  =  — . 
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We  can  now  trace  the  law  of  the  change  in  the  number  of  double 
permanences  in  the  associated  pair  of  series, 

/"•     /""'>     /""S---A     f'\     where  G  =  i  f^Y  -  rj^  f'-^    f''+' 

as  X  increaaes  continuously. 

No  change  can  take  place  except  at  the  instant  when  one  or  more  of  the 
terms  in  the  inferior  or  superior  series,  or  in  both,  simultaneously  become 
zero. 

1".     Suppose  a  single  term  in  the  upper  series  asf  to  become  zero. 
Writing  down  the  sequence  /*"+',  /"■,  f^'  in  conjunction  with  the  asso- 
ciated terms, 

Gr+u  Gr,    Gr-„ 

Gr+i,  Gr-j  are  seen  to  be  necessarily  positive,  and  Gr  of  the  contrary  sign  to 

f'*\/'-'. 

The  number  of  cases  depending  on  the  signs  of  /*■+'  and  /*■"'  are  four, 
but  reducible  to  two  essentially  distinct  ones  as  below  *, 

(+     0     +     I     +     0     -)  ^u) 

(+     -     +     I     +     +     +) 
For  (x  —  e)  these  become  respectively 

+     -     +     I     +     -     - 
+     -     +     I     +     +     + 
For  {x  +  e)  they  become 

+     +     +     1     +     +     - 
+     -     +     I     +     +     + 
And  there  is  neither  gain  nor  loss  of  double  permanencea 
2°.     Suppose  a  single  term  in  the  lower  series  to  become  zero.    From  the 
value  of  Gr  in  terms  o{f''*'f'',/''~',  it  follows  that  the  two  extremes  of  these 
three  must  have  the  same  sign;  and  the  signs  of  f'^\  f,  Gr+i,  Gr-i  give 
rise   to  sixteen  cases   reducible   to   the   four   following   essentially  distinct 
ones  f : — 

+     +     +  +-+  +     +     +  +-     + 

+     0+  +0+  +0-  +0-  + 

*  For  the  Bimnltansoua  reversal  of  the  signs  of  the  upper  line  will  not  affect  Uie  reaeoning. 
+  For  neiiher  the  reversal  of  the  signs  in  the  upper  nor  in  the  lower  line  will  affeot  the 
reasoning. 

J  The  nnmber  of  ooonrrenoes  of  the  combination         ,         as  a:  ascends  from  \  to  /<  will, 


except  for  epecial  caees,  ^  the  value  of  k,  and  the  number  of  o 

manner,  the  value  of  k' ;  ft,  ft'  having  the  meanings  attributed  to  them  at  footnote  *,  p.  501. 
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Immediately  after  the  transit  of  the  root,  wee  footnote  *,  p.  502,  these 
become  of  the  form 


And  imraediatelj'  before  the  transit  they  were  of  the  form 


In  the  first  of  the  four  cases  there  is  a  gain  of  two  double  p 
ascending  from   x-e  to  x  +  e;    in  the  other  three  cases  there  is  neither 
gain  nor  loss. 

Thus  for  a  single  vanishing  of  an  intermediate  term  in  the  upper  or 
lower  series  double  permanences  may  be  gained,  as  cc  continuously  increases, 
but  can  never  be  lost. 

The  same  conclusion  may  be  also  established  in  a  similar  manner  when 
several  consecutive  terms  of  the  lower  series  forming  a  group  vanish  simul- 
taneously, without  the  associated  upper  terms  any  of  them  vanishing;  and 
also  when  two  or  more  consecutive  terms  in  the  upper  series  vanish,  which 
necessitates  all  the  associated  terms  in  the  lower  series  also  vanishing;  and 
the  law  which  limits  the  increase  may  be  ascertained,  and  such  increase  may 
be  shown  to  be  always  an  even  number. 

But  these  cases  are  singular  cases,  and  may  be  met  at  once  by  the 
consideration  (equally  applicable  to  the  proof  of  Fourier's  simpler  theorem) 
that  if  two  Or  more  functions  of  a:  depending  on  fx  vanish  simultaneously, 
this  must  be  by  virtue  of  one  or  more  relations  existing  between  the  coeffi- 
cients of /a;  and  by  giving  infinitesimal  variations  to  the  coefficients,  we 
shall  leave  the  criteria  [the  two  sets  of  terms  corresponding  to  given  limits] 
virtually  undisturbed,  and  may  manage  that  the  coincidence  of  the  transits 
will  no  longer  take  effect;  at  the  same  time  in  general  the  character  of  the 
roots  will  remain  unaltered  as  regards  the  number  of  real  and  imaginary 
ones ;  so  that  the  singular  cases  come  under  the  operation  of  the  same  law 
as  the  general  case.  There  is,  however,  an  apparent  possible  exception  to 
this  reasoning,  namely,  when  fa:  possesses  one  or  more  groups  of  equal  roots,  in 
which  case  an  infinitesimal  variation  in  the  coefficients  may  be  accompanied 
with  a  change  of  character  in  the  roots,  such  as  a  passage  from  real  equal  to 
imaginary  pairs :  to  meet  this  objection  without  embarrassing  oneself  with 
intricate  considerations  as  to  the  signs  to  be  given  to  the  infinitesimal  varia- 
tions in  order  to  avoid  liability  to  such  change,  it  is  better  to  adopt  the  same 
kind  of  proof  as  is  usual  with  Fourier's  method,  which  there  is  no  difficulty 
in  doing  by  aid  of  the  expressions  given  above  with  reference  to  the  value  of 
/"{e),  and  consequently  also  of /"+'(e), /'*+''(e),  .../"+*-' (e),  when  /",  /"+^, 
_  _yii+t-i  jire  all  zeros,  from  which  may  easily  be  deduced  also  the  special 
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expressions  for  G'„(e),  Gn+i(G), ...  G|„+i_a)  (e)  applicable  to  this  case;  and 
again,  as  regards  the  case  when  a  group  of  lower  terms  vanish  without  the 
associated  upper  ones  so  doing,  by  aid  of  the  general  expressions  given  for  the 
G  functions  last  above  written.  But  time  would  not  suffice  for  goiog  into 
these  details  in  a  single  lecture*. 

We  must,  lastly,  consider  what  happens  when  one  or  more  of  the  terms  at 
either  extremity  vanish. 

/"  and  G„  are  constants,  and  can  never  vanish,  and  Cr  is  a  square,  and 
essentially  positive. 

But  suppose  ic  to  become  a  root  of /«,  so  that  /=  0,  then  the  last  pair 
of  couples  in  the  associated  series  immediately  before  the  transit  will  be 

■f'i-     if'i '   ^'''^    immediately    subsequent    to    the    transit    %,j'    ^.,^;    thus 

there  will  be  one  double  permanence  gamed  when  a  simple  root  is  passed  over. 

Suppose  now  le  to  become  a  root  of  the  *th  order  of  repetition,  equiva- 
lent, that  is,  to  i  roots  passed  over,  so  that  /"=0,/*  =  0,  /'=0,  ...f-'  =  0, 
then  the  last  *  + 1  superior  terms  of  the  Association  become,  immediately 
after  the  transit, 

fi-   -fi-   _!!_  p  ■   !l_  fi  ■  — ?^  n 

y  i    j/  .    12-'   '    1.2,3-'   '  1.2  ...i^  ' 


tantamount  to 

1; 


.2'    1.2.3' 


and  the  lower  terms  associated  therewith,  rejecting  the  common  factor/',  and 
certain  obviously  superfluous  positive  numerical  factors  besides,  become 

.;(l-^).,(.-^^)..;...(:-fi^).".... 

By  hypothesis  2  —  7i_,  >  0.  Hence  there  is  obviously  one  double  per- 
manence, namely  at  the  first  couple  of  pairs  above  written,  corresponding  to 
a  value  of  a^  immediately  greater  than  a  multiple  root,  whereas  for  a  value  of 
X  immediately  less  than  such  root,  there  is  no  double  permanence  at  all 
corresponding,  for  the  upper  series  will  consist  exclusively  of  variations  of 
sign  when  e  is  changed  into  —  e ;  as  regards  the  other  terms  in  the  lower 
series,  they  will  not  necessarily  be  all  positives,  unless,  in  order  to  meet  the 
case  of  equal  roots  in  fx,  we  determine  the  value  of  y,  in  the  equation 

2  —  7t  =  —  ,  subject  to  the  condition  that  7,  shall  be  not  only  positive,  but 

also  subject  to  the  limitation  7^  <  — ; for  all  values  of  i  not  superior  to  n 

*  See  Appendis  for  summary  of  demonstration  applicable  to  theso  lijpothesee. 


y  Google 


506  On  Sir  Isaac  Newton's  rule  [84 

[r  of  course  being  supposed  less  than  ij.  This  latter  limitation,  however,  will 
eventually  be  seen  to  be  included  in  the  former*.  This  being  the  case, 
it  follows  that  the  number  of  double  permanences  appertaining  to  the 
associated  series 

/".  /•-,  r-, .../',  / 

■will  be  increased  by  at  leaat  as  many  units  as  bbeve  are  real  roots,  equal  f  or 
unequal,  passed  over  as  we  ascend  from  X  to  /j.,  ajid  that  the  excess,  if  any,  of 
the  increase  of  such  number  over  the  number  of  real  roots  will  be  an 
even  integer. 

To  determine  the  value  of  7^-  make  jr  =  w^ ,  then 

or  Ur+^-2Ur+i+U^=0, 

of  which  the  general  solution  is  Ur  =  A  +  B{r  —  l);  so  that 
_A+B(r-1) 

^^ — aTb^- 

If  we  write  A=n,  5  =  —  1,  we  obtain 

2  3  n-1  n 


These  are  the  values  of  7,.  in  the  theorem  No.  1,  and  they  satisfy  the  two 
conditions  above  stated.     For  (1)  7,  is  positive,  and  (2) 
_n-r  +  \      i-r-V  1 

for  all  values  of  i  <  wj. 

Hence  theorem   No.   1   is  contained  in    theorem   No.  2,   and  Newton's 
theorem   is  contained   in   theorem  No.  1,  so  that  it  is  a  corollary  in   the 

•  It  is  shown  at  p.  507,  that  7,.= ,  j.  haviiia  any  value  not  intermediate  between  -  « 

and  0.    When  r  is  positiTB  7,.<1<^ . 

Again,  when  v  is  negative  letv=  tlin—        =■    =        > 

Hence  7,=  ^^-^=  or  <*4^ —     a    1  th        1       d      nd  t    n         tdl    at   fi   1      Th        1 
Ksoeption  is  when  y=  -n  and  i—n    that         wh  n  th         g  nal  N  wt  m  11       t  th 

employed,  e.nd  the  equation  has  allt  tqlt  anthf         hh  ft 

note  i,  below. 

t  Eaoh  root  repeated  m  times  counts  as  m  roots. 

J  The  degree  oE  fx  being  n,  i  is  neoeeaarily  leas  than  n,  unless  all  the  roots  are  equal,  a  case 
which  may  be  considered  excluded,  aa  then  all  the  Newtonian  criteria  become  aero. 
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second  order  of  derivation  from  our  theorem  No.  2.     Tiie  general  value  of 

7,  is  ^^ ,  V  being  any  real  quantity  whatever  not  intermediate  between 

0  and  — «.,  To  obtain  theorem  No.  1  we  must  make  v  =  —n.  In  that 
case  7n  = :;  and  accordingly  when  G,t_i  =  0,  6',^,  (e)  by  the  formula  at  p.  502 
should  vanish.  It  will  easily  be  found  that  for  this  peculiar  value  (?«_,  {x) 
becomes  independent  of  sc,  in  fact  a  constant*. 

Theorem  No.  2  may  also  be  stated  as  follows ; — 

If  c^+ c>x  +  c^x' + ^-c^x"=f{x), 

and  V  be  any  real  quantity  not  intermediate  between  0  and  —  n,  and  if 
£,        1.2ca  1.2. 3c3 

""  v'  v{v+\y  v{v  +  i){v+ty 


i  taken  as  the  simple  elements  of /c,  and 

'^ai   Mi^  —  MoO;,,   Oa^  — ajKg,   aV-i  — Oiij—aan.   ^t 


as  the  quadratic  elements  of  the  same;  and  if  we  understand  by  the  (cA) 
association  the  paired  series 

I  Of,    Ci Ca\ 

\A,A^ A„|' 

and  if  pP(\)  signifies  the  number  of  double  permanences  in  the  (c^) 
association  corresponding  iof{x  +  X),  then 

pP{fi)-pP{X)  =  {,j.,X)  +  2k^, 
where  k  is  zero  or  some  positive  integer. 

'When  v  =  —n,  this  theorem  becomes  effectively  identical  with  theorem 
No.  1  in  its  original  form. 

The  existence  of  a  theorem  No,  3,  including  No.  2,  and  containing  two 
arbitrary  parameters,  becomes  apparent  from  the  consideration  that  /x  =  0 
will  have  the  same  finite  roots  as  Fx  =  0,  where 

Fx  =  ea:"+*+J  +  r  fa  +v 

*  Ajialogoufi  obaervations  apply  to  the  other  extreme  oi  limiting  oaae  namely  that  where  n  is 
made  eqnal  to  zero,  for  then  7^  =  0  so  that  0^  —  [_P)''  and  la  alwajB  pcitive  so  that  when  J^ 
beoomea  0,  for  this  particular  Bystem  of  y'a,  the  three  last  couples  m  the  pair  of  progressions 
before  such  transit  may  be  ,  and  after  transit    ,      .      ,       ^"^  ibae,  contiarj  to  what 

usually  happens  (see  p.  503),  there  may  on  the  above  hypotheais  be  an  ettra  ga  n  of  two  double 
parmanenoeB  and  losa  of  two  variation  permanences  thus  inoreasing  the  values  o  I  and  k  in 
footnote  *,  p.  301,  which  of  course  does  not  afiect  Ilia  \ahdity  )f  the  theoiem 

+  Andof  eonrsealso  tiP(X)~iiP(f()  =  (/<,  \)  +  2k    whpre  1    s  zero  or  some  losit  \e  i  itegei 
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e,  Tj  being  two  infinitesimals :  this  brings  in  two  parameters,  which,  so  far  as 
this  particular  method  of  demonstration  of  their  existence  applies,  would 
seem  to  be  necessarily  integer,  but,  from  the  nature  of  the  question,  must 
obviously  admit  of  some  wider  definition*. 

The  labours  of  all  preceding  writers  on  this  subject  have  been  confined 
exclusively  to  the  iTn-perfect  form  of  Newton's  theorem ;  nor  previously  to  the 
lecturer's  communication  of  his  Trilogy  of  Algebraical  researches  to  the 
Royal  Society  of  this  year  was  anything  more  made  out  of  it  than  to  show 
that  if  an^  negative  terms  occur  in  the  quadratic  dements,  there  must  be 
some  imaginary  rootsf;  but  this  becomes  immediately  apparent  if  we  con- 
sider /  a  homogeneouH  function   of  the   nth  degree  in   a;  and  ^ ;    for  then 

the  number  of  imaginary  roots  of  -  or  -  iny(a:,  y)  cannot  be  fewer  than  in 

*  If  we  usa  theorem  No.  2,  j  may  be  made  zero  {it  will  be  foaod)  without  anj  loss  of 
eenetalitj ;  in  faot  it  it  be  made  greater  than  aero,  the  result  obtained  will  be  included  in  that 
obtained  by  making  it  equal  to  zero.  On  the  other  hand,  if  we  uae  theorem  No.  1,  retaining  for 
i,j  their  general  yaluea,  the  result  obtained  will  be  the  same  as  that  which  Sows  from  the  use  of 
theorem  No.  2,  withj  =  0,  except  that  it  will  be  speoialiaed  by  r  being  restrioted  to  integer  values 
only.  By  aid  of  the  method  aboTe  indicated,  we  may  substitute  aa  the  yaluea  of  a„,  a,,  a^,  ...  a„ 
in  p.  507,  [see  Erratum,  p.  513] 

'"•    ./I'    .{.+!)  '=•  ■  .>-+i)(.+2y  ''' 

Provided  c=  or  =.iorc=  or  <-m  and  i=  or  =-0.  The  partioulai  form  of  demonstration  indi- 
cated requires  i  to  be  integer ;  but  this  restriction  I  have  great  reason  to  believe,  indeed  have 
scarcely  a  doubt,  is  unnecessary  and  may  be  neglected. 

.    _^.        ,(■  +  !)_   . 

'•  i+r  (i+inf+2) 

may  be  termed  a  diveatible  system  of  ooefficienta ;  such  system  ig  a  generalization  of  the  ordinary 
binomial  system 

If  we  call  o,  |0,  7  ...  any  system  of  the  like  nature,  and  form  the  equation 

as" +  ^3^-1 +  71'^=+  =0, 

it  is  obvious,  or  at  least  very  readily  proved,  that  th         pi         t      ±  Ih       i  mnet  all,  or 

all  hut  one,  be  imaginary.    It  is  not  unlikely  tht         yyt  ^  y       whh    atisfies  the 

above  condition  and  one  or  more  other  gener  1  co  d  t  m       b      mpl      d        a  divestible 

system.     The  particular  system,  involving  two  a  b  t         par  m  t  b        gi        w  11  be  found  to 

satisfy  the  further  condition  that  H(i  its  Newton  tn      1      ten    (tl    A     A        .....d^^jof 

p.  488)  become  negative.     When  n=2  or  ■h  =  S  th  d         1 1         mpl       th    fit;  and  for 

these  cases  it  is  easily  proved  that  every  system    fq       t  whhtfith      eeond  (and 

therefore  the  first  condition)  forms  a  valid  sy  tern    f  d       tibl    ft  It  w         ke  i  =  0  and 

y  —  1,  we  learn  that  tlte  equation 

l  +  3:  +  a;3+  .,,  +^■'  =  0 
can  never  have  more  than  one  real  root;  if  we  make  i  =  0  and  n  —  a^,  we  learn  the  same  of  the 
equation 

'  +  "1^  +  17275+ +  17^7.- °- 

Newton's  own  rule  would  only,  in  these  and  snoh  like  examples,  reveal  the  eiistance  of  a  single 
pair  of  imaginary  roots. 
+  See  Postscript. 
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( 5~ )  \ir]  f^'"'  y^'  *  '*"*^  ?'  '^^^S  "■'*?/  ^'^'^  integers :  making  i  +j  =  n  —  2,  and 
giving  j  all  values  from  0  to  n  -  2  in  succession,  it  will  readily  be  seen  that 
Newton's  criteria  are  the  (juantities  which  respectively  serve  to  determine 
whether  the  quaAraiic  functions  obtained  by  these  various  substitutions  have 
real  or  imaginary  roots.  If  any  one  of  them  is  negative,  one  of  those  deriva- 
tives has  imaginary  roots,  and  therefore  the  primitive  function  y(ai,  y)  has  at 
least  one  such  pair*. 

Newton's  assertion  (if  it  is  his  own  assertion),  that  his  rale  will  in  general 
give  the  actual  number,  and  not  merely  a  superior  limit  to  such  number  of 
real  roots,  is  certainly  more  than  questionable.  For  if  f'x,  f'x,  f"'x,  f""w, 
f""x  have  respectively  not  more  than  *i,  %,  is,  i',,  %  pairs  of  imaginary  roots, 
this  rule  cannot  reveal  the  existence  of  more  than  j  pairs,  where  j  is  the  least 
number  of  the  set  of  numbers  i,-|-l,  4  +  1.  *s  +  2,  ij  +  2,  ^ -1- 3, 

Geometrical  illustration. 

Ortie  k  Oartesio,  quam  Kewtonus  insuper  ausit, 
Doctrinae,  en  !   demum,  fons  et  origo  patent. 


Postscript. 

Dr  J.  E.  Young  contests  the  accuracy  of  the  assertion  on  p.  508,  and  claims 
to  hace  demonstrated  Newton's  rule  twenty  years  ago.     Call  the  equation 

(a,  b,  c,d,e Ja;,  1)''  =  0; 

the  derived  cubics  are  of  course  to  a  factor  pr^s  respectively 

{a,h,c,d\3;,Vf;  {h,G,d,e^x,\f]  {c,  d,  e,  f'^x,  If ;  &e. 

*  In  like  manner,  if  [a,  6,  c,  d]  represent  the  discriminant  with  its  sign  revarBei  of  ^ 
(a,  b,  c,  dip,  yf, 
the  foot  of  any  of  the  gaEintitles 

[a,  b,  e,  dl     [&,  e,  d,  e],    [a,  d,  e,  /],  &e. 
becoming  negative  wii!  imply  the  esiatenoe  of  some  imaginary  roots  in 

(a.b,^,d,e,f...lx,y)-, 
and  BO  in  general.    One  would  he  glad  to  know  whether  by  aid  of  a  complete  tabl      t  th 
diserimiaantB  of  a  ftinotion  of  the  nth  order   and  of  its  successive  derivatiTae   (      [     t     ly 
2,  3,  ...  (ll-  1]  in  number),  it  is  possible  or  not  to  ascertain  the  exact  number  of  its  i  al       t 

When  M,  is  4  the  only  dubious  ease  arising  under  sucli  table  ia  that  where  the  dis  nm  nant    I 

the  quaitio  itself  is  positive  but  those  of  its  two  derived  cubics  and  three  derived  quad  at        a  1 

negative.    In  sach  case  it  remains  to  be  ascertained  whether  it  is  true  or  not  that  th         ts   f  tt 

iiuartie  cannot  all  be  imaginary,  or  (which  is  here  the  same  thing)  must  all  of  necessity  be  real. 

It  seems  desirable  to  show  as  priori  that  when  the  roots  of 

are  all  real,  the  criteria  p^- 3,  ip'-fr,  &a.  are  DecesEarily  all  positive.  This  endoscopic  method 
of  proof  I  have  not  yet  been  able  to  complete  ;  but  I  have  noticed  that  if  a,  ^,  y,  S  ...  are  the 
roots  of/iT,  and 


e  loUowing  somewhat ' 

i>'-«-s[(. 


(!—)(.-« 


B  relations  obtain,  namely. 
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It  is  with  these  cuhics  that  Dr  Young,  in  his  argument  (if  it  may  be  called 
so)  exclusively  deals.  Omitting  merely  superfluous  ohservations  his  ratioci- 
nation rune  as  follows : — ■' If  any  of  these  limiting  cuhics  indicate  imaginary 
roots  when  submitted  to  the  criteria,  such  indications  will  imply  imaginary 
roots  in  the  proposed  equation.  But  several  indications,  apparently  distinct, 
may  offer  themselves  in  those  equations  which,  upon  closer  examination,  may 
be  found  to  be  necessarily  dependent  or  concurrent.  Distinct  imaginary 
pairs  can  of  course  be  inferred  only  from  independent  and  non-concurring 
conditions.  We  have  therefore  to  inquire  hOw  these  are  to  be  discovered  in 
the  above  series  of  equations.  And  first  we  may  remark  that  since  only  one 
iniaginaiy  pair  can  enter  into  a  cubic  equation,  it  follows  that  whether  the 
criterion  of  imaginary  roots  is  satisfied  by  the  three  leading  terms  of  any  of 
the  above  cuhics  or  by  the  three  final  terms,  or  simultaneously  by  both  sets 
of  three,  one  imaginary  pair,  and  one  only,  is  implied.  Hence  when  both  sets 
of  three  terms,  furnished  by  any  cubic,  fulfil  tlie  proposed  conditions,  these 
conditions,  though  really  independent,  that  is,  not  necessarily  implied  one  in 
the  other,  nevertheless  necessarily  concur  in  indicating  the  same  thing.  Thus 
only  a  single  imaginary  pair  can  be  inferred  from  any  ime  of  the  limiting 
cuhics,  whether  the  criterion  is  satisfied  for  one  set  of  three  terms  or  for  the 
two  consecutively. 


"  If  the  first  set  of  three  (that  is,  the  leading  terms  in  the  first  set)  satisfy 
the  criterion,  we  can  immediately  infer  the  existence  of  one  imaginary  pair. 
If  the  next  set  (the  final  terms  of  the  same  cubic)  also  satisfy  it,  the 
preceding  condition  merely  recurs,  and  supplies  no  additional  information. 
In  this  case  the  following  set  of  three,  the  leading  terms  of  the  next  cubic..,, 
furnish  the  same  concurring  condition...,  and  so  on,  until  we  arrive  at  a  set 
of  thiee  teims  for  which  the  condition  fails,  thus  putting  a  stop  to  the  series 
of  concuirmg  indications,  and  preparing  the  way  for  new  and  distinct  con- 
ditions altogether  unconnected  with  the  former.  As  soon  as  the  criterion 
again  holds,  the  condition  being  thus  entirely  independent  of,  and  unconnected 
with,  the  former,  must  imply  another  and  distinct  imaginary  pair,  and  so  on 
to  the  end  of  the  series."  Dr  Young  subsequently  goes  on  to  observe  that 
the  criteria  of  the  successive  cuhics  (discarding  repetitions)  are  identical  with 
those  of  the  original  equation,  which  he  says,  "we  now  know  to  be  so 
connected  together,  that  if,  when  proceeding  from  one  set  of  three  terms  in 
the  equation  to  the  three  next  in  order,  the  consecutive  criteria  both  have 
place,  the  recurrence  is  to  be  regarded  merely  as  a  second  indication  of  the 
same  thing — the  existence  of  a  single  imaginary  pair ;  and  that  as  soon  as  the 
condition  fails,  preparation  is  made  for  a  new  and  independent  indication,  and 
so  on,  until  all  the  sets  of  three  have  been  examined.  Hence  the  indications 
that  are  really  non-concurrent,  and  consequently  the  number  of  imaginary 
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roots  inferrible  from  them,  may  be  noted "  according  to  a  rule  "  which  is 
virtually  the  same  ae  that  of  W^ewtoo." 

This  is  the  sum  and  substance,  in  a  simplified  form,  of  Dr  Young's  so- 
called  proof.  "  It  is  such  stuff  as  dreams  are  made  of,"  and,  culminating  as  it 
does  in  a  palpable  petitio  principii,  does  not  need  a  detailed  refutation  at  the 
hands  of  the  author  of  this  lecture.  It  is  not  by  such  vague  rhetorical 
proeeaaes,  but  by  quite  a  different  kind  of  mental  toil,  that  the  truths  of 
science  are  to  be  won,  or  a  way  opened  to  the  inner  recesses  of  the  reason. 


Appendix 


;  the  singular  cases  re/erred  to  in  the  text  foregoing, 
see  p.  504. 


}  only  four  hypotheses  admissible 


It  may  easily  be  shown  that  the 
concerning  vanishing /'s  and  G's. 

1°.    f'  may  vanish,  but  not  the  adjacent  terms  nor  the  associated  term  0^. 

2".     Gr  may  vanish,  but  not  the  adjacent  terms  nor  the  associated  term_/^. 

3".  (S„  Qr-w<  ■■•  Gr+i-j  (i  being  greater  than  unity)  may  vanish  without 
(my  of  the  associated  terms  vanishing. 

4*^,  /*■, /^',  .../^'~'  (*'  being  greater  than  unity)  may  vanish,  and 
coTtsequently  also  G^,  Gr+j.  ■-■  Gr+i-i  all  vanish. 

Hypotheses  (1)  and  (2),  which  are  the  only  cases  that  can  happen  in 
general,  have  been  discussed  in  the  text  preceding. 

Now  consider  the  3rd  hypothesis. 

1st.     Suppose  *  any  even  number  (say  4),  so  that 

Gr  =  0,    (?.+,  =  0,    Gr+^  =  0,    Gr+,  =  0, 

then  /^~',  /^+^  /^+'  have  the  same  sign  inter  se, 

and  f^,  /^+',  f^"^*  have  the  same  sign  inter  se, 

and  there  wil!  be  four  essentially  distinct  cases  as  below,  representing  the 

partial  association 

\f-\  A  f^^  f^\  f'''  f*' ' 

1  Gr-^,    Gr,    G^+„    Gr+,.    G,+,       ' 


,    Gr^, 


at  the  moment  of  x  taking  the  critical  value  which  c 
namely — 


+  +  +  +  +  + 
+   0000+1 


■  +  +  +  +  +  I 

-0000-1 


■  0  0    0    0   +. 


3  the  G's  to  vanish. 


+  -  +  -  +  - 
+  0  0   0  0   -  I 
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Immediately  after  the  passage  of  the  critical  vakie  these  signs  become 

4-  +  +   +  +  +  I  +  +   +  +  +   -I  +  -  +  -   +   +   I  +  -  +   -  +  -I 
aa  appears  from  the  expression  for   Gr(e)  in  terms  of  Gr+i,  f'',  /^*  given 
at  p.  502 ;  and  immediately  before  tiie  passage  these  partial  associations  are  of 
the  form 

+  _  +  _  +  +  |4--  +  _  +  _j  +  +  +  +   +   +  j   +  _,_   +  +  +  _    I 

There  will  thus  be  a  gain  of  4  double  pennanences  in  passing  upwards 
through  the  critical  values  in  the  two  first  cases,  and  neithei'  gain  nor  loss  in 
the  two  last. 

2ud.  If  i  is  any  odd  number,  say  3,  there  will  still  be  4  eases,  for  which 
respectively  the  signs  after  transit  will  be 

+  +  +  +  +  I  +  +  +  +  +  I+-  +  -  +  I  +  -  +  -  + 

+  +  +  +  +  I  +  +  +  +  -I  +  -  +  -  +  I  +  -  + 

and  before  transit, 

+  +  +  +  +  I   +  +  +  +  +I   +  -+-   +   I   +  -4--  + 

+  -  +  -   +  I  +  -   + I  +  +  +  +  +   I   +  +  +  +  - 

showing  a  gain  in  the  upward  passage  of  4,  2,  0,  0  double  permanences 
respectively. 

Lastly,  let  us  consider  the  4th  hypothesis. 
Ist.     Suppose  i  is  any  eveii  number  (say  4),  and  that 
f  =  0,f+^  =  0,  f+^  =  0,  f+'  =  0, 
then,  after  the  transit,  the  f  and  G  associated  series  from  r  +  4  to  r  —1 
become,  writing  for  brevity's  sake  i^  for/^+*  and  ^}r  for/"^', 

where  7^  is  positive,  and,  as  follows  from  what  is  proved  in  footnote  *,  p.  502, 
J,,  S-a,  ^3  also  will  be  all  positive.  Thus  there  will  be  essentially  only  two 
cases,  according  as  <J3,  i|r  have  the  same  or  contrary  signs ;  after  transit,  the 
association  will  be  of  the  form 

]+     +     +     +     -     +l°^l+     +     +     +     +     +1 
and  before  transit  (changing  e  into  (—  e))  of  the  form 

|+_     +     _     +     +|  |+_     +     _     +     _| 

or 
I+4-     +     +     +     +I  I+     +     +     +     -+I 

showing  a  gain  of  2  double  permanences,  or  else  of  4  such. 


y  Google 


84] 


for  the  discovery  of  Imaginary  Hoots 


2nd.     If  i  is  any  odd  nuiuber,  as  3,  the  associated  series  corresponding  to 
the  values  of  r,  from  r  +  3  to  r  —  1,  using  <^  to  denote  /"■+',  will  be 


s  after  transit  will  be 


+      +     + 
I   +     +     + 
and  before  transit 


-  y^(f,f ;  f\ 


I   +     +     +     + 


showing  a  gain  of  2  double  permanences  on  either  supposition  in  the  ascent 
from  as  —  e  to  x  +  e.  And  so  in  general  from  the  3rd  and  ith  (the  two 
singular)  hypotheses,  whatever  the  value  of  i  may  be,  an  even  nnmber  of 
double  permanences  may  he  gained  in  passing  upwards  through  a  critical 
value  of  «,  but  none  can  ever  be  lost  * :  this  completes  the  demonstration. 

*  TliB  nnmber  of  double  permaneQeeB  gained  on  the  3rd  lijpothesis  will  be  in  tiia  4  subcases 
respectively  3i,  9i,  0,  0  if  2t  conseoative  G'a  vanish,  and  2i  +  2,  2i,  0,  0  if  2i  + 1  of  them  vanish 
on  the  4th  hypothesis,  in  the  2  subcases  the  respective  numbers  gained  will  be  2i  -  9,  9i  if  2i  eon 
seeutive/'s  vanish,  and  2i.  2i  if  2i  +  l  of  them  yaniah :  thia  statement  requires  a  slight  modifica- 
tion for  the  particular  form  of  the  theorem  No.  2  corresponding  to  i-^O.  It  maybe  noticed  thai 
in  an  exhaustive  study  of  this  theorem  two  sorts  of  singularities  occur  separately  or  in  aoa 
tioh,  namely,  those  arising  out  of  the  form  of  the  equation,  and  those  imparted  to  the  criteria  by 
giving  critical  values  to  the  limited  arbitrary  parameter. 


Theorem  3  is  stated  erroneously  in  footnote  ("),  p.  .'J08.  Correctly  stated  it  furnishes  a  wider 
generalization  of  Newton's  own  theorem  than  ean  be  obtained  directly  from  the  theorem  1  or  2  of 
the  teat,  but  not  a  generalisation  of  those  theorems  themselves.     It  should  be  as  follows  :— 


a  the  pair  of  progressions 


then  if  i  is  ft  positive  integer  the  nnmber  of  double  permanences  is  a  limit  to  the  number  of  the 
negative  roots,  and  the  number  of  variation  permanences  to  that  of  the  positive  roots  in  fx. 
Possibly  this  theorem  confiimeE  to  subsist  when  i  is  any  positive  quantity. 


y  Google 


85. 

OBSERVATIONS   SUR   UN   ARTICLE   DE   M.    POULAIN. 
[Les  Mondes,  xi.  (1866),  pp.  435—437,] 

C'est  avec  une  vive  satisfat^tion  que  j'ai  trouv^  dans  les  Mondes  le  compte 
rendu  fait  par  M.  Poulain  de  nioD  travail  sur  le  th^arfeme  de  Newton.  Je 
m'estime  fort  heureux  d'avoir  rencontr^  dans  le  savant  membre  de  la  com- 
pagnie  de  J&us  un  interprete  aussi  fidfele.  L'expoaition  ne  laisse  rien  &. 
d^sirer  en  fait  de  precision  et  de  clart^.  Permettez-moi  de  prendre 
moi-meme  la  parole  dana  votre  journal,  pour  ajouter  quelqiies  nouveaux 
d^veloppements  propres  k  fairs  voir  toute  I'^tendue  de  la  th^orie  en 
question. 

Et  tout  d'atord,  ne  voulant  pas  m'attribuer  ce  qui  appartient  h  autrui, 
je  tiens  h.  faire  remarquer  que  le  tiie'orfeme  noninie  par  moi  Newton's  complete 
rule  a  et^  donne  par  Newton  lui-ni§me.  Je  I'appelte  ainsi  pour  le  distinguer 
de  I'autre,  que  je  nomme  par  opposition  Newton's  incomplete  rule.  C'est  ce 
dernier  theorfeme  seul  qui  a  oceup^  I'attention  de  Maclaurin,  Waring,  Euler, 
et  de  tons  les  autres  auteurs  qui  ont  voulu  traiter  cette  question.  Yoilh 
pourquoi  on  I'a  design^  de  preference  sous  le  nom  de  thdorhme  de  Newton. 
Newton  commence  par  ^noncer  la  rfegle  imparfaite  qui,  suivant  la  remarque 
de  M.  Poulain,  n'est  que  le  coroUaire  du  th^oreme  premier.  Mais  apres  cet 
^nonce  et  quelques  applications  num^riques,  il  ajoute"  le  theorfeme  dans  sa 
forme  complete.  II  est  trfes-curieux  de  remarquer  comment  ce  theorfeme 
parait  se  lier  dans  I'esprit  de  Newton  au  theorfeme  de  Descai'tes.  II  semble 
avoir  eu  I'idee  que,  dans  un  certain  sens  transcendant,  chaque  variation  de 
signes  des  coefficients  simples  pent  etre  regard^e  comme  indiquant  une  racine 
positive,  et  chaque  permanence,  comme  indiquant  une  racine  negative.  Seule- 
ment  il  distingue  chacune  de  ces  espfeces  de  racines  en  r^elles  et  imaginaires. 
Les  racines  positives-iinaginaires  correspondent  aux  doubles-variations,  et  les 
racines  n^gatives-imaginaires  aux  permanences -variations. 

2".  En  consultant  le  syllabus  cit6  par  M.  Aug.  Poulain,  on  trouvera  que 
j'ai  donnd  une  demonstration  rigoureuse  du  th4orfeme  2,',  non-seulement  pour 
le  cas  auquel  se  borne  mon  habile  commentateur,  c'est-jt-dire  le  cas  ofi  y^ 

la  fraction  ,  mais,  en  general,  pour  chaque  valeur  de  7^  qui 

k    r^quation    2  —  y^  =  —    k    la    condition    toutefoia    que    y^   reste 
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positif  pour  toutes  les  valeurs  de  r  comprises  eritre  1  eb  m,  ces  limites  ^tant 

exclues.     Cela  revient  k  dire  qu'on  peut  poser  7^  =  — ,  pourvu  que  ^ 

ait  une  valeur  r^elle  quelconque,  non  comprise  entre  0  et  m,  mais  pouvant 
d'ailleurs  ^tre  tine  de  ces  valeurs  limites.  On  voit  done  qu'en  realite  je 
d^montre  un  th^or^me  troisifeme,  qui  devienfc  le  deuxifeme  si  Ton  attribue  k  fj. 
une  de  ses  valeurs  limites,  la  valeur  m. 

Dans  la  troisieme  partie  d'un  travail  ins^r^  par  moi  dans  les  Philosophical 
Transactions  de  I'ann^e  demifere,  j'avais  a  traiter  les  caractferes  invariantifs 
qui  servent  a  distinguer  exactement  les  trois  cas  efforts  par  les  Equations 
du  cinquifeme  degr^.  Cette  foia  encore  je  suis  tomb^  sur  des  formules  renfer- 
mant  un  parametre  pouvant  prendre  des  valeurs  arbitraires  entre  certaines 
limites.  II  y  a  la,  en  ce  qui  concerne  les  criteria,  un  ph^nomene  jusqu'alors 
inconnu  dans  les  fastes  de  I'algebre. 

On  trouvera  un  esemple  de  I'utiiit^  duth^oreme  troisifeme  dans  la  partie 
math^matique  de  VEducational  Times  du  moia  d'avril  de  cette  ann^e. 

3".  II  reste  encore  une  remarque  importante  k  faire  sur  I'application  des 
th^oremes  deusi&me  et  troisifeme ;  c'est  que,  a  la  formule 

pP  (^)  -  pP  (X)  =  (X,  /J.)  +  2ff ,  iff) 

on  doit  ajouter  la  formule  ^galement  importante 

vP  {X)  -  vP  i^)  =  {X,  ^)  +  2K',  (7) 

qui  se  d^duit  de  la  pr^c^dente  quand  on  change  x  en  ~x  dans  I'^quation 
donn^e.  Ces  deux  formules  (J3)  et  (7)  donnent  des  limites  tout  k  fait 
ind^pendantes  I'une  de  I'autre,  de  sorte  qu'on  peut  comparer  le  th^orfeme 
ainsi  pr^sent4  h  un  fusil  k  deux  coups :  si  I'un  des  canons  rate,  I'autre  peut 
atteindre  le  but.  II  va  sans  dire  que  la  formule  (7)  peut  se  demontrer 
directement  sans  se  servir  de  (0), 

4".  II  existe  \ine  m^thode  pour  modifier  les  ^nonces  des  formules  (0)  et 
(7),  Au  point  de  vue  th^orique  elle  ine  paratt  utile  parce  qu'elle  fournit  le 
moyen  de  se  passer  du  mot  g^nant  variatiori-permanence,  en  reraplagaut  cette 
combinaison  m^Me  par  une  double-variation. 

Remarquons  que  si  la  succession  |     .'     „      est  une  double-permanence, 

'  T  T)  le  sera  aussi.  Mais  si  ,'  _  est  une  variation -permanence, 
\  aA,    bB  \  \  A,    B  \  '^  ' 

'  ,  „  chanQ-e  de  earactere  et  devient  une  double-variation.  Done 
I  aA,    bB  I  ^ 

si   Ton    substitue   des   ^Mments    cubiques   aux    elements   quadratiques,   en 

^crivant 

33—2 
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et  si  Ton  fait  porter  les  symboles  V,  P,  noii  plus  sur  la  s^rie  des  0,  mais  sur 

celle  des  ^jr,  les  formules  (^)  (7)  deviendront 

pP(f,)-pP{X)~(\^)  +  ;iK.  (B) 

.F(X)-«7W  =  (A,rt  +  2-T'.  (C) 

5".  La  s^rie  1^  donne  lieu  h,  un  nouveau  th^oreine.  Remarquons  que  le 
th^or^me  de  Budan  s'exprime  indiff6remment  par  la  forraule 

ou  bien  v(X)-v  (/i)  =  2A.  (D) 

A  I'aide  de  la  s^rie  des  1/',  on  peut  modifier  ces  formules;  car  en 
rapportant  lea  signes  P  et  V  k  ces  nouvelles  quantit^s,  on  peut  ^tablir  les 
formules 

OU  bien 

L  etant  un  iiombre  entier  positif  quelconque,  pair  ou  impair. 

La  demonstration  et  quelques  corollaires  aimplea  de  cette  proposition 
(E)  sont  donnas  dans  le  Philosophical  Magazine  du  mois  de  niai  de  cette 
annee,  [p.  542,  below]. 

6°.  Les  quatre  formules  (/S),  (7),  (B),  (C)  peuvent  §tre  r^unies  avec 
avantage  dans  la  pratique,  quand  on  opere  avec  la  methode  dite  de  Fourier 
servant  k  s^parer  les  racinea  d'une  Equation. 

P.S.     J'ajoute  un  exempie  de  I'importance  du  parametre  arbitraire  que 
j'ai  introduit  parmi  les  criteria. 
Prenons  I'equation 

ou  bien 

a;"  +  M:E^"  +  n(n-l)iE"-2+  ...  +1 .2.S  ...n  =  0. 
Avec   la   rfegle   de   Newton,   ou    trouvera    pour   la   serie    dea    elements 
quadrat  iques 

1;  -1;  1;  1  ;...;  1, 

et  de  cette  serie  on  ne  peut  eonclure  qu'^  I'existence  d'une  seule  paire  de 
racines  imaginaires.     Mais  avec  I'aide  du  th^oreme  general,  on  obtient 

1;  0;  0;...;  0;  1, 
et  cette  nouvelle  sMe  prouve  que  toutes  les  racines,  a  1' exception  d'une  seule, 
quand  n  est  impair,  aont  imaginaires. 
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ON  AN  ADDITION  TO  POINSOT'S  ELLIPSOIDAL  MODE  OF 
REPKESENTING  THE  MOTION  OF  A  RIGID  BODY  TURN- 
ING FREELY  ROUND  A  FIXED  POINT,  WHEREBY  THE 
TIME  MAY  BE  MADE  TO  REGISTER  ITSELF  MECHANI- 
CALLY. 

[Proceedings  of  the  London  Mathematical  Society/,  t  (1866),  No.  vi.] 

The  author  of  this  communication  alluded  to  the  well-known  geometrical 
representation  invented  by  Poinsot  for  exhibiting  the  motion  of  a  rigid  body 
acted  on  by  no  forces,  through  the  medium  of  an  ellipsoid,  whose  principal 
moments  of  inertia  are  equal  to  those  of  the  rotating  body,  and  which  is 
supposed  to  roll  without  swinging  upon  a  iixed  plane,  its  centre  remaining 
fixed.  He  pointed  out,  as  an  imperfection  in  this  mode  of  repi'esentation, 
that  whilst  it  exhibits  the  geometrical  path  of  the  body,  it  gives  no  image  to 
the  mind  of  the  time  in  which  any  portion  of  such  path  is  performed ;  the 
velocity  of  rotation  in  any  position,  it  is  true,  is  in  a  manner  represented 
proportionally  by  the  length  of  the  radius  vector  drawn  from  the  fixed  centre 
to  the  point  of  contact  of  the  ellipsoid  with  the  fixed  plane ;  but  of  the  time, 
there  is  no  indication  aflbrded  other  than  what  can  be  inferred  analytically 
from  this  law  of  velocity  by  means  of  an  integration.  The  author  explained 
how  this  imperfection  could  be  remedied  and  the  time  put  distinctly  in 
evidence,  and  conceived  as  registering  itself  on  a  dial  plate  as  the  ellipsoid 
continues  to  roll.  For  this  purpose,  the  part  of  the  ellipsoid  remote  from  the 
fixed  plane  may  be  conceived  to  be  pared  away  until  its  form  becomes  that 
of  a  portion  of  an  ellipsoid  confocal  with  the  surface  in  contact  with  the  fixed 
plane.  This  confocal  part  of  the  surface  may  be  conceived  to  be  brought  into 
contact  with  a  fixed  plate  parallel  to  the  fixed  plane,  and  capable  of  only  one 
motion,  namely,  of  revolution  round  an  axis,  which,  if  produced,  would  pass 
through  the  fixed  centre,  and  perpendicular  to  the  fixed  plane.  It  was 
explained  how  the  ellipsoid  in  the  act  of  rolling  upon  the  last-named  plane 
would  roll  upon  the  plate  parallel  to  it,  and  at  the  same  time  by  the  friction 
drive  the  plate  round  its  axis :  this  angular  rotation  could  be  measured  upon 
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a  fixed  dial-face  immediately  above  the  plate,  and  the  amount  of  it  would  be 
always  precisely  proportional  to  the  time  that  would  be  occupied  by  the  body 
which  the  ellipsoid  represents,  if  perfectly  free,  in  passing  from  any  given 
position  to  any  other ;  that  is  to  say,  the  representative  ellipsoid  passing  from 
a  position  A  to  a.  position  B,  and  in  the  act  of  passing  from  A  to  B,  driving 
the  rotating  plate  through  the  angle  U,  fT  would  measure  the  time  in  which 
the  free  body  could  pass  from  A  to  B.  If  «.=,  b\  c'  be  the  semi-axes  squared 
of  Poinsot's  ellipsoid,  a=  — \,  b^~X,c^  —  \  of  the  confocal  one  above  described, 
L  the  initial  impulsive  moment  of  the  I'ree  body,  the  time  between  the 

impulse  being  supposed  given,  the  relation  between  the  time  and  the 
magnitude  of  the  divisions  in  the  dial- plate  is  invariable;  and  thus  by 
supposing  the  fixed  plane  and  the  parallel  plate  to  admit,  by  a  preliminary 
adjustment,  of  being  set  at  any  required  distance  from  one  another,  the  same 
instrument  would  continue  to  measure  on  the  same  scale  the  time  of  the  free 
body  passing  from  any  initial  position  whatever  to  any  other  position  into 
which  it  could  turn. 
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ASTRONOMICAL  PROLUSIONS:  COMMENCING  WITH  AN  IN- 
STANTANEOUS PROOF  OF  LAMBERT'S  AND  EULER'S 
THEOREMS,  AND  MODULATING  THROUGH  A  CONSTRUC- 
TION OF  THE  ORBIT  OF  A  HEAVENLY  BODY  FROM  TWO 
HELIOCENTRIC  DISTANCES,  THE  SUBTENDED  CHORD, 
AND  THE  PERIODIC  TIME,  AND  THE  FOCAL  THEORY 
OF  CARTESIAN  OVALS,  INTO  A  DISCUSSION  OF  MOTION 
IN  A  CIRCLE  AND  ITS  RELATION  TO  PLANETARY 
MOTION*. 

[Philosophioal  Magaz'lne.  xxxi.  (1866),  pp.  52 — -76.] 

The  original  demonstrabion  by  Lambert  of  the  celebrated  theorem  which 
hears  his  name  was  a  geometrical  one.  See  Monthly  Notices  of  the  Astrono- 
mical Society,  Vol.  xxil.  p.  238,  where  this  demonstration  is  reproduced,  or 
rather  recapitulated,  by  Mr  Cayley.  See  also  Lambert's  own  Insigniores 
Orhitw  Gometanmt  proprietates,  Augusta  Vindelicorum  (Augsburg),  1761.  It 
occupies  seven  or  eight  pages  of  this  celebrated  tract,  and,  elegant  as  may  be 
considered  the  chain  of  geometrical  enunciations  from  which  it  is  deduced,  is, 
as  a  specimen  of  geometrical  style,  little  worthy  of  the  inconsiderate  com- 
mendations which  have  been  heaped  upon  it,  containing,  as  it  does,  a  hybrid 
mixture  of  algebraical,  geometrical,  and  trigonometrical  ratiocination.  The 
late  Professor  MacCuliagh,  as  I  am  informed  by  my  ingenious  coadjutor, 
Mr  CroftoD,  one  of  his  hearers  at  Trinity  College,  Dublin,  greatly  improved 
upon  Lambert's  method,  and  succeeded  in  reducing  it  to  a  purely  geometrical 
form,  Lagrange  has  given  no  less  than  four  distinct  demonstrations  of  the 
same, — one  a  sort  of  verification  by  aid  of  trigonometrical  forraulse  in  which 

*  Communieated  by  the  author.  A  portion  ot  this  paper  haa  appeared  in  the  Monthly  Noticei 
of  the  Astronomical  Society  of  London  for  December  last  [p.  496,  above],  namely,  so  much  ot  it  aa 
relates  to  Lambert's  theorem  'proper.  The  portion  concerning  ciroulai  motion  formed  the  subjeot  of 
a  oommunioation  to  the  London  Mathematical  Society  at  the  meeting  of  December  18,  1865.  The 
part  which  presented  itself  l^t  to  the  anthoc's  mind,  and  is  consequently  the  least  developed,  is 
that  wMoh  relates  to  the  determination  of  the  forces  in  any  orbit  to  any  two  (or  more)  oenttea  of 
force.  The.  general  expression  for  such  forces  will  be  found  stated  further  on  in  a  footnote, 
where  the  eqiiation  of  radial  work  is  defined  and  employed  to  obtain  the  solution  in  a  form  of 
unexpected  simplicity. 
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the  ecfientric  anomalies  are  introduced;  a  second  of  a  similar  nature,  but 
dealing  only  with  the  true  anomalies;  a  third  founded  on  a  property  of 
integrals* ;  and  a  fourth,  perhaps  the  most  remarltabie  of  any,  derived  from 
the  general  expressions  for  the  time  ia  an  orbit  described  about  two  centres 
of  force  varying  a,ceording  to  the  law  of  nature,  but  one  of  them  supposed  to 
be  situated  in  the  orbit  itself,  and  to  become  zero,  Notwithstanding  this 
plethora  of  demonstrations  I  venture  to  add  a-  seventh,  the  simplest,  briefest, 
and  most  natural  of  all,  in  which  I  employ  a  direct  method  to  prove,  from  the 
ordinary  formulae  for  the  time  of  a  planet  passing  from  one  point  to  another, 
that,  when  the  period  is  given,  the  time  is  a  function  only  of  the  sum  of  the 
distances  of  these  points  from,  the  centre  of  force,  and  of  their  distance  from 
one  another. 

Let  p,  p  be  the  distances  of  the  two  positions  from  the  sun,  c  their 
distance  from  one  another,  v,  v'  the  true,  u,  v!  the  eccentric,  m,  m'  the  mean 
anomalies  thereunto  corresponding,  e  the  eccentricity, 

m  =  m-m',     s  =  p  +  p',     A  =  i(4'^-c=); 
then 

f)=l  — ecoSM,     p'=l— ecosw',     m  =  u-~esmu,     m'  =  M'— e  sinw', 

p  cos  V  =  cos  u  —  e,        j3  sin  tJ  =  */(l  —  e^)  sin  u, 

p'  cos  1/  =  cos  u'  —  e,     p  sin  w'  =  V(l  —  e^)  sin  w', 

0^  =  (3^  +  p'^  —  2pp'  cos  (v'  —  v). 

Writing  for  brevity  p,  p',  q,  q'  for  cos u,  cos  u',  sin  w,  sin u,  we  have 

s  =  2  —  ep  —  ep',     Q>  =  w  —  w'  —  eg  +  eq', 
A  =  pp'  +  pp  cos  (v' -  ii)  =  1  +  jjp'  +  qc[  ~  2e (^  +  p)  +  e^l  -  23'  +  Pp')- 


Let 
then  J  in  the  determinant 


d  (e,  M,  u') ' 


-2{p  +  p')  )       {- p'q  +  pq' +  ^eq\  ,    i-p^  +  p'q  +  2eq'\ 

\-2e{l+pp'-qq')]'    \- e^pq' +  p'q)     )'    \-eHpq'  +  p'q)      ) 


-p-p  ;  eg  ;  eq 

-  q  +  q'  ;  1—  ep  ;  — 1  + 

*  The  property  in  question,  discovered  by  Lagrange,  Is  that  the  integral 


le  traaisformed  it 


in  applying  it  to  Lambert's  theorem  a,  6,  c  are  made 
Bousequenoea  appear  to  as  to  deserve  fiiitlier  study;  i 
npon  l>j  the  writers  on  elliptic  tunctioiiB. 
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A. 

B, 

C 

D, 

K, 

F 

G: 

H, 

K 

{A,B,  G)-1H{D,  E,  F)  +  2E(Q,  JI,  K)  =  {0.  B,  -B), 
(A,  B,  G)  -  tK  (D,  E,  F)  +  2^  ((?,  H,  K)  =  (0,  -  C,  C), 


0, 


Hence  it  appears  that  dm  is  a  linear  function  of  ds  and  dA ;  that  is,  m  is 
a  function  of  s  and  A,  or,  what  is  the  same  thing,  of  s  and  c,  and  independent 
of  e.  If  then,  when  e  =  1,  tlie  corresponding  values  of  p,  p',  v,  i/,  u,  u'  are 
r,  r',  Q,  &,  A,  A',  we  have 


- 1,     cos  $ 


110  =  0, 


ne'^0, 


whence,  writing 


we  have  finally 

(u  =  0  —  0'  —  sin  0  +  sin  0', 

as  was  to  be  proved. 

'  this  demonstration  is  of  the  same  nature  as  the  first  of 
e's  four  methods  of  proof  above  referred  to,  but  with  the  difference 
that  it  leads  up  to  and  accounts  beforehand  for  the  success  of  the  transforma- 
tions therein  employed. 

Alluding  to  Lambert's  cumbrous  demonstration,  Lagrange  says  of  it, 
"His  theorem  merits  the  especial  notice  of  mathematicians,  both  on  its 
own  account,  and  because  it  appears  difficult  to  arrive  at  it  by  algebraical 
processes  (caloul);  so  that  it  may  be  ranked  among  the  small  number  of 
those  in  which  geometrical  seems  to  have  the  advantage  over  algebraical 
analysis."  In  the  nature  of  things  such  advantage  can  never  be  otherwise 
than  temporary.  Geometry  may  sometimes  appear  to  take  the  lead  of 
analysis,  but  in  fact  precedes  it  only  as  a  servant  goes  before  his  master 
to  clear  the  path  and  light  him  on  his  way.  The  interval  between  the  two 
is  as  wide  as  between  empiricism  and  science,  as  between  the  unders 
and  the  reason;  or  as  between  the  finite  and  the  infinite. 
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The  result  so  simply  obtained  above  is  of  course  not  restricted  to  the 
case  of  the  ellipse,  but  appKes  to  motion  generally  about  a  centre  of  force 
according  to  the  law  of  nature. 

Calling  t  the  time,  the  syzygy  shown  to  exist  between  H,  Bs,  Sc,  being 
independent  of  any  supposition  as  to  the  value  of  e,  or  as  to  the  reality  of  the 
functions  employed,  will  of  necessity  continue  to  obtain  where,  e  heiog  greater 
than  1,  the  motion  becomes  hyperbolic.  If  ^  be  the  absolute  force,  and  1,  as 
before,  the  semi-major  axis,  writing 

'  =  \/j^'      ^tan2  =  «.,      .tan-  =  ^. 

the  rest  of  the  notation  being  preserved,  we  obtain,  by  direct  integration  and 
substitution, 

»         1     j^  +  i?     t'  +  ic"\ 

2     l-«"U-«"      1-«'V' 

A  1       (<■  +  ,.■)(,■  +  »;■■) 

8    (i-.'f(i-^'){i-,;-y 

f  -  ^*  {log  i^  -  log  i^  +  2  («  -  a,')  (1  -  ^i')! . 
And  we  must  needs  find  by  actual  computation  the  Jacobian 

Making  e  =  0,  and  giving  ic,  x'  their  corresponding  values  in  terms  of  s 
and  A,  there  r 


and  accordingly 

,  ^  A  (log  I  V(s  +  c  +  2)  -  V(s  -  c)}  -  log  y{s  -  c  -  2)  -  V(s  -  c))l 
^  1    -VK^  +  c  +  ir-i}         +       v|(«-c+i)^-i)         }■ 

It  is  worthy  of  notice  that  the  effect  of  making  6  =  0  or  e  =  — 1  in  this 
case,  like  that  of  making  e  =  1  in  the  case  of  elliptic  motion,  is  to  reduce  the 
motion  to  that  of  a  body  in  a  straight  line,  but  with  the  difference  that  for 
the  eliiptic  the  reduced  motion  is  that  of  a  body  moving  between  the  point 
of  instantaneous  rest  and  the  centre  of  force  or  point  of  infinite  velocity, 
whereas  for  the  hyperbola  it  is  that  of  a  body  moving  on  the  same  side 
of  these  two  points. 

The  theorem  for  the  ease  of  the  parabola  was  given  by  Euler  (1744), 
but  reproduced  independently  by  Lambert  in  the  j 
Sectiones  1,  2,  in  1761, 
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I  think  the  idea  of  the  general  theorem  may  not  unlikely  have  originated 
in  an  observation  of  the  accordance  in  form  of  the  result  for  parabolic  motion 
with  that  for  motion  in  a  straight  line,  an  accordance  easily  verified  to  extend 
to  motion  in  a  circle.  Such  coincidence,  to  a  mind  open  to  the  impressions 
of  analogy,  could  hardly  iail  to  suggest  the  necessity  of  the  existence  of  a 
deeper-seated  law,  of  which  these  extreme  cases  must  represent  the  out- 
croppings.  Euler's  theorem  is  of  course  included  as  a  particular  case  in 
Lambert's,  and  may  be  derived  from  it  by  making  a  infinite  in  the  expression 
for  i  as  a  function  of  s,  c,  a;  but  it  may  also  be  obtained  independently 
as  follows.  Calling  4m  the  latus  rectum,  retaining  the  rest  of  the  notation, 
and  writing  tan  ^  =  g,  tan  ^  =  §",  we  easily  find 


iVA-m 

(!  +  «■), 

»-m(2  +  5-  +  5''), 

^-mSlfa-rt  +  itf- 

-5")1. 

Hence  the  Jacobian 

d  (i  VA,  s,  V2 .  () 

d(m.  q,  i) 

becomes  a  multiple  of  the  determinant 

1  +  5S'.                i. 

5 

2  +  (^  +  5'=,                2<;, 

2, 

3  (?-}') +  3"-?'',     2  +  2?, 

-2- 

Calling  this 

A,     B,     C 

D,    E,     f    , 

G,    H,    K 

it  will  be  found  that 

K 


(A,B,0)i 


siD.E.F)- 


-j,{G,H,K)  =  a,B,-B, 
(0,  if, -ST)- 0,- CO; 


2^+£^ 

and  consequently  the  Jacobian  in  question,  as  before,  talies  the  form 
B,        0 
B,     -B    , 
-C.         C 


which  is  identically  zero ;  so  that  t  i 
and  one  solution  is  left  free  between 


a  function  only  of  3 
11,  3,  3'- 
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Making  5  =  0 

0 ,  we  have 

»(5-rt  =  ^(,-^A)  =  ^(£i!)^^^<iIll) 

„(,  +  ,-)_V(.  +  VA)     ^'<»+«)  +  V(.-0) 

„,.V(»H-.),       „,^  =  V(-«); 

and  thus 

i-H(» +  »)'-(» -«)•)• 

[87 


There  is  a  sort  of  pendant  to  Lambert's  theorem  which  is  worthy  of  notice. 
If  we  call  p  —  p'  =  u  and  c^  —  a-"  —  D,  writing 

ae  (sin  u'  —  sin  u)  =  ft, 
we  have  also 

(l-e')a=fl-«"K»-«)l=A 
ea  (cos  1^  —  cos  u')  =  cr, 
from  which  we  easily  obtain 

so  that  il  is  a  function  only  of  c,  e,  <t,  as  by  Lambert's  theorem  it  is  a  function 
only  of  c,  a,  s.     Moreover,  since 

it  is  apparent  that  the  change  in  the  mean  anomaly  ia  a  complete  function 


— ,  ~.  Comparing  the  value  of  il  given  immediately  above  with  that 
which  is  contained  in  Lambert's  theorem,  the  solution  of  a  linear  equation 
leads  immediately,  after  certain  simple  reductions,  to  the  equation 

where  s'  +s  =  4a.  And  as  there  is  nothing  to  determine  the  signs  of  p  or  p', 
the  above,  by  interchanging  severally  and  independently  p,  p  with  —p,—  p , 
represents  eight  values  of  e  : — four  corresponding  to  the  change  of  p  into  —  p, 
and  p'  into  —  p',  contained  in  the  expression  immediately  above  written, 
combined  with  the  equation  s'  +  s  =  +  4a ;  and  four  in  the  conjugate 
expression 

<r«'+c'  +  Vl(0' -"")(<!■ -"■■)!' 
where  it'  +  c7  =  ±  4a. 
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Since  we  have  also  (calling  i  the  augle  between  c  and  a)  cos  ^  =  —  in  the 

first  ease,  and  coai  =  —  in  the  second  case,  the  problem  of  determining  the 
conic,  of  which  one  focus,  the  major  axis,  and  two  points  are  given,  is  thus 
completely  solved.  This  of  course  comprehends  the  analytical  solution  of  the 
problem  of  determining  the  magnitude  and  position  of  the  orbit  of  a  planet 
from  the  periodic  tinne,  two  heliocentric  distances,  and  the  included  angle, 
of  which  no  mention  is  to  be  found  in  any  of  the  ordinary  books  of 
astronomy,  or  even  in  the  Tkeoria  Motus,  where  one  would  naturally  expect 
to  find  it. 

There  are  thus  eight  values  of  e\  and  the  solution  is  eightfold.  The  sign 
of  cosi  being  left  ambiguous  does  not  raise  the  number  to  16;  for  thia 
ambiguity  depends  upon  the  fact  of  the  direction  of  c  being  incapable  of 
analyticaE  representation ;  only  one  of  these  values  of  cos  i  will  appertain  to 
any  stated  case.  If  F  be  the  given  focus,  P,  Q  the  two  given  points,  and  G 
the  second  focus,  by  rotating  the  figure  about  the  line  FG,  P,  Q  come  into 
the  positions  P',  Q' ;  c,s,<7  remain  unaltered ;  but  the  angles  between  Q'P', 
FQ,  and  between  QP,  FG,  become  supplementary.  If  we  chose  to  effect 
a  direct  solution  of  the  problem  of  determining  the  orbit  without  the  aid 
of  the  eccentric  anomalies,  we  should  have  to  eliminate  6,  ff  between  the 
equations 

aa~e-)  .^a{l-e')        c=^p^  +  p'^-2pp'cos(^-^'). 

'^     1  —  e  cos  ^  '^      1  —  e  cos  ^  '^      '^         '^'^        ^  ' 

This  elimination  will  be  found  to  lead  to  a  quadratic  equation  in  e^,  the 
coefficients  of  e"  and  ^  vanishing;  and  we  thus  obtain  an  eightfold  solution 
as  before,  but  in  a  more  involved  form.     Or,  again,  we  might  write 

xx'  +  yy  =  c^ 

and  between  these  five  equations  eliminate  ,x,  a;',  y,  y.  By  the  general 
theory  of  elimination,  e'  should  rise  to  the  sixteenth  degree  in  the  resultant; 
but  in  fact  it  will  rise  only  to  the  eighth.  The  following  obvious  geometrical 
construction  will  perfectly  account  d.  priori  for  the  existence  of  the  excluded 
infinite  values  of  e^. 

Since  FP±GP=±2a   and   Fq±GQ=± 2a, 

G  will  be  any  point  in  the  intersection  of  either  of  two  circles  0„  Cj  with 
either  of  the  two  K^,  K^,  where  the  squared  radii  of  6\,  C^  are  (2a-i-FPy, 
and  of  K-i,  Ki  (2a4--^Q)^  (^Oj  —  FQ)"^  respectively.  Consequently  there  are 
eight  real  or  imaginary  positions  of  (?  at  a  finite,  and  eight  at  an  infinite 
distance. 
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It  ia  obvious  that,  if  we  restrict  the  orbit  to  being  elliptical,  there  can 
never  be  more  tliaii  two  admissible  solutions;  but  treating  the  question 
more  generally,  any  even  number  of  solutions  whatever  may  exist  from 
0  to  8,  both  inclusive.  I  am  indebted  to  my  able  friend,  Dr  Hirst,  for  the 
following 'figure,  illustrating  the  interesting  case  where  all  eight  solutions  are 
real  and  hyperbolas. 


(P.) 


Supposing  FP,  FQ  to  be  each  greater  than  2«,  there  will  be  no  difficulty 
in  verifying  the  following  statement. 

One  pair  of  hyperbolse,  in  which  P,  Q  lie  in  the  branch  containing  F,  will 
be  always  real ;  a  second  pair,  in  which  they  lie  in  the  opposite  branch,  will 
be  real  or  imt^inary  according  as  s  is  greater  or  less  than  c  +  4a,  that  is. 


according  as  2tt  is  less  or  greater  than  - 


A  third  pair,  in  which  the  two 


given  points  are  distributed  between  the  two  branches,  will  be  real  or 
imaginary  respectively  according  as  2a  is  less  or  greater  than  — ^ ;  and  a 
fourth  pair,  where  the  same  distribution  occurs,  will  be  real  or  imaginary 
according  as  2a  is  greater  or  less  than  — g— . 
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It  is  of  course  only  with  the  first  kind  of  hyperbolae,  that  in  which  the 
given  points  lie  in  the  branch  concave  to  the  given  focus,  with  which  the 
problem,  regarded  as  an  astronomical  one,  is  concerned.  But  in  all  cases  the 
formulie  given  for  the  determination  of  e  and  i  admit  of  immediate  adaptation 
to  logarithmic  computation.  Thus,  for  example,  if  we  take  the  one  which 
meets  the  case  of  distribution  between  the  two  branches  of  an  hyperbola, 
namely. 

2  («■  -  o-) 


(„,r'  +  0-)±V((c--«')(<?-Ol 

writing 

,-seo* 

.-cseoX,     ,  =  »c™,.,     „-  =  » 

we  obtain 

tan<A  =  tanXsec'^r^ 

±  COS  i  =  COS  \  cos  0. 

Viewed  as  a  question  of  analytical  geometry,  the  investigation  as  to  the 
reality  of  the  curve  would  have  to  be  treated  in  a  more  general  manner ; 
that  is,  without  assuming,  as  I  have  done,  the  necessity  of  the  inequalities 
fi</3,  +  pa,  (r>  pi  — Pa,  where  pi,  p^  represent  the  two  given  focal  distances; 
for  it  is  a  very  important,  although  hitherto  strangely  neglected  geometrical 
principle,  that  every  real  conic  is  at  one  and  the  same  time  an  ellipse  and 
hyperbola;  namely,  either  an  actual  ellipse  accompanied  by  an  ideal  hyper- 
bola, or  an  actual  hyperbola  accompanied  by  an  ideal  ellipse.  This  may 
immediately  be  made  manifest  by  considering  how  the  ordinary  rectangular- 
coordinate  equation  to  a  conic,  with  its  origin  transferred  to  a  focus,  is 
connected  with  the  property  of  the  conic  in  respect  to  its  two  foci.  Calling  p, 
p'  the  two  focal  distances  of  any  point,  the  equation  to  rectangular  coordinates 
is  obtainable  by  equating  to  zero  the  norm  of  the  quantity  2a  +  p  +  p,  where 
p  represents  \/{i^  +  ^),  and  p'  represents  i/K^ae  +  tey+i/''],  which  norm  will 
only  be  of  the  second  degree  in  x,  y,  although  a  product  of  four  factors  each  of 
the  first  degree  in  x,  y,  owing  to  the  vanishing  of  the  coefficients  of  the  terms 
that  ought  to  rise  to  the  fourth  degee  in  the  variables.  Calliog,  then,  this 
norm  JV,  we  see  that  the  quadratic  equation  JV=  0  is  satisfied  alike  by  the 
equations  p  -)-  p'  =  2a  and  p  —  p'  —  2a,  the  difference  being  that  one  of  these 
will  belong  to  the  apex  of  an  actual,  and  the  other  to  that  of  an  ideal 
triangle,  according  to  the  sign  of  e—  1. 

It  may  not  he  quite  out  of  place  here  to  show  how  immediately  the 
knowledge  of  the  exi.stence  of  a  third  focus  to  the  Cartesian  ovals,  that 
remarkable  discovery  of  our  illustrious  Eoyal  Society  Laureate  of  the  year, 
flows  from  a  similar  process  to  the  one  above.  For  taking  the  norm  of  the 
expression 

a  ^{a?  +  f)  +  ^(b'^afl  +  l^f  +  2bcie  +  c=)  +  (^^ 
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the  equation  to  any  such  curve  becomes 

{{¥  -  a^  {w"  +  y^)  +  %hcx  +  c^j'^ 

+  d*  =  0, 
that  is,  (6^  -  a')"  (^  +  y^)'  +  ific  (6'  -  a^)  a:  (ic=  +  3^) 

+  {2  (c'  -  d")  6=  -  2  (c=  +  (i»)  a=}  («=  +  y=) 
+  46^3^^  +  4  (c^  -  (P)  &C3;  +  (0=  -  (f )'  =  0 ; 

in   which  equation  o?,  h%  c^,  <P  may  obviously  be  replaced  by  a^,  0\  7^,  B\ 
provided 

^^  _  a=  =  &=  _ 

^7        =  ic, 


Writing  for  a',  6*,  c',  rf',  &c.  a,,  b,,  c^,  di,  aud  squaring  the  second  equation, 
we  obtain  a  symmetrical  system  of  equations,  namely, 
ySi-«i=  h,~a„     7i—  B,  =  Ci  —  d„\ 

for  determining  a,,  ^i,  7,,  S,.  Throwing  out  the  solution  a,  =  ai,  ^1  =  61, 
7,  =  Ci,  Si  =  dti,  only  one  other  solution  will  be  found  to  exist,  which,  restoring 
the  original  variables,  becomes 


-d^ 


d'-c",, 


with  the  condition  that  ^7  =  be. 

■  The  complete  arithmetical  determination  of  the  signs  to  be  given  to  the 
several  quantities  a,  0,  7,  S  requires  a  distinct  and  detailed  examination, 
which  it  would  be  irrelevant  to  enter  upon  in  this  place ;  it  is  enough  to  see 
that  a  second  focus  0  at  the  distance  =-  from  a  given  one  F  may  be  moved 

along  the  line  FG  to  a  new  focus  H  at  the  distance  ^  from  F,  the  —--'-'-- 


- ,  I  am  not  aware  that  M.  Chasles  has  ever  disclosed  the  apergu  which  led 
him  to  this  unlooked-for  discovery.  It  is  to  be  hoped  that  he  will  not  allow 
future  ages  to  labour  under  the  same  doubt  as  to  the  source  from  which  he 
drew  it  as  we  must,  it  is  to  be  feared,  ever  remain  under  with  regard  to  the 
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origin  of  Newton's  rule,  recently  demonstrated,  or  Lambert's  theorem,  the 
raotiye  to  this  paper.  In  this  age  of  the  world  euristic  is  even  more  im- 
portant to  the  promotion  of  science,  and  its  secrets  less  likely  to  be  recovered 
than  those  of  mere  apodictic. 

Since  a  focus  may  be  regarded  as  the  intersection  of  two  tangents  from  the 
circular  points  of  infinity,  we  may  generalize  the  problem  of  constructing 
the  orbit  by  considering  it  as  a  particular  case  of  constructing  the  conic 
which  passes  through  two  given  points,  touches  two  given  straight  linea, 
and  has  a  principal  axis  of  given  length. 

Taking  the  two  given  linea  supposed  to  be  inclined  to  each  other  at  the 
angle  a  as  the  axes  of  coordinates,  the  equation  to  the  curve  may  be  written 
under  the  form 

which,  writing 

G  _  A 

'^~^     2AV-&'     ^     ''     2AG-B" 
becomes 

Adding  X  (^^  —  2  cob  a^t}  + 1}^)  to  the  left-hand  side  of  the  equation,  the  dis- 
criminant of  that  side  bo  augmented  becomes 

(sin  a)"  X'  -I-  (-4'  -I-  2  cos  aAC+  C7=  -  2  cos  aB')X  +  B'  (B"  -  2AC). 
Hence,  calling  the  squared  reciprocal  of  the  given  principal  semiaxis  q,  and 
writing  \  —  oTn — r  1'  ^^  obtain 

4sinaY^  +  2(2^(?-S)*(A'-h2cosa.^(7-t-(?-^-2cosa.£=)^ 

+  (S^-2^G)^=0; 
combining  which  with  any  of  the  four  couples  of  linear  equations, 

pA±^{1-p<l)B  +  qG+l  =  Q,     p'A±.J(2p'q')B  +  qC+l  =  (i, 
obtained  by  substituting  foi'  x,  y  the  coordinates  of  the  two  given  points, 
we  obtain  six  sets  of  quadruple  solutions,  making  twenty-four  finite  solutions 
in  all.     This  result  is  in  perfect  accordance  with  that  which  applies  to  the 

case  of  the  tangents  meeting  at  the  focus ;  for  when  -  is  the  square  of  the 
principal  semiaxis  in  which  the  focus  lies,  we  have  already  found  eight 
solutions;   and  when  -  refers  to  the  other  semiaxis,  we  have 

which,  considering  c,  s,  cr  given,  leads  to  a  biquadratic  in  s'  which  serves 

to  fix  the  curve ;  and  as  there  are  four  systems  of  values  of  s,  a-  arising  from 

s.  II.  34 
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the  permutations  of  the  sigtie  of  p,  p',  we  thus  have  four  times  four,  or 
sixteen  solutions  over  and  above  the  previous  eight,  making  twenty-four 
in  all,  as  in  the  general  case. 

We  might  generalize  the  problem  otherwise  by  supposing  given,  not  the 
magnitude  of  a  principal  axis,  but  that  of  a  diameter  through  the  intersection 
of  the  two  given  tangents ;  or,  again,  in  quite  a  different  direction  by 
supposing  three  points  P,  Q,  it  to  be  given  in  o.  Cartesian  oval  defined 
by  the  equation  kp—p'  =  'la,  p  referring  to  a  given  focus  ^,  and  /a' to  a  second 
focus  (?  to  be  determined,  a  also  being  given,  but  k  being  to  be  determined. 
It  is  easy  to  see  that  in  this  case  also  the  position  of  G  may  be  obtained  by 
the  intersections  of  circles ;  for  the  ratios  PG  :  QG  :  RG  will  be  known ;  there 
wiU  thus  be  eight  pairs  of  solutions  arising  from  the  permutations  of  the 

signs  of  pi,  p.j, /3s  which  measure  FP,  FQ,  FR;  and  calling -^ e,  it  would  be 

an  interesting  analytical  question  to  express  the  eight  systems  of  k  and  e  in 
terms  of  pi,  pa,  ps,  and  c„  c.^,  Cj  the  three  chords  joining  P,  Q,  R, — these  six 
quantities,  of  course,  being  not  independent  but  connected  by  the  well-known 
equation  between  the  mutual  squared  distances  of  any  four  points  from  one 
another  on  a  plane. 

Touching  the  Cartesian  ovals,  Mr  Crofton  has  well  remarked  that  a  circle 
may  be  regarded  as  one  of  a  very  peculiar  kind.  For  if  we  take  any  two 
points  electrical  images  of  one  another,  inverses;  in  Dr  Hirst's  language,  or, 
as  I  prefer  to  call  them,  reciprocals  or  harmonios  in  respect  to  a  given  circle, 
the  distances  p,  p'  of  any  point  in  the  circle  from  them  will  be  connected  by 
the  equation  —hp  +  p'  =  (i;  so  that  any  pair  of  harmonics  whatever  of  a  circle 
may  be  regarded  as  foci  of  such  curves.  The  third  focus  correlated  to  each 
pair  will  evidently  be  the  centre;  for,  calling  its  distance  from  any  point 
in  the  circle  p",  we  have  0  .p-\- p"  =c;  in  the  first  equation  the  modulus  k  is 
finite  and  the  constant  zero;  in  the  second  the  modulus  is  aero  and  the 
constant  finite.  Consequently  a  circle  is  a  Cartesian  oval,  not  only  as  a 
particular  case  of  a  conic,  but  'propria  Marte  and  porismatically  in  quite 
another  sort  of  way*.     Now  it  is  well  known  that  a  conic  may  be  described 

Th       t  will  be  seen  tb  t  1      d      t   d  rivation  through  the  ellipse,  the  oirole  deeoeiids  by 
a   h  rt      t    mm  d  at  If  f    m  th    Ca  t     aa  oval ;  reealling  to  mind  the  singula  condition  of 
n      gm    tj    f  th.   ill  f  t  d  d         dan       f  Laius,  at  once  children  and  grand- chOdi'en  to  their 
m  th  n      nd  b    th  th       f  th         Viewed  as  eprung  from  tlie  ellipse,  there  ehonld 

b    but    w    CO  n    d    t  tatt  t  h    circle;  it  is  the  fraternal  aspect  of  the  relationship 

wh   h  b  ing   into  th  t  f    n  nfiuite  number  of  suoh  foci  in  the  oircle  ;  every  point 

m  faot  being  a  foeus.  This  is  explained  by  ooneidering  the  oirole  so  desoended,  not  (like  a  conic) 
aa  a  Cartesian  oval  with  a  branch  at  an  infinite  distance,  but  without  such  branch,  and  as 
doubled  upon  itself;  thus  the  circular  points  at  infinity  become  each  double  points,  and,  as  well 
remarked  by  Mr  Cayley,  every  line  through  either  such  double  point  is  analytically  a  tangent  to 
the  curve,  and  thus  every  point  in  the  plane  of  the  oircle,  being  the  intersection  of  two  such 
tangents,  ought  to  be,  as  it  is,  a/oc!ie. 
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by  two  forces  (varying  as  the  inverse  square  of  the  distance,  and  tending  to 
its  two  foci).  This  led  uie  to  inquire  whether  some  analogous  theorem  did 
not  hold  of  a  circle  in  respect  to  any  of  its  pairs  of  foci,  that  is  of  harmonica ; 
and  I  find  such  is  the  case,  as  the  annexed  simple  investigation  will  make 
manifest. 

Call  the  radius  of  the  circle  unitj/;  g,  -  the  distances  of  two  harmonics 

from  its  centre;  -^,  -5^  two  forces  tending  to  these  points  respectively;  then 

by  duly  assigning  the  initial  velocity,  we  are  at  liberty  to  suppose  the 
constant  zero  in  the  equation  for  via  viva,  so  as  to  be  able  to  write 

(»-i)f»-+(..-i)p'"-' 

we  have  also 


In  order  that  the  circle  may  be  described  under  the  circumstances  above 
supposed,  it  is  necessary  and  sufficient  that 

»       /"         ■  .    (^' 
^^  =  —  cos  I  +  -;-  cos  *  , 
P  P 

i,  i'  being  the  angles  which  p,  p'  respectively  make  with  the  normal ;  that  is 


-i 

arder  to  satisfy  this  identity. 


And  accordingly    the    required   identity  will   be   completely   satisfied  if  ^ 
further  make 
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which  implies 

_    4   /  t—l^ 

c,  7  being  the  distances  of  the  respective  centres  of  force  from  the  centre 
of  the  orbit. 

The  vis  viva  consists  of  two  equal  parts,  ^ ,  ^-7^ ,  each  centre  contributing, 
as  it  were,  equally  to  its  production.  To  find  the  time,  calling  it  the  angle 
which  the  orbit  swept  out  subtends  at  the  centre,  we  have 

/du\- _  /J- 

or 

fdup' 


2F 
and  F,  the  periodic  time,  will  be  — r  (l+c^),  or,  restoring  the  value  of  a  to 

the  radius,  the  period  becomes  -^a{a^  +  c^),  which  of  course  is  the  same  as 

If  we   now  suppose  the  two  absolute  forces  /t,  ft,  and  S  the  distance 
between  them,  to  be  given,  the  problem  of  determining  the  magnitude  and 
position  of  the  orbit  and  the  periodic  time  may  be  easily  effected ;  for  we 
have  only  to  find  c,  y  and  a  from  the  equations 
cy  =  (1°, 


from  which  result; 


{ft'i-ftiy 


Also  the  velocity  at  either  apse  is  given  by  the  formula  t 
gives ^ — -  for  the  two  limiting  velocities. 


y  Google 


87]  Astronomical  Prolusions  533 

Again,  the  general  expression  for  the  time  is 

^J       (        a^  +  c^  ) 

Suppose,  then,  a  planet  to  be  describing  an  ellipse  under  the  attraction 
of  the  sun,  and  a  fictitious  body  moving  in  a  circle  described  about  its  axis 
major  to  leave  an.  apse  siraultaaeously  with  the  planet,  and  that  its  velocity 
parallel  to  the  axis  major  always  remains  equal  to  that  of  the  planet  in  the 
same  direction.  Then  the  arc  swept  out  by  such  body  subtends  at  the  centre 
the  angle  which  measures  the  eccentric  anomaly  of  the  planet,  and  may 
be  termed  its  eccentric  follower.  The  motion  of  this  eccentric  follower  may 
be  physically  produced  by  supposing  it  to  be  attracted  to  two  centres  of 
force  of  proper  absolute  magnitudes  and  duly  placed  in  the  major  axis, 
attracting  according  to  the  inverse  fifth  power  of  the  distance ;  this  is  an 
immediate  consequence  from  the  preceding  expression  for  t. 

If  we  call  M  the  absolute  force  of  the  sun,  it  will  readily  be  seen  that  we 
must  have 

'^  a 

where  c,  y  are  the  distances  of  the  two  new  centres  of  force  from  the  centre 
of  the  planetary  orbit,  and  satisfy  the  equation 


which  gives 


b  representing  the  semi-minor 

»(l-V(l-«-)l^    c_„e  =  «^i^(V(l-.-)-l), 

and  ia  always  negative,  so  that  the  interior  centre  of  force  always  lies  between 

the  centre  of  the  orbit  and  the  sun ;  when  e  ia  small  it  lies  about  midway 

between  these  two  points,  but  nearer  to  the  latter  than  the  former :  for  example, 

..                   ,                         3            1,     ij   u                8«    ct{1-\/(1-^)}     a 
II  we  were  to  suppose  e  =  ^,  we  should  have  ae  =  -^,  — ^ "~^' 

which  differs  not  very  much  from  ^t;  ■ 


,_2(i 

c  +  a^^ 

0, 

a-b 

_<t  +  6. 

axis. 

c  beiog 

equal 

to 

^a^ 

:^l 

>/n 
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It  13  perhaps  remarkable — at  all  events  I  am  not  aware  whether  any 
one  has  remarked,  that  the  motion  of  the  eccentric  follower  of  a  planet  may 
also  be  brought  about  by  a  single  force  placed  at  the  sun  itself,  attracting 
according  to  the  law  which  is  consistent  with  the  body  describing  a  circle. 
This  is  immediately  apparent;  for  if  we  call  S  the  position  of  the  centre 
of  force,  G  the  centre  of  the  circle,  c  the  distance  of  S  from  0,  a  the  radius 
of  the  circle,  P  any  point  in  it,  calling  i  the  angle  SPC,  u  the  angle  PCS, 


p     p  cos  t     a  —  c  cos  u 

eothat-5-  =  -j-  jl cosmL  which  proves  the  point  in  question*. 

The  force  /  for  this  case  has  been  given  by  Newton  in  the  third  section 
of  the  Prindpia ;  it  can  be  obtained  instantaneously  from  the  equation 


=<./»..•= 

2  df' 

2p        ' 

dn' 

p'  +  a-- 

c" 

C 

-  ■    f 

Cp 

{p'  +  a?—  c^y '  •'  {p''  +  a?~  c^y ' 

Calling  p'  the  remainder  of  the  chord  R  of  which  p  is  a  part, 

p'  +  («.=  -  c=)  =  p»  +  pp'  =  pS. ; 
so  that /■  varies  as 

1 

p^m' 

as   given   in   the   Principia,   and  of  course,  if  the  force-centre   is   at   the 

extremity  of  a  diameter,/  varies  as  — .  which  is  the  case  in  which  our  two 

reciprocal  foci  come  together.     When  one  of  them  is  at  the  centre,  the  other 

goes  off  to  infinity,  and  the  actual  amount  of  force  exerted  by  it,  ^,  or 

-^.-^,  becomes  zero  when  —  is  finite;  so  that  this  case  returns  to  that  of 

a  single  force  at  the  centre  of  the  circle.  If  we  wished  to  lind  the  general 
law  of  the  respective  forces  f,  /'  at  the  two  reciprocal  foci  suitable  to  produce 
motion  in  the  circle  we  might  proceed  as  follows: — Calling  i,  i'  the  angles 

*  HeDoe  follows  the  statical  proposition  that  the  force  which  tending  to  any  centre  retains  a, 
point  in  a  circular  orbit  may  he  resolved  into  two  forces  tending  to  two  fised  centres,  each 
varying  as  the  inverse  fifth  power  of  the  distance :  thia  propoaitton  will  be  gener^zed  sub- 
sequentiy  in  the  text. 
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between  the  radii  vectores  drawn  to  these  points  from   any  point  in  the 
circle  and  the  radius  at  that  point,  and  writing 

y=2Jdr.f,     V'^2Jdr'.f, 
we  have  to  satisfy  the  equation 

IdV        .     IdV 


Writing  ^  =  -n-r  =  -7r^'  *id  taking  >f-(3).  any  arbitrary  function  of  a,  we 

may  write 

dV  ,         ir  ir         ,  ,  . 

or 


dz      a?  —  (?-\-  cs''        a^  —  c"  +  as'- 
and  then 

dz       a-  —  y^  +  73'  a^  —  7^  +  ys'' 

Integrating  these  equations,  we  find 

also 


/■=;?^Sfs(f^-'^- 


Hence,  making 


/= 


2^  (a^  -  c'  +  C20  ' 
we  have 


(7  -  c + 2=:^  (7  -  c + 37 ' 


(c  -  7  +  s=)^      (c  -  7  +  ^^)' ' 
0  being  any  arbitrary  function,  and  z  representing  -jr-r-  or  -jt;-^-     -*■  similar 
method  will  apply  to  the  determination  of  the  forces  at  the  foci  whereby 
any  conic  may  be  described*. 
•  Employmfi  the  equation 

'i  \dr      dr  /'^ 
replacing  peosi  by  Lta  equivalent  —  ,  writing  r-a  =  a-r'  =  z,  and  decomposing  the  equation 
above  written  into 
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It  may  be  worth  while  pointing  out  a  somewhat  singular  consequence 
of  the  laws  that  have  been  above  established  for  the  motion  of  a  body  in 
a  circle  about  two  reciprocal  points  as  centres  of  force.  It  is  an  immediate 
and  now  well  known,  although  for  a  time  singularly  overlooked,  consequence* 
of  the  linear  form  of  the  equation  (%f  cos  i)p~G  —  2^f dr{/)  [where  y  is  any 
central  force,  and  i  the  angle  which  it  makes  with  p,  the  radius  of  curvature 
at  any  point],  which  equation^-  exhibits  the  sole  necessary  and  sufficient 
condition  for  any  determinate  orbit  being  described,  that,  if  several  sets 

integrating  the  two  equations,  and  making  suitable  substitutions,  tlienoe  results 

r.r,r(-'')-V''*-^ 

*  See  t'  1   byM  O    ■      B         t   m     g  th       1     bi        te     t  M  Bertra  d'   edition  of  the 

MS        q      A     ly   q         Th    pn      pi       1       d  t    m     t  b    t  k  th        Ij       H  t  tud©,  or  the 

g      f   t      ppl      t        will  b         dlyttdP  t  t  11  k  and  easily 

d  m      ti  bl    th  t       i   d      t    t    g  a  m    est  p      t        wh         t         q  ally  dr  wn  by  two 

f      eH  (i    g  t  t  h     t    t,      CO  d    g  t     li    1  w    f      t        w  11        11  t     n  the  arc  of 

byi  b  1  H  th  I  pi  m  n  1  oabl  t  th  1  jp  b  1  11  be  cave  to  one 
f  f    tt      ti  d  t    th      til       b  t  t     Uj  d         1    1    I      t  either  foena 

widbco  twdtbt         fthp         pld  pply     f  ly        Uj  apeaiing, 

y  h        ermybd        bdht  ttact       oet       [f  jmg       the  inverse 

q  Ij  f   t  b  t    th    ce  t       f    tt      t         t  11  h  g  t  ve  quantity, 

d  th    iQ  t         m  „       ry      I     th  b  pp       d,  th      19  m       d       t  h  oc  tre  of  force 

acting  singly  will  be  eq^ual,  but  with  cotjg  thtthbdj  hpsit       mtba 

supposad  to  be  at  rest ;  then,  by  virt        f  th    p        pi  t  d    t  w  11  f 

move  in  the  hyperbola,   in  which    t  id  m  lly       A      ih.        &  f  t 

imaginarily  under  that  of  the  other  — th     mmyrat        blddwtltb         1         tm 
one  changing  the  oharactar  of  the  1  it         t  ee  p        t    g  m      m     t    whi  h  w  y 

contradictory  to  M.  Ossian  Bonnet'     tb  Ih       lydtmo^lii;  bt       tth 

diTection  of  the  movement  at  any  point 

■f  I  am  infomieii  by  the  highest      tltth        th        fEpt         Mh  hihh 

become  olaesio,  that  he  has  never  seen  tin     q     t  ywt       b  1         inpl      d     It         f  co     se 

an  obvious  generalization  of  Newton       ul  t        th        1     ty  w  th  th  t  d      t        sj     1 

central  force  acting  through  one-fou  thfthhdf  t  Atpgfm  m 

bination  of  tlie  law  of  vis  viva  with  thtf  tfglt  Ipp       t       UtthBginjo      / 

Radial  Worh.     By  aid  of  it,  it  ia  easy  t       tblihtlfllwigth       mgi         thmt  1 

binary  system  of  forces  acting  to  im  ,     h  el   will  make  a  bidy  deso   he  a  ^  given  o  bit. 

(dV    HV  \ 

ao  that  ^,  -TT  are  the  two  central  forces  1  .     Call 

P,  P'  the  squared  perpendiculars  on  the  tangent  from  the  two  centrea  respectively,  ^  a.n  arbitrary 
function  of  any  affection  of  the  poeition  of  the  revolving  body  (tor  example,  of  the  length  of  arc 
or  radius  of  curvature  at  any  point),  then 


vJiS-,   v'^zifiiL, 


will  be  the  general  system  in  question.  When  the  etored.-up  work  for  each  point  in  Uie  orbit 
ia  known,  the  radial  equation  gives  the  central  forces  without  integration.  Thus,  for  example, 
if  a  body  move  in  an  ellipse  with  uniform  velocity  acted  on  by  forces  towards  the  foci,  the 
equation  in  question  ahows  that  they  are  equal,  and  vary  aa  the  inverse  square  of  the  conjugate 
diameter. 
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of  forces  taken  separately  can  make  a  body  describe  a  certain  path,  then 
all  the  sets  acting  collectively  will  make  it  describe  the  same  path,  provided 
the  vis  mva  at  the  starting-point,  on  the  latter  supposition,  is  the  sura  of  the 
vires  vivw  on  the  former  one. 

Suppose,  now,  a  zone  of  matter  bounded  by  two  arbitrary  contours  P,  Q 
to  lie  anywhere  within  a  circle  G,  and  another  zone  bounded  by  two  contours 
P",  Q',  the  geometrical  inverses  (or  reciprocals)  of  P,  Q  to  lie  outside  the 
same.  Then  these  two  zones  may  be  divided  into  corresponding  rectangular 
elements  by  transversals  drawn  through  the  centre  of  the  circle,  points  being 
taken  all  along  every  radius  of  one  zone,  and  corresponding  points  alopg  the 
radii  of  the  other.  If  r,  r'  be  the  distances  of  the  centres  of  any  two 
corresponding  elements  thus  obtained  from  the  centre  of  tiie  circle,  dd  the 
angle  between  the  two  transversals  which  pass  through  both  pairs  of  points 
in  both  figures,  S,  E',  the  areas  of  the  respective  elements,  will  be 


de 


.dr.r;  de{-dr")r',  that  is,  ~dM(^\ 


Hence  if  the  densities  of  E,  E'  be  the  same,  and  they  aMract  with  forces 
varying  as  the  inverse  fifth  power  of  the  distance,  they  will  serve  to  make 
a  body  describe  the  circle  in  question,  E,  E'  taking  the  place  of  fu,  fi  and 
r,  r'.  of  e,  7  in  our  previous  formula;  and  as  this  is  true  of  each  pair  of 
elements,  it  will  be  true  of  the  two  entire  zones  which  they  compose,  the 
law  of  density  being  perfectly  arbitrary,  except  that  it  must  be  the  same  for 
corresponding  points  in  the  interior  and  exterior  zones.  The  contour  Q  may 
be  made  to  coincide  with  Q  at  the  circumference  of  C  if  we  please ;  and  then, 
as  a  particular  case  of  the  proposition  above,  we  may  suppose  the  united 
zones  to  consist  of  homogeneous  matter,  or,  if  we  please,  of  matter  whose 
density  at  any  point  is  only  a  function  of  the  angular  position  of  the  line 
joining  the  point  to  the  centre  of  the  circle.  Thus,  if  we  suppose  a  plate 
of  matter  of  uniform  density  and  of  indefinite  extent,  and  attracting  accoi-ding 
to  the  law  of  the  inverse  fifth  power,  a  point  anywhere  placed  upon  it  may 
be  made  to  move  in  any  desired  circle  under  the  influence  of  the  plate's 
attraction,  if  we  cut  away  a  portion  of  the  plate  surrouoding  the  centre 
of  such  circle,  and  leave  a  proper  margin  exterior  to  the  circle— the  rule 
being  that  the  intrados  of  the  figure  so  obtained  may  be  of  any  form 
whatever,  provided  the  extrados  be  its  electrical  image  or  inverse.  The 
initial  velocity  to  be  communicated  to  the  moving  point  will  of  course 
be  determined  by  the  form  of  either  of  these  bounding  curves. 

It  is  hardly  necessary  to  add  that  instead  of  a  zone  we  may  take  a  patch 
of  matter  bounded  by  a  contour  of  any  form  within  the  circle  0,  and  then, 


y  Google 


538  Astronomical  Prolusions  [87 

finding  the  inverse  of  this  contour  so  as  to  obtain  a  corresponding  external 
patch,  the  two  together,  by  the  combined  attractions  of  their  particles 
according  to  the  inverse  fifth  power  of  the  distance,  will  serve  to  make  a  body 
describe  the  circle  G\  and  conversely,  since  any  two  circles  may  be  made 
reciprocals  (inverses)  to  each  other  by  duly  determining  the  centre  and 
radius  of  the  circle  of  reference,  it  follows  that  any  two  circles  of  matter 
attracting  according  to  the  above  law,  will  serve  to  keep  a  body  moving 
in  a  certain  third  circle. 

By  calculating  the  attractions  of  these  two  circular  images,  and  replacing 
them  by  forces  tending  to  their  centres,  we  shall  be  able  to  transforjn  and 
generalize  the  results  previously  obtained.  But  first  it  will  be  expedient  to 
recall  attention  to  the  form  of  the  single  central  force  which  serves  to  make 
a  body  describe  a  circle.     We  have  found  that  such  force,  when  the  centre 

lies  within  the  orbit,  is  of  the  form  - —  ",,  ;  and  it  is  easy  to  see  that  when 

external   thereto,  it  takes   the  form    ,— - --yv.  in  either  case  k  being  the 
(p'  -  kf 

product  of  the  two  distances  of  the  force-centre  from  the  extremities  of  the 

diameter   drawn   through  it;    when  the  force  is  external,  this  product  is 

the  square  of  the  tangent  drawn  to  the  circle  from  the  centre.     At  the  points 

of  contact  the  force  and  velocity  both  become  infinite,  and  the  latter  changes . 

its  sign. 

In  a  physical  sense,  only  the  concave  part  of  the  circle  will  be  described 
by  virtue  of  attraction  to  the  centre,  the  revolving  body  going  off  in  a  straight 
line  towards  the  centre*  when  any  point  of  contact  is  reached,  and  in  like 
manner  only  the  convex  part  by  virtue  of  the  repulsive  force  from  the  centre, 
the  body  going  off  in  a  straight  line  towards  infinity  on  reaching  such  point ; 
but  inasmuch  as  in  either  case  an  infinitesimal  deviation  from  the  tangential 
direction  will  cause  the  remainder  of  the  orbit  to  be  described,  we  may 
consider,  in  an  analytical  sense,  that  the  revolving  body  under  the  influences 
of  such  force  describes  the  entire  orbit.    We  may  give  the  name  of  clydogenous 

force  to  any  central  force  of  the  form  ,        v^,  and,  if  we  care  to  draw  the 

^        ^  {p'±ky'        ' 

distinction,  call  it  internally  cyclogenous  or  endooyclogenoua  when  the  k  is 
positive,  and  externally  cyclogenous  or  exocyclogenuus  when  k  is  negative. 

If  we  call  the  cyclogenous-force-f unction  V,  so  that  -r—  is  the  cyclogenous 

force  itself,  we  have,  by  integration,  F"=  jr . ,  „■     , ,  . 

Let   us   now   proceed   to   calculate   the   attraction   of    a   circular   plate 
(of  radius  r)  of  uniform  density,  whose  particles  attract  according  to  the 
[*  Cf.  p.  S47,  below.] 
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law  of  the  inverse  fifth  power  of  the  distance,  upon  an  external  particle 
p  from  the  centre.     If  we  call  this  ff  -,- ,  v/e  have 

■       4Vo      Jo 


■   4   Jo   " 


(f  +  p^—  2rp  cos  $f ' 

By  compariaon,  of  1      7-— — ;; Trr^witli  the  integral  which  represents 

•'  '  Jo    {r'  +  p^-2rpcoiief  ^  '^ 

2rp 
twice  the  area  of  an  ellipse  of  excentricity,  — — ^,  we  find  instantaneously 

■"  2  (p'  +  r'')  rdr  __  tt      gr"^ 

Thus  P  is  of  the  form  of  the  cyclogenous- force- function,  so  that  the 
force  of  attraction  to  the  centre  of  a  circular  plate  attracting  according  to 
the  inverse  fifth  power  of  the  distamce,  v/pon  an  exterior  point,  is  an  external 
q^clogenous  force.  From  this  we  may  easily  draw  the  conclusion  that  any 
circular  orbit  cutting  orthogonally  a  circular  plate  whose  particles  attract 
according  to  the  inverse  fifth  power  of  the  distance  may  be  described  (or,  at 
all  events,  the  concave  part  of  it  be  described)  by  virtue  of  such  force  of 
attraction. 

Let  us  now  consider  the  joint  effect  of  two  such  circular  plates,  images 
of  one  another,  lying  one  entirely  within,  the  other  entirely  without  a  given 
circle.  The  centres  of  two  such  circles,  it  will  be  borne  in  mind,  are  not 
images  of  one  another.  Let  r,  /  be  the  radii  of  the  two  images,  a  of  the 
image-making  circle;  call  the  distances  of  the  centres  of  the  images  from  that 
of  the  image-making  circle  c,  c'  respectively.  The  points  of  contact  of  the 
images  with  a  common  exterior  tangent  wilt  be  corresponding  points,  and 
this  tangent  will  pass  through  the  centre  of  the  circle  of  reference ;  whence 
we  easily  derive  (c^  —  r^)  (c'^  —  r'^)  =  a\  and  by  similar  triangles 

c  _r 

c'~?- 
Hence 

(cs  _  ^y  ^  ^\  a\ 

Whence,  remembering  that  )■  must  be  less  than  c,  we  have 

c''  —  r^  =  -,  ct^,     (f  —  r^  —  -a"; 


3  that 


=.(:_-). .-- -(i-a-- 


*  Calline  P.  G  tlie  two  centres,  F',  G'  the  images  of  F,  G  respeotively,  0  tLe  centre  of  the 
aage-maMng  circle,  it  i 9  easily  seen  that   r^^FO.FQ',  r'^-GO.GF'. 
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Consequently,  calling  1  ——,  =  ±q,\i  F,  G,  two  points  in  the  diameter  of  the 

image  circle,  be  distant  c,  a'  respectively  from  its  centre,  and  two  cyelogenoua 

forces  r-:.-^-     nx-, ,  ,  ,„  -     „,.  tend  to  F  and  G,  two  such  forces  will  serve  to 
{p'  +  qcj    (p'  +  qc^y 

make  a  body  describe  a  circle,  and,  as  we  shall  see,  will  be  statically  equivalent 

to    a    single    cyclogenous    force    tending  to  a   fixed   point,  presently    to    be 

determined*. 

It  follows  from  what  has  been  shown  of  any  two  corresponding  elements 
in  the  two  figures,  that  the  total  vis  viva  contiibuted  by  each  at  any  moment 
of  time,  to  the  entire  amount  of  stand-up  work  in  the  revolving  body  is  the 
same ;  consequently,  confiniug  our  attention  to  one  of  the  image  circles,  we 

see  that  v'  x  ■^-- --.     Hence  using  u  to  denote,  as  before,  the  angle  at  the 

centre,  we  have 


dt 


\-c^  ±  qd'  —  2ac  cos  u, 


which  is  of  the  form  which  gives  the  motion  of  a  planet  in  eccentric  anomaly; 
consequently,  by  a  proper  adjustment  of  the  constants,  the  motion  due  to  the 
cyclogenous  centres  F,  G  may  be  made  identical  with,  the  motion  in  a  circle 
of  radius  a  with  centre  at  0,  about  the  single  cyclogenous-force  centre  at  *S. 
Call  ae  the  distance  of  S  from  0,  M  the  absolute  force  at  6',  then,  comparing 
the  vis  viva  on  the  two  suppositions  at  the  two  apsidal  points,  and  again 
availing  ourselves  of  the  law  of  equal  production  of  vis  viva  from  the  two 
force-centres  F,  G,  we  obtain 

2\c=  M 


[{a  +  cV  +  qc'y     [(a  +  acf  +  (a^  -  «.V)]= ' 
Hence 

(a  —  gY  +  qc^  _a~as 

{a  +  0)'  +  q<f     a  +  ae 
or 

Ci  +  ?)»'-^«  +  «'-o. 

Calling  c,  c'  the  two  roots  of  this  equation,  we  have 

c      c      2«e ' 
or,  which  is  the  same  thing,  the  points  0,  F,  8,  G  form  a  system  of  four 
points  in  harmonic  relation. 

Hence,  if  we  take  a  system  of  points,  F,  F',  F". . .  G,  G',  G". . .  in  involution, 
the  double  points  of  the  system  being  at  S  and  0,  the  cyclogenous  force  at  S 

*  The  proof   of  this   throngh   the  mediidm  of  the  two  oiroalar  images  requires  -g  to  be 
emplojed  ;  but  the  laws  of  analytical  oontinuLty  allow  q  to  be  made  to  change  its  sign. 
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will  be  statically  equivalent  to  two  cyclogenous  forces  directed  to  any  two 
corresponding  points  F,  G. 

It  is  possible  that  this  theorem  may  be  modified  so  as  to  admit  of  further 
generalization,  and  be  made  to  extend  to  an  arbitrary  system  of  points  in 
involution,  without  regard  to  the  condition  of  0  being  one  of  the  double 
points;   but  I  have  not  had  time  to  consider  this  point. 

In  the  particular  case  where  F,  G  become  images,  in  respect  to  the 
circular  orbit  annexed  to  the  force  at  S,  the  cyclogenous  centres  F,  G  become 
centres  of  attraction,  following  the  law  of  the  simple  inverse  fifth  power,  as 
already  found.  Since  in  all  cases  the  absolute  forces  at  F,  G  are  proportional 
to  the  squares  of  their  distances  from  0,  if  we  make  cc'  =  a'',  and  draw  the 
circle  whose  centre  is  at  0  and  radius  is  a',  and  take  two  figures,  images 
of  one  another  in  respect  to  this  circle,  by  the  same  reasoning  as  appUed 
to  the  case  of  a'  =  a  it  may  be  proved  that,  pi'ovided  the  densities  at 
corresponding  points  of  such  images  be  the  same,  and  the  particles  attract 
according  to  a  certain  fixed  cyclogenous  law,  their  joint  action  will  support 
a  body  in  a  circular  orbit  whose  radius  is  a  and  centre  at  0,  We  might 
again  assume  two  such  images  to  he  circular,  calculate  the  law  of  attraction 
towards  the  centres  according  to  the  supposed  law,  and  so  return  to  a  new 
system  of  conjugate  points  replacing  F  and  G;  but  I  have  not  had  time 
to  ascertain  whether  such  transformation  would  or  would  not  lead  to  a  new. 
theorem,  or  merely,  as  is  possible,  to  a  repetition,  with  anew  set  of  constants, 
of  the  one  already  obtained. 

It  is  hardly  necessary  to  point  out  bow  strongly  the  analogies  established 
in  the  preceding  investigations  point  to  the  existence  of  some  simple 
dynamical  theory  of  the  Cartesian  ovals  under  the  attraction  of  forces 
directed  to  their  foci.  The  investigation  of  such  theory  cannot  but  tend 
materially  to  the  elucidation  of  the  essential  properties  of  these  most 
interesfciug  and  as  yet  little-understood  curves,  the  natural  parents  of  the 
conic  sections  viewed  as  focal  curves. 

In  conclusion  it  may  be  observed  that,  in  the  foregoing  paper,  it  has 
been  seen  how  a  single  orbital  force  passing  through  a  fixed  centre  may 
be  resolved  into  others  of  a  more  simple  form.  This  suggests  a  more  general 
subject  of  investigation,  where  the  force  to  he  so  resolved,  instead  of  passing 
through  a  fixed  point,  is  tangential,  or,  better,  normal  to  a  fixed  curve  or 
surface. 

Such  an  inquiry  by  no  means  belongs  to  ideal  mechanics;  for  it  would 
correspond  to  the  case  of  the  motion  under  the  earth's  attraction  of  a  body 
near  the  earth's  surface,  considered  as  a  surface  of  fluid  equilibrium. 


y  Google 


ON  AN  IMPROVED  FORM  OF  STATEMENT  OF  THE  NEW  RULE 
FOR  THE  SEPARATION  OF  THE  ROOTS  OF  AN  ALGE- 
BRAICAL EQUATION,  WITH  A  POSTSCRIPT  CONTAINING 
A   NEW   THEOREM. 

[Philosophical  Magazine,  xxxi.  (1866),  pp.  214 — 218.] 

My  new  rule  (of  which  bhe  demoustration  will  be  found  in  a  paper 
by  the  late  lamented  Mr  Purkias  in  the  last  Number  of  the  Cambridge, 
Oxford,  and  Dublin  Mathematical  Messenger)  for  separating  the  roots  of  an 
algebraical  equation,  I  mean  the  rule  which  bears  to  Newton's  rule  generalized 
the  same  relation  as  Fourier's  to  Descartes's,  is  susceptible  of  a  certain  slight 
improvement  as  regards  the  mode  of  statemeut,  which  appears  to  me 
deserving  of  notice. 

If  we  suppose  ^  =  0  to  be  the  equation  in  the  theorem  as  originally 
stated,  I  have  employed  the  double  progression 

A,    Ax,    M...  Ace, 

where  f^x  means  [-t-]  fx,  and   Q,x  means  (frscf  —  '^rfr-iX .fr+\ie,  y^  being 

a  known  function  of  r  involving  an  arbitrary  parameter,  confined  between 
limits  of  which  one  is  dependent  on  n. 

In  applying  the  theorem,  it  becomes  necessary  to  count  the  number  of 
compound  successions  for  which,  on  writing  a  given  value  a  for  w,/t./r+i  and 
Gr  ■  Gr+,  are  both  simultaneously  positive,  and  also  the  number  of  the  same 
for  which /r-Zr+i,  and  Gr-G^^^  are   simultaneously  negative   and   positive 


respectively,  the  succession  ^        in  the  first  case  constituting  what 

I   have   called   a   double  permanence,  and  in  the  other  case  a  variation- 
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permanence.  This  latter  is  of  course  to  be  distinguished  from  a  permanence- 
variation,  which  corresponds  to  the  supposition  of  fr,  /,+,  bearing  like,  and 
Gr,  Gr+i  unlike  signs— there  being  in  fact  four  kinds  of  succession,  namely, 
double  permanences,  variation -permanences,  permanence -variations,  and 
double  variations. 

If  the  enunciation  of  the  theorem  can  be  made  to  refer  to  double  variations 
and  double  permanences  exclusively,  it  is  evident  that  something  will  have 
been  gained  in  point  of  simplicity  of  statement*;  and  this  can  easily  be 
effected  in  the  manner  following. 

Let 

Sr^  =  {Mr  -  7r  ■fr-.'C  ./.^  .  U,<^, 

so  that 

HrX=f^!e.GrX,     M,+,a:=/^,x.Gr+,x; 

then,  when  /,.*,  /r+\«'  have  the  same  sign,  the  nature  of  the  succession 
5^ric,  ifr+i^  will  evidently  be  the  same  as  that  of  G^ee,  Gr+\^\  but  when 
frsc,  fr-i-iis  have  unlike  signs,  the  nature  of  the  succession  HrX,  Ilri-i^  will  be 
contrary  to  that  of  fffi^,  Gr+,iB. 


Accordingly  when 


constitutes  a  double  permanence, 


win  also  constitute  a  double  permanence ;  but  when 


a  variation-permanence  will  constitute   a  variation- variation, 

that  is,  a  double  variation. 

If,  then,  we  take  for  our  double  progression 

the  rule,  or  rather  the  independent  pair  of  rules  referred  to,  will  take  the 
following  simplified  form. 

Supposing  a,  b  to  be  any  two  real  quantities  in  ascending  order  of  magni- 
tude, on  substituting  for  x  first  a  and  then  6,  in  the  simultaneous  progressions 
above  written,  double  permanences  (in  passing  from  a  to  h)  may  be  gained, 
but  cannot  be  lost:  double  variations  may  be  lost,  but  cannot  be  gained. 
And  the  number  of  real  roots  included  between  a  and  h  will  either  be  equal 

M                     t  t  d  tb    tl         m  be    m     ni  1      Ij  an  1  g  a  to  Fourier'n.     It  may  not 

be   in  bl    t    imag  ntht      thdpg  roym  to  be  invented  such  that  tiie 

n  mbe      f  pU  p    m         ce        d      pi      ai    t  1                tt  three  combined  may  aSord  a 

n  w      pen  1  mil       d                 ^     fi              ^  this    f  at  pre^nt  a  matter  of  pure 
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or  inferior  to  the  number  of  double  permanences  so  gained,  and  also  equal  or 
inferior  to  the  number  of  double  variations  so  lost — the  difference,  if  there  be 

v  +  r-l 
any  in  either  ease,  being  some  even  number.     The  value  of  y^  is  — — — ~. 

where  v  is  limited  not  to  fall  within  the  limits  0  and  —  n.  By  ascertaining 
the  gain  of  double  permanences  and  the  loss  of  double  variations  consequent 
on  the  replacement  of  a  by  b,  we  are  furnished  with  two  independent  superior 
limits  to  the  number  of  real  roots  included  between  a  and  b. 


It  often  happens  that  the  pursuit  of  the  beautiful  and  appropriate,  or, 
as  it  may  be  otherwise  expressed,  the  endeavour  after  the  perfect,  is  rewarded 
with  a  new  insight  into  the  true.  So  it  is  in  the  present  instance ;  for  the 
substitution  of  the  H  for  the  G  series,  devised  solely  for  the  purpose  of  giving 
greater  clearness  to  the  enunciation  of  a  known  theorem,  leads  to  a  sup- 
plemental theorem  which  combines  with  and  lends  additional  completeness 
and  harmony  to  the  original  one. 

At  present  the  theory  stands  thus :  a  superior  limit  to  the  number  of  real 
roots  between  two  limits  a  and  b  is  afforded  by  counting,  as  x  ascends  from 
the  one  to  the  other,  the  loss  of  changes  or  gain  of  permanences  (these  two 
numbers  are  identical)  in  the  /  or  Fourierian  progression,  and  also  by  counting 
the  loss  of  double  chauges,  or  gain  of  double  permanences,  in  the  /  and  H 
progressions  combined :  these  two  are  distinct.  We  have  thus  the  choice 
of  three  siiperior  limits.  I  shall  show  that  a  fourth  independent  one  is 
afforded  by  considering  the  loss  of  changes  or  gain  of  permanences  in  the 
single  H  progression,  and  combining  it  with  such  loss  or  gain  in  the  single 
y  progression. 

We  have 

B,.!C^f^CE.GrX, 

where 

(?,«  =  (/,«)• -7,  (/««)(/«.»)■ 
7,.  being  essentially  positive  for  all  values  of  y. 

It  has  been  proved  [p.  502,  above]  (see  Mr  Purkiss's  paper  above  referred 
to)  that,  when  G,*  =  0, 

6  being  an  infinitesimal, 

Now  suppose  Hrse  =  0.  This  may  happen  in  two  distinct  ways,  namely, 
either  when  G,.cc  =  0,  or  when/^a;  =  0. 

1.     Let  GrX  =  0,  then 

dm  ax 
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^-3^  -G,^  ./„«., 


2.     Let/rie=0,  then 


also  «„«:-(/„«;)■;  G,« -- 7, ./,_,»; ./,+,». ;  G„ 

Thus  Br-iO!,  H,  (*+  s)i  -ffr+i*  ai^s  conformable  in  signs  to 

/„«,     -/,-,«..,    /„"  («) 

in  this  case,  and  in  the  case  preceding  to 

The  above  cases  have  reference  to  any  intermediate  H  becoming  zero; 
the  final  M  is  (fx)',  and  the  last  but  one  is 

(/'«>■ -7,  (/"="./'»: -A); 

and  accordingly  when  fx  =  0,  H-^x,  H{x  +  e)  become  of  the  same  signs  as 

By  combining  the  results  (a),  (,3),  (7),  and  denoting  by  v  the  number  of 
real  roots  included  between  (a)  and  (b),  it  is  easy  to  infer  the  equation 


where  P  is  the  number  of  permanences  gained  in  passing  up  w  from  a  to  i  in 

the  H  progression,  ^  ia  the  collective  number  of  times  that  any  intermediate 

Q  vanishes  at  a  moment  when  the  preceding  and  subsequent  H's  have  like 

signs,   and   tj   is   the  collective  number  of  times  that  any  intermediate  / 

vanishes  at  a  moment  when  the  two  adjacent /'s  have  like  signs.    But  if^  is 

the  number  of  permanences  gained  from  the  /  (Fourier's  series)  by  passing 

up  X  from  a  to  b,  we  have  j/  =  ^  —  2i;,  where  ij  represents  the  same  quantity 

as  above. 

Hence  2i.  =  P  +  p  -  2^  ; 

P  +  p 
and  accordingly  there  emerges  a  new  superior  limit  to  v,  namely,  — ^ — ,  an 

unlooked-for  and  striking  conclusion. 

Thus,  for  example,  if  p  =  P-\-%  r  cannot  be  greater  than  P  +  1,  and 

therefore  not  greater  than  P,  because  it  must  differ  from  p  or  P  (whose  sum 

is  necessarily  even)  by  an  even  number*.     To  make  the  preceding  demonstra- 

'  And  so  iu  general,  wKen  f-Ph  positive  and  not  divisible  bj  4p,  the  superior  limit  given 

by  Fourier's  theorem  may  ba  replaoefl  by  ^~ 1. 

8.  11.  35 
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tioD  absolutely  rigorous,  it  would  be  necessary  to  consider  the  singular  cases 
when  several  consecutive  terms  of  the  H  or  G  series  vanish  simultaneously, 
either  with  or  without  the  corresponding  terms  of  the  /  series  vanishing  too ; 
this  inquiry,  which  is  necessarily  tedious,  and  the  result  of  which  it  is  easy  to 
anticipate,  must  be  adjourned  to  a  more  suitable  occasion. 

If  we  call  A  the  new  superior  limit,  we  have  found 

where  ^  is  the  collective  number  of  values  of  a;  included  between  a  and  b  for 
which  any  function  G,.a;  vanishes,  whilst  Ht^iX  and  Sr+i'>'  ^Btvs  like  signs ; 
but  since,  when  G^a;  =  0, /^-li^  wad  fy+^ar  must  have  like  signs,  ^  may  be 
defined  more  simply  as  the  number  of  values  of  ic  between  the  given  limits 
for  which  simultaneously,  and  for  any  value  of  r,  GrX  vanishes  whilst  Gr-i^ 
and  Gr+iX  have  like  signs. 

This  quantity  ift,  the  difference  between  the  limit  and  the  number  of 
roots  limited,  may  be  odd  or  even,  and  not  necessarily  the  latter,  as  is  the 
case  in  all  existing  theorems  of  a. similar  natui'e. 

Since  A  =^—a — .  it  follows  that  when  P  =  0,  that  is,  whenever  the 
passage  from  a  to  6  leaves  the  number  of  permanences  in  the  H  series 
unaltered,  the   limit  p  given   by  Fourier's   theorem  may  be   replaced   by 

^  or  ^  —  1,  according  as  p  is  or  is  not  divisible  by  4. 
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NOTE  ON  THE  PERIODICAL  CHANGES  OF  ORBIT,  UNDER 
CERTAIN  CIRCUMSTANCES,  OF  A  PARTICLE  ACTED  ON 
BY  A  CENTRAL  FORCE,  AND  ON  VECTORIAL  COORDI- 
NATES, ETC.,  TOGETHER  WITH  A  NEW  THEORY  OF  THE 
ANALOGUES  TO  THE  CARTESIAN  OVALS  IN  SPACE,  BEING 
A  SEQUEL  TO  "ASTRONOMICAL  PROLUSIONS." 

[Philosophical  Magazine,  xxxi.  (1866),  pp.  287—300.] 

A  VERY  singular  and  previously  uimoticed  species  of  disco atiouity  ai-ises 
when,  according  to  the  equations  of  motion  interpreted  in  the  ordinary 
maimer,  a  particle  solicited  by  a  continuous  central  force  would  seem  as  if  it 
ought  to  describe  an  orbit  external  to  the  force-centre.  An  instance  of  this 
kind,  probably,  for  the  first  time,  presented  itself  in  a  question  incidentally 
brought  forward  by  myself  in  the  paper  inserted  in  the  January  number  of 
this  Magazme,  where*  I  alluded,  in  passing,  to  the  case  of  a  body  acted  on  by 
a  central  force  capable  of  making  it  move  in  a  circle  exterior  to  the  force- 
centre,  and  fell  into  the  not  unnatural  error,  which  has  since  been  pointed 
out  to  me,  aiid  which  is  obvious  on  a  moment's  reflection,  of  stating  that  on 
arriving  at  a  point  where  the  motion  points  to  the  force-centre,  that  is,  at  the 
point  where  the  tangent  to  the  circle  passes  through  this  centre,  the  particle 
would  go  off  in  a  straight  line  on  account  of  the  motion  and  the  force 
coinciding  in  direction.  But  it  is  clear  that  since  the  instantaneous  area 
^p^  J-  remains  finite  at  such  point,  it  cannot  abruptly  become  zero;  the  radial 
velocity  becoming  infinite,  does  not  entitle  us  to  reject  the  transverse  part 
which  remains  finite ;  thus  the  radius  vector  p  will  continue  to  revolve  in 
the  same  direction  as  before  it  reached  the  tangential  point ;  it  will  there- 
fore swing  off  to  another  curve,  so  that  the  true  orbit  will  possess  an  inflexion 
at  that  point.  The  new  curve,  it  may  easily  be  proved,  will  be  a  circle  equal 
to  the  former,  and  related  to  it  in  the  manner  following :  let  us  suppose  0  to 
be  the  force-centre  and  two  tangents  drawn  from  0  to  meet  the  oiiginal 
circle  in  A  and  B,  so  that  the  line  AB  divides  the  circle  into  two  unequal 
[-  p.  588,  above.] 
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segments,  and  that  the  particle  haa  been  travelling,  say  in  the  upper  segment, 
from  ^  to  B;  draw  the  angle  BOG  equal  to  the  angle  AOB,  and  in  it  place 
a  circle  equal  to  the  former,  touching  the  part  OB,  OC  in  B  and  G ;  then  the 
particle  will  describe  the  lowm"  segment  of  this  new  circle ;  and  so  in  like 
manner,  after  reaching  G,  will  undergo  a  new  inflexion  at  that  point  and  pass 
on  to  a  new  circle  touching  QC  and  OB,  the  latter  inclined  to  the  former  at 
the  same  angle  as  OG  to  OB  and  OB  to  OA.  Thus,  if  we  repeat  the  angular 
sector  jlOiJ  indefinitely,  and  in  each  such  sector  place  equal  circles  touching  the 
rays  of  the  sector,  and  call  their  upper  and  lower  segments  P,  Q  respectively, 
the  particle  will  describe  the  successive  arcs  Pj,  Qs,Ps,  Qs.Pg,  ...ad  infinitum. 
If  the  sectorial  angle  be  an  even  aliquot  part  of  360°,  the  complete  orbit  will 
be  a  single  anautotomic  broken  curve  returning  into  itself,  as,  for  instance, 
if  the  sector  be  90°  the  orbit  will  be  P^,  Q^,  P^,  Q^,  P^,  Q^,  P^,  Q^,  P,,  Q^,  .... 
If  the  angle  be  an  odd  aliquot  part  of  the  same,  the  orbit  will  be  a  line 
returning  into  but  crossing  itself  as  many  times  as  there  are  circles,  so  that 
in  fact  the  whole  of  each  circle  will  be  described  in  a  complete  period,  namely, 
the  upper  and  lower  segments  alternately  in  the  first  half  period,  and  the 
lower  and  upper  in  the  second  half  thereof,  the  period  being  double  the  time 
of  a  revolution  if  the  latter  is  defined  as  the  interval  between  the  body 
leaving  and  returning  to  any  the  same  point.  Thus,  for  example,  if  the 
angular  sector  be  72°,  the  orbit  will  be 

p,Q=p.e=P3Q,p.aA«.p.Q.p=G=p.e,p.Q.p,  &c. 

In    like    manner,  if  the   angle  included   between   the   tangents  be  any 

commensurable  part  of  360",  as  —  360°,  where  m  and  n  are  integers  prime  to 

one  another,  the  orbit  will  be  a  closed  one  containing  mn  alternate  segments, 
or  7nn  entire  circles,  according  as  n  is  even  or  odd.  By  taking  n  even  and 
giving  m.  any  arbitrary  odd  value,  a  waving  line  will  be  produced  forming 
an  original  and,  I  think,  elegant  pattern  for  a  circular  lace  border.     For  this 

purpose  —  should  not  be  too  small,  in  order  that  the  disproportion  between 

the  alternate  circular  segments  and  the  ratio  of  the  boi'der  to  the  interior 
may  not  be  so  great  as  to  offend  the  eye ;  and  m.  not  too  great,  in  order  that 
the  traces  of  the  pattern  may  not  become  too  complicated. 

I  conjecture  that  [m  =  3;  Ji=64]  and  [m  =  5;  7i  =  128],  producing 
respectively  3  and  5  twists,  and  5  or  6  and  6  or  7  fiesures  within  a  quadrant 
of  each  twist,  would  be  eligible  systems  for  the  purpose.  In  general  n  ought 
to  be  even,  and  m  a  lai'ge  moderate  odd  integer. 

If  the  angle  between  the  tangents  to  the  circle  from  the  force-centre  be 
not  an  aliquot  or  commensurable  part  of  360°,  the  orbit  will  be  a  non- 
reentrant  curve  intersecting  itself  an  infinite  number  of  times.     Similar  or 
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analogous  conclusions  are  of  course  applicable  to  every  case  where  the  orbit, 
seemingly  indicated  by  the  equations  of  motion,  is  an  oval,  or,  more  generally, 
any  curve  to  which  tangents  admit  of  being  drawn  from  the  force-centre, — 
a  self-evident  (now  that  it  is  stated)  but  none  the  less  a  very  surprising 
feature  in  the  mathemaiical  theory  of  central  forces.  I  say  mathematical ; 
for  it  ought  in  fairness  to  be  observed  that  since  it  is  impossible  to  conceive 
a  force  of  infinite  magnitude  resulting  from  the  attraction  of  a  finite  masS; 
the  question  involves  not  so  much  a  discussion  of  any  real  phenomenon,  as  of 
the  principles  of  interpretation  applicable  to  an  extreme  case,  valueless  as  to 
the  eatablishment  of  a  distinct  independent  conclusion,  although  not  without 
latent  importance  as  a  safeguard  against  errors  which  might  flow  from  the 
adoption  of  an  erroneous  mode  of  interpretation*. 

It  may  readily  be  found  that  the  velocity  at  any  point  of  the  orbit  must 
be  that  due  to  infinity  (otherwise  a  different  and  much  more  complicated 
cui-ve  would  result),  and  then  with  the  usual  notation  the  differential  polar 
equation  to  the  curve  becomes 

(r'-lf)' 


m- 


which  is  easily  seen  to  be  true  of  any  arc  of  a  circle.     The  phenomenon  to  be 

dr 

not  attain  a  maximum  or  minimum,  for  it  is  -^  becoming  infinite,  not   -r. 
'  dt  °  at 

becoming  zero,  which  accounts  for  -j-  vanishing;  accordingly  -j-  in  passing 

through  zero  must  be  taken  with  a  change  of  sign,  which  accounts  for  the 
discontinuity  of  the  orbit  regarded  as  a  geometrical  curve.  This  change  of 
sign  in  the  radical  is  very  analogous  to  what  happens  when  we  calculate  the 
potential  of  a  spherical  shell,  and  trace  its  value  as  the  attracted  point 
continuously  receding  from  the  centre  passes  from  within  to  without  the  shell. 

As  connected  with  this  subject  of  motion  in  a  circle,  I  may  mention  that 
Mr  Orofton  has  pointed  out  to  me  that  my  theorem  concerning  a  homo- 
geneous circular  plate  whose  molecules  attract  according  to  the  inverse  fifth 
power  of  the  distance,  namely  that  its  resultant  attraction  is  capable  of 

*  If  we  accept  the  very  reasonable  axiom  that  no  law  oi  force  is  admisaible  which  would 
involve  the  cou8ei|uenae  of  a  finite  masa  exerting  an  infinite  attraction  at  a  finite  distance,  we 
oan  find  an  ft  priori  limit  to  the  negative  exponent  of  the  power  of  the  distanoe  which  can 
possibly  express  any  law  of  force  in  nature.  If  my  memory  serves  m.e  ar^ht,  a  distinguished 
rising  French  analyst,  in  contravention  of  this  aiiom,  has  assumed,  for  the  purpose  of  explaining 
certain  optical  phenomena,  a  law  of  force  according  to  some  very  high  inverse  power  of  the 
distance  transcending  such  limit.  It  wOl  he  seen  below  that  the  inverse  fifth,  power  is  inadmis- 
sible OQ  this  ground,  and  is  capable  of  leading  to  irrecoccileable  contradictions. 
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making  a  particle  move  in  any  circle  cutting  the  plate  orthogonally,  admits 
of  being  established  upon  my  own  principles  without  calculating,  as  I  have 
done,  the  law  of  the  attraction  (Astronomical  Prolusions*,  PAt^.Jl/'ag',  Jan.  1866, 
p.  73) ;  for  the  whole  plate  may  be  shown  to  be  its  own  inverse  in  respect  to 
any  such  orthogonal  dividing  circle ;  that  is,  the  two  parts  into  which  it  is 
divided  by  the  plate  will  be  inverses  to  each  other  in  respect  to  the  ortho- 
gonal circle,  and  consequently  conjointly  will  serve  to  make  a  particle  move 
in  a  segment  of  such  circle  exterior  to  the  plate  j". 

Mr  Crofton  has  also  made  a  partial  extension  of  the  theorem  to  the  case 
of  a  plate  of  the  form  of  either  one  of  a  conjugate  pair  of  Cartesian  ovals,  in 
a  remarkable  paper  on  the  theory  of  these  curves,  lately  read  before  the 
London  Mathematical  Society.  In  the  "  Prolusions  "  I  raised  the  question  of 
determining  the  force  at  a  focus  required  to  make  a  body  move  in  such  oval. 
This  may  easily  be  solved  by  aid  of  vectorial  coordinates;  and  as  it  seems 
desirable  to  place  on  record  the  tangential  affections  of  a  curve  expressed  in 
terms  of  such  coordinates,  which  I  am  not  aware  has  hitherto  been  done, 
I  subjoin  the  investigation  for  the  purpose.  The  results  will  be  seen  to  be 
of  great  use  in  simplifying  the  solution  of  the  important  problem  of  deter- 
mining the  most  general  motion  of  a  body  attracted  to  two  or  more  fixed 
centres,  a  problem  to  which  I  purpose  hereafter  to  return. 

If  F,  G  be  two  foci,  c  their  distance  from  one  another,  /,  g  their  distances 

from  any  point  in  a  curve,  ds  the  element  of  the  arc  at  the  point  (/,  g),  6,  i) 

the  angles  which  ds  makes  with /and  g,  we  have 

„     df  da 

cos  0  =  -^ ,  cos  V=i- 

ds  as 

Call  g+f=u,  g—f=v,  and  let  oi  be  the  angle  betweenyand  g.     Then 

(cos  Of  +  (cos  iff  +  (cos  w)"  —  2  cos  to  .  cos  fl  .  cos »)  —  1  =  OJ. 
Hence  ^^^ _df  +  df- 2«o.«.df.dg 

^     '  (sm  mf 

[*  p.  539,  above.] 

t  And  equally  it  follows  that  a  homogeneouH  plate  whose  moleoules  exert  a  repiMive  force 
following  the  inverse  fifth  power  of  the  diatanoe,  would  serve  to  make  a  particle  move  in  the 
inlmor  segment  of  an  orthogonal  oirole.  Qneere  as  to  how  the  motion  mnat  be  eoneeived  to  take 
place  when  the  attracted  or  repelled  particle  eaters  or  quits  the  plate  ?  To  fix  the  ideas,  auppoae 
the  plate  attraotive.  The  orbit  described  within,  the  plate  mnst  toach  the  radins,  for  the  force 
becomes  infinite  in  the  direction  of  the  radius,  and  must  tend  towards  the  centre  without 
becomingoonvei:  toil,  onaocountof  the  force  being  attractive.  I  do  not  see  how  these  oonditiona 
can  be  reconciled,  except  by  supposing  the  remainder  of  the  motion  to  take  place  along  the 
radins  itself,  which  involves  the  supposition  of  the  transverse  velocity  at  immergence  becoming 
instantaneously  destroyed,  and  the  same  at  emergence  when  the  force  is  repulsive. 

t  The  leit-hand  side  of  this  equation,  oaUing  the  directions  of/,  g,  ds,  A,  B,  C,  is 
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And,  by  trigonometry, 


1  +COSo)  = 

(dsf 


1  —  coa  a 


2/? 
{duf  (1  -  coa  m)  -  {dvf  (1  +  cos  m) 
(sin  ffl)' 


and  again, 


__  (c"  -  ^)')  t?M'  +  (c'  -  M°)  rf;;'  ^ 


.    „  _    I ({dsf  ~  (dfy\  _  df—  dg  .  cos  o>  _  du  (1  —  cos  w)  —  dv  (I  +  cos  <t>) 
~y  \       {dsf~}  sin  a)ds  ^"'"        ' 


Olds 


Ac?-v')d 


ifg  am  rods 
f  (w^  -  c^)  rfi)  _  (c'  -  y°)  rfw  -  (e^  -  u^)  dv 


and  similarly, 


p  sin  ads  VLCw^  -  «^) Kc''-«'')'^w''+(c^  -  u")  di^\] ' 

(c^  —  v^)  du  +  (c^  —  u^)  dv 


~  V[(^^ 


v'){(c^ 


V'')  du^ + {<f  -  u'')  dif\y 


It  is  worthy  of  passing  observation  that  the  above  expressions  lead 
immediately  to  the  integral  of  the  fundamental  equation  in  the  addition 
of  elliptic  functions;  for  if  we  call  p,  q  the  two  perpendiculars  from  the  foci 
upon  ds,  we  have 


(c'  -  v^)  dv?  -  {u"  -  c")  dv'' 


gr  sin  ^ .  sin  tj  =  4'pq. 


3  now  ipq  =  c'  -  aK 

Then     (c=  ~  v''T  du''  ~  (w=  -  c^y  dv"  =  (c=  -  a^}  (c=  -  u=)  du^  ~  (. 
dii!'  dv'' 


(m=  -  a^)  {v:'  -  c")     ()i=  -  a=)  (iJ"  -  c=) 


n  Hpaoa  ^,  B,  C,  Z)  in  Bpaces,  the  detem 
oosJB,     cos  .1(7,    cos  JA    1 


IB  DA, 


isDB, 


mDC, 


This  important  equation  is  nowhere  explicitly  given  in  treatises  on  trigonometry  or  deter- 
minants, but  is  -virtually  inoluded  in  a.  theorem  whioh  is  to  be  fotmd  in  BalEer,  and  probably 
elsewhere,  as  affirmed  oonoerning  the  four  sideB  of  a  wry  quadrilateral ;  for  onj/  four  lines  in 
apaoe  which  meet  in  a  point  being  given,  a  wry  quadrilateral  may  be  formed  with  eitlee  parallel 

iress  the  element  of  a  carve  in 
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The  integral,  therefore,  of  this  equation  must  express  the  fact  that  u  and 
V  are,  or  may  be  regarded  as,  the  sum  and  difference  of  the  distances  of  two 
fixed  points  distant  c  apart  from  any  point  in  a  fixed  straight  line,  the 
product  of  whose  distances  from  those  points  is  c^  —  a?,  or  also,  if  we  please, 
as  the  sum  and  difference  of  the  distances  of  two  fised  points  distant  a  apart 
from  any  point  in  a  fixed  straight  line  the  product  of  whose  distances  from 
the  points  \&  a?  —  &. 

Thus,  parting  from  the  first  construction,  if  we  write  y  +  \x  =  L  as  the 
equation  to  the  straight  line,  the  origin  being  taken  midway  between  the 
two  points,  and  the  axis  oi  x  coincident  with  the  line  joining  them,  we  obtain 


1  +V    ' 
or  i^  =  ^X=  +  (c^-a=)a  +  >.');' 

we  have  also       u^  ^  y^  + -^  —  ex  +  x^ ;     v'^y'  +  j+ac  +  x^; 

sothat  »  =  ^'.     S'"=«'-»'-f~'''i^'". 

and  that  the  required  integral  will  be 

A/((»--»")-2-Ssr-J+^-2;r 

which,  completely  rationalized,  will  lead  to  an  equation  of  the  eighth  degree 
in  u,  V,  and  quadratic  in  X^. 

A  similar  rational  equation  in  u,  v,  fj?  can  be  obtained  by  interchanging  a 
and  c  with  one  another,  and  \  with  ^ ;  and  as  each  equation  represents  the 
complete  integral,  /j?  will  necessarily  be  a  linear  function  of  V  when  each  is 
regarded  as  a  function  of  «,  v.  This  linear  relation  we  can  establish  d  priori; 
for  we  have 

Hence  making  a;  =  0,  we  have 

(oa^  -  4c')  /t=  -  (5c'  -  ia^)  X"  +  8  («=  -  c=)  =  0. 
If  we  are  content  to  leave  the  integral  irrational  in  X  or  /i  respectively,  then 
it  presents  itself  under  the  form  of  a  biquadratic  rational  equation  in  u  and  v. 
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Combining  the  above  constniction  of  the  integral  with  the  well-known  one 
through  spherical  triangles,  we  obtain  an  interesting  geometrical  theorem, 
namely,  that  if  from  a  given  spherical  lune  two  arcs  be  cut  off  by  an  arc  of 
constant  length,  their  sines  may  always  be  represented  by  the  sum  and 
difference  of  the  distances  of  two  fixed  points  from  a  variable  point  in  a  fixed 
straight  line ;  and  moreover  there  will  be  two  systems  of  such  line  and 
associated  points. 

Besides  the  general  integral,  we  have  also  the  singular  ones  given  by 
M  =  a  or  v  =  a,,    or    u  =  c  ox  v  =  g, 
indicating  the  familiar  proposition  that  the  product  of  the  focal  distances 
from   the   tangents   of  an  ellipse  or  hyperbola  are  constant;  u  =  a  and  V  =  C 
will  correspond  to  an  ellipse  and  hyperbola,  of  which  the  foci  in  the  one  are 
the  vertices  of  the  other,  and  vice  versd.     If  from  any  external  point  we  draw 

a  pair  of  tangents  to  either  of  these  curves,  ^ ,  that  is  y^-  .  ,  and  there- 
fore -T- ,  will  have  the  same  value  at  each  point  of  contact ;  so  that  if  a,  a' 

dg 
and  y9,  ^  be  the  angles  which  the  tangents  respectively  make  with  the 

focal  distances  of  the  points  of  contact,  we  have  —  -.  =  — — _  and  also  a'  —  a 
cos  a      cos  ^ 

the  same  in  absolute  magnitude  as  ,8'  —  yS,  from  which  it  is  easy  to  infer 

a  =  0,  a'  =  /3',  showing  that  the  tangents  to  an  ellipse  or  hyperbola  make 

equal  angles  with   the  focal  distances  at  the  points  of  contact,  as  is  also 

known  from  the  theory  of  confocai  conies. 

In  precisely  the  same  manner  we  may  integrate  the  general  equation 
F  {2p.  2q)  =  G,  where 

"■i'     V  \«  -  v)  \/{(c=  -  V')  du"  +  (d'  -  W)  dv']  • 
2«=     /(^-^\      (<^-v')du-(c'-u')dv 

F  being  any  form  of  function  whatever ;  the  integral  will  always  be 

where  the  relation  between  L  and  \  depends  upon,  and  may  be  determined 
from,  the  nature  of  F*. 

*  Bj  varying  the  curve  to  which  ds  refers,  we  maj  obtain  innumerable  classes  of  differential 
equations  whose  integrals  can  be  determined.  Moreover,  by  taking  ds  the  element  of  a  curve  in 
space  referred  to  three  toei,  ds  can  be  eipressed  by  aid  of  the  tlieorem  given  in  a  previous 
footnote  as  a  function  of  the  three  focal  distances/,  g,  h  and  their  differentials;  and  consequently 
the  lengths  of  the  perpendiculars  upon  it  from  the  three  foci  oan  be  eipreaaed  in  lite  manner, 
and  we  may  thus  obtain  integiable  forme  of  simuitaneoos  binai'y  Eystems  of  difierential  equations 
between/,  g,  ft. 
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As  regards  the  expression  for  p,  the  radius   of  curvature  in   terms  of 
vectorial  coordinates,  we  may  employ  the  well-known  formula 
1  ds^ 


where  ^=-' 25~  =  ^^. 

//u  -\-  c    u~c    c  +  v    c  —  ll\ 
''V  V~2~  ■  ~2~  ■  ^2"  ■  "2"/      V((»'-c')(c'-^^)l. 
^~  c  2c  ' 

which  I  have  not  thought  it  necessary  to  reduce  further.  As  regards  the 
original  question  of  determining  the  central  force  towards  a  focus,  say  F, 
proper  to  make  a  body  move  in  a  Cartesian  ova!,  we  have 

^     1  rf    „     ^,„  d     / 1 V 
where  ^  is  the  instantaneous  area,  and,  if  the   equation  to  the  oval  be 

df=kdg\    du  =  {\+k)dg;    dv={\-k)dg\    m=  fn-r]/- t  ; 

so.k.t      /■i\-^(»-»)[(i+t)-(°'-tf)+(i-i'y(<''-»')i 
Upi  ~  (« + »)  1(1  +  j!)  (<?  -  •■) + (1  - 1)  (=•  -  «')i- ' 

P 

from  which  F  may  be  calculated  and  expressed  under  the  form  j^ ,  where  P 

and  Q  are  each  rational  integral  functions  of  the  fourth  degree  in/. 

It  does  not  seem  to  me  worth  while  to  work  out  the  actual  values  of  P, 
Q  for  the  general  form  of  the  oval  (in  algebra,  as  in  common  life,  there  is 
wisdom  in  knowing  where  to  stop) ;  but  it  did  appear  to  me  desirable  to 
ascertain  the  form  of  the  expression  for  the  retaining  force,  which,  it  is 
hardly  necessary  to  add,  it  would  have  been  quite  impossible  to  do  had  the 
ordinary  system  of  coordinates  been  employed.  The  feet  of  this  force  being 
a  rational  function  of  the  distance  is  a  result  not  without  interest ;  and  for 
particular  varieties  of  the  curves  belonging  to  the  class  of  Cartesian  ovals, 
it  will  be  easy  to  obtain  its  actual  value  as  a  function  of  the  distance. 
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On  the  Curve  in  Space  which  is  the  Analogue  to  the  Cartesian 
Ovals  in  piano. 

By  a  Cartesoid  we  may  understand  a  surface  such  that  a  linear  relation 
exists  between  the  distances  of  any  point  in  it  from  three  fixed  points  in  a 
plane,  and  by  a  twisted  Cartesian  the  intersection  of  two  Cartesoids  whose 
three  fixed  points  of  reference  are  identical.  A  twisted  Cartesian,  then,  will 
be  a  curve  in  space  whose  distances  from  three  fixed  points  (its  foci)  are 
connected  by  two  linear  relations  :  from  this  it  is  obvious  that  it  may  be 
conceived  also  as  the  intersection  of  two  surfaces  of  revolution  generated  by 
the  rotation  about  their  lines  of  foci  of  two  plane  Cartesians  having  one 
focus  in  common,  so  that  it  will  consist  of  a  system  of  closed  rings.  If  F,  G, 
H,  K  be  any  four  points  in  a  plane,  and  if  the  areas  of  the  triangles  QHK, 
ffKF,KFG,FGH  be  ca.\\ed  F,,G^,H,,K,  respectively,  a,nd  P  be  any  point 
in  space,  it  is  easy  to  prove  that 

F, .  PF'  -  G, .  P0-'  +  H, .  PH^  -  K, .  PK^  =  E, 

where  S  is  a  sort  of  geometrical  invariant  independent  of  the  position  of  P. 
Its  value  may  b 


by  the  equation 

0,        FCf, 

FH', 

FK' 

OF',       0, 

0H\ 

OK' 

HF',    HO; 

0, 

HK 

KF'.    KO', 

KB', 

0 

ith  F  we  fjiid 

HKF+FH' 

OKF- 

-FK' 

By  making  P  coincide  v 

±E=FG\HKF+FHKGKF-FKKGFH. 
Hence,  if  the  position  of  K  be  determined  by  linear  coordinates,  a?,  y,  and  of 
F,  0,  H  by  coordinates  of  the  like  kind,  it  is  obvious  that  E  becomes  a 
rational  quadratic  function  of*',  y\  F^,  G„  H^  linear  functions  oix,  y\  and  ^i 
independent  of  x,  y. 

Let  P  be  any  point  in  a  twisted  Cartesian  whose  loci  are  F,  Q,  H;  p,  <r,  t 
the  distances  of  P  from  these  foci.     Then  we  have 

lp  +  ma-  +  m+p  =  i),  (1) 

rp+mV  +  »'T  +  p'  =  0,  (2) 

where  I,  m,  n^p;  I',  m,  n', p'  are  constants. 
Let  V  be  the  distance  of  P  from  K,  then 

F,p-'-G,<7'  +  H,T'-E=--K,v\  (3) 
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and  V  will  be  a  linear  function  of  p,  a,  t,  provided  that  the  values  of  p,  o- 
in  terms  of  t  determined  from  (1)  and  (2)  make  the  left-hand  side  of  (3) 
a  perfect  square. 


The  condition  that  this  may  happen  is 


0,     ■ 


I', 


0,        I.       V 


0,      0 
0,      0 


It  is  easy  to  see  that  the  determinant  above  written  consists  exclusively 
of  terms  in  which  only  binary  combinations  of  F, ,  Oi,  Hi,  E  appear.  Con- 
sequently equation  (4)  is  an  equation  of  the  third  degree  in  x,  y.  When  this 
equation  is  satisfied,  ^  is  a  locus  just  like  F,  G,  H.  Hence  we  may  conclude 
that  any  given  twisted  Cartesian  possesses  an  infinite  number  of  foci,  every 
point  that  lies  in  a  certain  curve  of  the  third  degree  being  a  focus.  When 
three  foci  are  given  there  are  four  disposable  parameters,  and  no  more,  for 
determining  this  curve,  which  therefore  cannot  be  any  cubic  curve,  but  is 
subject  to  satisfy  two  conditions.  This  cubic  curve  of  foci  for  the  twisted 
Cartesian  is  the  analogue  of  the  three  focal  points  appertaining  to  the 
ordinary  plane  Cartesian*. 

We  are  now  in  a  position  to  obtain  a  much  simplei'  mode  of  genesis  of 
the  twisted  Cartesian.  If  F,  G,  H  he  any  three  points  in  a  right  line  whose 
distances  from  each  of  a  group  of  points  in  a  plane  more  than  Pwo  in  number 
are  subject  to  two  linear  relations,  it  is  easy  to  prove  that  these  latter  will  lie 
in  a  Cartesian  oval,  of  which  F,  G,  H  are  the  three  loci.  If  then  we  draw 
any  transversal  in  the  plane  of  the  focal  cubic  cutting  it  in  three  points 
F,  G,H,  and  make  a  plane  revolve  about  this  line,  each  group  of  points  in 
which  the  twisted  curve  is  cut  by  this  revolving  plane  being  subject  to  the 
same  two  linear  conditions  of  distance  from  F,  Q,  H,  they  and  therefore  the 
entire  twisted  curve  will  lie  in  a  surface  generated  by  the  revolution  of  a  certain 
Cartesian  ova]  about  F,  Q,  H.  By  drawing  F,  G,  H  parallel  to  an  asyn  ptotef 
one  of  the  points,  say  H,  goes  off  to  infinity,  and  F,  G  become  the  foe   of  a 

*  It  is  due  to  Mr  Crofton  to  state  that  the  idea  which  has  led  to  the  diaooverj  of  h  p  p  rty 
of  the  twisted  Cai'tesiac  was  suggested  by  the  method  employed  by  that  eioeii  n  g  m 
for  establishing  the  eiiBtenoe  of  the  third  foeua  for  the  plane  ovals,  as  described  by  him  n  a 
remarkable  paper  on  the  theory  of  these  ourTes  read  before  the  London  Mathematical  Society  on 
the  19th  instant.  It  is  important  to  notice  that,  since  the  (listances  oi  the  points  in  the  twisted 
curve  from  any  one  of  the  original  foci  are  linearly  related  to  those  from  any  other  point  L,  and 
also  Erom  any  other  point  M  in  the  foc^  cubic,  the  distances  from  L  and  M  are  themselves 
linearly  related. 

+  It  will  presently  appear  that  there  is  but  one  real  asymptote  to  the  focal  cubic. 
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conic;  and  as  we  may  draw  any  other  transversal  parallel  to  the  former 
cutting  the  cubic  in  two  other  points  F',  0',  we  learn  that  the  twisted 
Cartesian  is  always  expressible  as  the  intersection  of  two  surfaces  of  revolu- 
tion of  the  second  degree  whose  axes  are  parallel,  and  is  thus  a  curve  of  only 
the  fourth  order.  It  follows,  moreover,  that  the  focal  cubic  is  the  locus  of  the 
foci  of  a  family  of  conies  in  involution  whose  axes  are  parallel. 

But  we  may  still  further  simplify  the  conception  of  these  remarkable 
analogues  to  the  ovals  of  Descartes.  One  of  the  system  of  parallels  last 
described  will  be  the  asymptote  itself  meeting  the  cubic  in  only  one  point,  so 
that  the  revolving  conic  becomes  a  parabola ;  and  again,  if  we  draw  another 
transversal  parallel  to  the  asymptote  and  touching  the  cubic,  the  two  foci 
come  together,  and  the  conic  becomes  a  circle.  Hence  every  twisted  Cartesian 
ia  the  interseciion  of  a  sphere  and  a  paraboloid  of  revolution*. 

We  are  now  in  a  position  to  turn  back  upon  the  focal  cubic  itself  and 
make  it  disclose  its  true  nature ;  for  it  will  be  no  other  than  one  of  the  two 
curves  of  foci  of  the  system  of  conies  passing  through  four  points  which  lie 
in  a  circle.  The  axes  of  such  a  systein  always  retain  their  parallelism ;  and 
consequently  there  will  be  two  separately  determinable  curves  of  foci — 
those,  namely,  which  lie  in  one  set  of  parallel  axes,  and  those  which  lie  in 
the  other.  By  a  general  theorem  of  M.  Chasles,  the  complete  curve  of  foci  is 
of  the  sixth  order,  and  consequently  each  of  the  two  in  question  ought  to  be, 
as  we  learn  from  the  preceding  theory  it  is,  a  curve  of  only  the  third  degree  ■}•. 

The  equation  of  either  may  easily  be  found,  and  is  of  the  form 
xix"  +  y'  -h  A)  +  Bx^  +  Oa:y  +  Dy^  =  0, 
to  which  there  is  only  one  real  asymptote,  namely,  a;  +  2)  =  0,     This,  then,  is 
the  general  equation  to  the  focal  cubic  to  a  twisted  Cartesian,  and  shows  it 
to  belong  to  the  class  of  circular  cubics. 

The  focal  cubic  is  or  may  be  determined  by  a  circle  involving  three 
constants  and  four  points  arbitrarily  chosen  in  the  circle,  which,  together  with 
the  three  constants  for  fixing  the  plane  of  the  circle,  give  ten  parameters 
in  all. 

It  passes  through  the  intersections  of  the  three  paire  of  opposite  sides  of 
the  quadrilateral  inscribed  in  the  circle,  the  centre  of  the  circle,  and  the  two 
circular  points  at  infinity ;  the  special  relations  of  the  three  intersections  to 
the  cubic  await  further  investigation.  The  twisted  cubic  with  which  it  is 
1  may  be  determined  by  means  of  two  right  cones,  each  involving 


*  Or,  as  ia  eyident  from  the  text,  the  intersection  of  two  {and  therefore  ftleo  of  three)  right 
cones  with  parallel  axes  whose  plane  will  contain  the  focal  cubio. 

+  Bvety  focal  cubic  to  a  given  twisted  Cartesian  has  thus  its  conjugate  corresponding  to 
another  twisted  Cartesian,  which  may  be  regarded  as  the  conjugate  of  the  first;  and  the  mutual 
relations  of  such  curves  seem  to  invite  further  investigation. 
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aix  constants ;  but  as  the  axes  must  be  coplanar  and  parallel,  the  number  of 
parameters  is  reduced  from  twelve  to  ten,  thus  showing  that,  when  the  focal 
curve  is  given,  the  associated  ovals  are  determined  (in  this  respect  differing 
from  the  plane  ovals,  in  which  one  parameter  remains  indeterminate  when 
the  trifocal  system  of  points — the  analogue  of  the  focal  cubic — is  given). 
It  will  probably  be  found  that  when  iive  points  in  the  focal  curve  are  given, 
thus  leaving  two  parameters  disposable,  the  twisted  ovals  drawn  through  any 
given  point  will  cut  each  other  orthogonally,  as  Mr  CroftOD  has  shown  to  be 
the  case  for  the  plane  curves  in  his  beautiful  paper  on  the  Cartesian  ovals. 
I  find  that  when  the  focal  cubic  is  defined  by  means  of  the  circle  ic'+y^— c°=0, 
and  of  its  intersection  ivith  the  parabola  Ay?  +  2ets+2fy  +ff  =0,  its  equation 
becomes  Aex  (a?  +  y^  +  <^)  +  {A''  -  Ag)  a^-{ey  -fnif  =  0. 

I  have  already  implicitly  alluded  iu  a  preceding  footnote,  but  think  it 
well  again  to  call  express  attention,  to  the  remarkable  property  of  the  new 
ovals,  of  giving  circular  perspective  projections  ou  the  same  plane  for  three 
different  positions  of  the  eye,  the  lines  joining  the  eye  with  the  centre  of 
each  projection  being  all  three  parallel  to  one  another  and  perpendicular  to 
the  plane  of  the  picture.  This  fact  involves  the  truth  of  the  elegant  and 
probably  well-known  elementary  geometrical  proposition,  that  if  the  opposite 
sides  of  a  quadrilateral  inscribed  in  a  circle  be  produced,  the  lines  which 
bisect  the  acute  angles  thus  formed  will  be  perpendicular  to  one  another, 
and  respectively  parallel  to  the  two  bisectors  of  the  angles  formed  by  the 
diagonals  at  their  intersection.  I  must  now  leave  to  professed  geometers 
(among  whose  glorious  ranks  I  do  not  claim  to  be  numbered)  the  further 
study  of  those  wonderful  twin  beings,  twisted  Cartesians  as  I  have  called 
them,  but  which  those  who  so  think  fit  may  of  course  designate  more 
simply  as  ovals  with  the  name  of  their  originator  prefixed.  By  supposing 
the  vertices  of  the  three  containing  cones  to  be  brought  indefinitely  near  to 
the  plane  of  the  picture,  my  ovals  ought  to  revert  to  the  Cartesian  form. 
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SUPPLEMENTAL   NOTE   ON   THE   ANALOGUES   IN    SPACE 
TO  THE  CARTESIAN   OVALS  IN  PLANO. 

[Philosophical  Magazine,  xxxi.  (1866),  pp.  380—385.] 

To  complete  the  theory  given  in  the  last  Number  of  the  Magazine, 
concerning  the  new  ovals  in  space,  I  ought  to  notice  that  the  focal  cubic 
there  spoken  of  is  the  circular  cubic  of  which  the  four  points  in  the  circle,  by 
means  of  which  it  is  determined,  are  the  foci.  This  will  become  evident  from 
comparison  with  Dr  Salmon's  Higlier  Plane  Curves,  p.  175.  My  focal  cubic 
is  the  locus  of  one  set  of  foci  of  a  system  of  conies  whose  axes  are  parallel, 
which  pass  therefore  through  four  points  lying  in  a  circle.  The  axis  in  which 
the  foci  are  taken,  and  which  ie  parallel  to  the  real  asymptote,  in  general 
meets  the  focal  curve  in  two  points.  Whenever  these  points  come  together, 
this  parallel  to  the  asymptote  becomes  a  tangent;  and  the  foci  do  come 
together  for  the  circle  itself  and  for  the  three  pairs  of  lines  which  can  be 
drawn  through  the  four  points  in  question.  Hence  the  focal  cubic  not  only 
passes  through  the  centre  of  the  circle  and  through  the  intersections  of  the 
three  pairs  of  lines  just  spoken  of,  but  at  each  of  these  four  points  is  parallel 
to  the  real  asymptote,  that  is,  to  the  line  bisecting  one  of  the  angles  in  which 
the  diagonals  cross.  It  has  also  two  circular  points  at  infinity.  All  these 
conditions  are  fulfilled  by  one  of  Dr  Salmon's  pair  of  circular  cubics,  of  which 
the  four  points  in  question  are  the  foci.  These  curves  are  therefore  identical; 
or,  to  express  the  same  idea  more  fully,  the  two  conjugate  circular  cubics,  of 
which  four  points  in  a  circle  are  the  foci,  together  constitute  the  complete 
locus  of  the  foci  of  the  system  of  conies  which  can  be  drawn  through  those 
four  points*.     It  is  interesting,  moreover,  to  notice  that  the  spherical  curve 

*  Hence,  as  shown  by  Dr  Selmon,  the  tooal  cubic  ooneists  of  on  oval  and  a  sai-pentine  branch. 
The  two  associated  focal  cnbies,  the  same  eminent  author  has  shown,  ms,y  ])g  regarded  as  the 
locus  of  the  intersections  of  similar  conies  having  for  their  respective  pairs  of  foci  the  two  pairs 
of  points  whiEh  make  up  the  given  set  of  four  foci ;  bat  their  simpler  geometrical  definition,  as 
the  complete  locus  of  the  foci  of  the  conies  dravra  through  the  four  given  points,  appears  to  have 
escaped  obseivation. 
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which  is  the  intersection  of  any  two  right  cones  with  parallel  axes,  aod  which 
is  necessarily  contained  also  in  a  third  right  cone  fulfilling  the  same  condition, 
may  be  regarded  as  the  inverse  of  any  plane  section  of  the  spindle  or  tore 
formed  by  the  revolution  of  a  circle  about  an  axis  cutting  it,  in  respect  to 
either  point  of  interaection  of  the  spindle  with  its  axis.  The  spherical  curve 
in  question  is  of  course  no  other  than  the  so-called  pair  of  twisted  Cartesian 
ovals ;  and  its  focal  curve  may  be  any  of  Dr  Salmon's  circular  cubica  of  the 
first  kind,  that  is,  one  whose  four  real  foci  lie  in  a  circle.  Finally,  if  a  double- 
curvature  (that  is,  twisted)  Cartesian  is  given,  we  may  define  its  focal  curve 
very  simply  as  arte  of  the  two  circular  cvincs  of  which  ike  points  in  which  it  is 
intersected  hy  the  plane  passing  through  the  axes  of  its  containing  right  cones 
are  the  four  real  foci.  The  Cartesian  itself  is  contained  in  a  sphere,  in  a 
paraboloid  of  revolution,  in  three  right  cones  with  parallel  axes*,  and  also  in 
three  surfaces  of  revolution  produced  by  the  rotation  of  cardioids  (with  their 
triple  foci  lying  respectively  at  the  points  of  inflexion  of  the  focal  curve) 
about  the  stationary  tangents^". 

If  the  two  parabolas  drawn  through  the  four  given  points  lying  in  a  circle 
which  serve  to  determine  the  focal  curve  be 

fl^  +  2ea;  +  2/y  =  0,     j^  +  2gx  +  2hy  =  0, 
I  find  that  the  equation  to  the  focal  curve  which  is  the  locus  of  the  foci  lying 
in  the  y  axis  of  the  conies  drawn  through  the  four  foci  is 

h(x-e)(a^  +  f)  +  (fh-ke  +  kxf  -  2  (fk  -  Ae  +  &e)  Ay  -  h^x^  =  0. 


*  go  remarkable  ia  this  propei-t?  of  the  three  ooues,  that,  at  the  riek  at  ted 
I  think  it  desirable  to  present  it  under  the  same  vivid  form  in  nhicli  it  atrilcea  m;  own  mind. 
If  any  two  indefinite  straight  lines  oroas,  they  may  be  regarded  as  representing  a  aoaple  of  right 
conea  generated  respeotivelj  by  the  revolution  of  the  lines  about  the  two  bisectora  of  the  angle 
■whioh  they  form.  Imagine  now  a  quadrangle  inscribed  in  a  circle ;  its  diagonals  and  pairs  of 
opposite  sidea  produced  indefinitely  will  repreaent  three  couples  of  right  cones.  This  triad  of 
oouplea  may  be  resolved  into  a  couple  of  triads,  the  cones  of  each  triad  having  their  axes  parallel 
le  of  the  other  triad;  the  three  cones  of  each  triad  respectively 
Jie  two  iaterseotions  being  oonsoeiated  twisted  Cartesians  whose 
focal  oubics  are  respectively  the  two  oonsooiated  circular  oubios  of  which  the  angles  of  the  quad- 
rangle are  the  common  foci.  Moreover  each  such  twisted  Caitesian  is  a  spherical  curve  lying  in 
the  sphere  of  which  the  circle  circumscribed  about  the  quadrangle  is  a  great  circle.  The  verifica- 
tion of  these  laws  of  interaect  on  mi^ht  be  sed  to  form  the  subject  of  a  new  and  instructive  plate 
for  students  of  ordinary  des  rpl       jeo     t  y 

+  It  is  interesting  to  t  ac-e  the  hange  of  form  n  the  general  double-curvature  Cartesians 
in  regard  to  the  real  and  imaginary  For  th  s  p  rp  se  conceive  a  sphere  penetrated  by  a  conical 
bodldn  of  indefinite  length  when  the  po  t  of  the  bodkin  just  pricks  the  sphere  externally,  the 
otirve  consists  of  a  single  po  nt  as  the  bodk  n  a  pushed  jo,  the  carve  becomes  a  aingle  oval ; 
when  the  point  of  the  bodkm  agam  meets  the  aphere  mternally,  the  curve  will  consiat  of  an  oval 
and  a  oonjngate  point ;  then  two  ovals  are  formed  ;  then  when  the  bodkin  and  sphere  touch,  of 
an  oval  and  a  oonjugata  point;  then  of  a  single  oval ;  and  after  the  bodlin  again  touohea  the 
sphere,  in  the  other  side,  of  a  single  point ;  and  finally  the  curve  returns  wholly  into  the  Umbo  of 
the  imaginary,  whence  it  originally  issued.  There  is  apparently  nothing  analogous  to  this  in  the 
geometrical  genesis  of  the  plane  Carteeian  ovals. 
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When  a7'  +  y=0,  this  gives  (y7A-fee  +  fca:—%)'  =  0,  showing  that  a;  =  0,  j/ =  0 
is  a  /octw,  which  demonstrates  the  focal  character  of  each  of  the  four  fixed 
points. 

Departing  from  the  theory  of  the  quasi-Cartesian  ovals,  if  in  general  we 
take  any  four  fixed  points  lying  at  the  intersections  of  the  two  conies, 
11=00?+  by^  +  2hxp  +  %gza;  +  %fsy, 
t-  ^y'  +  27}a:y  +  273*  +  2^33^, 
be  given  by  the  equality 
g  +  Xy,  1 

0,  -i'x  +  iy) 

-('>:  +  i^l  0 

which,  by  equating  real  and  imaginary  parts,  gives  two  equations  between 
x,  y,  \. 

By  aid  of  these  equations  \  may  be  expressed  as  a  rational  integral 
function  of  x,  y,  which  we  know  d  priori  must  be  of  the  second  degree  only, 
since  otherwise,  on  substituting  for  its  value  iu  either  of  the  equations 
between  x,  y,  X,  we  should  obtain  an  equation  above  the  sixth  degree  in  x,  y, 
contrary  to  Chasles's  theorem  (we  shall  also  see  that  this  is  the  case,  without 
having  recourse  to  this  theorem,  by  the  reasoning  below). 

Let  a?  +  y^=0,  thou  the  above  equality  becomes 

showing  that  the  origin,  that  is,  any  one  at  will  and  therefore  all  of  the  four 
fixed  points,  is  a  focus.  If  \  were  above  the  second  degree  in  x,  y,  the  line 
joining  this  point  with  either  of  the  circular  points  at  infinity  would  be 
always  at  least  a  triple  tangent  to  the  focal  curve  ;  but  in  the  case  where  the 
focal  curve  breaks  up  into  two  distinct  subloci,  we  have  seen  that  these 
tangents  to  each  sublocus  are  simple,  that  is.  that  they  are  double  in  regard 
to  the  whole  locus,  wherefore  X  must  be  always  a  quadratic  function  only  of 
x,  y.  Consequently  each  circular  point  at  infinity  must  itself  be  a  double 
point  upon  the  curve. 

If  now  we  regard  the  four  given  points  as  syzygetic  foci  of  a  curve  (a  term 
indispensable  to  give  precision  to  the  theory  of  foci  when  interpreted  in  the 
PlUekerian  sense),  that  is,  if  we  suppose  a  plane  curve  defined  by  the  equation 

X  V(4)  +  1^  V(£)  +  V  V(C)  +  TT  V(-D)  =  0, 

where  A,  B,  G.  D  are  the  characteristics  of  the  infinitesimal  circles  of  which 
the  four  given  points  are  the  centres;  and  if  in  the  norm  of  the  linear  function 
above  written  we  make  X  ±ij.±v  ±'rr  =  Q,  and  conjoin  with  this  two  other 
equations  between  X,  fi,  v,  17,  which  will  make  the  term  (n?  +  y^f  {Lx  +  My) 
s,  II.  36 
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in  the  norm  vanish  identically,  that  is,  the  equations  i  =  0,  if  =  0,  we  shall 
obtain  a  group*  of  curves  of  the  sixth  degree,  each  possessing  precisely  the 
same  geometrical  characters  as  have  been  proved  to  be  satisfied  by  the  curve 
of  foci  of  the  conies  f/"+xF  drawn  through  the  four  fixed  points,  namely  of 
having  the  circular  points  at  infinity  for  double  points,  and  being  doubly 
touchedf  by  each  line  joining  either  of  them  with  any  one  of  the  four  fixed 
points;  and  if  we  are  at  liberty  to  assume  (which,  however,  requires  further 
investigation  J)  that  the  curve  containing  the  foci  of  [T+xymustbe  identical 
with  one  of  the  group,  then  this  curve  of  foci  will  be  defined  by  the  equation 

whence,  calling  a,  6,  c,  d  the  four  fixed  points,  and  F,  G,  H  the  points  of 
intersection  of  the  opposite  sides  of  the  quadrangle  abed,  the  signs  of  the 
square  roots  below  written  must  be  capable  of  being  so  assumed  that  the 
determinant 

{aI')K     (hF)i,     (c-F)*,     {dF)i 

(aG)\    (bG)K    {cG)i,    (dG)^ 

iaH)K    (bff)i,    (cH)i    {dHf 
1,  1,  1,  1 

ahall  be  equal  to  zero,  constituting  a  remarkable  theorem  concerning  seven 
points  (four  quite  arbitrary)  in  a  plane.  If  (as  seems  probable)  the  case 
supposed  is  what  actually  obtains,  a  geometrical  rule  must  exist  for  de- 
termining the  proper  combination  of  signs  to  be  employed  in  the  above 
determinant ;  and  then  I,  m,  n,  p  will  be  proportional  to  the  first  minora  of 
the  three  first  lines  of  the  matrix  above  written  §, 

The  above  theory,  very  hastily  sketched  out  under  the  pressure  of  other 
occupations,  will  serve  at  all  events  to  manifest  in  how  very  imperfect  and 
inchoate  a  form  the  theory  of  foci  at  present  exists,  and  may  serve  to  raise 
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NOTE  ON  A  MEMORIA    TEOHNIGA   FOR  DELAMBRE'8, 
COMMONLY  CALLED  GAUSS'S,  THEOREMS. 

{Philosophical  Magazine,  xxxii.  (1866),  pp.  436—438.] 

The  most  subtle  reagents  employed  in  spherical  analysis  and  transforma- 
tion are  the  following  four  admirable  formulae,  "commonly  ascribed  to  Gauss, 
but  in  reality  due  to  Delambre*  ": — 


.    c       A-B      .    G  .    a  +  b 
sin  g  cos  ——^ —  =  am  ^  sin  — ^  , 

.    c    .    A-B  G   .    a-b 

am  -^  sin  — g—  =  cos  ^  am  —^  . 

Four  out  of  the  six  binary  combinations  of  these  four  equations  give  by 
simple  division  Napier's  Analogies,  a  term  which  seems  almost  equally 
appropriate  to  designate  Delambre's  formula.  It  need  hardly  be  remarked 
that  whilst  Napier's  analogies  may  be  immediately  deduced  from  Delambre's 
formulas,  the  converse  is  not  true. 

If  we  call  the  products  on  the  lefb-hand  side  of  the  equations  P,  Q,  R,  S, 
and  their  polar  reciprocals  P',  Q',  R',  8',  it  is  worthy  of  notice  that  the 
formulae  become 

P  =  -P',     Q  =  R',     R^Q',     S  =  -S'. 

*  Todhuntec'a  Spherical  Trlyoiiometry,  p.  27.  See  also  Davies's  edition  of  Mutton's  Cotti'se, 
Vol.  It.  p.  37. 
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The  formulse  may  be  expressed  collectively  by  the  easily  remembered 
disjunctive  elective  equation 

cos  c  cos  A  ±B     cos  C  cos  a  ±h 
sin  2  sin      2  sin  2  sin    2 

The  number  of  products  on  each  side  of  the  equation,  if  all  the  combina- 
tions of  trigonometric  affection  and  algebraical  sign  are  exhausted,  is  2'  or 
eight.  Out  of  each  8,  4  only  are  to  be  preserved  and  colligated  each  with 
each.     Thus  the  number  of  systems  capable  of  formation  is 

(l4"l^)'  (1  ■  2  ■  3 . 4)  =  24  X  70«  =  117600, 

of  which  one  only  is  valid.  This  accounts  d,  priori  for  the  difficulty  of 
recollecting  these  formulas,  a  difficulty  often  complained  of  and  still  offcener 
felt,  and  which  is  one  reason  of  their  being  comparatively  little  used  by  junior 
students.  Two  observations  easily  retained  in  the  memory  will  serve,  I 
think,  in  a  great  degree  to  remove  this  difficulty. 

Mule  1.  Oil  opposite  sides  of  any  one  equation  the  trigonometric  affec- 
tions of  the  angles  are  contrary,  and  those  of  the  sides  similar. 

Rule  2.  The  trigonometric  affection  of  the  uniliteral  factor  of  each  product 
governs  the  algebraic  sign  of  the  biUteral  factor,  in  the  following  manner: — 

Comparing  products  which  lie  on  the  same  side  of  the  equations,  like  and 
Unlike  affections  go  with  like  and  unlike  signs ;  comparing  those  which  lie  on 
opposite  aides  of  the  equations,  unlike  and  like  affections  go  with  like  and 
unlike  signs. 

These  two  rules  are  not  quite  sufficient  in  themselves ;  for  they  would  be 
satisfied  not  only  by  the  four  true  equations,  but  also  by  the  four  following 
false  ones  :— 

c         A~B       .    G         a-b 
cos-.cos^-^sm^-eos--^, 


.    c     .    A+B  C     .    a+b 

5in_.sm— ^=cos2-sm-y-. 

To  make  the  system  of  rules  complete  so  as  to  exclude  a  priori  the  construc- 
tion of  the  four  false  deductions,  it  is  necessary  and  sufficient  to  bear  in  mind 
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that,   on   the   left-hand   aide   of  the   equation,   the   cos*W-affection   of  the 
uniiiteral  term  is  associated  with  the  plus  sign  in  the  biliteral  one*. 

But  even  without  this  check  the  false  equations  may  be  put  to  the 
question  and  made  severally  to  disclose  their  character  as  such  by  applying 
any  one  of  them  to  the  limiting  case  of  a  triangle  on  a  sphere  continuing  of 
finite  radius,  but  in  which  the  angles  become  respectively  180°,  0,  0,  and 
consequently  the  side  opposite  the  first  equal  or  capable  of  being  equal  to  the 
sum  of  the  other  two.  Thus  writing  ia  the  first  and  third  of  the  last  written 
formulEe  G=  180",  5  =  0,  A  =  0,  we  ought  to  be  able  to  derive  c  =  a  +  b,  but 
find  instead  a=  b  ±  c  in  the  first,  and  a  =  b  +  c  in  the  third.  And  similarly 
in  the  second  and  fourth,  writing  A  ~  180°,  B=  0,  (7=0,  we  ought  to  be  able 
to  derive  a—b  +  c.  but  find  instead  d  =  —  6  +  c  in  the  second,  and  a  =  ~b  +  c, 
or  (i4-6  +  0  =  360°  in  the  fourth.  We  might  easily  deduce  other  defective 
criteria  from  the  reciprocal  limiting  case  of  a  spherical  triangle  in  which  one 
side  is  zero  and  the  two  others  each  180°,  in  which  case  the  angle  opposite 
the  first  augmented  by  180"  will  equal  the  sum  of  the  other  two.  Further- 
more, using  accents,  as  before,  to  denote  polar  reciprocation,  the  false  system 
takes  the  form 

P-P'  =  0,     Q  +  R'  =  0.     R  +  Q-  =  0,    S-S'^0, 
in  lieu  of  the  true  form, 

P  +  P'  =  0,     Q~R'  =  0,    R~Q-  =  0,    S  +  S'  =  0. 
A  direct  geometrical  proof  of  these   potent  formulae  appears  to  be  a 
desideratum. 

-,  may  be  easily  retainecl  in  the  memory  by  aid  of  the  scheme 

left      right 


+ 


but,  88  subeequeotly  ehowB  in  the  text,  the  bordering  of  the  square  may  be  affiled  at  random, 
that  is,  the  words  left  and  right  or  cos  and  sin  may  be  interchanged  without  leading  to  any  error 
but  of  a  kind  susceptible  of  immediate  detection  and  remedy. 
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NOTE  ON  THE  PROPERTIES  OF  THE  TEST  OPERATORS  WHICH 

OCCUR  IN  THE  CALCULUS  OF  INVARIANTS,  THEIR  DERI- 
VATIVES, ANALOGUES,  AND  LAWS  OF  COMBINATION; 
WITH  AN  INCIDENTAL  APPLICATION  TO  THE  DEVELOP- 
MENT IN  A  MACLAURINIAN  SERIES  OF  ANY  POWER  OF 
THE   LOGARITHM   OF   AN   AUGMENTED    VARIABLE. 

[Fkilosophical  Magazine,  xxxii.  (1S66),  pp.  461 — 472.] 

Suppose  0,  denotes  any  algebraical  function  of  the  two  sets  of  elements, 
d      d      d 


(     h  d^     d_     d^        \ 

V  '    '   '  '"'  da'  db'  dc'  '") ' 


Let  "^%  in  general  signify  the  process  of  operating  with  -^  upon  all  that 
follows  f. 


can   ojily  operate  upon  the  operands  a,  h,  c,  ...  in  the  second  tp.     In  like 
manner,  let 

and  in  general  i<pi*T~' <i>i  =  'pn- 

+  The  aymtjol  of  an  operator  oonsiste  of  two  partis,  the  corpui  or  qoantit;,  and  the  asterisk  or 
sign  of  operation.  Thus  a  eimple  extensor  operator  has  one  of  the  extensors  for  its  oorpus; 
a  compound  extensor  operator  hiLS  an;  aJgebnuGal  function  of  any  number  of  extensors  for  its 
corpus.  The  operator  nhioh  represents  the  oombined  eSeot  of  two  or  more  operators  foUowiug 
esoh  other  in  any  speoified  order  may  be  termed  their  resultant ;  the  theorems  in  the  text 
amount  to  saying  that  tlie  reaultant  of  any  number  of  simple  or  compound  extensor  operators  is 
independent  of  the  order  in  which  its  components  oeour,  and  is  equivalent  to  some  third 
compound  extensor  operator.  One  great  problem  to  be  solved  is  to  determine  the  corpus  of  a 
resultant  in  terms  of  the  corpora  of  its  two  oomponents.  Tbie  is  done  in  the  text  for  the  simple 
ease  where  each  component  corpus  is  a  simple  power  of  one  of  the  extensors.  To  attain  clearness 
of  conception,  the  first  condition  38  language,  the  second  language,  the  third  Zon^Mnge— Protean 
speeoh— tbe  child  and  parent  of  thought. 


y  Google 


568  On  the  properties  of  the  Test  Operators  [92 

It  will  follow  from  this  that 

1^1*01*01*  =  (^i'  +  2(^,1^2  +  03)*  t; 
and  in  the  general  case  there  will  be  found  no  great  difficulty  in  obtaining 
the  following  theorem, 

(01*)'  =  Ui  .  coefficient  of  (<  in  e^, 

where  2'^,^^(  + ^_^^ +^,  __|_  +  ...,  (A) 

a  relation  wliicli  niay  be  expressed  by  means  of  the  identity  | 

ef*.-  =  (er)*|,  (A)  bis 

which  important  equation  has  been  previously  noticed  by  Professor  Cayley 
under  a  somewhat  less  general  form. 

With  the  exception  of  noticing  that  (01*)''  and  (0i#)*  are  commutable 
symbols  by  virtue  of  their  definition,  that  is,  that 

{0i#r  (0,*)'  =  (0,*)'  (0,#)'', 
I  am  not  at  present  aware  that  this  theory  of  derivation  when  the  form  of  0 
is  left  undetermined  presents  much  that  is  remarkable.  Very  different, 
however,  is  the  case  when  we  proceed  to  give  to  0  the  particular  form  in 
which  it  enters  into  the  calculus  of  invariants :  a  most  surprising  and 
unexpected  system  of  relations  then  springs  up  between  the  various  orders 
of  operators ;  and  a  vast  and  inexhaustible  theory  opens  out  before  us, 
of  which  I  want  leisure  to  be  able  to  do  more  than  briefly  notice  one  or  two 
salient  features. 

t  So  more  generally  if  *,  J-  be  any  two  fanetiona  of  a,  b.  c,  .,.-=-,  -^  .-;-  ,  ...  we  havelF 

aa    do    dc 

and  similarly  ^•^4t  =  (f0)»  +  [f  t^]». 

Henoe  if  two  operators  ^«,  i/i*  are  commutable,  so,  in  respeat  to  the  symbol  of  operation  *,  are 

the  two  operants  ^,  ^. 

The  force  of  the  bracket  explains  itself  This  wonderful  Bvinbol  haa  the  faculty  of  extending 
itself  without  ambiguity  to  -y  p  bl  1  1  pm  t  h  w  n  f  mathematical  language. 
It  is  ausoeptible  only  of  a  m  tiphy       I  d  fin  t    n  a  fj     g  th      x      ise,  with  regard  to  its 

content,  of  that  faoully  of  th    I       a    m  nd  wh      I    a  m  It  t  d  pable  of  being  r^arded  as 

an  individual,  or  a  oompl      a    a  m  nad      luawd     t       th        nblof  indiriduality  and 
unification. 

[J  Of.  p.  608,  below.] 

§  Thus,  for  example,  let  0,  represent  ar  — ,  then  ^5,  ^3,  ...will  be  all  equal  to  ^,;  accordingly 
T  =  {e'-lj  0,,  and  the  formula  in  the  text  becomes 

,('•!)., (,'■-».£)., 

a  remarkable  formula  of  expansion.  [H  Cf.  p.  610,  below,] 
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.hatis,  .S(<.|  +  26|  +  3.,4...). 

Then  if  /  be  any  function  of  the  coefficients  a,b,c,  ...;  a',  b',  c', ...  in  the 
algebraic  forms  (a,  h,  c,  .-.)(jk,  1)^;  (a',  b',  c',  ...)(/«,  l)f  ... ,  and  /^  be  what  / 
becomes  when  we  substitute  for  a,  b,  c,  ...;  a',  b',  c',  ....  the  values  which 
these  coefficients  assume  when  x  +  k\&  written  in  place  of  h,  it  is,  or  ought  to 
be,  well  known  that 


.^-2S(.^  +  3t^4  +  6.^  +  ...), 


^^*^'*^'  =  ^-^K4  +  ^4/ 


it  will  therefore  become  convenient  slightly  to  depart  from  the  notation 
applied  to  the  general  form  0,  and  to  write 

where  i3„,  b„,  c„,  ...  are  used  to  express  the  elements  n  steps  more  advanced 
than  a,b,c,  ...  respectively;  we  have  then  by  the  general  theorem 

e'«.-.  («>■).,  (B) 

where  T  now  takes  the  form 

I  propose  to  give  to  the  E  series  of  operators  the  general  name  of 
Extensor  Operators,  or  simply  Extensors. 

The  first  remarkable,  I  may  say  marvellous,  property  of  these  extensors  is, 
that  they  form  a  sort  of  closed  group ;  that  is,  any  two  algebraical  functions 
whatever  of  the  extensors  regarded  as  algebraic  functions  of  the  quantities 

a,  6,  c,  ... ;  -jT,  -J-,  ...  being  used  as  new  operators  and  appHed  in  succession 

to  the  same  operand,  the  result  is  the  same  as  if  some  stvgle  third  algebraical 
ftmction  of  the  extensors  had  operated  alone  on  this  operand.     The  second 
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great  fact  is,  that  the  order  in  which  the  above-described  operations  take 
place  is  indifferent,  that  is,  that  the  two  operators  above  described  are  com- 
mutable ;  in  other  words,  we  have  always 

^^{E„E^,E„...)^  \.  (0) 

=  -^{E^,E^,  E,,  ...)%e{E^,  E^,  E^,  .,.)#J 
Thus,  for  example, 

E^'%E^J*  =  F  {E^,  ^,„)#  =  £^%^/#, 

where,  writing  m  =  ,Ji  ^*  ,  F  represents  the  g-iwrn- hype rgeome trie  series, 

and  E^%EJ^  will  be  expressible  under  a  form  qua/m  proaAmi.  i 
My  immediate  intention  in  this  brief  notice  being  merely  to  call  attention  to 
the  surprising  properties  of  these  functions,  I  shall  conclude  with  adding  a 
slight  extension  of  theorem  (B)  above  given,  namely. 

This  may  be  regarded  as  a  particular  case  of  a  more  general  theorem  which  I 
have  discovered,  namely, 

a  theorem  which,  with  a  simple  change  in  the  coefficients  of  T,  may  be 
extended  to  the  still  more  general  form  EJ#e'®'"*,  so  as  to  give  a  simple 
solution  of  the  equation 

X%  =  {E^^fEJ^., 
where  X  is  a  form  to  be  determined  as  an  algebraical  function  of  E„,  E^^ ,  E^, 
&e 

The  cardinal  problem  to  be  solved  in  the  theory  of  extensors  is  the  deter- 
mination of  il  in  formula  (C),  where  ■^  and  0  are  any  given  functional  forms. 

In  the  further  development  of  this  theory,  it  will  probably  be  found 
expedient  to  suppose  the  number  of  the  elements,  a,  b,  c,  ...  j,  k,  I,  to  become 
finite,  which  will  limit  the  number  of  the  derived  extensors,  and  to  study  the 
mutual  reactions  of  the  correlated  series  of  extensors  (with  their  deriva fives), 
which  we  may  characterize  respectively  as  the  E  and  H  series,  where 


^-^('a- 
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Either  of  the  above  two  primitive  forms  (as  it  ie  the  imperishable  glory  of 
Professor  Cayley  to  have  discoveredf)  is  sufficient  in  itself  for  testing  the 
nature  of  every  invariant  satisfying  the  necessary  and  obvious  condition  of 
weight,  and  for  deducing  the  complete  form  of  a  covariant  from  either  of  its 
extreme  terms;  which  latter  consideration  affords,  I  think,  a  sufficient  ground 
for  the  name  (of  some  kind  or  another  so  much  needed)  Extensors,  which  I 
propose  to  give  to  these  too-long-suffered-to-remain  anonymous  test  operators 
and  their  derivatives. 

Postscript. 

Since  the  above  was  sent  to  press  it  has  occurred  independently  to 
Professor  Cayley,  to  whom  I  had  communicated  a  sketch  of  the  theory,  and 
to  myself,  that  the  general  conclusions  contained  in  the  text  above  would 
remain  valid  for  a  much  more  general  class  of  operants  than  those  there 
defined;  and  there  can  be  little  or  no  doubt  that  such  is  the  case  for  all 
operants  lineo-lmear  in  a  set  of  elements  a,  b,  c,  ...,  and  their  prce-reciprocals 

-j-,  "Ti,  J-.  ■--.  Moreover  a  material  improvement  in  the  nomenclature  has 
aa    ab    OG  '^ 

suggested  itself,  which  I  proceed  to  explain.  It  is  most  important  in  this 
theory  to  be  able  to  distinguish  between  the  corpus  or  root  of  an  operator 
viewed  as  a  function  and  the  operator  itself,  and  to  be  in  possession  of  a 
single  name  for  the  former.  Accordingly,  in  conformity  with  the  general 
terminology  of  the  new  algebra,  I  propose  to  substitute  the  name  of  Pro- 
tractor for  Extensor  to  signify  the  operator,  so  as  to  be  able  to  use  the  word 
Protractant  to  signify  the  corpus.  Also  I  shall  give  the  analogous  names  of 
Pertractantj  and  Pertractor — the  former  to  the  lineo-linear  function  above 
referred  to,  the  latter  to  this  function  energised,  that  is,  converted  into  an 
operator  by  the  addition  of  the  asterisk  *,  the  symbol  of  operative  power. 

We  thus  start  with  a  pertractant  Pi  which  is  energized  into  a  pertractor, 
P,#;  with  this  latter  we  continue  to  operate  any  number  of  times  upon  the 
original  pertractant,  and  obtain  a  succession  of  new  derived  pertractants, 
into  which  it  appears  at  present  to  be  convenient,  ibr  the  sake  of  uniformity, 
to  introduce  the  numerical  divisors  2,  3,  4,  ...,  so  that  we  may  define  Pn+i, 

the  nbh  derivative  pertractant,  as  equal  to  J,      ' — =-  . 

t  But  this  magnifioeiit  diacovery,  whereby  tlie  determination  of  the  number  of  fundamental 
invariants  to  a  binary  quantic  of  a  given  degree  is  reciuoed  to  a  problem  in  the  partition  of 
numbers,  it  is  bat  justice  to  M.  Herraite  to  state,  took  its  rise  in  that  great  analyst's  discovery  of 
the  ootodeoimal  invariaut  of  the  binary  q.uintio.  So  long  as  the  eiieteiioe  of  this  fourth  invariant 
to  that  form  was  uneuapected,  it  must  have  remained  impossible  to  conjecture  the  snfScieney  of 
the  single  partial  differential  equation- test. 

t  Thus  the  "  Universal  Mixed  Cani:oraUant"  x  -r  +y  -i-  +  3-i-  +  ...iBof  the  genus  Pertractant. 
ax         dy         as 
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We  thus  obtain  a  series  of  pertractaLts,  Pi,  P^,  P„,  ...,  which  may  be 
termed  the  primitive  and  prime  derivative  pertractanta  of  the  family. 

Again,  we  may  form  any  algebraical  function  of  the  primitive  and  its 
prime  derivatives,  and  such  function  may  be  termed  a  compound  derivative 
of  the  family ;  this  in  its  turn,  by  the  addition  of  the  symbol  of  operative 
power,  may  be  energized  into  a  pertractive  operator,  which,  containing  only 
a  single  asterisk,  is  to  be  regarded  as  a  simple  or  single  derived  pertractor, 
although  its  corpus  is  a  compound  derivative. 

The  first  leading  proposition  of  the  theory  is,  that  all  operators  so  formed 
are  commutable,  so  that,  being  subject  to  the  laws  of  algebraical  operation, 
they  may  themselves  be  made  the  subjects  of  algebraical  functions.  The 
second  great  proposition  is,  that  any  such  function  of  one  or  more  pertractors 
is  reducible  to  the  form  of  a  single  pertractor,  that  is,  is  an  energized  function 
of  the  prime  pertractants  Pj,  Pj,  P3,  .... 

The  theorems  that  have  been  stated  concerning  protractants  and  protrac- 
tors will  continue  to  subsist  for  the  much  more  general  class  of  pertractors 
and  pertractants.  Thus,  for  example,  theorem  (D)  in  the  text  above,  when 
we  take  m  =  1,  becomes 

£■,%  £-,;*  =  E,^i  +  i .  jE,^+i-^{2E\)  +  ''-^-  ~^)JS-i-^  E,'+3-'  (2E.,f  +.... 

Mr  Cayley  verifies  this  theorem  when  for  E^,  the  leading  protractant,  we 
substitute  P,,  a  pertractant,  as  follows.     Take  only  a  single  element  a>  and 

its  symbolical  reciprocal  t-  ,  so  that  P,  =  a:  -r- ;  then 
is  easily  seen  to  be 

Pi^j +iiip  uj-^  +  i(i-i).j(.i-r)  p  ,+^_,  ^ 

=  P^i+i  +  ^A  p^i+j-^  (2P,)  +  '^(^-'^^JU-'^)  p^i+;_.  (2p^)s  +  . . . , 
as  before. 

But  I  find  that  the  theory  admits  of  a  still  further  and  most  important 
extension.  Thus  far  we  have  been  dealing  with  operants  and  operators 
derived  from  a  single  one  of  the  former.  But  we  may  easily  form  a  set  of  two 
or  more,  say  k  pertractants,  that  is,  functions   Hueo-linear   in  a,  b,  c,  ...; 

-J- ,  -ji,  -j-f-  commutable  inter  sef;  these  being  energized  into  operators 

t  This  importfl  into  the  subjeot  a  baautifnl  theory  of  commutable  matrioes.  In  the  ease  of 
two  letters  we  have  two  typaa  of  oommntable  pevtraetora,  from  which  all  the  rest  may  be  derived 
by  tlie  laws  of  partraction  stated  in  tlie  text.     These  two  fundamental  syatems  are : — 
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which  are  made  to  act  on  the  functions  themselves,  will  give  rise  to  ^r  {r  +  1) 
first  derivatives,  which,  energized  in  their  turn,  will  be  commutahle  inter  se 
and  with  the  original  operators:  the  derivatives  of  the  next  order  enjoying 
the  same  properties  will  be  ^r{r  +  l){r  +  2),  and  so  on.  Thus,  as  before,  we 
obtain  the  prime  pertracbive  derivants  of  various  orders,  with  the  difference 
that  there  are  now  several  of  such  prime  derivanls  belonging  to  each  order. 
Any  function  of  these  gives  rise  bo  a  compound-per tractive  derivant,  the 
number  of  which  is  of  course  unlimited  ;  these  may  be  energized  into 
operators,  subject  inter  se  to  all  the  laws  of  algebraical  operation,  and  any 
function  of  one  or  more  of  such  compound-pertractive  derivabora  will  be 
equivalent  to  some  single  derivator  belonging  to  the  same  family.  In  a  word, 
bhe  bheory  may  be  extended  from  the  case  of  Monocephalous  to  that  of 
Poh/c&pkalotis  perbraetive  functions  and  operators  and  their  derivatives, 

I  will  conclude  for  the  second  time  with  the  statement  of  an  expansion  in 
a  series  which,  as  far  as  I  have  been  able  to  ascertain,  is  new  bo  writers  on 
bhe  differenbiai  calculus,  to  which  I  was  led  by  appljing  to  the  operand  a* 
the  symbolical  equation  previously  given  in  a  footnote.  The  equation  in 
question  may  be  writben  as  follows : 

from  this  I  have  been  able  to  deduce  by  a  mental  calculation,  bhe  sbeps  of 


(1)     xS^ ;  .J3„. 

(3)     (^'  J)(^,  !,](8„S,|;a^a,  +  j,S„. 

In  the  case  of  three  letters,  the  four  foUowiDg  types  of  commutahle  systems  present  them- 
selres : — 

(1)  arSj;  ySy-,  jB,. 

(2)  ^^  *^  (*,  y)  (S^.  S„};  s:S^  +  yS„:  zS,. 

(3)  ax3„  +  hyS,-^c!3^;   -y5^  +  T!iS„  +  -xd^. 

(4}    Id,  e,f\{^,y,^){S^,S,.S^;  xS.^  +  y\^zS^. 
\g,  h,  kj 
Whether  the  above  four  syatema  are  independent,  and  whether  they  constitute  an  exhaustive 
enumeration  in  the  case  of  the  three  letters,  I  have  not  yet  had  time  to  ascertain. 

The  reader  will  please  to  bear  in  mind  that  any  linear  function  of  the  terms  in  each-system, 
or  of  them  and  their  derivatives,  is  oommutable  with  those  terms  themselves;  thus,  for  example, 
the  last  system  but  one  is  i^uite  as  extensive  as  if  we  included  in  it 


in  whioh  it  will  be  noticed  that  the  three  last  terms  may  be  obtained  (to  a  coustaat  factor  yiSe) 
by  operating  with  the  sum  of  the  three  first  upon  the  sum  of  the  three  middle  terms,  or  vice  vena. 
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which   I  am  unable  to  recall,  a  development  which  would  be  exceedingly 
difficult  to  obtain  from  the  method  of  Maclauriu's  theorem.     I  find 


(_l„g(l_^))._«.  +  S^. 


where  in  general  S;j  signifies  the  sum  of  the  -^ t5    — '~^         products 

of  the  combinations  of  the  numbers  1,  2,  3,  ...  i,  taken  j  and  _;'  together. 
This  development  may  be  easily  verified  inductively  by  aid  of  the  identical 
equation 

combined  with  the  relation 

-  -S„+.j_2j  +jS^j__j.,  +j  (j  -  1)  S„+j_j.j_2 
+j  (i  ~  1)  (i  -  2)  S^j_,,,-_3  +  &c. 
It  is  obvious  that  the  coefficients  of  the  powers  of  w  in  the  above  expan- 
sion must  be  all  of  them  integral  functions  of  n,  and  must  also  contain  n  in 
every  term  except  the  first  ;^  and  when  so  expressed  as  integer  functions  of  n, 
the  result  obtained  on  the  supposition  of  n  being  a  positive  integer  will 
continue  to  subsist  for  all  values  of  n.  From  the  iirst  part  of  this  statement, 
it  follows  that  Si^  may  always  be  expressed  under  the  form 

where  i^^i  (i)  is  a  quantic  in  *  of  the  degree  j  —  1. 
Furthermore,  if  we  suppose 

A.     YA  ^^-^^^"> 

^j-i.W     2".3B.5^.7Ml'...p*iJ'>  ...' 

p  being  any  prime  number,  and  yjr  a  function  of  i  of  the  degree  {j  —  1)  all 
whose  coefficients  are  integer,  and  (consistently  with  this  being  the  case)  as 
small  as  they  can  be  hiade,  there  is  no  difflculty  in  obtaining  the  value  of 
<f>{p)  under  the  following  form, 

+  The  equation  in  differences  S„,,-  =  S„_i,y+jS„_j_j-_i  giyea  an  easy  aj^orithm  tor  calculating 
S„,,-,  and  ahowa  a  priori  that  it  is  diTisible  by  (n  +  l)m  ...  (n-j  +  1)- 
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where,  as  usual,  the  symbol  E  signifies  that  only  the  integer  part  is  to  be 
preserved  of  the  number  upon  which  it  acts.  The  value  of  the  coefficient  of 
i>~^  in  4>}-i{i)  is  easily  ascertained  to  be  Tj — r— 5 ^0}  >  ^""^  consequently 

the  coefficient  of  i^"'  in  ^  is  always  an  odd  number,  the  number  of  times 
that  2  is  contairied  in  this  denominator  being 


The  maximum  prime  in  the  denominator  of  the  fraction  which  t 
^;_-i  {i)  enters  always  as  a  simple  factor,  because,  as  we  know  by  M.  Bertrand's 
theorem,  there  is  always  a  prime  number  included  between  g  +  1  and  2q  +  2. 
Consequently,  supposing  j  to  be  2g  or  2j  +  1,  since  there  exists  a  prime 
number  jp  greater  than  5+  1,  and  not  greater  than  2g  +  1,  this  prime  number 

will  appear  in  the  denominator  of  S^j  with  the  exponent  E    '-^~-~^~i . 

that  is,  unity. 

Conversely,  if  by  any  means  not  founded  on  the  above  theorem  we  could 
ascertain  this  fact,  we  should  be  in  possession  of  an  entirely  new  proof  of  that 
celebrated  theorem.  It  is  perhaps  also  worthy  of  a  passing  notice,  that 
(— )-^ .  0(j_])  (j  —  1)  may  easily  be  proved  to  be  equal  to  the  coefficient  of  P  in 
log  log  (1+0- log  tf- 

I  have  calculated  the  values  of  ySji,  Si^,  Si 3,  St  „  which  are  as  follows: 

2±i)i(i^jMpM^)(i5i.-iw+ 10.-8)1. 

+  And  more  generally  if 

_-.._ .^asJiifflY 


(  -  )i  Ga-~-  ■  ooeffieient  of  ti  in  ( log  ^ 


t  In  hia  great  and  most  useful  work  on  the  Calcvlus  (p.  264),  Professor  De  Morgan  has  applied 
Arbogftst'E  metliod  to  the  espanaion  of  {log  (l  +  a:)}",  and  worked  out  his  resulta  oompletely  as  far 
as  the  coefficients  of  x*  inolusive.  His  —  ,  ~  ,  — ,  when  1-1,5-2,  t  -  3  are  substituted  iu  these 
quotients  for  n,  become  identical  with,  the  ncn-trivial,  or  bo  to  say  outstanding  factors  in  my 
iSj,a;  S^s;  8(^4  respectively. 

I  have  since  calculated  the  same  factors  for  S(,j,  S^j  corrMiponding  to  Professor  De  Morgan's 

— ,  — ,  when  n  is  replaced  by  i  -  4,  i  -  5  rsBpeetively.     The  ealoulationa  are  rather  laborious, 

extending  in  the  latter  case  to  8  places  of  digits ;  but  comparatively  very  small  numbers  appeaj- 

in  the  final  espressions.     For  Sj,^  I  find  the  outstanding  factor  takes  the  exceedingly  simple  form 

i(i  +  l)(3i'-i-6t 

2=  .  3* .  5 

and  for  S^„  the  form  2>K^K6.1  ~  ~ ' ' 

I  think  there  can  be  little  doubt  that  the  outstanding  factor  in  Si,j  becomes  more  liable  to 
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The  folloiving 


from  Professor  Cayley  will  be  found  interest- 


"  In  the  case  of  two  variables,  if 


dy' 


then  in  the  notation  of  matrices. 


^'< 

IF 

(«.j) 

U^ 

■  d,i)- 

-■-'{: 

4' 

(«'.;/) 

a^ 

dj/)' 

whence  also 

P,*P, 

=-pa*-pi= 

*i: 

1"(' 

".V) 

(t; 

which 

accords  with  y. 

aur  theorerr 

=  E,E,*  4 


I  have  taken  the  liberty  of  writing  in  the  above  -j- ,  -t-  i'or  B^,  ^y,  and  P, 
for  B  in  the  original.  It  will  be  useful  to  bear  in  mind  that  in  any  operator 
such  as  £i*  or  -E^*^  *^  asterisk  forms  an  integral  part  of  the  symboH. 
Thus  Ei^E^%,  if  we  choose,  may  be  written  under  the  form  of  .ff,*  multiplied 
by  i?2#,  that  is,  (^,#)  x  (.fi^s*),  where  the  cross  is  the  sign  of  ordinaiy 
algebraical  multiplication. 

deoompositioD  into  algebraical  faotors  in  proportion  i 

into  numerical  factors,  that  ie,  in  proportion  as  j  + 1 

faetore.     For  this  reason  I  piirpose  calculating   5, 

Number  of  the  Magazine.     The  natuie  of  the  rooti 

equation  S^^j  —  H,  is  also  probably  well  deserving  of  study.    It  is  wortby  of  notice  that  in  each  of 

the  irredueiUe  factors  of  S;.,-  for  the  Talues  of  j  above  oonaideced,  the  ooafaoieutB  are  composed 

exdasively  of  the  prime  factors  which  enter  into^  +  l.     It  is  hardly  necessary  to  observe  that  the 


the  number  j  +  1  becomes  more  separable 
1  smaller  number  of  dUtinct  prime 
^,',s  against  the  appearance  of  the  next 
regards  being  real  or  imaginary  ii 


quantities  ~    \ :  i  TV 

of  tlie  powers  of  it  in  th       n      1      [1  g  (I 

integer,  but  as  an  arbitra  -j    ar   bl 

t  The  operant,   sign     f     perat  cl 

BUliject,  copula,  and  pr  d      te    f  th    1  g 
sophical   grammar   the       pi  t  t 

ex  converso  in  this  system  th  f    p 

t^eously  differing  from  th    p      t         f  tl 
distinct  name  from  its  leadinK   1  m     t      i 

I  ougit  to  mention  th  t  my  mf    m  t 
have  appeared  in  the  pul  1     j      t         d      t 
quintessence  of  gramm  p    t     d      1 

whatever  name  it  goes  by  h    dly  f   1 

of  the  rising  generation    f  B  gl   hm  I  w 

the  full  energies  of  my  m     1  to  th  & 

diSereutiations  and  prof        !     d  It 


ega  d  d  n    1  a        p     t 

m       t     d      m  what    nig        t     tl 

h      dm     bl    n  w      li    1    f  phil 

P      ted  wjlh    th     p    d   at 

p  by  the  operant ,  but,  herein  advan- 

11  ded  to,  the  combination  assumes  a 

derived  from  the  statemente  which 

t   ly  of  that  wonderful  manual  of  the 

t     the  world  as  a  prim^,  but  which, 

philosophical  revival  of  the  intellect 

ble  opportunity  of  leisure  to  address 

gonial  task  of  mastering  its  subtle 
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ON  THE   MOTION   OF  A  RIGID  BODY  ACTED   ON  BY 
NO  EXTERNAL  FORCES. 

[^Philosophical  Transactions  of  the  Royal  Society  of  London, 
CLVi.  (1866),  pp.  757—780.] 

[Cf.  p.  602.] 

As  conveying  an  image  of  the  motion  of  a  rigid  body  acted  on  by  no 
forces,  Poinsot's  well-known  method  of  representation,  whether  fay  a  rolling 
ellipsoid  or  a  shifting  cone,  labours  under  an  obvious  imperfection  ;  the  time 
is  not  put  in  evidence  by  it.  Thus  when  the  ellipsoid,  with  which  alone 
I  intend  here  to  deal,  is  employed,  it  is  true  that  the  proportional  value  of 
the  velocity  of  rotation  about  the  instantaneous  axis  is  geometrically  measured 
by  the  radius  vector  drawn  from  the  fixed  point  to  the  invariable  tangent 
plane,  and  so  by  a  process  of  summation  the  time  of  passing  from  one  position 
to  another  may  be  considered  as  inferentially  determined;  but  there  is 
nothing  to  convey  to  the  senses,  or  to  the  mind's  eye,  a  notion  of  the  effect 
of  this  summation,  and  thus  the  relation  of  the  most  important  element — 
the  time — to  the  position  of  a  free  revolving  body  remains  unexpressed. 
I  shaii  begin  with  showing  how  bv  a  slight  addition  to  Poinsot's  ideal 
kiuematical  apparatus  this  defect  miv  be  completely  removed,  and  the  time 
between  successive  position'*  cmceived  to  register  itself  mechanically.  As 
the  property  upon  which  thi«  depends  readily  lends  itself  to  a  geometrical 
form  of  proof,  I  shall,  in  the  hrit  instance,  follow  tha,t  mode  of  investigation, 
as  being  the  more  germane  to  the  matter  in  hand,  reserving  to  a  later  point 
in  the  memoir  the  analytical  demonstration ;  that  is  to  say,  assuming 
Poinsot's  ellipsoid,  and  the  law  which  connects  the  velocity  with  the  position 
of  the  body,  I  shall  show  how  the  time  may  be,  as  it  were,  mechanically 
extracted  and  summed. 

It  will  be  well,  then,  in  the  first  instance  to  recall  some  simple  properties 
of  confocal  ellipsoids  which  I  shall  have  occasion  to  employ.  If  parallel 
tangent  planes  be  drawn  to  a  system  of  confocal  ellipsoids,  it  is  well  known 
(see  Dr  Salmon's  great  work  on  Surfaces,  Art.  202,  1st  edition,  or  Art.  184, 
2nd  edition)  that  the  points  of  contact  lie  in  a  plane  curve,  and  that  this 
s.  II.  37 
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curve  is  an  equilateral  hyperbola.  Since  a  concentric  sphere  with  au  infinite 
radius  belongs  to  the  system  of  confocal  ellipsoids  supposed,  it  follows  that 
the  point  of  intersection  of  the  perpendicular  from  the  centre  of  the  ellipsoid 
upon  the  tangent  planes  with  the  plane  at  infinity,  is  a  point  in  this  curve, 
or,  in  other  words,  such  perpendicular  is  contained  in  the  plane  of  the  hyper- 
bola, and  is  an  asymptote  to  the  latter.  The  above  is  all  that  is  required  to 
establish  the  dynamical  theorems  necessary  for  my  immediate  purpose. 

The  revolving  body  being  assumed  to  have  moments  of  inertia  A,  B,  C 
about  the  principal  axes,  the  ellipsoid 

rigidly  connected  with  the  body,  and  which  may  be  termed  its  kinematical 
exponent,  is  supposed  to  have  its  centre  fixed,  and  to  turn  with  a  purely 
rolling  motion  upon  a  plajie  in  contact  with  it  which  contains  the  constant 
impulsive  couple  L,  capable  at  each  moment  of  time  in  any  position  into 
which  the  body  has  turned,  of  communicating  to  it  from  rest  the  motion 
which  it  then  actually  possesses.  If  we  suppose  that  the  angular  velocity  of 
rotation  is  always  equal  to  LBP,  where  P  is  the  length  of  the  perpendicular 
distance  of  the  fixed  centre  from  the  tangent  plane,  and  R  is  the  length  of 
the  radius  vector  drawn  from  it  to  the  point  of  contact,  the  path  and  velocity 
of  the  motion  of  the  body  in  rigid  connexion  with  the  ellipsoid  is  completely 
;  this  is  Poinsot's  theorem  stated  in  its  complete  form. 


To  fix  the  ideas,  let  us  consider  the  invariable  plane,  to  be  horizontal ;  if 
we  were  to  apply  a  second  plane  parallel  to  the  former  fixed  one,  and  also 
touching  the  ellipsoid,  this  would  in  no  respect  affect  the  motion — -the  ellipsoid 
might  be  made  to  roll  between  the  two  planes  instead  of  rolling  upon  the 
under  one  alone;  but  if  we  were  arbitrarily  to  alter  the  form  of  the  upper 
part  of  the  surface,  the  motion  of  rolling  would  in  general  be  no  longer 
possible ;  the  only  motion  that  could  take  place  would  be  that  of  swinging 
round  the  vertical  axis  perpendicular  to  the  two  planes.  In  order  that  the 
ellipsoid  may  be  able  to  roll  as  well  as  to  swing,  a  certain  geometrical 
condition  must  be  satisfied,  namely,  the  plane  passing  through  the  radius 
vector  from  the  centre  0  to  E,  the  point  of  contact  with  the  given  plane, 
and  through  the  vertical  perpendicular  in  question  POp,  must  contain  the 
point  of  contact  r  of  the  upper  surface  with  the  upper  plane ;  for  then,  and 
then  only,  the  rotation  about  OR  may  be  resolved  into  two  rotations  about 
Or,  Op  respectively,  and  the  ellipsoid  whilst  it  rolls  about  OR,  will  be  swing- 
ing round  Op  [or  it  may  obviously  at  the  same  time  be  rolling  and  swinging 
(the  latter  in  unequal  degrees)  upon  each  of  the  parallel  tangent  planes];  if 
this  condition  were  not  fulfilled,  the  ellipsoid,  in  the  act  of  rolling  upon  the 
lower  plane  according  to  the  direction  of  its  motion,  would  either  quit  the 
upper  one  or  tend  to  force  it  upwards;  but  as  the  upper,  like  the  lower  plane 
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is  supposed  to  be  at  a  fixed  distance  from  the  centre,  this  tendency  would  be 
resisted,  and  thus  the  supposed  motion  of  rolling  upon  the  lower  plane 
without  quitting  the  contact  with  the  upper  one  could  not  be  realized. 

The  condition  that  OR,  POp,  Or  shall  lie  on  one  plane,  we  have  seen  will 
be  fulfilled  if  the  upper  surface  be  a  portion  of  an  ellipsoid  confocal  with  the 
lower  one,  and  in  that  case  the  body  may  remain  continually  in  contact  with 
-both  planes  whilst  it  rolls  oh  the  lower  one ;  and  we  have  thus  a  complete 
solution  of  the  kinematical  problem  of  determining  what  form  must  be  given 
to  the  upper  part  of  a  body,  the  lower  portion  of  whose  surface  is  ellipsoidal, 
in  order  that  it  may  be  able  to  roll  as  well  as  swing  between,  and  in  contact 
with,  two  parallel  fixed  planes. 

Cali,  then,  the  squared  semi-axes  of  the  lower  surface  a?,  b\  c\  and  those 
of  the  upper  one  u' —  X,  6^  —  X,  c^  — /t,  and  let  us  proceed  to  calculate  the 
respective  values  of  the  two  rotations  about  0^,  Or  equivalent  to  the  single 
rotation  LPR  about  OR. 

In  PO,  RO  produced  set  off  OP,,  OR,  equal  to  OP,  OR,  and  draw  R,r' 
parallel  to  Op,  and  rp  perpendicular  to  Op,  and  make 
Or=r,  Op  =  p;  then  by  virtue  of  what  has  been  remarked 
above,  r,  R,  lie  in  a  hyperbola,  of  which  OpP,  is  an 
asymptote,  and  the  rotation  about  the  instantaneous  axis 
OR  is  represented  by  i .  P  ,  ORi,  and  may  be  resolved 
into  L.P  .Or'  about  Or'  and  L.P .  r'R,  about  Op. 


But 


L.P.Or^L.P.r.^^L.r.P.-^ 
Or  pr 


L.P.  Ry  ^L.P  {OP,  -  P,R,  cot  r  Op) 


=  L.PlOP, 


-P.R,% 
prj 


for  if  0 


=  L{P'-^)  =  LX; 

/3,  7  be  the  angles  which  OP,  Op  make  with  the  axes  of  the  ellipsoid, 
P^  =  a^  (cos  a'f  +  h^  (cos  ^y  +  <^  (cos  7)=, 


K4-- 


t(c< 


X)(cos/3)'  +  (c"- 


I)  (cos  7)-, 


p^  —  {a^  —  X)  {cos  a.Y  - 
P'-p^  =  X{(co3a.y- 
Observing,  then,  that   the   motion   has   been   resolved   into   a   variable 
rotation  Lpr  about  Or,  and  a  uniform  rotation  L\  about  Op,  and  that  accord- 
ingly the  motion  of  a  free  body  whose  moments  of  inertia  are  as  -:,;-,  — 
°  •'  ■'  a'    b^    c^ 

37—2 
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differs  only  by  the  uniform  rotation  L\  from  that  of  another  one  whose 
moments  of  inertia  are  as  — — r-  ,  j- — —  ,  — — -  ;  we  derive  the  following 
theorem  : — 

If  the  reciprocals  of  each  of  the  moments  of  inertia  of  any  number  of  rigid 
bodies  B,  B,,  B^,  B^,  ...  differ  from  one  another  by  constant  quantities,  say 
those  of  the  second,  third,  fourth,  t&c,  from  those  of  the  first  by  Xi,  \j,  X,,  ..., 
and  these  bodies  be  arranged  with  their  correspondmg  principal  axes  parallel 
and  be  set  in  motion  by  an  impulsive  ooujyle  L  given  in  magnitude  and  direction, 
then,  after  the  lapse  of  any  interval  of  time  t,  the  principal  axes  of  all  the 
bodies  mil  remain  equally  inclined  to  the  aads  of  the  given  couple,  and  moreover 
the  parallelism  of  the  axes  may  be  restored  by  tii/ming  £,,  B^,  B^, ...  about  the 
OJxis  of  the  couple  through  angles  proportional  to  the  time,  na/mely,  LX^t,  Lx^t, 
LX^t,  ...  respectively. 

It  may  be  further  noticed  that  if,  at  any  moment  of  time,  a,  wi  are  the 
angular  velocities  of  B,  B^  about  their  respective  instantaneous  axes, 

=  L^\P^{B?-n-p^{r-^-p^)\+L^{P^-p^) 
=  L^X{P^  +  p% 
that  is,  the  difference  between  the  squared  velocities  of  any  two  bodies  of  the 
set  is  constant  throughout  the  motion. 

The  above  is  a  theory  of  rigid  bodies  whose  kinematica!  exponents  are 
confocal  ellipsoids,  and  it  has  been  shown  that  the  motion  of  the  whole  set  of 
bodies  thus  related,  both  as  regards  position  and  velocity,  is  completely 
determined  when  we  know  the  motion  of  any  one  of  them.  It  will  hereafter 
appear  from  the  analytical  treatment  of  the  subject  that  an  analogous  theorem 
applies  to  bodies  whose  kineraatical  exponents,  instead  of  being  confocal,  are 
what  may  be  termed  contrafocal  ellipsoids ;  ellipsoids,  that  is  to  say,  the 
sums  instead  of  the  differences  of  whose  squared  axes  are  the  same  in  all 
three  directions. 

By  turning  an  ellipse  through  90°  round  its  centre  we  obtain  a  contra- 
focal  ellipse ;  and  contrafocal  ellipsoids  will  be  those  all  of  whose  principal 
sections  are  contrafocal. 

To  every  infinite  series  of  confocal  ellipsoids  there  will  correspond  another 
such  series,  each  ellipsoid  of  one  series  being  contrafocal  to  each  of  the  other, 
and  it  may  very  easily  be  seen  that  no  two  ellipsoids  taken  respectively  out 
of  the  two  opposite  series  can  be  obtained  from  each  other  by  a  mere  change 
of  place,  as  is  the  case  with  contrafocal  ellipses ;  so  in  the  instance  of  binary 
covariants  and  contra  variants,  any  such  can  be  converted  into  each  other  by 
the  simple  interchange  of  x,  y  with  y,  —  x,  but  no  such  or  similar  commuta- 
bility  exists  between  covariants  and  contravariants  of  the  ternary  species. 
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It  roay  be  here  convenient  to  notice  that  the  kinematical  exponent  (or 
momental  ellipsoid)  of  a  given  uniform  ellipsoid  is  not  the  ellipsoid  itself,  but 
the  reciprocal  of  the  contrafoca!  ellipsoid  whose  squared  semi-axes  are  X,  —  a^, 
X  —  h\\  —  c\  where  \=a^ ■\-¥  +  &. 

It  is  now  clear  how  the  time  of  passage  from  one  position  to  another  is 
susceptible  of  mechanical  measurement.  Let  the  upper  part  of  Poinsot's 
ellipsoid,  whose  semi-axes  are  a,  h,  o,  be  pared  away  until  it  assumes  the  form 
of  a  segment  of  an  ellipsoid  whose  squared  semi-axes  are  a?  —  \  b^  —  X,  c^  —  X; 
let  the  lower  surfece  be  in  contact  with  a  rough  plane  absolutely  fixed,  whilst 
its  upper  surface  is  so  with  a  parallel  plate  not  absolutely  fixed,  but  capable 
of  turning  round  an  axis  perpendicular  to  the  two  planes,  and  which  if 
produced  would  pass  through  the  centre  of  the  ellipsoid.  Then,  when  by  the 
hand  or  any  mechanical  contrivance  the  body  is  made  to  spin  like  a  sort  of 
top  upon  the  lower  plane,  it  will  also  spin  upon  the  plate  above,  and  at  the 
same  time  by  the  friction  drive  it  round  the  vertical  axis;  the  angle  of 
rotation  round  this  axis  will  give  the  exact  measure  of  the  time  which  the 
free  body  ideally  associated  with  the  ellipsoid  would  occupy  in  passing  from 
one  position  to  another.  If  this  angle  (which  of  course  may  be  made  to 
register  itself  by  the  motion  of  a  hand  upon  a  fixed  dial-plate  immediately 
over  the  rotating  one    which  carries  the  index)  be  called   tf>,  the  time  in 

question  will  be  -j- ,  where  it  is  particularly  deserving  of  notice  that  the 

denominator  LX  is  independent  of  the  initial  position  of  the  body ;  hence  by 
supposing  the  plane  and  rotating-plate  to  be  capable  by  a  preliminary  adjust- 
ment of  being  shifted  to  any  required  distance  from  one  another,  the  ellipsoid 
may  be  started  from  any  position  we  please,  and  the  value  of  the  divisions  of 
the  dial-plate  which  register  the  time  will  remain  invariable. 

The  greater  the  value  of  X  which  measures  the  degree  of  divergency  of 
the  two  juxtaposed  surfaces,  the  larger  will  be  the  divisions  representing  a 
given  quantity  of  time;  and  there  is  no  impediment  to  X  receiving  its 
maximum  value,  which  is  the  square  of  the  least  semi-axis  (say  c).  The 
upper  coufocal  surfece  then  degenerates  into  a  curve  or  hoop  resting  upon 
and  driving  before  it  the  rotating-plate.  This  gives  precision  to  the  form  to 
be  assigned  to  the  upper  surface.  Again,  as  regards  the  lower  surfece,  whose 
form  involves  two  parameters,  namely,  the  ratios  of  the  three  axes,  it  will 
hereafter  appear  that  we  may  without  any  loss  of  generality  reduce  it  to 
depend  upon  a  single  parameter  by  assuming  the  reciprocal  of  the  square  of 
one  of  its  axes  equal  to  the  sum  of  the  reciprocals  of  the  squares  of  the 
remaining  two. 

Hence  with  a  single  series  of  ellipsoids  every  possible  kind  of  motion  of  a 
free  rigid  body  may  be  completely  represented  both  as  regards  time  and 
place.     Each  ellipsoid  with  its  confocal  hoop  may  be  regarded  as  complete  in 
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form,  the  former  being  imagined  to  consist  of  segments  capable  of  being 
separated  at  will,  so  as  to  expose  in  succession  each  part  as  it  is  wanted  of 
the  interior  hoop ;  and  by  an  apparatus  mechanically  executable  the  motion 
may  be  followed  without  any  break  throughout  the  whole  of  one  or  any 
number  of  periods  of  revolution  of  the  iostantaneous  axis. 

Thus,  then,  the  time  of  rotation  of  a  free  body  may  be  kinematically 
determined.  It  may  also,  and  even  more  simply,  be  measured  off  by  direct 
observation  of  the  time  which  a  uniform  ellipsoid  spinning  with  its  centre 
fixed  upon  an  indefinitely  rough  plane  occupies  in  passing  from  one  position 
to  another.  To  establish  this  somewhat  remarkable  law,  let  us  consider  the 
general  case  when  the  moments  of  inertia  of  the  rolling  ellipsoid  have  any 
values  A,B,  C  The  resultant  of  the  pressure  and  friction  which  coerce 
the  ellipsoid  to  follow  its  actual  path  is  a  force  always  meeting  the  axis  of 
instantaneous  rotation,  and  giving  rise  therefore  to  an  impressed  couple 
whose  axis  is  perpendicular  to  the  former  one.  This  being  the  case,  and  the 
ellipsoid  subject  to  no  other  external  force,  its  vis  viva  will  be  constant  for 
just  the  same  reason  as  the  vis  viva  is  so  in  the  ease  of  a  system  of  particles 
connected  in  any  manner,  as  by  strings,  whether  elastic  or  inelastic,  dragging 
each  other  along  one  or  more  surfaces,  and  acted  on  by  no  other  forces  except 
the  reactions  exerted  by  such  surface  or  surfaces. 

To  render  this  perfectly  clear,  let  y,,  uj,  V3  denote  the  angular  velocities  of 
the  rotating  body  about  its  principal  axes ;  X,  /j,,  v  the  angles  between  these 
axes  and  the  instantaneous  axis  ;  J  the  magnitude  of  the  couple  produced  by 
a  force  meeting  the  axis  of  rotation ;  then,  by  Euler's  equations,  we  have 

A  ~  ~{B  —  C)  v^v^  =  J"coa  X, 
B-j^  —  (0—  A)v,Vi  =  Jcos/j., 

C!|--(A-B)„.„.=  /C„s,; 

also  Vi  cos  \-i-Vi  cos  ^  + 1^3  cos  v  =  0. 

Hence  Avidvj  +  Bv^dv^  +  Cv^dvs  =  0, 

and  Av^ -^  Bv^  +  Ov3^  =K, 

a  constant,  as  was  to  be  proved. 

In  the  case  actually  under  consideration,  if  Wi,  oij,  m,  are  the  angular 
velocities  of  the  associated  free  body,  and  t  the  time  corresponding  to  (,  so 
that  dt,  dr  are  the  intervals  of  time  of  the  rolling  and  the  free  body  under- 
going the  same  iniSnitesimal  angular  displacement  of  position,  we  have 
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P 


that  using  the  notation  in  ordinary  use  for  the  motion  of  a  free  body, 


di  =  --  =  - 


»VUoi 


tJ^^ 


and  thus  the  time  t  of  the  roUing  ellipsoid  is  known  as  an  elliptic  function  in 

terms  of  w^. 

Furthermore,  by  the  well-known  equations  of  vis  viva  and  conservation  of 

areas  applied  to  the  free  body  whose  kinematical  exponent  is  the  ellipsoid 

with  semi-axes  a,  b,  c,  that  is,  whase  moments  of  iaertia  may  be  denoted  by 

111 
a?'  b"'  d'' 


5  have 


Consequently  if  A,  B,  G  are  respectively  representable  by 


the  multiplicator  of  roda  in  the  numerator  of  the  expression  above  given  for 
dt,  becomes  a  constant,  namely,  XL"  +  fiM.  But  this  is  the  case  when  the 
density  of  the  ellipsoid  is  uniform  ;  for  then 

A  :  B  :  C  ::  b^  +c^  :  <^  +  a;'  :  a'  +  b\ 


and  the  determinant 
1  1 

I"-       b" 


that  is  -=--  2  (a" -  b^) (a"  +  b'). 


vanishes ;  in  fact  it  is  easily  seen  that 

a''b^(f     b^ 


a^b^c^     6V+c''a' +  <(.=&' 
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Hence  any  uniform  ellipsoid,  with  its  centre  fixed,  compelled  by  friction 
to  roll  on  a  rough  horizontal  plane  will  move  precisely  like  a  free  body  with 
properly  assigned  moments  of  inertia  acted  on  by  no  external  forces,  as  was 
to  be  proved.  We  see  from  what  has  been  shown  above  that  a  uniform 
ellipsoid  whose  semi-axes  are  a,  b,  c,  and  which  rolls  on  a  rough  horizontal 
plane,  will  keep  pace  with  the  motion  of  a  uniform  free  ellipsoid,  provided 

that  the  moments  of  Inertia  of  the  latter  are  in  the  i-atioa  of  —„'.  n.  '■  -i,  that 

a'    0^     P 
is,  provided  its  axes  are  in  the  proportions  of 

and  thus  the  relative  rate  of  motion  of  the  rolling  ellipsoid  will  not  be 
atfected  if  an  interior  ellipsoid  whose  axes  are  in  the  proportions  above 
written  is  entirely  removed  or  its  density  altered  in  any  ratio.  The  internal 
ellipsoid  will  in  fact  move  precisely  as  if  it  were  free  and  detached  from  the 
surrounding  crust,  and  might  be  annihilated  without  affecting  the  motion  of 
the  latter,  in  analogy  with  the  well-known  fact  that  any  weight  at  the  centre 
of  oscillation  of  a  compound  pendulum  may  be  abstracted  without  affecting 
its  motion. 

The  theories  of  the  free  body  and  of  the  ellipsoid  constrained  by  pressure 
and^friction  to  follow  its  path,  and  which  has  been  proved  above  to  keep 


exact  pace  with  it,  are  so  interwoven  that  it  would  be  unsatisfactory  to  leave 
the  theory  of  the  latter  incomplete  in  any  point,  and  I  shall  therefore  proceed 
to  calculate  the  value  of  the  pressure  and  friction  corresponding  to  any 
position  of  the  rolling  body.  On  a  sphere  described  about  the  fixed  point, 
let  P  and  I  denote  the  position  of  the  instantaneous  axis  of  rotation,  and  the 
perpendicular  to  the  fixed  plane  respectively.  The  pole  of  the  friction  couple 
will  be  denoted  by  a  point  P'  in  the  plane  of  PI  distant  by  a  quadrant  from 
P,  for  its  plane  passes  through  P  and  through  Q  the  pole  of  PI,  and  the  pole 
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of  the  pressure  couple  will  obviously  lie  at  Q  itself.     Let  X,  Y,  Z  mark  in 
the  sphere  the  positions  of  the  principal  axes. 

Then  XPF"  being  a  quadrantal  triangle, 

cos  XF  =  sin  XP  COS  JP/ =  ^-\-r  (cos  XJ  -  COS  XP  cos  P/) 

"  sin  Fl  WL      m  Lo>}~  L  sin  FI  \a^     w=J  ' 

where  o>^  =  m^  +  <o^  +  w^. 

Again,  for  greater  simplicity,  making  p  —  l,  that  is,  considering  the 
motions  of  the  rolling  body  and  the  free  nucleus  to  absolutely  coincide  in 
time,  we  have  from  the  Eulerian  equations, 

/  cos  X  =  (6=  +  c=)  ^  +  (6^  -  d')  M,m, 

Hence  if  \_F'\  be  the  couple  due  to  F  the  friction  force, 
[FJ^SCJcosXcosXP') 

-  Z<?5?SW  S  ("'-'■)<»■»■  +  «■«•-»■«■)("■- *«■) 


LaVd'  sin  P/ 


_F=2  ;, 


And  as  the  arm  at  which  the  friction  acts,  that  is,  the  distance  of  the 
fixed  centre  from  the  point  of  contact  between  the  ellipsoid  and  the  fixed 

plane  is  —r-  sec  PI,  that  is,  -nrs-.  we  have 

the  mass  of  the  ellipsoid  throughout  being  treated  as  unity. 

We  might,  in  like  manner,  through  the  algorithm  of  spherical  triangles, 
proceed  to  calculate  the  value  of  the  pressure  couple  ,[P]  which  is  equal  to 
the  sum  of  the  components  J'cosX,  Jcos/j.,  Jcosv  multiplied  respectively  by 
the  sines  of  the  perpendicular  arcs  dropped  upon  PI  from  X,  Y,  Z.  But  it 
will  he  obtained  more  expeditiously  in  its  simplest  fonn  by  first  calculating  J 
itself,  the  value  of  the  eutire  couple,  and  then  using  the  equation 
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For  brevity,  in  place  of  a.^,  h^,  (?,  to^,  L^  write  y^  g,  h,  fl,  A  respectively,  and 
'iet  f+  g  +  k  =  p,  fg  +  gh  +  1^/^=  q,  /gh=  r.     Then 
iii      ils      O,,       . 

ii,     ila     ^      ,, 
f       9       h 

Sothatif(/-ir)(^-A)(/.-/)  =  f,  and  kJ^, 


'  ^V" 


■  {ii-(^  +  A)jy"  +  3feA}, 


Hence    (Ali  -  M^)  [F^  =  -  411*  +  (8pAf  -  4gA)  il^ 

+  {(4p=  +  4g)  Jf 3  _  ^4p^  4.  i2r)  TlfA  +  4j*rA=)  ii^ 

+  [(^i*?  -  *'•)  -^^  -  (*?'  +  ^pr)  M^X  +  S^r-MA^  -  4r=  A'}  £i. 

Also  from  the  Eulerian  equations, 

i?'(/s+/A-s'')'".n. 


j.^sfc*)', 


t 

where     N,^  a^ -<2f+  g  +  h)Ma  +{fg  +/h)  AiH- if  •+  fg  +fk  -^ gh) M' 
-!/•&  +  *)  +  ^/S*)  'A  +rgkA'. 
But 
'iiS-h)(fg+fh-  ghy  -  4S  (if*-  -  J*)  -  1  (/j  +/t  +  ji)  S  (j't  -  %)  -  0, 
S  (S  -  A)  (/»  +/t  -  »/.)■  (2/+  jr  +  ;.)  -  S  (/!,  -  /*)  (/<,  +/4  -  j4)' 
-*S(/i,-/4)S*  =  ^4/<,*S 
iis  -t)(.f)  +  fli-  ghfifg  +/h)-^  lgh(g-h){fg+fti-  ghf 

-  -  (/ Y  +  /*  +  S*)  %*  (?-*)  +  2/s/. :;<;*  (»■  -  A') 

-  K/Y  +/■*■  +  s"*")  -  s/s*  (/+s  +  *)!  S 

i(S-l')US+fh-gky(f+/g+fh  +  gk)=Sf(g-h)(/g+fk-ghy 

-  S  (/»  +/*  +  Skyf  (g  ~h)  =  -  (fg  +/k  +  gk)'  f, 
t(g-k)(/g  +fk  +  gkf  (/■  (J  +  4)  +  2/4,4)  - 1  (f'f  -f'k')(fg  ^fk  -  gkf 

—  i(fg  +fk)  ^gk  iff  ^f'k')  =  -  ifgh  (fg  ^fh  +  gk)  (, 
t{g-k)(fg+fk-gk  +  gkff'gk  -fgk%(fg-fk){fg +fk-  gkf  =  -  ifg'k% 
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Hence  J^  =  {irM  +  (?=  -  4pr)  A)  il  -  {qM  -  2)-A)^ 

and    (An-Jf')/>-{4rJfA  +  (5'-lj)r)A'}n" 

-  \irM=  +  {2f  -  'tpj-)  Jtf^A  -  iqrMA^  +  4r^A^)  H+M^  {qM  -  2rA)^. 
Hence  (Aa-M'}[Pf  =  {Aa-if)J--{Aa-Ilf)[FJ 

-  4Q'  -  (SpM'  -  l^A)  n"  +  |(lp"  +  4})  «•-(!})}  +  8r)  Jf A  +  q'A'}  SI' 
-  {4pgiW"»  -  (29'  -  8^)  M^A  +  igr^A')  O  +  if  ^9^1^  -  2rA)^ 

Hence  L-fJ-  v<Af!-*-)  ' 

and  as  the  arm  ab  which  this  couple  acts  is 

VAn-Jf"i 


yS-?).'^»"V(^~)' 


If  we  call  the  constant  perpendicular  from  the  centre  and  the  radius 

vector  to  the  point  of  contact  h  and  I  respectively,  and  substitute  foi'  -r- ,  -^ 

their  respective  values  A^f ,  h^,  we  may  express  -g  as  a  function  of  h,  I,  and 

making  this  a  maximum  in  respect  to  I,  the  least  sufficient  value  of  the 
coefficient  of  friction  necessary  to  ensure  rolling  may  be  deduced  in  terms  of 

the  quantities  j ,  t,  j  ■ 

Also  if  0  denote  the  angle  between  the  axis  of  the  couple  J  and  the  pole 
of  the  plane  PI,  we  have 


(cos  ey 


cos  0  = 


It  has  been  already  seen  how,  by  the  method  of  confocal  ellipsoids,  the 
number  of  constants  entering  into  the  question  of  the  rotation  of  a  rigid  body 
about  its  centre  of  gravity  has  virtually  been  reduced  by  a  unit ;  to  render 
this  important  theory  complete,  and  to  give  it  the  fullest  extension  of  which 
it  is  capable,  a  corresponding  dynamical  theory  of  eontrafoca!  ellipsoids 
remains  to  be  developed,  and  might  undoubtedly  be  discussed  by  analogous 
geometrical  methods ;  but  it  will  be  found  more  expedient  to  take  up  the 
subject  afresh  from  a  purely  analytical  point  of  view,  and  then  the  theory  will 
present  itself  in  all  its  completeness  under  a  single  aspect. 


y  Google 


588  On  the  Motion  of  a  Rigid  Body  [93 

Calling  a,  ^,  y  the  angles  which  the  invariable  axis  makes  with  the 
principal  axes  of  the  rotating  body,  we  have  the  well-known  equations 


(immediate  deductions  from  the  self-obvious  principle  of  the  constancy  of  the 
couple  competent  at  any  instant  to  communicate  to  the  rotating  body  the 
motion  it  is  then  actually  endued  with,  conjoined  with  the  geometrical 
property  of  the  principal  axes  that  the  moment  in  respect  to  any  one  of  them 
of  the  momenta  of  the  part^icles  of  the  body  due. to  rotation  about  either  of 
the   other  two   is  zero). 

Consequently  from  the  principle  of  vis  viva,  that  is,  from  the  equation 

in  addition  to  the  equation 

(cos  of  +  (cos  0y  -^  (cos  ryf  =  1,  (1) 

we  have  the  equation 

(cos  ay     (cos/g)^     (cos  7)=  ^  M 

and  the  Eulerian  system  of  equations  *, 

*  To  make  this  paper  complete  within  itself  so  aa  to  come  within  the  eompceliension  of  those 
who  have  no  previous  knowledge  of  the  special  problem  which  it  treats,  it  seema  deaitable  to 
indicate  an  elementary  method  of  obtaining  these  otttiraes  herein  quoted  equations. 

1.  Suppose  no  external  forces  in  operation.  Consider  the  effects  of  the  three  partial 
velocities  u,,  u^,  uj  in  auooeseion  as  if  the  others  were  non-existent. 


g  to  fig.  3,  iBj  tends  to  produce  no  motion  about  OF  or  OZ  in  the  time  dt.  because  the 
momenta  of  the  centrifugal  forces  about  these  asee,  quantitatively  represented  by  SmsiC,  'Lmxy 
respectively,  are  each  zero  by  virtue  of  the  geometrical  definition  of  the  principal  axes. 

Thus  to  each  partial  velooity  in  the  time  dt  is  due  only  a  motion  of  rotation  about  its  own 
asis.    Hence  if  Ay  is  the  variation  in  y  due  to  lUj, 

dy^ZZ' cos  YZI^w,dt  "-^  , 


Similarly  as  regards  the  variation  of  coa^  due  to  10^, 
Hence  the  total  variation  (J  cos  7  =  (iUj  cos  j3  -  Wj  cos  a)  c!i. 


with  analogous  equations  for  doi,^,  doi,. 


y  Google 


93]  acted  on  hy  no  External  Forces  589 

becomes  —37-  -  -  i  I  ^  -  -g  1  cos  5  cos  7  =  0, 

(J  cos  (3        r/l         IN  r,   I  ;^'!i 

d  cos  7r/ll\  /lA 

^-■^U-i)  """"''-"•'' 

The  above  equations  suffice  to  express  the  relations  of  the  angles  which 
the  invariable  line  in  space  makes  with  fixed  lines  in  the  moving  body  to 
one  another  and  to  the  time :  to  complete  the  solution  it  will  be  sufficient  to 
expi'ess  in  terms  of  the  time,  or  of  any  quantity  dependent  on  the  time,  the 
position  of  any  of  the  planes  drawn  through  a  principal  axis  and  the 
invariable  line. 

The  letters  X,  Y,  Z,  I  retaining  their  previous  signification,  let  ZZ' 
represent  the  infinitesimal  angular  displacement  of  Z  due  to  the  rotation  wi 
about  X  in  the  time  dt. 


When  the  impreEsed  couples  about  OX,  OY,  OZ  respectively  are  L,  M,  N  the 
angular  velocities  due  to  them  being 

Ldt     Mdt     Ndt 
A   '     B   '     C   ' 
thsBB  quantities  must  be  added  to  tlie  values  of  rfuj,  rfuj,  dw^  indicated  above.    We  have  thus  the 
equations  in  queBtion, 

It  may  ha  as  well  also  here  to  indicate  in  the  fewest  words  the  rationale  of  the  ellipsoidal 
representation  of  the  motion. 

A.,  .0,  C  being  tbe  principal  moments  of  inertia,  and  A'jfi  +  By^  +  Cz''  =  'i.  the  equation  to  the 
ellipsoid,  the  relation 

shows  that  tlie  invariable  line  eoinoides  in  direction  with  the  pedal  to  the  radius  vector  drawn  in 
the  diieetion  of  the  instantaneous  axis, 

2.    Consequently  the  length  of  such  pedal  being 

A      '^      B      ^      C      ' 
which  is  constant,  a  plane  drawn  at  that  constant  length  perpendicular  to  the  invariable  line 
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Then 
But 


cos  NX  _  cos  IX  _  C03  a 
cos-A'^F     cos  IV     cos/3' 


VKcosc>)'  + 

(cosft'l' 

-Vll- 

(oos7)')-V|<< 

>o.  «)■  +  (< 

zi?-. 

(cos  af 

r          ^ 

dt 

^00.  »).  +  (, 

cos«.- 

Similarly,  if  2J2'i  be  the  angular  displacement  of  the  plane  ZI  measured 
in  the  same  direction  as  before, 

yrr,  _  j  ■" 

'      (cos  ay + (cos  ^y 

and  the  rotation  about  Z  causes  no  displacement  of  the  plane  in  question. 
Hence  if  the  horary  angles,  as  they  may  be  called,  which  measure  the  angular 
deviations  of  the  planes  XI,  ¥1,  ZI  from  a  fixed  meridian  plane  through  / 
be  called  ^,  ij,  f,  we  have 

(cos/3)^     (cos  7)^  (cos  jf     (cos  a)'  (co6«y     (cosffy 


^_  /    B      ^      C  dri  _^      0      "^      A  di;     ^      A      ^      B 

(4). 


"(cosy9)'  +  (eos7)^'    ~3i  ~  ^  (cob  yf  +  (m^  af  '    dt  ' -^  (oos  af  +  {a 


t      1       tl       11  p      1  J  1  t      b    b   t  t  d  tl  th      Ihi  oid  with  its 

t     fi     X     n  hplai        Th     I  th     d    tt)    fti  m  t         a   i   jace. 

SThmmtf  pttthmtteo  bgi        nted  by  the 

q        d  1    gth    t  th        di  to      t  tb      II  p      d        th    d       t  f  that  asis,  the 

H  tfth  (  t)pptlttligl         ltd  vjded  by  the 

ad  d  tthptf        tt         hthlm         pit        Itthltf        th 

oompl  t      th        p         t  t        1 7      p  g    h      gb  f  th      11  j      d  th       It  f  th 

m  t  f  th  ted  tl      b   ly  t    t  m  t    II  t     t  g         tl     1       f    m     h   h  th  t 

It        m  yh        t      t  d 

Th      b         cot  thwhl        mpth        d      bt  fPmt       Updlml      t 

p         t  t 

By  combining  this  with  the  system  of  equations  pievionslj  totmd,  both  i)  and  f  may  readily 
be  obtained  under  the  form  of  elliptic  fanotions  of  the  third  kind  in  term      f  b  t        f 

or  the  angle  I  m  ihe  quadiantol  spherical  tiiangle  KIl   of  fig  S  will  als    b        p  es   bl 
fiinotion  of  a,  (3,  and  therefore  of  y     The  comparison  of  the  foims  of  ij    f  g         by  th    tw 
methods  reBpectively,  leads  therefore  to  a  theorem  m  elliptic  fimctiona ,  Pr  f  sa      Cayl  y  1 
worked  thih  out,  and  finds  that  it  is  the  well  known  theoiem  whioh  eipr  th    d  p  nl 

between  two  elliptic  functions  of  the  thud  ordei,  the  pioduot  of  whose  paia      t  q    1 1    th 

square  of  the  modulus.    I  subjoin  an  extiact  from  his  letter,  in  which  I  ha\e  only  mtrodui^d 
some  slight  changes  in  the  lettering  ;  — 
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If,  now,  preserving  L  constant  we  replace  - 


,  ifby 


the  equations  (1),  (2),  (3)  remain  nnaltered,  and  the  right-hand  sides  of 
equations  (4)  hecome  each  of  them  simply  altered  by  the  addition  of  the 
term  —  LX,  which  may  be  expressed  by  saying  that  the  difference  between 


A'y+BY+cv-L\ 

f  M-Ap'   ,       f  M-Bq^  ,  ,, 


{A-B)m' 
Wlience  expressiDg  everythicg  in  terms  of  )•,  ihis  ia 


Then  we  have 


BM-L'^b, 
-C^o,     C-A  =  p,    A-B=y 


o  that  using  e  instead  of  r,  the  radical  is 

7   V         -fit      <^(3 
7    V        Sp      /' 


So  that  the  form  it 


and  thus 

so  that  the  relation  is  the  knowi 


with  reciprocal  pajat 


e  between  tte  two  forme 
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the  displacements  at  any  moment  of  time  of  two  bodies  whose  kinematical 
exponents  are  confocal  ellipsoids,  is  equivalent  to  a  diapiacement  round  the 
invariable  line  proportional  to  the  time  elapsed  since  the  positions  were 
coincident  or  parallel,  as  previously  found  by  geometrical  reasoning. 

Again,  if  we  replace  -j  ,   „ ,  ^ ,  i/  by 

^-j'  '^^T,'  ^-h  "■-"• 

the  equations  (1),  (2),  (8)  will  remain  unaltered,  provided  we  write  180-a; 
180  —  j9 ;  180  —  7  in  place  of  a,  /3,  y,  and  the  equations  (4)  will  receive  an 
augmentation  of  Lk  on  their  right-hand  sides,  but  remain  otherwise  un- 
altered, provided  we  substitute  -^,—i),—K  for  |,  ij,  J".  Or  again,  we  may 
state  the  same  result  without  substituting  for  the  angles  of  inclinations  their 
supplements,  but  leaving  them  unaltered  if  we  change  the  sign  of  L;  showing 
that  if  two  bodies  whose  kinematical  exponents  or  momenfcal  ellipsoids  are 
contrafocal,  be  set  in  a  parallel  position  at  rest,  and  are  acted  on  by  two 
equal  and  coaxial  but  contrary  impulsive  couples,  their  principal  axes  will 
continue  throughout  the  motion  to  make  equal  but  contrary  angles  with  the 
invariable  line,  and  will  admit  of  being  brought  back  to  a  position  of  parallel- 
ism by  means  of  a  rotatory  displacement  about  the  invariable  line  propor- 
tional to  the  time.  Thus,  leaving  out  of  consideration  this  displacement, 
correlated  solid  bodies  (as  those  may  be  termed  whose  kinematical  exponents 
are  confocal  ellipsoids)  may  be  made  to  move  equally  and  similarly,  and 
oontrarelated  ones  (as  we  may  term  those  whose  kinematical  exponents  are 
contrafocal  ellipsoids)  equally  and  contrarily  without  the  action  of  any 
external  force.  It  will  eventually  be  seen  that  there  is  a  practical  advantage 
in  considering  L  as  retaining  the  same  sign  in  both  cases,  and  throwing  the 
contrariety  of  motion  in  the  second  case  upon  the  change  of  the  inclinations 
a,  fi,  7  into  their  supplements. 

Thus  the  motion  of  a  body  b  arithmetically  given  when  that  of  any  other 
of  the  series  of  those  to  whose  kinematical  exponents  its  own  is  either 
confocal  or  contrafocal  has  been  determined. 

Alike  for  the  two  cases  of  con-  and  contra- focal  ism  it  will  be  convenient 
to  disregard  this  uniform  motion  of  rotation,  treating  it  in  the  light  merely 
of  a  correction*,  so  that  the  motions  of  all  the  bodies  contained  in  either  one 
series  may  be  considered  in  regard  to  themselves  as  coincident,  and  as  swpple- 
mental  (in  a  sense  that  explains  itself)  in  regard  to  the  motions  of  the  bodies 
belonging  to  the  other  series.     I  shall   now  show  as  a  corollary  from  the 

*  The  apparent  motiouB  of  any  two  ooirelated  or  oontrarelated  bodies  to  two  speotators 
standing  respectively  on  the  invariable  plane  of  each  may  lie  made  identical  or  similar,  provided 
a  certaiQ  nnitorm  angular  velocity  be  imparted  to  one  of  these  planes. 
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above  proposition  that,  with  the  above  understanding,  the  motion  of  any 
rigid  body  may  (subject  to  an  unimportant  exception  that  will  be  stated  in 
its  proper  place)  be  made  identical  with  that  of  one  real  indefinitely  flattened 
disk,  and  supplemental  to  that  of  another.  The  case  of  a  disk,  it  will  be 
noticed,  is  that  in  which  one  of  the  principal  momenta  of  inertia  becomes 
equal  to  the  sum  of  the  other  two  ;  in  general  these  moments  of  inertia  must 
not  only  be  positive,  but  each  must  be  not  greater  than  the  sum  of  the  other 
two,  as  is  the  case  with  the  lengths  of  the  sides  of  a  triangle  ;  in  the  extreme 
case,  when  the  body  is  reduced  to  but  two  dimensions,  the  greatest  becomes 
equal  to  the  sum  of  the  other  two,  and  conversely,  when  this  is  so,  the  body 
can  only  be  of  the  form  of  a  flat  disk ;  the  above  is  obvious  when  it  is 
remembered  that  the  moments  of  inertia  are  the  sums  of  the  three  intrin- 
sically positive  quantities  l/ms?,  2m«^,  2mi^  taken  two  and  two  together. 

M  . 
So  also  it  is  well  to  notice  that  the  modular  q\iantity  -^^  in  equation  (2)  is 

not  absolutely  arbitrary,  but  besides  being  essentially  positive,  is  conditioned 
to  lie  between  the  least  and  greatest  of  the  quantities  -r,  -5,  rr,  since 
otherwise  the  quantities  (cos  a)^,  (cos^)",  (cosy)'  ^  equations  (1)  and  (2) 
could  not  all  remain  positive,  and  consequently  such  equations  would  not 
correspond  to  any  real  case  of  motion. 

Let  A,  B,  C  be  arranged  in  order  of  magnitude,  and  suppose 

J^__l_l     1^1_1      1^1_1     M}^K-l 
A^,~A     fi'    B,~  B     ij,'    Cr  0     ij.'    JJ'"  L'     ij,' 

and  let  /i  be  so  determined  as  to  make  one  of  the  quantities  j4,,  Bj,  (?i  equal 
to  the  sum  of  the  other  two.     Then 

(1)  Any  imaginary  value  of /t  must  be  neglected. 

(2)  Any  value  of /:a  which  makes  Ay,  B^,  Ci  of  different  algebraical  signs 
must  be  neglected. 

(3)  If  /J,,  being  real,  makes  A,,  B,,  G,  all  positive,  these  quantities  will 
correspond  fco  the  moments  of  a  real  disk  whose  representative  ellipsoid  is 
confocal  to  that  of  the  body  whose  moments  of  inertia  A,  B,  G  are  given. 

(4)  If  fi,  being  real,  makes  A^,  B,,  G,  all  negative,  by  taking  —  A„  —  Si, 

-  C, ,  that  is,  the  reciprocals  of j-, „, ^las  the  new  moments  of 

'^  fi.     A    fi     B    jj-     V 

inertia,  we  evidently  shall  have  obtained  a  reduction  to  a  disk  of  the  supple- 
mental or  contrafoeal  kind. 

-  j(f  is  to  be  substituted  for  M,  so 

that  the  necessary  condition  of  -^  being  intermediate  between  the  greatest 
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and  least  of  the  quantities  A,  B,  C  will  continue  to  be  fulfilled  in  the  disk  by 
jf  remaining  intermediate  between  the  greatest  and  least  of  the  quantities 

aI,  b„c,. 

Suppose  Ai  +  B,=  Ci,  then 

A         _B_  _     C 
A  ~ /I     B  ~ /J.     G  —  ft' 
or  lA+B-G)fi.'  +  ABfi-irABG  =  0. 

The  determinant  (that  is,  negative  discriminant)  of  this  equation  is 
AB{AB-CA~GB+0^)  or  AB(A~C)(B- G), 
80  that  if  (7  is  the  least  or  greatest  moment  of  inertia,  /m  will  have  real  values, 
but  will  be  unreal  if  G  is  the  mean  moment  of  inertia. 

Suppose  now  that  Ai  +  B,  =  Oi  for  one  value  of  fj.,  to  find  the  values 
A',  B,  G'  corresponding  to  the  conjugate  disk,  we  obtain  from  the  above 
equation  in  //.,  by  substituting  Aj,  B,,  C^  for  A,  B,  G, 

2A,B,/j.-A,B^C\  =  0,  or  y7.  =  -^, 

and  accordingly 

-11-       1  _       2         J^  _       2  B,  -A,    A,-B,     2^    _1_ 

A''  B''~A,     A,  +  B,'Bi     A,  +  B,''  ~2A,     ''     2B,     ''A^'     B,' 
Hence  if  A,,  B,  have  the  same  signs,  A',  B'  have  opposite  sigDS,  and 

vice  versd,  it  A^,  .B,  have  opposite  signs  A\  B',  and  therefore  A',  B',  G'  have 

all  the  same  signs  for  C'  =  A'  -{-  B'. 

Consequently  one  and  one  only  of  each  of  the  two  solutions  for  disks 

drawn  perpendicular  respectively  to  the  extreme  principal  axes,  makes  the 

three  moments  of  inertia  all  of  the  same  sign,  and  consequently  each  such 

solution  leads  either  to  a  direct  or  supplemental  reduction  to  the  disk  form. 
Now,  suppose  that  A,  B,  G  being  all  of  the  same  signs,  A  has  become 

equal  to  B+G,  so  that  the  equation  in  /t  becomes 
2Bi^^  +  ^ABiJ.  +  ABG^0, 

or  fi.'  —  Afj,  +  -^  =  u. 

Let  /xi,  fi!  be  the  two  values  of /t  from  this  equation,  so  that 

L  =  ]l-1.     1^1_1     1  =  1_1 
Ay" A     1^'   B,~ B     li,'   G,^G     fi,' 

J__j._J^     J__l_l     1_1_1 
A'~A     fj,"    B~B     />."   G'~G     /l" 

and  A,+B,  =  Gy,    A'  +  E  =  C'. 
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A^'^  A'~  A      Ui%V      A 
A-,-  A'^'A^     Kjj.^'^  Ill}  A'^ 


-1_ 

~  A-"' 

Hence  if  A,  B,  G  have  the  positive  sign,  Ai  and  A'  are  both  negative,  and 
if  A,  B,  0  have  the  negative  sign,  Aj  and  A'  are  both  positive;  consequently, 
on  the  first  supposition,  the  e^na  of  one  of  the  two  systems  A^,  B^,  G-^; 
A',  B',  G'  wi!!  be  all  negative,  and  ou  the  second  supposition  all  positive. 
Hence  one  of  the  two  reductions  falls  under  case  (3),  that  is,  is  proper  or 
direct,  and  the  other  under  case  (4),  and  is  improper  or  supplemental.  As 
nothing  in  nature  exists  in  vain,  it  will  presently  be  seen  that  the  choice 
which  is  always  possible  between  these  two  modes  of  reduction  leads  to  an 
important  simplification  of  the  cases  which  arise  in  the  problem  of  rotation, 
and  that  there  need  never  be  any  room  for  doubt  as  to  which  of  the  two 
sorts  of  reduction  should  foe  employed  in  any  specified  problem. 

The  case  of  exception  to  which  allusion  has  been  made  in  anticipation, 
arises  when  two  of  the  moments  of  inertia  are  equal;  for  then,  supposing 
A,  A,G  to  be  the  original  moments  of  inertia,  the  new  moments  of  inertia 
will  be  A,,  Ai,  Gj_;  and  since  G^  cannot  be  zero,  we  can  only  suppose  Gi=:2A,; 
and  making 

A,'A     fi'   G,     G     fi- 
the  equation  in  /j.  becomes 


or  (2A-G)ii  =  AG,     ^  =  33^7^?' 

Au.  AG  ^         AG 

and  ^^  =  __  =  _^__,     G,=-^—^; 

so  that  the  reduction  will  be  proper  or  improper  according  as  the  unequal 
moment  of  inertia  is  greater  or  less  than  either  of  the  equal  ones. 

A  relation  has  been  obtained  geometrically  in  the  commencement  of  this 
memoir  between  the  squared  velocities  of  any  two  dynamically  equivalent 
bodies  represented  by  eonfocal  ellipsoids.  To  complete  the  theory,  it  is 
proper  to  find  the  exact  nature  of  this  relation  when  a  given  body  has  been 
reduced  to  a  disk,  whether  by  the  direct  or  supplemental  method. 

First,  in  the  case  of  direct  reduction,  using  v^,  v^,  vs  for  the  angular 
velocities  of  the  disk,  and  w^,  <»^,  to,  for  those  of   the  associated  body  in 
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corresponding  poeitions  about  the  principal   axes,  and   v,  to  for  the   total 
angular  velocities  of  the  disk  and  body  respectively, 


L                                i           „ 

L                   i       „ 

i 

0)3=^  cos  7, 

^5- 

S  (|-^+i\)"(oos«)>  =  Ju,'  +  2i-xS^ 

..-„.=.  x/.(f  +  x). 

And  again,  in  the  case  of  supplemental  reduction,  using  Vi,  v^,  w„  i;  for  the 
partial  and  total  angular  velocities  of  the  disk, 

f  1  =  -  ;^  cos  a,     ua  =  -  -g  COS  13,     Vs=^-Q  cos  7, 

^'^^     A'        F"^    S'  C     ^     C 

0.=  =  2  (iX  ~  -^Y  (cos  a)'  =  v=  -  2i:^\  J  +  i■^x^ 

or  „=_t^  =  xi=(-^  +  x); 

showing  that  in  both  cases  alike  the  difference  between  the  squared  velocity 
of  the  body  and  that  of  either  its  representative  disks  is  constant  throughout 
the  motion,  as  might  also  have  been  predicted  a  priori  from  the  form  of  the 
elliptic  function  connecting  the  time  with  the  squared  velocity.  In  the  ease 
of  disk  motion  there  is  a  distinctive  feature  which  is  deserving  of  notice.  In 
this  case  we  have 

Am,^  +  Bm^^  +  (A+E)  w^"  =  M, 

A'ai'  +  B'a^''+{A+Byo>-f^L\ 
Hence  AB  (w,=  +  m,^)  =  {A+BfM-  L\ 

showing  that  the  angular  velocity  with  which  the  disk  turns  about  a  line  in 
its  own  plane  is  constant  throughout  the  motion,  whilst  the  velocity  about 
the  axis  perpendicular  to  its  plane  is  continually  varying,  in  the  first 
particular  agreeing  with,  and  in  the  second  differing  from  what  takes  place 
for  a  body  of  three  dimensions  with  two  of  its  principal  moments  of  r 
equal. 
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It  is  easy  to  see  how  in  the  general  case  every  conceivable  motion  of  a 

body  of  any  form  may  be  tabulated  and  reduced  to  a  table  of  treble  entry, 

and  how  greatly  the  use  of  such  tables  may  be  facilitated,  and  seemingly 

distinct  cases  reduced  to  identity  by  aid  of  the  twofold  method  of  reduction 

above  explained.   Let  us  consider  the  case  of  a  body  whose  principal  moments 

of  inertia  are  A,  B,  0,  arranged  in  ascending  order  of  magnitude. 

M 
We  have  seen  that  the  quantity  j-^  must  always  be  intermediate  between 


If  the  direct  reduction  be  e 
have 


M     ,  1      1      I     M, 

,  j,-?c,say^,-y^,^,-^; 


and  if  y^  is  intermediate  between  -j:  and  j=-,,  j^  will  be  intermediate  between 


1 

On  the  other  hand,  if  the  supplemental  method  be  employed, 
1  1  1  jW  1     J^    J^    JW 

'^'2'  '^"fi"  ''"C        L"^^^  G"  B"  A"  D- 

where  C'  =  A'  +  B'  will  take  the  place  »i  -j ,  d>  p'  ="  ''"'^''  "  Tb 

mediate  between  -r   and  7; .  t^  will  be  intermediate  between  ^  and  ™ . 
A  B      Ir  ±S  ti 

Hence  by  using  the  direct  method  of  reduction  in  the  case  where  jr^  is 

greater  than  5,-and  the  supplemental  method  of  reduction  where  ^  is  less 
than  B,  the  original  body  can  be  always  replaced  by  a  disk  of  which  A^,  B^, 
Ai  +  B,  are  the  new  principal  moments  of  inertia,  L  the  given  initial 
impulsive  couple,  M  the  new  vis  viva,  and  where  the  ascending  order  of  the 

,       .         1         Mil         ,,    ,  BM    AM     ...   ,     ,    ^,      „  ^, 
magnitudes  is  x~-g  ■  p  -   r  '  2 '  ^^  'W  '   ^ 

less  than  unity.  This  reduction  being  eflFected  when  the  motion  of  the  disk 
is  known,  that  of  the  associated  body  is  given. 

Calling  the  two  parameters  -j^  ,  -j^ ,  q^,  q,.*  respectively,  an  inspection 

*  Calling  A,  B,  a  the  original  momentB  of  inertia,  it  ie  important  to  notice  that  we  have 
seen  that  no  leal  distinction  of  motion  arises  from  ^Ijing  between  -  and  ^  on  the  one  liand, 
or  between  -  and  7,  on  the  other  ;  the  Ho-oalled  two  kinds  of  polhods  and  Legendre's  primary 
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of  the  system  of  equations  (1,  2,  3,  4)  at  pp.  [588 — 590]  will  show  that  the 
angles  a,  j8,  7,  f,  ij,  f,  a  are  known,  and  may  be  registered  in  a  tahle  when 

M 

-J  t,  }i,  53  are  given,  the  time  (  being  reckoned  from  some  determinate  epoch, 

which  must  be  so  fixed  as  to  be  identical  for  the  disk  and  the  associated 
body*.     We  may  assume  as  such  epoch  indifferently  the  moment  when  the 
axis  of  the  disk  has  its  maximum,  or  when  it  has  its  minimum  inclination  to 
the  invariable  line,  that  is,  when  the  quantity  (cos  7)'  in  the  equations 
(cos  a)'  4-  (cos  ;3)=  +  (cos  yf=l,) 


s  its  maximum  or  minimum  value ;  the  equations  being  linear  between 
(cos  a)^,  (cos  0y,  (cos  7)',  say  between  x,  y,  z,  the  extreme  values  of  z  of  course 
correspond  to  the  zero  values  of  ic  and  y  respectively. 


distinction  of  tlie  problem  into  liia  oases  (1)  and  (2)  turn  entirely  upon  this  difference,  but  the 
two  kinds  of  motion  are  convertible  into  one  another  (save  as  to  the  oorreotion  for  the  uniform 
displacement  round  the  invariable  line)  by  tiie  theory  of  oontra-relation.  The  real  essential 
distinction  of  oases  can  only  arise  from  particular  values  being  assumed  by  jj,  q^. 

The  quantities  0,  (ft,  gj,  1,  Si  +  Ja  ^^  written  in  natural  ascending  order. 

The  two  «inffninr. cases  are  (A)  when  g,  =  g2,  which  is  the  case  of  two  equal  moments,  (B) 
when  ?2  =  1,  which  is  Legendre's  Troisieme  Cas.  Cos  ti-is-j-emargvable,  Arts.  26,  27,  corresponding 
to  the  instantaneons  axis  describing  the  so-oalled  ''  separating  polhod." 

Besides  these  properly  called  singular  cases,  there  are  what  may  be  termed  special  eases 
arising  from  sequences  of  two  or  three  terms  in  the  above  qninaiy  scale  becoming  approximately 
equal,  or  sabequal,  in  Mr  Da  Morgan's  language,  which  relation  may  be  denoted  by  tlie  ordinary 
sign  of  equivalenoe. 

Thus  we  shall  have  special  cases  when 

9i  =  0,  or  Ja=9i,  o^  l  =  9a.  <""  Si  +  Ss^l^ 
and  double-special  cases  when 

5j  =  5,  =  0,     IsjjBSi,    3i  +  32=l  =  95- 

The  last  of  these  is  of  course  tantamount  to  lejj  with  gjaO.  But  even  this  table  does  not 
exhaust  all  the  specially  notable  cases ;  for  ia  the  first  of  the  double -special  cases  which  corre- 
sponds to  that  of  a  body  differing  little  from  a  sphere,  we  may  again  marli  off  as  extra-double 
special  the  case  where  —  =  0,  and  also  that  where  ??  =  1. 

It  does  not  fall  in  with  the  plan  of  this  paper  to  investigate  these  several  eases,  but  they  are 
probably  all  of  them  deserving  of  particular  examination. 

•■  We  may  express  the  motion  in  terms  of  the  parameters  q^,  q^  as  follows,  writing  x,  y,  z  for 


x'  +  y^  +  i^^ 
9i     9a     9i  +  92 


(1) 


"-{j-iyy-zii-^^^y' 
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In  using  such  tables  of  treble  entry,  we  may  suppose  the  initial 
angular  velocities  about  the  principal  axes  to  be  given,  from  which  and  the 
known  moments  of  inertia  the  quantities  L  and  M  may  be  calculated,  and 
then  by  the  direct  or  supplemental  method  of  reduction  the  value  of  X  and  of 
the  two  parameters  gi,  ja  in  the  equivalent  disk,  each  less  than  unity,  found, 
let.  If  the  reduction  is  direct — from  the  given  inclination  of  the  axis  of  the 
disk  to  the  invariable  line — the  time  t„  from  the  epoch  can  be  found  by 
inspection,  and  then  the  entries  corresponding  to  (  +  (o  will  give  the  inclina- 
tions at  the  end  of  the  time  t  of  the  principal  axes  to  the  invariable  line, 
and  the  position  of  the  node  defined  as  the  intersection  of  the  invariable 
plane  with  the  plane  through  the  invariable  line  and  the  axis  of  the  disk 
(which  axis  coincides  with  a  known  one  of  the  two  extreme  axes  of  the  given 
body),  and  also  the  total  angular  velocity ;  the  corresponding  position  of  the 
node  and  value  of  the  total  angular  velocity  of  the  original  body  are  then 
known  by  simple  arithmetical  computations  from  the  theorems  above  given, 
involving  X  only  for  the  first,  and  \,  L,  M  for  the  second.  2nd.  If  the 
reduction  is  contrary  or  supplemental,  we  have  only  to  substitute  the  supple- 
mental angles  of  inclination  to  the  invariable  line  in  determining  („,  and 
proceed  in  all  other  respects  as  before,  taking  the  supplements  of  the  angles 
given  in  the  tables  in  lieu  of  the  angles  themselves.  In  the  special  case  of  a 
body  with  two  equal  moments  of  inertia,  were  not  the  simplicity  of  the 
motion  such  as  to  render  tabulation  unnecessary,  a  distinct  set  of  tables  of 
double  entry  would  of  course  be  employed.  It  is,  I  think,  conceivable  that 
"lies  of  treble  entry  might  be   of  some  practical  value  in 


\     Si/      V«i    si+W 


and  dl= ,, ,.  „  .  -r 

The  limiting  vaJues  of  a  oorreapond  to  Z^  =  0,  Z^=.0,  or,  whioh  is  the  aame  thing,  I 
of  2  when  y  and  a  are  fiuooeesivelj  made  zero  in  the  equation  (1). 

It  may  be  uBeM  to  the  reader  to  be  enabled  to  compare  tie  abore  valaea  of  t  and  f  in  terms 
of  2  with  the  equivalent  determination  of  Legendre,  Exerc.  dH  Cal.  InUg.  tome  ii.  p.  33i.  iiatnelj 

.._    a  ton  A        /™  +  l  d^ d^  \ 

'^-l-munB-\  2  J{l^eHd^ff)  (l  +  (tanrt=(«n^nvil-.Msin^nr 
for  this  purpose  it  will  be  necessary  to  bear  in  mind  that  Legendre'a  A,  B,  C  are  not  the  moments 
of  inertia  themselves,  but  the  elements  oat  of  whose  binary  combinations  they  are  formed,  and 
that  his  middle  magnitude  is  not  B  but  A  -.  the  reader  will  then  find  it  necessary  to  trace  the 
values  of  Legendre's  i,  W,  e,  iji,  6,  p,  m,  n,  p,  e  by  the  formulie  and  definitions  given  at  pages 
334,  819,  338,  B15,  821,  322,  325,  319  big,  333,  and  possibly  some  otlier  which  has  disappeared 
from  my  niitea  of  the  Exercises,  tome  ii. 
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studying  by  arithmetical  or  graphical  methods  the  geological  phenomenon  of 
evagation  of  the  pole  of  the  earth  regarded  as  a  body  of  irregular  form,  and 
in  other  dynamical  problems  of  a  gyroscopical  character  where  an  exact 
determination  of  the  effect  of  a  given  disturbing  cause  might  be  difficult  or 
unattainable. 

The  fact  that  there  are  no  essential  differences  in  the  motion  of  a  rigid 
body  of  any  form  and  started  under  any  initial  circumstances  whatever,  but 
such  as  depend  upon  the  particular  values  of  the  two  positive  proper  fractions 
q-i,  §2,  enables  us  at  once  to  see  what  are  the  special  cases  which  alone  can 
arise,  and  whether  or  no  there  is  any  real  distinction  to  be  made  between  the 
genera!  cases  of  the  theory.  At  first  sight  it  would  seem  that  four  essential 
parameters  enter  into  the  question,  the  ratios  of  the  initial  values  of  the 
partial  velocities  aoi,  <o^,  ojj,  and  the  ratios  of  the  constants  A  :  B  :  G,  the 
principal  moments  of  inertia ;  but  one  parameter  is  saved  by  the  substitution 
of  an  indefinitely  flattened  disk  for  a  solid,  and  another  by  the  introduction 
of  an  intrinsic  epoch  from  which  the  time  is  reckoned,  and  thus  a  table  of 
treble  instead  of  quintuple  entry  is  competent  to  represent  every  possible 
variety  of  conditions. 

The  problem  that  has  been  treated  of  in  the  foregoing  pages  is  one  (and 
possibly  the  simplest)  instance  of  a  well-defined  class  of  dynamical  questions 
subject  to  a  peculiar  method  of  treatment,  which  consists  in  the  postpone- 
ment of  the  determination  of  the  absolute  displacement  of  the  moving  system 
until  after  its  displacement  relative  to  a  fixed  line  has  been  previously 
determined.  The  three  problems  which  may  be  said  to  form  a  natural  (not 
merely  a  historically  connected)  group,  and  which  offer  the  most  important 
illustrations  of  the  class  in  question,  are  those  of  the  rotation  of  a  free  body, 
of  the  motion  of  a  particle  attracted  to  two  fixed  centres  of  force,  and  the  pro- 
blem of  three  bodies.  In  the  first  and  third  of  these,  the  invariable  line  is  a 
line  perpendicular  to  the  invariable  plane,  determinable  by  composition  of  the 
momenta  of  the  several  elements  of  the  system  at  any  instant  of  time.  In 
the  second  the  invariable  line  is  the  line  joining  the  fixed  centres ;  and  the 
distances  of  the  moving  point  from  the  two  fixed  centres  or  the  angles  which 
they  make  with  the  line  of  centres  may  be  expressed  by  equations  complete 
within  themselves,  and  into  which  the  position  of  the  plane  containing  the 
moveable  point  and  the  fixed  line  does  not  enter.  So  again  in  the  problem 
of  three  bodies,  without  having  recourse  to  the  methods  of  deformation 
employed  by  Jacobi,  and  those  who  have  followed  in  his  track  in  treating 
the  question,  it  is  obvious,  a  priori,  that  one  integral  may  be  gained,  in  the 
sense  of  one  less  being  required,  by  forming  a  system  of  equations  from  which 
the  position  of  the  intersection  of  the  plane  of  the  three  bodies  with  the 
invariable  plane  is  excluded,  equivalent  in  effect  to  the  so-called  "elimination 
of  the  node  "  on  Jacobi's  method ;  in  which,  however,  the  node  so  called  is  not 
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to  be  confounded  with  the  intersection  above  named,  but  is  the  mutual 
intersection  of  two  ideal  instantaneous  orbits  with  each  other  and  the 
invariable  plane. 

In  every  ordinary  dynamical  problem,  by  a  well-known  simple  contrivance, 
the  time  element  may  be  preliminarily  thrown  out  of  the  differential  equa- 
tions of  the  motion ;  in  the  class  of  which  the  three  noble  and  celebrated 
questions  here  referred  to  are  the  conspicuous  types,  a  certain  space  element 
is  capable  of  being  similarly  left  out  to  the  end ;  thus  the  number  of  linear 
differential  equations  required  for  the  determination  of  the  remaining 
elements  is  reduced  by  two,  and  if  all  the  integrals  of  this  reduced  system 
are  capable  of  being  found,  then  we  know,  d  priori,  by  the  theory  of  the  last 
multiplier,  how  to  reduce  to  quadratures  the  values  of  the  two  outstanding 
elements.  The  process  whereby  the  space  coordinate  referring  to  absolute 
position  is,  so  to  say,  avoided  in  this  class  of  dynamical  questions,  is  not,  or 
at  least  need  not  be  considered  as,  one  of  elimination  properly  so  called ; 
elimination  is  the  act  of  extruding  a  variable  from  a  system  of  equations  in 
which  it  has  appeared ;  the  process  to  be  applied  in  the  case  before  us  is  one 
not  of  extrusion,  but  of  exclusion  ab  initio,  or  as  it  may  be  rendered  in  a 
single  word,  of  ab-limination. 

I  propose  at  an  early  moment  to  return  to  a  considei'ation  of  the 
particular  method  of  ab-limination  above  indicated  as  applicable  to  the 
problem  of  three  bodies,  in  the  study  of  which  this  memoir  took  its  rise. 
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ON  THE  MOTION   OF  A  RIGID  BODY  MOVING  FREELY 
ABOUT  A  FIXED  POINT. 

[Philosophical  Proceedings  of  the  Royal  Society  of  London,  XV. 
(1866—1867),  pp.  139—114.] 

[Of.  p.  Sir.] 

{Abstract.) 

The  nature  of  the  present  brief  memoir  will  be  best  conveyed  by  my 
giving  a  succinct  account  of  the  principal  results  which  it  embodies,  in  the 
order  in  which  they  occur.  The  direct  solution,  in  its  present  form,  of  the 
important  problem  of  the  motion  of  a  rigid  body  acted  on  by  no  external 
forces,  originating  in  the  admirable  labours  of  Euler,  has  received  the  last 
degree  of  finish  and  completeness  of  which  it  is  susceptible  from  the  powerful 
analysis  of  Jacobi ;  in  one  sense,  therefore,  it  may  be  said  that  the  discussion 
is  closed  and  the  question  at  an  end.  Notwithstanding  this,  in  the  mode  of 
conceiving  and  representing  the  general  character  of  the  motion,  there  are 
certain  circumstances  which  merit  attention,  and  which  may  be  expressed 
without  reference  to  the  formulas  in  which  the  analytical  solution  is  con- 
tained, 

Poinaot's  method  of  representing  the  motion  by  means  of  his  so-called 
"central  ellipsoid"  has  passed  into  the  every-day  language  of  geometers, 
and  may  be  assumed  to  be  familiar  to  all.  The  centre  of  this  ellipsoid  is 
supposed  to  be  stationary  at  the  point  round  which  any  given  solid  body 
is  turning;  its  form  is  determined  when  the  principal  moments  of  inertia 
of  that  body  are  given,  and  it  is  supposed  accurately  to  roll  without  sliding 
on  a  fixed  plane  whose  position  depends  on  the  initial  circumstances  of  the 
motion.  The  associated  free  body  is  conceived  as  being  carried  along  by 
the  ellipsoid,  so  that  its  path  in  space,  its  continuous  succession  of  changes 
of  position,  is  thereby  completely  represented ;  but  no  image  is  thus  pre- 
sented to  the  mind  of  the  time  in  which  the  change  of  position  is  effected. 
I  show  how  this  defect  in  the  representation  may  be  remedied,  and  the  time, 
like  the  law  of  displacement,  reduced  to  observation  by  a  slight  modification 
of  the  apparatus  of  the  central  ellipsoid  or  representative  nucleus,  as  it  will 
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for  the  moment  be  more  convenient  to  call  it.  To  steady  the  ideas,  imagine 
the  fixed  invariable  plane  of  contact  with  the  nucleus  to  be  horizontal  and 
situated  under  it ;  now  conceive  a  portion  of  its  upper  surface,  say  the  upper 
half,  to  be  pared  away  until  it  assumes  the  form  of  a  semi- ellipsoid  confocal 
to  the  original  surface,  and  that  an  indefinitely  rough-  plate  always  remaining 
horizontal,  but  capable  of  turning  in  its  owu  plane  round  a  vertical  axis, 
which,  if  produced,  would  pass  through  the  centre  of  the  ellipsoid,  is 
placed  in  contact  with  this  upper  portion ;  as  the  nucleus  is  made  to  roll 
with  the  under  part  of  its  surface  upon  the  fixed  plane  below,  the  friction 
between  the  upper  surface  and  the  plate  will  cause  the  latter  to  rotate 
round  its  axis,  for  the  nucleus  will  not  only  roll  upon  the  plate  above,  but 
at  the  same  time  have  a  swinging  motion  round  the  vertical,  which  will  be 
communicated  to  the  plate.  I  prove,  by  an  easy  application  of  the  theory 
of  confocal  ellipsoids,  that  the  time  of  the  free  body  passing  from  one  position 
to  another  will  be  in  a  constant  ratio  to  this  motion  of  rotation,  which  may 
be  meEisured  off  upon  an  absolutely  fixed  dial  face  immediately  over  the 
rotating- pi  ate ;  and  furthermore  I  show  that  the  relation  between  the 
angular  divisions  of  this  dial  and  the  time  depends  only  upon  the  spinning 
force  which  may  be  supposed  to  set  the  free  body  originally  in  motion,  so 
that  it  will  hold  the  same,  at  whatever  distance,  by  a  preliminary  adjustment, 
the  rotating-plate  may  be  supposed  to  be  set  from  the  fixed  horizontal  plane. 

Thus,  then,  we  may  realize  a  complete  kinematioal  image  of  all  the 
circumstances  of  the  motion  of  a  free  rotating  body,  and  reduce  to  a  purely 
mechanical  measurement  the  determination  of  an  element  hitherto  unrepre- 
sented, but  in  reality  the  most  important  of  all,  namely,  the  ti'me. 

I  then  proceed  to  point  out  a  very  singular  and  hitherto  unnoticed 
dynamical  relation  between  the  free  rotating  body  and  the  ellipsoidal  top,  as 
I  shall  now  prefer  to  call  Poinsot's  central  ellipsoid,  because  I  imagine  it 
set  spinning  like  a  top  upon  the  invariable  plane  in  contact  with  it  and 
left  to  roll  of  its  own  accord,  the  friction  between  it  and  the  plane  being 
supposed  adequate  to  prevent  all  sliding.  I  start  with  supposing  that  the 
density  of  the  top  follows  any  law  whatever,  and  call  its  principal  moments 
of  inertia  A,  B,  0,  its  semi-axes  a,  b,  c,  the  relations  between  these  six 
quantities  being  left  ai-bitrary. 

It  is  easy  to  establish  that,  if  a  rotating  body  be  acted  on  by  any  forces 
which  always  meet  the  axis  about  which  it  is  at  any  instant  turning,  the 
ais  viva  will  remain  unaifected  by  their  action ;  this  will  be  the  case  in  the 
present  instance  with  the  pressure  and  friction  of  the  invariable  plane,  the 
only  forces  concerned,  as  we  may  either  leave  gravity  out  of  account  alto- 
gether or  suppose  the  centre  of  gravity  of  the  top  to  be  at  the  centre  of  the 
ellipsoid,  which  will  come  to  the  same  thing.  By  aid  of  this  principle, 
conjoined  with  the  two  conditions  to  which   the  angular  velocities  of  the 
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associated  free  body  are  known  to  be  subject,  it  is  easy  to  infer  that  the 
velocities  of  this  body  and  its  representative  top  will,  throughout  the 
motion,  remain  in  a  constant  ratio,  or,  if  we  please,  equal  to  one  another, 
provided  that 

a^    a*     0^    0*    (^     c* 

wliere  X  is  an  arbitrary  constant.  If,  now,  we  revert  to  the  natural  supposi- 
tion of  the  top  being  of  uniform  density,  it  is  well  known  that 

A  :  B  :  C  ::  b'  +  d"  :  <f  +  a'  :  a''  +  b\ 
and  these  ratios  may  be  identified  with  those  above  (although  this  would 
not  at  the  first  blush  be  supposed  to  be  the  case)  by  giving  a  suitable  value 
to  the  arbitrary  constant  \. 

.Thus,  then,  Poinsot's  central  ellipsoid  supposed  of  uniform  density  and 
set  spinning  upon  a  roughened  invariable  plane  will  represent  the  motion 
of  a  free  rotating  solid,  not  in  apace  only  but  also  in  time;  the  body  and 
the  top  may  be  conceived  as  continually  moving  round  the  same  axis  and 
at  the  same  rate  at  each  moment  of  time*. 

The  problem  of  the  top  is  completed  in  the  memoir  by  applying  the 
genera!  Eulerian  equations  to  determine  the  friction  and  pressure,  a  process 
which  involves  some  rather  onerous  but  successfully  executed  algebraical 
calculations. 

I  next  proceed  to  account  analytically  for  the  kinematical  theory  esta- 
blished at  the  outset  of  the  memoir,  and  in  doing  so  am  necessarily  led  to 
give  greater  completeness  to  it,  and  at  the  same  time  an  extension  to  the 
existing  theory  of  confocal  surfaces  of  the  second  order,  by  introducing  the 
complementary  notion  of  surfaces  that  I  call  contrafocal  to  one  another: 
confocal  ellipsoids  are  those  the  difterences  between  the  aeiuares  of  whose 
corresponding  principal  axes  are  all  three  the  same;  contrafocal  ellipsoids 
I  defioe  to  be  those  the  sums  of  the  squares  of  whose  corresponding  axes 
are  the  same.  Any  two  bodies  whose  central  ellipsoids  are  either  confocal 
or  contrafocal  I  term  related— -correlated  in  the  one  ease,  contrarelated  in 
the  other,  and  I  show  that  the  kinematical  construction  in  question  is  only 
another  rendering  of  the  first  of  the  propositions  herein  subjoined  concerning 
bodies  so  related. 

1st.  If  two  correlated  bodies  be  placed  with  their  principal  axes  respec- 
tively parallel   and   be   set   spinning   by  the   same  impulsive   couple,  they 

*  Accordingly,  if  we  eonoeire  any  body  as  lying  wholly  in  the  interior  of  the  ellipaoidal  top, 
which  is  its  kinematical  espocent,  suoh  body  will  move  precisely  as  if  it  were  free,  and  con- 
8eq.aeiitly  its  density  may  be  uniformly  increased  or  diminished  in  any  ratio,  or  it  may  be  entirely 
removed  witliont  affecting  the  law  of  the  motion  of  the  aurronnding  orust  ia  relation  to  space 
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will  move  so  that  the  corresponding  axes  of  the  one  and  the  other  body 
will  continue  always  equally  inclined  to  the  axis  of  the  couple,  and  their 
original  parallelism  at  any  instant  may  be  restored  by  turning  one  of  the 
bodies  about  this  last-named  axis  through  an  angle  proportional  to  the  time 
elapsed  since  the  commencement  of  the  motion.  Virtually,  this  amounts 
to  saying  that  the  difference  between  the  displacements  of  two  correlated 
bodies  subject  to  the  same  initial  impulse  is  equivalent  to  a  simple  uniform 
motion  about  the  invariable  line. 

2Qd.  So,  in  like  manner,  if  the  bodies  be  coiitrar elated,  the  *Mm  of  their 
displacements  is  equivalent  to  a  simple  uniform  motion  about  such  line. 

3rd.  In  either  case  alike,  the  difference  between  the  squared  angular 
velocities  of  the  related  bodies  is  constant  throughout  the  motion. 

From  these  propositions  it  follows  that  for  all  practical  intents  and 
purposes  the  motion  of  any  body  is  sufficiently  represented  by  the  motion 
of  any  other  one  correlated  or  contrarelated  to  it.  To  a  spectator  on  the 
invariable  plane  the  apparent  motion  of  one  rotating  body  may  he  made 
identical  with  that  of  any  other  related  one  by  merely  making  the  plane 
on  which  he  stands  turn  uniformly  round  a  perpendicular  axis.  It  becomes 
natural,  then,  to  ascertain  whether  there  is  not  always  some  one  or  more 
simplest  form  or  forms  which  may  he  selected  out  of  the  whole  couple  of 
infinite  series  of  related  bodies,  which  may  conveniently  be  adopted  as  the 
exemplar  or  type  of  all  the  rest.  Obviously,  the  best  suited  for  such  purpose 
will  be  a  body  reduced  to  only  two  dimensions,  in  other  words  an  indefinitely 
flattened  disk,  provided  that  it  be  possible  in  all  cases  to  find  a  disk  correlated 
or  contrarelated  to  any  given  solid*. 

The  algebraical  investigation  for  ascertaining  the  existence  of  such  disk 
is  the  same  whichever  species  of  relation  is  made  the  subject  of  inquiry,  and 
leads  to  the  construction  of  three  quaijratic  equations  corresponding  to  the 
respective  suppositions  of  the  original  body  becoming  indefinitely  flattened 
in  the  direction  of  each  of  its  three  principal  axes  in  turn ;  so  that  for  a 
moment  it  might  he  supposed  that  the  number  of  disks  fulfilling  the  required 
condition  could,  according  to  circumstances,  be  zero,  two,  four,  or  six. 
But  on  closer  examination,  and  bearing  in  mind  that  negative  equally  with 
imaginary  moments  of  inertia  are  inadmissible,  it  turns  out  that  there 
are  always  two  such  disks,  and  no  more  (except  in  the  ease  of  two  of  the 
moments  of  inertia  being  equal  when  the  solution  becomes  unique).  Of  these 
two  disks,  one  will  be  correlated  and  the  other  contrarelated  to  the  given 

*  The  peculiar  feature  in  the  abaolute  motion  of  a  disk  is,  that  whilst  it  is  turning  in  ita  owH 
plane  with  a  Tariable  yelocity,  the  rate  at  which  it  turns  about  itself  is  constant,  as  will  at  once 
become  evident  from  eliminating  r  between  the  two  equationB 
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body,  and  they  will  be  respectively  perpendicular  to  the  axes  of  greatest  and 
least  moments  of  inertia.  We  have  thus  the  choice  between  two  methods  of 
reduction  to  the  type  form,  and  this  choice  is  not  a  matter  of  unimportance 
(in  nature  nothing  exists  in  vain) ;  for  by  means  thereof  the  motion  of 
any  given  body  subject  to  any  initial  conditions  can  be  made  to  depend 
upon  either  at  will  of  the  two  comprehensive  cases  (Legendre's  1st  and 
3rd)  to  which  the  motion  of  a  free  rotating  body  is  usually  referred,  so 
that  the  distinction  between  these  two  cases  (corresponding  to  the  two 
species  of  Polhodes  on  either  side  of  the  "  Dividing  Polhode,"  a<;cording 
to  Poinsot's  method  of  exposition)  is  virtually  abrogated. 

From  the  preceding  theory,  it  follows  (as  also  may  be  made  to  appear 
alike  from  an  attentive  synoptic  view  of  the  commonly  received  analytical 
fonnulse  as  from  Poinsot's  theory  of  the  associated  "sliding  and  rolling 
cone")  that  in  the  problem  of  the  motion  of  a  free  body,  of  whatever  form 
and  subject  to  whatever  initial  conditions  one  pleases,  there  enter  but  two 
arbitrary  parameters.  Calling  A,  B,  A  +  B  the  three  moments  of  inertia 
of  one  or  the  other  equivalent  disks,  L  the  magnitude   of  the  impulsive 

couple,  M  the  vis  viva,  these  two  parameters  (say  p,  q)  will  be  — =■-  ,  -=^  ;  if 

Mt 
to  them  we  add  a  quantity  -^ ,  say  t  (where  t  is  the  lime  reckoned,  as  it 

may  be,  from  an  intrinsic  epoch  as  explained  in  the  memoir),  all  other 
elements  of  the  motion,  as  the  total  or  partial  velocities  and  the  angles, 
whatever  they  may  be,  selected  to  determine  the  position  of  the  rotating 
body  become  known  functions  of  these  three  quantities,  p,  q,  t,  and  may  be 
reduced  to  tables  of  triple  entry,  or  be  graphically  represented  by  a  few 
charts  of  curves;  and  it  should  be  noticed  that  p,  the  smaller  of  the  two 
parameters  p,  q,  will  be  always  necessarily  included  between  0  and  1,  and 
that  the  other  parameter  q  may,  by  a  due  choice  of  the  species  of  reduction 
adopted,  be  forcibly  retained  within  the  same  limits.  The  five  quantities 
0,  p,  q,  1,  2*  +  9  will  then  form  an  ascending  series  of  magnitudes  subject 
only  to  the  liability  of  the  middle  terra  q  to  become  equal  to  1  on  the  one 
hand,  or  to  p  on  the  other :  q  becoming  unity  corresponds  to  the  case  of  the 
so-called  "Dividing  Polhode,"  Legendre's  2nd  ease  {"ca^  tr&s-r&marquable"); 
and  q  becoming  equal  to  p  is  of  course  the  case  of  the  body  itself,  or  its 
"  central  ellipsoid,"  becoming  a  iigure  of  revolution,  in  which  ease  the  motion 
is  practically  the  same  as  that  of  a  uniform  circular  plate. 

Besides  these  two  exceptional  cases,  the  only  singular  cases  properly  so 
called,  the  quinary  scale  of  magnitudes  just  exhibited  serves  to  indicate  all 
the  more  remarkable  cases  (requiring  or  inviting  particular  methods  of 
treatment)  which  can  present  themselves  in  the  theory.  These  may  be 
distinguished  into  special  cases,  which  arise  from  any  two  consecutive  terms 
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becoming  (to  use  Prof.  De  Morgan's  expressive  term)  subequal,  that  is, 
differing  from  one  another  by  a  quantity  whose  square  may  be  neglected,  and 
double  special  cases,  which  arise  when  any  three  consecutive  terms  become 
subequal ;  all  of  which,  together  with  peculiar  subcases  appertaining  to  the 
double  special  class,  perhaps  deserve  more  thorough  examination  than  may 
have  been  hitherto  accorded  to  them.  I  conclude  the  memoir  with  pointing 
out  the  place  which  this  problem  of  Eotation  appears  to  me  to  occupy  in 
dynamical  theory,  as  belonging  to  a  natural  and  perfectly  well  defined  group 
of  questions,  of  which  the  motion  of  a  body  attracted  to  two  fixed  centres  and 
the  renowned  problem  of  three  bodies  acted  on  by  their  mutual  attractions 
are  conspicuous  instances.  This  group  is  characterised  by  the  feature  that, 
as  regards  them,  equations  of  motion  admit  of  being  constructed,  from 
which  not  6nly  the  element  of  time,  as  in  ordinary  mechanical  problems,  but 
also  an  element  of  absolute  space  is  shut  out;  supposing  the  equations  thus 
reduced  by  two  in  the  number  of  the  variables  to  have  been  integrated, 
Jacobi's  theory  of  the  last  multiplier  serves  to  reduce  both  the  excluded 
elements  to  quadratures  and  thus  to  complete  the  solution.  I  notice  that 
whilst  the  time  may  fairly  be  said  to  be  eliminated,  the  space  element 
may  be  more  properly  said  to  undergo  the  negative  process,  if  it  may  be 
so  called,  of  ab-limination ;  it  is  not  introduced  into  and  then  expelled 
from,  but  prevented  from  ever  making  its  appearance  at  all  in  the  resolving 
system  of  differential  equations.  It  is  from  the  study  of  one  of  these  allied 
but  more  difficult  questions  that  the  present  memoir  has  taken  its  rise  as  a 
collateral  inquiry  and  elucidatory  digression. 
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ON  THE  MULTIPLICATION    OF  PARTIAL 
DIFFERENTIAL   OPERATORS. 

{Philosophical  Magazine,  XXXiii.  (1867),  pp.  48 — 55.] 

In  the  last  Number  of  the  Magazvne*  I  explained  the  sense  in  which 
I  employ  the  term  operator  as  distinguished  from  an  operant,  the  distinction 
being  somewhat  analogous  to  the  grammatical  one  between  a  verb  and  a  noun; 
for  as  a  combination  of  the  predicate  and  copula  gives  rise  to  a  verb  which  has 
independent  laws  of  inflexion  and  regimen,  so  an  operator  is  a  new  species  of 
quantity  which,  springing  from  the  union  of  an  operant  and  the  symbol 
of  operation,  becomes  amenable  to  its  own  proper  laws  of  functional  action 
and  subjectionf.  I  found  it  convenient  also  to  refer  to  an  operator  as  an 
energized  operant%.  At  the  outset  of  the  paper  a  proposition  was  stated 
inadvertently,  regarding  any  energized  function  of  a  set  of  variables  and  their 
corresponding  elementary  operators,  in  too  genera!  t?rms.  Such  function 
remaining  unrestricted  in  regard  to  the  principal  letters  x,  y,z,  ...  should 
have  been  limited  to  be  a  linear  quantic  in  regard  to  the  elementary  operators 

Sa,  ty,  hi, If  ^  be  any  such  function,  the  proposition  in  question,  thanks 

to  the  happy  introduction  of  the  star  symbol,  may  without  any  auxiliary 
definition  of  the  derivatives  ^,  0a,  ...  employed  in  the  preceding  paper,  be 
stated  as  follows,  with  perfect  freedom  from  any  shade  of  ambiguity, 

[*  p.  567,  atove.] 

t  Thus  an  operator  forms  a  new  jiart  of  upeeeh  in  algebra.  It  may  be  wall  to  notice  in  this 
place,  in  order  to  prevent  error  arising  hereafter,  that  the  prooeas  of  energization  must  in  general 
be  indicated,  cot  by  the  mere  apposition  of  an  asterisk,  but  of  braoietB  and  asterisk.  Thus, 
althougli  P  turned  into  an  operator  may  be  eorreetlj  designated  by  P»,  P*P  similarly  enargiaed 
will  be  represented  by  [Pi.P].,  and  not  by  PiP*. 

Conversely,  denergization  will  oonsist  in  the  abstraction  of  an  asterisk  and  brackets,  and  not 
of  the  former  merely.  Thus  P*P*  denergized  ia  not  P.P  but  F^  +  F>rF,  beoaase  P,F,  is 
{F^  +  PtiPIt ;  whereas  P*Pi  divided  by  .,  a  term  employed  in  the  sequel  in  a  footnote,  is  simply 
F*P,  so  that  star  division,  or  destellation  as  it  may  be  termed,  is  not  to  be  confounded  wilit 
denergization. 

J  Or  I  might  have  used  the  word  vitalized  to  convey  the  same  idea, — the  operator  being  the 
operant  endued  witii  power  of  action,  but  none  the  less  Cor  that  capable  of  being  acted  upon, 
Bailing  to  mind  tha  relation  between  dead  and  living  matter.  So  denergization  might  be  termed 
on,  a  word  which  exists  in  the  language. 
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which  theorem  ((  being  an  arbitrary  parameter)  contains  the  general  rule  for 
expanding  (0*)"  in  terms  of  the  quantities 

[0#<^]*;   [^*0*i^]*;   [<^*0*^*0]*,  &c.t 

t  Thus,  for  example,  when 
the  theorem  in  the  test  easily  enables  as  to  see  that 

e'-"  *""***'(»,  6,  c,d,  ...)  =  Fia,  b  +  ax,  o  +  afta  +  oa^^  d  +  Sta:  +  363!"  +  fli-',  ...), 
which,  as  remarked  by  Mf  G.  De  Morgan  and  others  at  the  Mathematical  Society,  may  he 
regarded  as  a  transformation  and  generaUzation  of  the  fundamental  law  of  development  in 
Arbogast's  theory,  sometimes  called  by  the  name  of  Arbogast's  first  or  unreduced  method.  The 
identification  with  the  method  in  question  merely  requires  the  supposition  that  F  (a,  b,c,  d,  ...) 
should  become  a  function  exclusively  of  a  single  one  of  the  letters  within  the  parentheses  ;  but 
of  course  we  must  write  the  left-hand  side  of  the  equation  under  the  unreduced  form 
e***F{o,  J,<;,d...). 

The  proof,  as  noticed  by  my  distinguished  mathematical  friend  Mr  Samuel  Eoberta,  of  the 
generalized  theorem  is  virtually  implied  in  the  method  by  which  I  estabUshed  long  ago  the  partial 
differential  equations  of  the  invariants  to  any  system  of  forms  i  that  is,  it  follows  from  the 
observation  that  the  effect  upon  F  of  altering  x  into  x-i-Sx  leaving  a,  b,  a,  ...  unaltered  is  the 
same  as  the  effect  of  leaving  ic  unaltered  and  altering  b,  c,  d,  ...  into 

b  +  aSx.  c  +  2bSx,  d  +  'di:Sx 

3F__         __^_ 
"'   dx^~ 
and  therefore,  by  Maclaurin's  theorem, 

F{a,  b  +  ax,  c  +  ^bx  +  ax^  ...)-e^'F{a,  b,  c,  ..,). 

In  memory  of  the  author  who  appears  to  have  been  the  first  to  employ  the  form  which  1  have 
called  a  Frotraotant,  it  may  hereafter  with  propriety  be  termed  also  an  Arhogatttiant. 

The  equivalence  of  e^'  with  [e(«*'"~')*].,  when  ^  represents  an  Arbogastiant,  or  rather  a 
form  slightly  more  general,  had  been  previously  stated,  but  in  a  much  less  commodious  manner, 
by  Professor  Cayley  in  a  memoir  cootained  in  Crelle's  Journal,  Vol.  xlvh.  p.  110.  An  inspection 
of  this  memoir  will  satisfy  the  reader  hoir  inarticulate  was  the  language  of  algebra  at  the  not 
remote  epoch  when  Mr  Cayley's  paper  was  written,  and  how,  for  want  of  a  distinctive  abstract 
symbol  of  operativeness,  she  strove  like  one  lame  of  speech  and  tongue-tied,  to  give  intelligible 
expression  to  her  ideas. 

With  the  star  s^n  the  restraining  ligament  has  been  cut,  and  henceforth  algebra,  as  far  as 
yet  developed,  may  revel  in  unbounded  freedom  of  utterance.  The  rise  of  this  star  above  the 
mathematical  horizon  marlis  one  of  the  epochs  of  a^ebra.  It  is  worth  remarking  how  already 
it  is  beginning  in  its  turn  to  assume  the  attributes  of  quantity  [vide  the  concluding  footnote  of 
tMa  paper,  where  it  is  used  as  a  divisor)-  io  that  apparently  it  ia  destined  to  run  the  same  course 
as  Newton's  fluxional  symbol  h  h  and  f  tatal  necessity  must  have  been,  superseded  hy  the 
lettered  symbols  of  Le  b  t  wh  h  ha  n  1  ng  ago,  to  all  intents  and  purposes,  become 
converted  into  a  new  spec  f  alg  b  eal  q  nt  tv.  As  soon  as  it  becomes  necessary  (as  will 
probably  before  long  be  th  a  )  t  i  th  sp  oific  relation  of  the  star  to  something  which 
linuts  and  discriminates  t  mod  f  aiph  t  n  t  must  in  its  turn  develope  into  a  third  species 
of  symbohoal  qnantily ;  a   1       th  ay  b   rn    to  e  for  the  future  of  algebra  art  endless  proces- 

sion of  more  and  more  abstract  symbols  of  operatmn,  eaeh  successively  developing  into  a  more 
and  more  subtle  species  of  quantity,  suggesting  the  analogy  of  successive  stages  of  so-called 
imponderability  in  the  material  world. 

A  piopoa  of  Arbogastiants,  it  is  worthy  of  a  passing  notice  that  if  I  be  any  invariant  to  the 
form  {(I,  6,  e,  ...  ft.  k),  and  we  write  A  for  the  Arbogastiant  {lSt  +  2kSi^+ ...),  then  -jp-  eipresaes 
S.   II.  39 
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Id  like  manner,  the  statement  concerning  the  commutable  operators  ^# 
and  ifr*,  made  in  a  footnote,  should  have  been  limited  to  the  case  where  those 
two  operants,  ^,  yjr,  are  each  of  them  linear  quantics  in  regard  to  S,;,  Sj,,  8j, .... 
The  proposition  advanced  guardedly  in  the  Postscript  concerning  any  Jineo- 
linear  functions  of  a;,  y,  e,  ...  Sx,  By,  8,,  ...  ("there  can  be  little  or  no  doubt, 
&c,")  I  now  also  wish  to  be  understood  as  affirming  absolutely.  I  proceed  to 
give  a  universal  theorem  for  the  multiplication  of  any  number  of  operators, 
energized  functions  of  ic,  y,  z,  ... ;  S^,  B^,  S,, ...,  freed  from  all  restriction  as  to 
linearity  of  form  in.  respect  to  the  latter  set. 

The  method  by  which  I  arrived  at  this  very  general  theorem  was  in 
substance  identical  with  that  embodied  in  the  demonstration  spontaneously 
furnished  me  by  my  ever  ready  correspondent  Professor  Cayley;  and  as  I 
cannot  improve  upon  his  statement,  it  would  be  a  waste  of  time  to  substitute 
my  own  words  for  bis.  Accordingly,  after  enunciating  the  theorem,  I  shall 
give  the  proof  of  it  in  the  very  words  of  our  unrivalled  Cambridge  Professoi', 
from  which  it  will  be  seen  that  in  essence  this  theorem  consists  in  applying 
the  symbolical  form  of  Taylor's  theorem  to  the  expansion  which,  in  itself 
symbolical,  contains  the  generalization  of  Leibnitz's  theorem,  thus  giving  rise 
to  a  symbolisvt  of  the  second  order,  a  phenomenon  which,  it  is  believed,  here  for 
the  first  time  makes  its  appearance  in  analysis. 

Let  <pi,  (p'i,  <f>s,  ...  (pT  beany  functions  oi x,y,z,  ... ;  8^,  hy,  %  ..,,  capable  of 
being  developed  in  a  series  of  integer  powers  of  the  latter  set  of  variables, 
where  it  is  of  course  understood  that 


in  Uke  manner  let 


S  =  -  h  =~  S  =  — 

"     da>'       ^     dy'  ^     de' '"' 

-.,        d  ^        d  ^,       d 
abx         "     dby  dhz 


This  theoretn  ii 


the  eHeot  of  the  substitution  I    '    '    "   ''     i  performed  upon  I. 

qnence  of  the  oonjunotion  of  the  three  oircnra stances,  (1)  that  if  1^,^  is  what  Ibeoomea  when  for 
a,  b,  c,  ...  k  we  substitute  reapeetively  ax  +  by,  bx  +  cy,  ...  kx  +  ly,  I^_,  will  be  a  covariant  to  the 
form  {a,  b,  c,  ...  h,  k,  i),  and  that  consequently  the  last  ooeffieient  in  Z^j  will  be '-^^  7;  (2)  that 

this  coefficient  mast  bear  the  same  relation  to  l,k,  ...c,b  as  the  first  does  to  a,  b,  c,  ...  ft;  and  (3) 
that  an  invariant  to  the  form  (I,  k,  ...  c,  b)  is  identical  with  the  same  invariant  to  the  form 
{b,c,...k,l). 

1  think  I  have  been  informed  that  Leibnitz  was  the  first  to  employ  the  inethoti  of  the  so-called 
separation  of  symbols :  in  his  tract  on  the  '  Calculus  of  Differences,'  the  poet  sage  of  Collingwood 
contributed  powerfully  to  its  further  development ;  if  he  should  chance  to  east  his  eyes  over  these 
pages  he  will.  I  fear,  stand  aghast  at  the  Frankenstein  he  has  thus  (it  may  be  unwittingly)  played 
no  unimportant  part  in  bringing  into  existence ;  or,  rather,  I  should  fear,  did  not  all  the  world 
know  his  perfect  eandour  and  imetinted  sympathy  with  every  form  of  manifestation  of  human 
intelligence. 
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so  that  iu  fact  8'^,  S',,,  8',,  ...  are  abbreviated  expressions  forS^^,  5;^,  8(,, ...  or, 
if  we  please  so  to  say,  for 

d  d  d 

,  d  '       ,  d  '       -,  d  ' 

d^r        "  -i"        d  -r 

(te  ay  as 

Let  Sii,,-,  S'sj^i  signify  the  operants  h^,,  8';^  restricted  to  operate  exclusively 
on  -pi;  finally,  let 

^ij  =  S'l,  i .  Sij  +  SV,  i  ■  %j  +  2';.  i .  S=,j  +  .  - . ; 
then  giving  to  i,  j  all  possible  values  subject  to  the  inequalities  i  <  j,j  <  m  +  1, 
the  following  equation  is  true, 

What  follows  within  inverted  commas  is  from  Mr  Cayley's  pen, 
"Write  ^  =  S^,    ■>7  =  V 

namely,  A,  any  function  of  degrees  a,  a ;  and  so 

and  ,  j1,2  =  (iCi,  yi)"(^s,  VaT,  &c., 

but  all  suffixes  are  to  be  ultimately  rejected.     Then 

=  e'^-B^A,„4f:  if  A^  =  ^B^,+n^v,- 
Similarly, 

=  e(fi  +  fl3f..  +  ('!  +  'i,)S%(^^,2/^)"(^,,^^)y  

=  ei„+A,+A„Cr^£^^^^_  and  so  on. 

This  seems  the  easiest  proof  of  your  general  theorem." 

The  reader  of  sufficient  intelligence  to  understand  the  theorem  itself  will 
have  no  difficulty  in  supplying  the  few  missing  links  between  my  statement 
and  the  above  demonstration  of  it.  I  will  content  myself  with  appending 
a  single  example  to  illustrate  its  meaning  and  mode  of  application. 

Let  P  be  any  lineo-linear  function  of  x,  y,  z,  ... ;  S,;,  hy,  Sj,  ... ;  and  in 
general  let 

Let  it  be  proposed  to  expand 
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Here,  calling  i^  =  ^i,     P^=<}'^. 

it  is  easily  seenf  that 

Ai.!(0i*O  =  i  -jP^"  ■  -?■'■"'  ■  P*P 


J«*iy*  =  P'+J#  +  i?P<-H»--= .  P,#  +  .^J"<^     ^^>^^-?'      ^)  pi^i-i .  P,^#  +  &c., 

agreeably  to  the  theorem  given  for  protractors,  and  stated  subsequently  to 
hold  good  for  pertmctors  in  the  previous  paper,  P^  here  denoting  what  was 
called  2Ps  in  the  passages  referred  to. 

This  theorem,  it  should  be  observed,  remains  true  when  P,  remaining 
a  linear  quantic  in  8,,,  Sj,,  Sj,  ...  is  any  function  whatever  of  x,  y,  z. 

Let  us  agree  to  employ  (i).  (i)  ^^  umhrce,  such  that  {iy,  {jY  shall  denote 
the  factorial  quantities 

i(i-\)...{i-n  +  l);  j(j-l)...(j-n  +  l) 
for  all  values  of  n;  then  we  may  express  the  above  theorem  under  the 
subjoined  condensed  form,  which  will  be  useful  for  the  better  understanding 
of  the  sequel, 

P'#P^*  =  [e     P'      .P*+-Jj#. 

Suppose  now  that  we  wish  to  obtain  the  product  of  three  factors, 

(P*y,    (P»)J,     (P#)*. 

Call  e^ii'+'^iii+'i«5,  for  the  salse  of  brevity,  E.     The  first  term  in  the  expansion 

of  .£■  is  unity.     The  second  is  A,,a  +  Aj,,  +  A,,,,  which,  applied  to  P* .  P? .  P*, 

gives 

[ij  +  ik  +jk\  Pi+J+*^ .  {P^P). 

The  third  term  is 

J(AS,.  +  ^\^  +  A\,  +  2A,.2 .  A,.3  +  2A,.3 ,  A,.,  +  2A,.,,  A,.,) ; 
the  effect  of  the  application  of  the  first  three  quantities  within  the  above 
parentheses  is  to  introduce  terms  whose  sum  is 

l((.^_i)(j.-j)  +  (,-.-i)(P-t)+(/-j)(f-t))P'*«-(-P*-P)'; 

t  Thus,  (or  example,  to  fix  the  ideas,  observe  that 

So  again, 

(«■.,!  ■  Sj-.  J*  ('^SyY  (yS,y=i  (i  - 1)  .j  (J  - 1) .  {xS,)i-^  {yS^-^  .  a^»  (3J' 
=i  {i  - 1)  -J  U  - 1)  (^i«)*-^fo8.r'  I'^SvyS.}'- 
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the  effect  of  the  fourth  and  fifth  quantities  is  to  introduce  terms  whose  sum  is 

{ {i?  -  i)jk  +  ij (Hf-k)] i>£t(+*-4 .  (P*p)s ; 
and  the  effect  of  the  sixth  term  is  to  introduce  the  terms 

ik{f  - j)P^+J+*-*(P*)=  +  ijk .  7«+J+*-' .  P^P%P ; 
giving  altogether  for  the  complete  sum 

ft  I  (i)W  +  « W  +  o-)(i)l'P'+'+-P,"  +  ijkpw- .  p.  + . . .].. 

And  in  general  the  effect  of  the  term  {Ai^a  + A2_3  + Aj^j/in  the  expansion  oiE 
will  be  to  introduce  terms  containing  all  the  quantities  of  the  form 
(P*Pf  (P*P#-P)>    ^^^, 
p^     ■        par         ■  ■* 

that  can  be  got  consistent  with  the  satisfaction  of  the  equation  in  integers 
2^  +  3y  =  r.     The  upshot  of  the  calculation  is  that 
,  m  (J)  P*P ,  (■•)  U)  (ic)p*p*P] 
P'#i^*P"=#=  (el-     ^  ^'^         Jpf+>i-fc}*; 

where  it  is  of  course  to  be  underatood  that  (i),  (j),  (k)  are  mere  umbrcs, 
subject  to  the  law  above  stated  for  conversion  of  their  powers  into  factorials 
of  actual  quantities. 

The  law  for  any  number  of  factors  is  now  obvious,  and  may  be  extended 
to  the  case  where  the  factors  are  powers,  not  of  one  single  operant  P,  but  of 
different  operants  P,  Q,  R,  S,  subject  to  the  sole  condition  of  their  being  linear 
quantics  in  regard  of  &x,  ^y,  Sz.  ■■■ ;  and  it  will  be  found  that-f- 

/<■)  P'oi  g ,  (i)  p*  (.!>  Q*  mB  {ij  p*(m'(m  R'U)  s   \ 
=  [e  "■  "  PQ  PQS       "^         PQES         -  /  _  piQiJti'S^ . . . j  *, 

^Q~R...,  we  have 


Ph*Pi,.P*> ...  P'-^*={{eP*^iI^'},, 

where                   n={F  +  {i^F 

■.}{P+(!j)P.}.,.  {P  +  MP.|-P"-SiP" 

Observe  tbat  if  we  oo 

nvene 

to  understand  by 

A*    B*     C 

the  espreseion 

A,B*  ...,C 

LM...N'  • 

then  if  we  write 

(il^'^p.  (il«_*^„.... 

pi. 

,Qi,B>'^...=le^         *          Pi.Qi.SK..]>. 

Now  suppose 

0=P„'.P3*-.P/-..., 
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where  in  the  summation  which  gives  the  exponent  of  e,  it  is  to  be  understood 
that  the  natural  order  of  P,  Q,  R,  S  in  the  numerators  is  to  be  maintained. 

The  formula  from  which  this  result  has  been  thus  simply  derived  is 
of  that  fundamental  character  which  entitles  it  to  he  regarded  as  a  master 
theorem,  that  is,  rather  as  a  method  than  an  ordinary  formula.  As  already 
observed,  it  essentially  consists  in  the  union  of  two  known  theorems;  but 
these  combined  and,  as  it  were,  duly  adjusted  and  focussed,  constitute  together 
an  instrument  of  research  as  unlike  either  of  its  separate  elements  as  a 
telescope  differs  in  its  powers  and  functions  from  the  pair  of  lenses  out  of 
which  it  has  been  formed.  And  truly  the  forraula  in  question  has  a  tele- 
scopic power  in  the  sense  of  bringing  the  remote  results  of  calculation  close 
up  to  the  mental  vision. 

The  very  first  application  made  of  this  instrument,  directed  to  the 
algebraical  firmament,  has  been  rewarded  by  the  discovery  of  the  beautifully 
simple  and  genera'  expansion  given  in  the  text  above — a  result  in 
and  the  feeling  of  wonder  it  awakens  fairly  to  be  paralleled  with  the  s 
which  gladdened  the  eyes  of  Galileo  when  for  the  first  time  he  pointed  his 
e  to  the  skies. 


then  I  think  there  can  be  little  doubt,  or,  at  all  events,  there  is  a  atroug  presuiuptioi 
following  altra-general  theorem  holds  good : — 


If  we  suppose  all  the  P's  infer  se,  all  the  Q'a  inter  se,  &c.  to  ooinoide,  the  aboTe  espaneion  is 
certainly  true,  as  may  be  inferred  from  the  espaceion  proved  in  the  text,  oonjoined  with  the 
known  theorem  in  factorials,  that  {[i)  +  U]  +  ■■.)"  is  identical  with  what  (i+j  +  ,..)''  becomes 
when,  in  the  development  of  the  latter  expression  for  any  power  of  lany  element,  we  substitute 
the  corresponding  factorial  product,  that  is,  when  in  it  for  i',  j",  ...  we  substitute  {iy,  {})''■■■■ 

Even  if  on  examination  the  above  equation  should  turn  out  not  to  be  exact,  the  mere  state- 
ment of  it  will  be  useful  in  indicating  the  Mnd  of  expression  that  is  applicable.  Abcording  to 
the  conservative  maxim  that  my  universally  lamented  friend  the  late  Mr  Buckle  used  to  be  fond 
of  citing,  in  science  even  a  wcoQg  rule  is  preferable  to  anarchy  and  confusion. 


y  Google 


96. 


THOUGHTS  ON  INVERSE  ORTHOGONAL  MATRICES,  SIMUL- 
TANEOUS  SIGN-SUCCESSIONS,  AND  TESSELLATED  PAVE- 
MENTS IN  TWO  OR  MORE  COLOURS,  WITH  APPLICATIONS 
TO  NEWTON'S  RULE,  ORNAMENTAL  TILE-WORK,  AND  THE 
THEORY  OF  NUMBERS. 

[Pkilosopkicai  Magazine,  xxxiv.  (1867),  pp.  461 — 475.] 

Part  l.~Matrices  and  Sign-successions. 

1.  A  SELF-RECIPROCAL  matrix  may  be  defined  as  a  square  array  of 
elements  of  which  each  is  proportional  to  its  first  minor.  When  the  condi- 
tion is  superadded  that  the  sum  of  the  squares  of  the  terms  in  each  row  or  in 
each  column,  or  (which  comes  to  the  same)  that  the  complete  determinant 
shall  be  equal  to  unity,  it  becomes  strictly  orthogonal ;  but,  by  an  allowable 
extension  of  language,  any  self-reciprocal  matrix  may  be  termed  orthogonal 
when  the  epithet  of  strictness  is  withdrawn.  The  general  notion  is  that  of 
homographic  relation  between  each  element  and  its  first  minor,  that  is,  the 
relation  a  +  bcc  +  c^  +  dte^  =  0  between  the  corresponding  terms  a:  and  ^  of 
the  matrix  and  its  reciprocal.  When  a  =  0  and  f^  =  0,  we  have  the  case  of 
orthogonalism  as  above  defined*.  When  6  =  0  and  c  =  0,  bo  that  each  term 
in  either  matrix  is  in  the  inverse  ratio  of  its  first  minor,  we  fail  upon  what  I 
call  the  case  of  inverse  orthogonalism. 

This  conception  will  be  found  to  present  itself  naturally  in  the  course 
of  certain  investigations  connected  with  the  calculus  of  sign -progressions 
suggested  by  the  foim  of  Newton's  rule ;  and  that  calculus  in  its  turn  leads 
to  a  theory  of  tessellation  highly  curious  in  itself,  and  fruitful  of  consequences 
to  the  calculus  f  opprations  and  the  theory  of  numbers,  furnishing  interest- 
ing food  for  thought  or  a  substitute  for  the  want  of  it,  alike  to  the  analyst  at 
his  desk  and  the  fine  lady  in  her  boudoir. 

*  For  a  matr  x  uf  the  order      the  ratio  of  each  element  to  its  rttciprocfil  in  an  orthogonal 
This  IB  a  case  o(  exception,  and  may  be  disregarded.    In  all  other 
led  ad  libituta. 
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2.     In  a  strictly  orthogonal  matrix  the  m^-^l  equations  resulting  from 
the  equal  ratios  above  referred  to,  on  account  of  the  implications  existing 

between  them,  really  amount  to  no  more  than  — ^~  independent  conditions. 


leaving  - 


-  of  the  n^  terms  M:bitrary.     This  law,  which  it  would  perhaps 


not  be  easy  to  obtain  from  a  direct  inspection  of  the  equations,  is  an  instan- 
taneous consequence  of  the  fact  that  a  sum  of  the  squares  of  n  variables  may 
be  transformed  into  a  sum  of  squares  of  n  lineai'  functions  of  the  same  by 
means  of  an  orthogonal  substitution, — and  that,  vice  versd,  such  faculty  of 
transformation  is  sufficient  to  establish  the  character  of  orthogonaiism  in  the 
matrix  of  substitution  employed.  Consequently  the  number  of  conditions  to 
be  satisfied  is  the  number  of  terms  in  a  homogeneous  quadratic  function  of  n 

- — s .     In  an  orthogonal  matrix  (not  strictly  so)  the 


variables,  which  is  - 


number  of  implications  is  consequently 


(..  +  2)(n-l) 


3.  The  problem  of  constructing  an  inverse  orthogonal  matrix  of  any 
order  admits  of  a  general  and  complete  solution.  It  is  to  be  understood  in 
what  follows,  that  the  constant  product  of  any  term  by  its  first  minor  is  not 
to  be  zero ;  or,  in  other  terms,  the  complete  determinant  of  the  matrix  which 
is  a  sum  of  such  products  is  not  to  vanish. 

First,  let  us  investigate  the  number  of  arbitrary  elements  which  enter 
into  any  such  matrix. 

To  iix  the  ideas,  consider  one  of  the  third  order,  say 
b,     c 
^.    y 
A.   B,    C 
and  call  the  reciprocal  matrix  formed  by  its  first  minors 
a,,      bi,      c,    . 
«,.     A,     7. 
^1,   A,    0, 
Then  aa^  =  bb,  -co, 

=  aa,  =  /3;Si  =  yjj 

These  8  equations  are  not  independent ;  for  we  have 

««!  +  &&1  +  cci  =  aa,  +  aa,  +  AA, 
=  aa,  +  ^0,  +  77,  =  bb,  +00,  +  BB, 
=  AA,  +  BB,  +CG,  =  cc,  +  77,  +  GC, ; 
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which  5  equations  in  their  turn  again  are  not  independent,  because  the  sum 
of  the  three  groups  written  under  one  another  on  the  left  is  equal  to  the 
corresponding  sum  on  the  right. 

Hence  we  have  implication  upon  implication,  so  that  the  number  of 
independent  equations  is 

(3=-  1)-  (2  . 3  - 1)  +  1  =  (3  -  1)= ; 
and  so  in  general  for  a  matrix  of  the  order  n,  the  number  of  independent 
equations  is  (n  —  1)=,  leaving  2)1  —  1  of  the  elements  arbitrary. 

4.  This  result  is  easily  verified.  For,  reverting  to  the  example  of  the 
third  order,  if  any  inverse  orthogonal  matrix  of  that  order  is  multiplied,  term 
to  term,  by  the  following  one, 

I  IK,  Ifi,  Iv 
mX,  m/i,  m.v 
I  Ji\,    )i/t,    nv 

the  product  so  formed  will  evidently  retain  its  character  unaltered,  since  each 
of  the  equal  products  will  receive  a  constant  multiplier,  Iw-n.  X/J.V. 

The  number  of  independent  quantities  thus  introduced  is  5,  namely, 

'^'  V  V  \'  X' 
and  so  in  the  general  case  we  can  introduce  (2w  — 1)  arbitrary  elements. 
Thus,  then,  we  may  without  any  loss  of  generahty  regard  only  those  matrices 
of  the  kind  in  question  which  are  bordered  horizontally  and  vertically  by  a 
line  of  positive  units.  From  these  reduced  fonns  it  is  easy  to  pass  to  the 
general  forms  by  term-to-term  multiplication  with  a  matrix  of  the  kind 
above  denoted.  The  question  now  becomes  narrowed  to  that  of  determining 
the  number  and  form  of  the  reduced  inverse  orthogonal  matrices  of  any  given 
order  n,— a  problem  (if  attacked  by  a  direct  method)  involving  the  solution 
of  (n  —  ly  equations  between  (n  —  1)^  unknown  quantities. 

5.  (1)     Let  m  be  a  prime  number.     Write  down  the  line  of  terms 


and  make  a  equal  in  succession  to  each  of  the  (n  —  1)  roots  of  — — y  =  0. 

The  matrix  so  formed  will  be  a  reduced  inverse  orthogonal  matrix  of  the  nth 
order. 

In  the  case  of  «  =  3,  it  is  easy  and  will  be  instructive  to  verify  this  state- 
ment.    Calling  the  required  matrix 


1, 

1, 

1 

1. 

a. 

b 

1, 

c. 

d 
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we  obtain  the  four  equations 

ad-bc=dia-l)  =  G(l-b)  =  a{d-l)  =  b(l-c), 
which  are  equivalent  to  the  following, 

ttrf  =  c  =  6,     bG=d  =  a. 
Hence  a'd'  =  bc,  or  a*  =  a. 

Hence  rejecting  the  values  a  =  0  and  a  =  1,  either  of  which  would 
constaTit  product  to  become  zero,  we  have  the  two  solutions, 

(1)  a  =  p,     d  =  p,     b  =  p^,    c  =  p\ 

(2)  a  =  p\    d  =  p\    b^p,      G^p. 

There  is  thus  but  oite  single  type  of  matrix  of  this  order,  namely 
1,     1,     11. 


1.     p\     P    I 

(2)  In  like  maimer,  for  any  prime  number  n  there  will  be  but  a  single 
type  of  matrix,  the  interior  nucleus  of  which  is  a  square  matrix  of  the  order 
(ji  —  1)  made  up  of  iines  or  columns  of  terras  in  which  each  line  or  column 
contains  the  (n  —  1)  powers  taken  in  definite  order  of  the  (n  —  1)  prime  roots 
of  unity.  That  such  a  matrix  is  inversely  orthogonal  is  not  difficult  of  proof; 
but  it  is  leas  easy  to  establish,  what  I  have  scarcely  a  doubt  is  true  (but 
which  I  have  not  yet  attempted  to  demonstrate),  that  such  matrix,  when  its 
lines  and  columns  are  permuted  in  every  possible  manner,  contains  the 
complete  solution  of  the  corresponding  system  of  {n  —  \f  equations.  The 
number  of  distinct  systems  or  roots  satisfying  these  equations  will  be  the 
number  of  distinct  forms  which  can  be  obtained  by  permuting  the  lines  and 
columns — in  a  word,  the  number  of  distinct  derivatives  (a  word  it  will  he 
found  hereafter  useful  to  employ)  of  any  given  phase  of  the  nucleus.  This 
number  will  be  easily  seen  to  be 

(«,_!). («_2)^(n-3y...P; 
for  each  derivative,  when  all  the  permutations  are  taken  of  the  lines  and  of 


the  columns,  will  appear 
fifth  root  of  unity  so  that 


times  repeated.     For  instance,  if  p  be  a  prime 


P.      P\     P\    P' 

P"'    P*<    ?•      P^ 

p\    P,      p',    p^ 

p\     P\     P\     P 

the  nucleus,  if  we  take 

the  columns  in  the  order  1,  2,  3,  4,  rows 

in  the  order  1,  2,  3,  4, 

or           „              „              3,  1, 4,  2 

2,  4,  1,  3 

or           „              „              2,1,4,3 

3.  1.  *>  2 

or 

4,  3,  2,  1 

4,  3,  2,  1 
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the  resulting  derivative  is  in  each  case  the  same.  Thus,  then,  when  n  is  a 
prime  number,  the  system  of  {n  —  If  equations  which  give  the  terms  of  the 
nucleus  admits  of  D  (n,  —  1) .  II  (n  -  2)  systems  of  roots. 

It  will  be  seen  that  this  law  does  not  hold  when  n  is  a  composite  number, 
the  rule  for  which  I  now  proceed  to  state. 

6.  (1)  I  observe  that  there  mill  be  as  many  distinct  types  of  solutions  as 
there  are  distinct  modes  of  breaking  up  n  into  factors* . 

(2)  Let  n  =  p.q.r ...  be  one  of  the  decompositions  in  question.  Write 
down  the  disjunctive  product 

(1,  a,  a\  ...  aP-^'^l,  h,  h\  ...  fes-'J^l,  c,  c\  ...  0"-%.. 
in  which  the  terms  are  to  follow  any  fixed  law  of  succession.     This  will 
produce  a  line  containing p.q.r  ...,  that  is,  n  terms. 

Let  a,b,c,  ...  respectively  represent  the  ^th,  qth,  rth,  ...  roots  of  unity; 
by  giving  to  each  of  these  quantities  successively  its  p,  q,  r,  ...  values  we 
shall  obtain  p.  g.r,..,  that  is,  n  Hues,  constituting  a  matrix  of  the  nth  order; 
the  totality  of  the  matrices  so  formed  contain  between  them  the  complete 
solution  of  the  {n  —  1)°  system  of  equations. 

As  an  example  let  n  =  4. 

Here  there  ai'e  two  modes  of  decomposition,  namely, 
n=i,    w  =  2 .  2. 

Let  i,  i'  denote  the  two  primitive  fourth  roots  of  unity,  and  denote 
negative  unity  by  1.     The  two  types  will  be 


and 


1,     1,     1, 
1.     1,     1, 


1,     1,     1,     11 
i',     1, 

The  number  of  distinct  derivatives  of  the  nucleus  of  the  first  of  these 
types  is  ^  '  '  '  ,  that  is,  18,  the  divisor  2  originating  in  the  symmetry  of 
the  square  in  respect  to  its  diagonals. 

The  number  of  distinct  derivatives  of  the  second  type,  which  contains  a 
higher  capacity  of  symmetry  than  the  former  (that  is,  a  sjmimetry  persistent 
under  certain  permutations  of  its  constituent  lines  or  columns),  is  6. 

The  following  Table,  in  which  H —  are  substituted  for  1,  1,  will  make 
thk  evident. 

*  When  n  is  the  I'th  power  of  a  piime,  the  number  of  deoom positions  Lecomee  the  mimfaer  of 
indefinile  partitions  of  v. 
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Phases  of  nucleus  to  type  2.2; — 


-   +    - 

+  -  - 
_    _   + 

-  -  + 
~    +   - 

-    +    - 

+  -  - 
_    +    _ 

-    -    + 

-  +    ~ 

-  -  + 
+    -    ~ 

-    ~    + 
+    -    - 

Phases  of  nucleus  to  type  4  :- 


-     +     -+----     + 
+     ---+*■      --     + 


-     +     -      +__      -^     + 

+     ---+      i      --     + 


-     +     -+----     + 
+     --      -     +     -      --     + 


Thus,  then,  the  total  number  of  distinct  solutions  of  our  (4  —  Vf,  that  is, 
9,  algebraical  equations  applicable  to  this  case  is  18  +  6,  or  24.  The  formula 
n()i— 1).  n(w  — 2)  would  give  only  12.  How  it  should  happen  that  the 
order  of  the  system  of  equations  for  different  values  of  n  is  not  an  algebraical, 
but  a  transcendental  function  of  n  depending  on  the  factors  of  which  n 
is  made  up,  will  become  less  surprising  when  it  is  considered  that  the 
quantities  equated  to  zero  in  any  such  system,  although  algebraical  in  them- 
selves, are  not  analytical  but  tacUcol  functions  of  n  their  degree. 

7.  It  remains  to  assign  the  value  of  the  constant  product  in  the  reduced 
form  of  matrix  of  the  order  n,  or,  which  comes  to  the  same  thing,  the  value 
of  the  complete  determinant  of  such  matrix,  which  is  obviously  n  times  the 
former  quantity. 


y  Google 


96]  aTid  Simultaneous  Sign-suceessions  621 

(1)  When  n  is  undeeoraposed,  the  value  of  this  determinant,  by  virtue 
of  a  well-known  theorem  given  years  ago  by  Professor  Cayley,  for  expressing 
the  discriminant  of  an  algebraical  function  as  a  determinant  composed  of 
powers  of  its  roots,  is  easily  recognized  to  be  i'n->Hn-ii)  ^3_  which  we  may 
call  A„. 

(2)  When  n  is  decomposed  under  the  form  pqr ...,  the  corresponding 
determinant  may  easily  be  proved  equal  to 

Hence  the  determinant  in  the  general  case  is 

pgr-     ay-     XM^-  » 

(-fp   2     .q  *■'     .r  ^     ...  =  {-fn\ 

where  ^,„X '-"-^'^ '^J. 

Thus,  if  each  term  in  any  reduced  inverse  orthogonal  matrix  of  the  order 
n  be  divided  by  the  square  root  of  n,  the  fourth  power  of  the  resulting  deter- 
minant is  unity  for  all  the  types  without  distinction.  If  n  is  decomposed 
into  [i  equal  factors^,  0  =  ,it  (p  -  l)(p  -  2)^«~^ ;  so  that  when  ij.>1,  the 
determinant  is  ±  i  if  ^  =  1  [mod  2],  and  p  =  -  1  [mod  4],  and  is  +  1  in  all 
other  cases.  When  /i  =  1,  its  value  is  (±  i)  if  jj  s  —  1  or  0  [mod  4j,  and  +  1 
in  the  other  two  cases.     When  n  is  undeeomposed,  the  value  of  the  constant 

product,  which  is  -  of  the  determinant,  takes  the  simple  form  (i"~'  k)T"  . 

8,  When  m  is  a  power  of  2,  the  type  corresponding  to  its  decomposition 
into  the  equal  fiictors  2  deserves  especial  consideration.  In  this  type  the 
only  roots  of  unity  which  appear  are  1  and  1 ;  and  as  each  of  those  numbers 
is  its  own  arithmetical  inverse,  the  matrix  may  be  said  with  equal  propriety 
to  be  inversely  orthogonal  or  directly  orthogonal,  that  is,  orthogonal  in  the 
sense  conveyed  in  Art.  1.  Moreover,  on  dividing  each  term  by  •Jn,  it  becomes 
strictly  orthogonal,  since  the  sum  of  the  squares  of  the  terms  in  each  row  or 
column  then  becomes  unity. 

A  very  little  reflection  will  make  it  clear,  d  priori,  that  using  simply  + 
and  —  in  place  of  + 1  and  —  1,  the  known  theorems  relating  to  the  form  of 
the  products  of  two  sums  of  2,  or  of  4,  or  of  8  squares  must  exhibit  instances 
of  orthogonal  matrices  of  this  nature.  Thus,  to  begin  with  the  case  of  the 
equation 

we  may  represent  the  values  of  A  and  B  by  writing  the  three  matrices 

I  a,  ^  [       \a,b\       I  +.  +  I . 
\  a,  b\       \b,  a\       I  +,  -  r 
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on  multiplying  these  three  together,  term  by  term,  we  obtain 
\+m+0\ 


[96 


Moreover  the  term-to-term  product  of  the  second  and  third  matrices, 
namely,     , '  ,  is  an  orthogonal  matrix. 


So  again  in 
the  three  matri 

the  equatio 

h;8'+7'  + 

n 

+  h''  +  d'  +  d')  =  A^  +  & 
a  b  c  d  ^           +  + 

»p  ,S 

bade 

+  - 

^,3  78 

c   d  a  b 

+  — 

The  resulting  p 

roduct, 

\d  c  b  a\ 

aa  +  ^b  +  yc  +  Sd- 
ab-^a  +  yd-Sa 
ac-Bd-ya  +  Bb 

+  + 

ad  +  ^c  —yb  —  Ba, 
represents  in  its  four  lines  the  respective  values  of  A,  B,  G,  D.    Moreover  the 
matrix  produced  by  the  product  of  the  second  and  third,  that  is, 
b,       c,       d 
—  a,      d,  • 


c,  -b.   -a 

is  an  orthogonal  matrix.  The  same  remarks  apply  to  the  representation  of 
the  product  of  two  sums  of  eight  squares  under  the  form  of  a  sum  of  eight. 
Omitting  the  first  matrix,  consisting  of  repetitions  of  one  given  set  of  eight 
letters,  a,  0,  y,  8,  X,  /t,  v,  tt,  the  remaining  two  matrices  may  be  written  as 
below 


b  c  d  I 

a  d  c  m 

d  a  h  n 

c  b  a  p 


n    p 

p    n 

0    d 

d    c 

a    b 

b    a 

+   + 
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The  lettered  matrix  forms  (as  in  the  preceding  cases)  a  "  conjugate  system 
[in  Cauchy's  sense]  of  regular  substitutions."  The  right-hand  matrix,  inter- 
preting -I-  and  —  to  mean  plus  and  minus  units,  is  a  direct  and  inverse 
orthogonal  matrix  corresponding  to  8  represented  as  2.2.2;  the  lines 
produced  by  the  terni-to-term  multiplication  of  the  three  matrices  give  the 
quantities  A,  B,  C,  D,  L,  M,  N,  P,  which  satisfy  the  equation 

and  the  term-to-term  product  of  the  two  matrices  actually  above  written  ia 
an  orthogonal  matrix  of  the  8th  order. 

9.  I  now  pass  to  another  and  more  important  illustration  of  such 
matrices,  which  presents  itself  in  the  application  of  Newton's  rule  (or  my 
extension  of  it)  for  finding  a  superior  limit  to  the  number  of  real  roots  in  an 
algebraical  equation.  That  rule  deals  with  permanences  and  variations  of 
sign  in  two  series  of  quantities.  It  will  be  more  simple  to  consider  the  two 
simultaneous  successions  of  signs  obtained  by  multiplying  together  the  signs 
of  the  consecutive  terms  In  the  series 

/,     /i,     /.,.../», 
G,    G„    G„...G„. 

We  obtain  in  this  way  two  series  of  n  signs  each,  written  respectively  over 
one  another ;  and  the  quantities  with  which  the  theory  is  concerned  are  the 
numbers,  say  tt  aud  <f>,  of  compound  signs        and         which    occur  in  these 

simultaneous  progressions  :  the /series  and  Q  aeries  both  consist  of  functions 
of  ai ;  the  increase  of  tt  and  the  decrease  of  0,  when  x  ascends  from  one  given 
value  a  to  another  b,  each  of  them  gives  a  superior  limit  to  the  number  of 
real  roots  injffe  contained  between  a  and  b. 

It  is  of  course  obvious  that  tt  corresponds  to  the  number  of  double 
permanences,  and  ^  to  that  of  variation  permanences  in  the  original  series 
of /'s  and  O's.  Now  it  appeared  to  me  desirable,  in  the  same  way  as  double 
and  higher  orders  of  denumerants  have  been  shown  in  my  lectures  on 
Partitions  of  Numbers  to  be  expressible  as  linear  functions  of  simple  denum- 
erants, BO  in  like  manner  to  get  rid  of  compound  variations  and  permanences, 
and  to  express  them,  or  at  least  their  number,  by  means  of  simple  variations 
or  permanences.      This   comes   to  the  same   thing  as  finding  a  means  of 

making  the  enumeration  of  the  four  species  of  compound  signs  , 

in  two  simultaneous  series  of  signs,  depend  on  the  enumeration  of  the  simple 
signs  -I-  or  —  in  those  series  themselves,  or  in  series  derived  from  them,  or  in 
the  two  sorts  combined. 


y  Google 


624  On  Inverse  Orthogonalimn  [96 

10.  As  a  first  step  in  the  generalization  of  this  question,  let  us  suppose 
i  series  of  simultaneous  progressions  of  +  and  —  signs,  giving  rise  to  2' 
varieties  of  vertical  combinations  of  sign.  Now  let  the  i  given  series  be 
combined,  r  and  r  together,  in  every  possible  manner,  where  r  takes  all 
values  from  0  to  i,  both  inclusive. 

When  r=  1,  it  is  of  course  understood  that  the  so-called  combinations  are 
the  original  t  series  themselves. 

When  r=0,  it  is  to  be  understood  that  a  series  exclusively  of  the  signs 
+  is  intended. 

When  r  is  not  0,  nor  1,  let  the  r  series  corresponding  to  any  r-ary  com- 
bination be  multiplied  term-to-term  together. 

When  r  =  0,  the  +  succession,  and  when  r  =  l  the  given  n  series  are  to  be 
reckoned  as  the  corresponding  products.  The  number  of  series  of  signs  so 
obtained  will  of  course  be 

By  the  sum  of  any  series  let  us  understand  the  number  of  signs  +,  less  the 
number  of  signs  -.  When  the  *  given  series  are  written  over  one  another, 
each  of  the  2*  varieties  of  columns  that  can  be  formed  of  the  signs  +  and  — 
will  occur  a  certain  number  of  times.  I  shall  show  that  these  2*  numbers  are 
linear  functions  of  the  2'  sums  last  mentioned.  Of  this  theorem,  on  account 
of  its  importance,  I  shall  give  a  rigorous  proof. 

As  a  matter  of  typographical  convenience,  I  write  the  columnar  combina- 
tions of  sign  in  horizontal  in   lieu  of  their  proper  vertical   order,  as,  for 

+ 
example,  +  H —  in  lieu  of  +,  and,  moreover,  use  such  horizontal  line  enclosed 

within  brackets  to  signify  the  number  of  the  recurrences  of  the  corresponding 
combination;  thus  (-1 1-)  means  the  number  of  times  the  combination 

occurs  in  four  given  simultaneous  progressions.     Again,  as  regards  the 

sums,  s  will  denote  the  sum  of  the  line  of  plus  signs,  which  is  of  course  the 
same  as  the  number  of  terms  in  each  progression,  i  the  number  of  columns, 
and  %g,r---  ■"!!'  denote  the  sum  of  the  line  formed  by  the  multiplication 
together  of  the  ^th,  qth.,  rth,  . . .  lines  of  the  given  i  set  of  lines.  This  being 
premised,  and  using  each  of  the  symbols  Xi,  X3,  X,,  ...  to  denote  +  or  — ,  as 
the  case  may  be,  the  number  of  recurrences  of  each  species  of  combination  in 
terms  of  the  sums  is  expressed  by  the  following  formula, 
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as  I  shall  proceed  to  prove.  But  fii-st,  to  make  the  meaning  of  this  formula 
more  clear,  let  ub  suppose  i=2,  the  formula  then  gives  the  following 
equations : — 

(+  +),  that  is  the  number  of  combinations     ,    >  =i  1^+  ^i  +S2  +  *i,s}i 

(+-) ,       [+],  =  ii»+».-«.-«.,J. 

(-+),     .....        |7l.-i'i.-«,+»>-»,..i, 


■]-i 


<-' L-J-* 

11.     Now  for  the  proof  of  the  general  formula. 

For  shortness  call  the  quantity  s  +  XXpSp  + 'S.\j,\gSp^i) . . .  (where  the  signs 
X.,,  \,  ■•■  \  ^re  all  supposed  to  be  given)  E. 

Let  us  consider  the  effect  of  the  existence  of  any  single  column  of  signs 
/*ii  Ma.  ■■■  Mi  '"i  the  given  *  progressions  upon  the  value  of  E;  besides  contri- 
buting the  signs  /xj,  ^2.  ■■■  M*  respectively  to  the  series  Si,  s^,  ...  Si  this 
column  will  contribute  to  the  series 

«Si,SE,...ej   the  sign  /teiMfc  ■■■ /^»j- 

Hence  altogether  it  will  contribute  to  B 

{l  +  \,lj^)(l+\lj.i,)  ...(l  +  XifM)  units; 
and  thus  the  total  value  of  E,  depending  on  the  entire  number  of  columns  of 
all  kinds,  will  be 

where  the  X  system  is  given,  but  the  fj.  system  is  variable. 

But  any  factor  (1  +Xq/j.g)  is  zero  unless  \,  =  /j.j.  Hence  for  any  system 
of  values  of  /i  not  coincident  with  the  X  system  the  corresponding  multiplier 
of  (miM2---mO  vanishes,  and  for  that  system  it  becomes  2'.     Hence 

^=2'(X„\„  ...  Xi), 
as  was  to  be  proved. 

12.     These  formulie  admit  of  a  useful  application  to  Newton's  rule. 

The  two  superior  limits  to  the  number  of  roots  included  between  (a)  and 

(6)  which  it  (or  my  extension  of  it)  furnished  are  A  (+  +)  and  —  A  (+  — ), 

where  A  refers  to  the  ascent  from  a  to  b,  and  the  series  are  those  mentioned 

in  Art.  9.    Hence,  calling  the  two  limits  \,  X',  remembering  that  s  is  constant, 

"  4    ■        '  ' 

,  _  As,  -  Ass  +  A^j  _ 
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so  that  the  limits  are 

i(a,.  +  A,,,,|i^'. 

The  mean  of  these  is  ^(Asi  + As,,;),  which  a  fortiori  is  also  a  superior 
limit.    Here  Si  refers  to  the  series 

/,/,./■.,.../., 

and  Si_2  refers  to  the  series 

/e,/.o.,/.s..  ■■■/.(?., 

which  I  have  called,  in  an  article  in  this  Magazine*,  the  H  series,  If  p  is  the 
number  of  permanences  in  the  /,  and  </>  in  the  H  series,  it  is  readily  seen 
that 

Asi  + Asi,2_  Ap+A0 
4      '-  -  -  —2        ■ 

Hence,  since  X  and  X  are  each  of  them  superior  limits,  it  follows  as  an 
immediate  consequence  that  — -  is  so  likewise;  but  this  assertion  con- 

veys no  new  information,  and  ought  not  to  be  treated  as  a  new  theorem,  as 
I  inadvertently  stated  it  to  be ;  the  fact,  however,  of  its  being  implied  in 
what  was  previously  known  is  so  far  from  being  immediately  evident,  that 
M.  Angelo  Genocchi  has  followed  me  in  regarding  the  theorem  as  an  indepen- 
dent one,  and  devoted  an  article  to  the  demonstration  of  it  as  such  in  the 
Nouvelles  Annates  for  January  of  this  yeart- 

13.  The  complete  system  of  relations  between  the  two  sets  of  2^ 
quantities  given  by  the  theorem  in  Art.  10  may  it  is  evident  be  expressed 
by  means  of  the  inverse  orthogonal  matrix  (also  orthogonal)  whose  type 
cori-esponds  to  2,2.2  .,.(*'  terms).  Thus,  for  example,  for  the  case  of  *  =  3, 
we  may  write — 

["  p.  542  above.] 

+  If  we  call  I'  the  number  of  real  roots  in  /  oompriaed  between  a  and  b,  we  know  from 
Foucier'e  theorem  that  v  =  6$~^e,  where  6  is  the  iiumbec  of  times  that  an  even  change  occurs  in 
the  value  of  p  as  we  pass  from  a  to  b,  this  change  being  alwaj's  in  the  positive  direction. 
And,  again,  as  I  have  shown  in  the  article  in  the  FMlosophicai  Magazine  above  referred  to, 
Ap  +  Atp 

where  a-  is  the  total  number  of  times  that  0  undergoes  a  change  within  the  same  interval, — such 
change  being  always  even,  on  account  of  the  two  terminals  of  the  G  series  being  both  positive — 
the  one  extremity  being  a  positive  constant,  and  the  other  the  square  of  /.  This  change,  however, 
is  sometimes  additive  and  sometimes  ablative,  ^  not  necesaarily  increasing  alivajs  (as  y  does)  on 
ascending  from  a  to  b:  thus  the  two  unknown  tranEoendants  S  and  &  are  connected  by  the  simple 
relation 

Of  course  each  evanescence  of  a  term  in  the  /  or  G  series  betwee 
be  reckoned  as  a  distinct  lime  of  change.  I  also  make  abstractio 
several  consecutive  terms  vanish  together  in  either  series. 
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and  SimuUaneotis  Sign-successions 
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2- .  (+  +  +) 
2-  •  (+  +  -> 
2' .  (+  -  +> 
2-  .  (+  -  -) 
2- .  (-  +  +) 
2- .  (-  +  -) 
2- .  (-  -  +) 
2- .  ( ) 

The  meaning  of  this  Table  is  self-apparent.     Thus,  for  example,  if  we  wish 

I  ^  1 
to  find  the  value  of  ( — h  +),  that  is,  the  number  of  reemreneea  of    +    in  the 

I  +  I 

three  given  aeries,  we  read  it  off  from  the  5th  line  above  and  find  it  equal  to 


The  Table  of  signs  itself  is  obviously  the  matrix  corresponding  to  the  product 
2.2.2. 

From  the  fact  of  this  Table  being  orthogonal,  we  infer  that  the  two  acts 
of  quantities  are  (to  a  numerical  multiplier  prea)  the  same  linear  functions, 
the  first  set  of  the  second,  and  the  second  of  the  first. 

14.  The  theorem  of  Art.  10  may  be  extended  to  simultaneous  progres- 
sions of  signs  denoting  any  root  of  +,  as  for  example,  +  p,  p^,  where  p  is  a 
cube  rout  of  -|-  instead  of  +  and  -.  Let  each  aeries  be  supposed  to  consist  of 
5th  roots  of  -t-,  and  let  (X,,  X^,  ...  X;)  denote  the  number  of  r 


the  column 


in  which  each  X  is  some  5th  root  of  -!- ;  then  there  will  be  <f 


quantities  of  the  form  {X,,  Xj,  ...  Xj).  Again,  we  may  form  series  by  combin- 
ing together  not  merely  the  given  i  series  themselves,  but  their  squares, 
cubes,  &e,  up  to  the  (g  —  l)th  powers,  and  form  the  term-to-term  pi-oducts  of 
all  the  series  entering  into  any  such  combination ;  in  this  way,  including  s 
(the  series  constituted  exclusively  of  +  signs),  we  shall  obtain  q^  series,  the 

40—2 
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general  symbol  for  the  sum  of  the  terms  in  any  one  of  which,  when  we 
substitute  the  roots  of  1  for  the  corresponding  roots  of  +,  may  be  written 
[si'i,  sS'i,  Sj'a,  ...  8^i\,  where  each  s  is  a  gth  root  of  +,  and  each  q  witli  a  sub- 
script is  some  one  of  the  numbers  in  the  series  0,  1,  2,  .,.(§  —  1).  If  now  we 
understand  by  the  above  bracket,  when  q^.q^,  ...  qi  are  all  zero,  the  value 
corresponding  to  s  in  the  particular  case  previously  considered,  that  is,  the 
number  of  terms  in  each  series,  the  relation  between  the  two  sets  of  g' 
numbers  is  given  by  the  equation 

If  we  write  out  a  Table  expressing  these  relations  in  a  manner  similar  to 
that  employed  for  the  particular  case  of  j  =  2  in  a  preceding  article,  we  shall 
obtain  a  square  array  of  signs  (g*  to  a  side)  which  will  form  an  inverse  ortho- 
gonal matrix  corresponding  to  the  type  q.q.q  ...  (to  i  terms). 

*  The  reader  will  please  to  observe  that  the  ternie  inoluded  under  the  aign  of  summation  are 
general  not  real  but  complex  Dumbera  formed  with  tlie  qih  roots  of  unity.  Their  sum,  however, 
ueoeBsarily  a  real  number,  being  the  number  of  recurcenoea  of  the  column  of  aignaX,,  X,, ,,.  X; 
the  given  ayatem  of  aign-progreaaiona.     The  proof  of  the  theorem  is  precisely  the  same  aa  for 

the   caae  previoualy  oonaidered,   where  (f  =  3;   namely,  it  may  be  shown  that, the  aum   above 

denoted  by  S  ia  equal  to 


each  of  the  3*  terms  of  which  new  sum  vanishes  except  that  one  in  which  the  variable  fi  aystem 
is  identical  with  the  given  \  system  of  the  5th  roots  of  unity,  for  which  term  the  fraction 
becomes  equal  to  3'. 
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ON  THE  SUCCESSIVE  INVOLUTES  TO   A  CIRCLE. 

[Norwioh  British  Association  Report  (1868),  pp.  10,  II.] 

From  the  first  involute  of  a  circle  we  may  derive  a  family  of  parallel 
curves  forming  the  second  involutes  of  the  circle;  from  each  of  these  again 
families,  the  totality  of  which  will  form  the  third  involutes,  and  so  on 
continually. 

The  author  had  been  led  by  circumstances  to  study  the  arco-radial  or 
semi -intrinsic  equation  of  these  curves,  and  had  arrived  at  certain  conclusions 
concerning  its  form  which  subsequent  investigations  have  verified :  it  turns 
out  that  the  general  equation  between  the  arc  s  and  radius  vector  r  of  the 
general  involute  of  the  /ith  degree  will  be  found  by  taking  F,  any  rational 
integer  function  of  sc  of  the  ?ith  degree,  and  eliminating  x  between  the 
equations 

It  follows,  as  the  author  had  surmised,  that  the  general  arco-radial 
equation  for  the  involute  of  the  nth  order  when  n  exceeds  unity,  is  of  the 
degree  {n  4- 1)  in  r^  and  2m  in  s.  Of  course,  in  the  case  of  n  equal  to  unity, 
the  degrees  sink  to  1  in  r^  and  1  in  s.  The  second  involute  formed  by 
unwrapping  from  the  cusp  of  the  first  may  be  termed  the  natural  second 
involute,  hut  is  not  the  most  simple  of  the  family ;  this,  which  is  at  the 
normal  distance  of  half  the  radius  externally  from  the  one  last  named,  is  of 
the  third  degree  in  r  and  the  second  in  s.  It  may  be  derived  from  the 
curve  which  a  fixed  point  in  a  wall  at  half  the  length  of  the  radius  of 
a  wheel  from  the  ground  marks  in  the  wheel  as  it  rolls  along  the  face  of  the 
wail  by  doubling  the  vectorial  angles  and  taking  the  squares  of  the  radii 
vectores.  From  the  arco-radial  it  is  easy  to  pass  to  the  general  polar 
equation  to  the  »i-ary  involute ;  the  equation  between  p,  the  perpendicular 
from  the  centre  and  q  the  polar  subtangent,  is  also  very  easily  obtained, 
being,  in  fact,  no  other  than  the  result  of  eliminating  between  Fat  =  p, 
F'x  =  q,  Fx  being  any  quantic .  in  a;  of  the  ?ith  degree,  so  that  this  equation 
will  be  of  the  (k—  l)th  order  in  q,  and  the  wth  order  in  p. 

In  the  Philosophical  Magazine  for  October  and  December,  and  in  the 
Proceedings  of  the  Mathematical  Society  of  London  [below],  will  be  found 
further  developments  of  the  theory  of  these  circular  involutes,  which  it  is 
proposed  to  term  Gyciodes, 
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NOTE  ON    SUCCESSIVE  INVOLUTES  TO  A  CIRCLE*. 
[Philosophical  Magazine,  xxxvi.  (1868),  pp.  295 — 306.] 

It  is  surprising  that  the  families  and  groups  of  families  of  forms  capable 
of  being  educed  by  successive  involution  from  a  circle  should  not  have 
attracted  the  attention  of  geometers.  I  find,  if  any,  not  more  than  a  passing 
allusion  to  their  existence  in  Dr  Salmon's  Higher  Plane  Carves,  in  the 
Integral  Calculus  of  Mr  Todhunter,  or  in  the  memoirs  of  the  late  Dr  Whewell 
in  the  CaTubridge  Philosophical  Transactions  (vols.  viii.  and  ix.),  although 
these  latter  are  exclusively  devoted  to  the  study  of  various  curves  of 
mechanical  and  kinematical  origin  by  aid  of  the  so-called  intrinsic  equation, 
which  is  in  fact  the  natural  expression  of,  and  key  to,  the  properties  of  such 
like  cui'ves.  And  yet  this  form  of  equation  almost  instantaneously  furnishes 
the  general  pola  ]  at  n  t  tl  ntire  system  of  circular  involutes,  and 
exhibits  at  on  e  th        1  al    g  p    pertiea-f-. 

Foremost  ai     ntf^t  tl  tan  I   the  algebraical  form  of  equation  (and  that 

a  quantic),  wh  h  nn  t  n  t  ly  the  arc,  but  also  the  squared  radius 
vector  with  the  a  gl  f  nt  ng  n  ,  and  consequently  the  two  former  with 
one  another.  In  a  marvellous  and,  so  to  say,  transcendental  fashion,  these 
curves  participate  in  the  nature  of  algebraical  curves — their  apses,  cusps,  and 
points  of  retrocession  being  counted  by  the  order  of  the  involution,  and 
becoming  imaginary  in  pairs. 

I  need  hardly  say  that  by  a  second  involute  I  mean  an  involute  of  the 
fii"st,  by  a  third  an  involute  of  a  second,  and  so  on  in  continual  progression. 
To  any  given  curve  all  its  first  involutes  form  a  system  of  parallel  curves,  so 

*  Tbe  genu  of  Ihis  Note  was  communicated  to  the  MathemQtical  Section  of  the  British 
Association  at  the  Norwich  Meeting. 

+  Professor  Eankiae  and  Mr  Merrifield  have  made  a  useful  application  of  the  second  involute 
of  the  circle  to  the  calculation  of  the  stability  of  the  finite  rotation  of  vessela.  In  the  Turkey 
carpet  under  my  eyes  ■whilst  this  is  being  written,  I  perceive  graceful  and  complicated  figures  of 
winding  and  intersecting  scrolls  and  convolutions,  which  render  it,  I  think,  not  at  all  improbable 
that  the  successive  involnl«fi  of  the  circle  would  furnish  or  suggest  many  patterns  available  for 
decorative  purposes :  the  enormous  variety  of  each  kind  of  involute,  which  of  coi 
with  tbe  order  of  derivation,  adds  to  the  probability  of  this  conjecture. 


y  Google 


98J  N^ote  on  Successive  Involutes  to  a  Circle  631 

that  in  general  the  number  of  ybrm- parameters  to  a  curve  will  be  augmented 
by  i  when  we  pass  to  its  general  involute  of  the  ii\i  order.  In  the  case 
of  the  circle,  however,  owing  to  its  homogeneity,  the  first  involute,  like  the 
curve  itself,  contains  only  one  _/brm- parameter  (it  being,  in  other  words,  a 
property  of  the  first  involute,  that  when  rotated  round  a  certain  point,  the 
curves  so  generated  continue  always  parallel  to  each  other) ;  and  so  the 
number  ofyorm-parameters  in  the  general  ith  involute  will  contain  *',  and  not 
i  +  1  parameters,  as  the  general  formula  would  require. 

I  shall  use  0,  s,  r,  6  to  denote  the  angle  of  contingence,  arc,  radius  vector, 
and  vectorial  angle  of  the  curves  under  consideration. 

Starting  from  the  circle  s  =  atfi,  a  set  of  corresponding  successive  involutes 
will,  as  is  well  known,  be  represented  by 

.-t^H:     ».  =  "/  +  ¥-,. 

and  so  on,  according  to  the  obvious  law 

Now  in  general  for  any  curve  whatever,  if  we  call  p  the  perpendicular  on 
the  tangent  from  an  arbitrary  pole,  q  the  projection  of  the  radius  on  the 
tangent,  we  have 

"•*{%)'--■  <^> 

These  equations  are  of  course  not  new  * ;  they  are  given  by  Mr  Todhunter 

*  We  have  only  to  take  P,  P',  two  consecutive  points,  and  on  PP',  F'T,  the  tangents  at  P, 
P\  draw  perpendiculars  from  an  arbitrary  point  0,  and  we  obtain  at  once,  by  inapeotion, 

whence  o  =  — £  .    v  +  —  =  —  . 

^         dtp'    '^     dip^     dip 

Or,  again,  proceeding  analytieaUy,  we  have 

x-A^I  dsconip,    y~B=  i  dssini/,; 
whence,  iutegratiag  by  parts, 

y-  B  =  Gsmip  +  G  eo90, 
where  0=b-s"  +  ...;    G'=8'-s"'  +  ...  ; 

whence  r  =  G'-i-G'^  and  G  +  G"^^. 


y  Google 


632  Note  on  Successive  [98 

in  the  later  editions  of  his  Integral  Calculus,  accompanied  with  a  reference  to 
another  English  treatise,  from  which  he  has  taken  them ;  but  in  themselves  ' 
easily  as  they  can  be  obtained,  they  contain  the  whole  theory  of  the  re- 
ds 
markable  curves  to  which  this  note  refers.     In  the  case  before,  -^=^0, 

where  F  is  (a  quantic  in,  that  is)  a  rational  integral  function  of  0.  Hence 
we  have  for  the  solution  of  (1),  (2), 

p=F-F"  +  F""  ■\- ...  +  A  co90  +  5sin0, 
-  j  =  i"-i^'"-{- ...  -j1  sin0  +  5co8  0; 

wherefore  r^  is  known  in  terms  of  IF  and  the  arbitrary  constants  A  and  B, 
whose  values  depend  on  the  position  of  the  origin  from  which  r  is  reckoned, 
by  a  due  choice  of  which  they  may  be  made  to  vanish.  One  will  readily 
suppose  that  this  eligible  position  of  the  pole  must  he  the  centre  of  the 
generating  circle;  and  the  proof  is  as  follows  : 

If  ''i.  ''i.  ■■■  '■j  te  any  radii  vectores  corresponding  to  s^,  s^,  ---  Sj,  it  is  well 
known,  and  follows  from  the  definition  of  the  involute,  that 


From  whinh  also  we  may  deduce 

Tbi3  last  demonstration  would  at  first  sight  seem  to  be  only  valid  tor  the  ease  of  the  0  seties 

coming  to  an  end,  that  is,  of  -j-  being  a  rational  integral  function  in  0 ;  bat  it  would  be  quite 

legitimate  to  infer  at  onoe  from  it  the  universality  of  the  equations  above  written  oonnecting  r' 
■with  s  and  tp  ;  for  we  may  write  down  the  general  differential  equation  of  the  second  order 


,J   - 
that  13,  ,,,  ,  ,^ — ,  .  ,-,  -  ^^ '  =  d<l> 

in  which  -r-  may  be  considered  as  given,  and  r  or  r  to  be  leteiminBl  The  equations  in 
question,  having  been  shown  to  be  true  for  a  form  -r-  i-ontaininb  an  indefinite  number  of 
arbitrary  Constanta,  evidently  can  only  amount  to  a  tranBf>nuatnn  of  and  maybe  used  in  super- 
session of  the  equation  last  written.  It  may  be  worth  while  to  set  out  this  latter  under  a  more 
familiar  form  of  notation.     If,  then,  we  use  y  for  r  and  x  tot  ^,  and  call  -r:—^  (any  function  of 

x),  it  becomes 

-Xy"  +  xy     J(X^-y'^_ 
X^iX'-y'')-^         y 

an  apparently  very  complicated  form  of  equation,  but  admitting  of  the  simple  solution  !/^=u'  +  u'', 
where  It  satisfies  the  linear  difierential  equation  u  +  u"  =  X. 
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NoWj  suppose  tliat  for  any  number  i  the  origin  has  been  so  chosen  that 
n-=  =  (st_i-Si_,+  ...)'+Cs^-Si_,+  ...)", 
then  np  =  ^\    (;i-i-^i-»-)(«^-«.-.-)l 

Hence  *-Vi  =  (si  -  ■'i^a  +  Si-.-  ■  ■)'  +  (^i-i  -  «;-»  +  ...^ ; 

and  the  supposed  relation,  if  true  for  any  value  i,  is  true  for  all  superior 
values;  but  when  the  origin  is  at  the  centre,  Sj  =  a<j),  r,^  =  a'' ;  and  conse- 
quently the  equation  (4)  is   true  universally*. 

Thus,  then,  when  the  origin  is  at  the  centre,  whilst  for  the  ifh  involute 
to  a  circle  the  arc  is  any  quantic  jd(f>F  of  degree  (*  +  1)  in  ^,  r^  is  a  quantic 
in  0  of  degree  2i  of  the  particular  form  (6<py  +  {G'<j>y,  where  G(f>  may  be 
supposed,  if  we  please,  to  be  any  quantic  of  the  order  i  in  0f ;  and  then 
•VT  the  radius  of  curvature  at  s,  4>,  is  expressed  by  G<j)  +  G'<f>l. 

'  Tha  abore  result  might  have  been  deduced  more  directly  from,  the  equation  ^r^^Pi--,' 
which  ie  traa  for  any  curve  and  its  ovolute.  In  fact  thia  paper  need  never  have  been  written  (for 
all  that  it  contains  is  a  Ktraightforward  inference  from  four  equations  which  may  be  found 
scattered  up  and  down  in  elementary  treatises),  bad  it  been  the  custom  to  regard  those  equations 
as  forming  oollectively  a  connected  apparatus.  I  mean  the  four  following,  where  the' unaccented 
and  accented  s  and  p  refer  to  any  ouiTe  and  its  evolute  respectively,  </i  being  the  angle  of  oontiu- 
gence  common  in  magnitude  to  the  two  : 

the  last  oE  them  more  familiarly  known  under  the  form 

The  third  and  fourth  equations  show  respectively  that  s  and  p  are  each  quantios  in  iji ;  the  first 
gives  the  connexion  between  the  constants  which  enter  into  these  c[uantios,  and  the  second, 
combined  with  the  first,  the  relation  between  s  and  r  (in  other  words,  the  rectification  of  the 
ourve),  that  between  r  and  8  (where  8  is  the  vectorial  angle)  being  contained  in  a  fifth  equation, 

+  AocotdiQgly  we  see  that  the  spiral  of  Archimedes,  as  is  well  known,  is  the  loona  of  the  feet 
ftbprppll         pthtfeltthht  It         mtb         t        fth     irele ;  and, 

mhm       g  liyifw        fattcl  h  rad  t      m  th       pir  I      y       en  quantic 

th    eot  w      bl        th  P     ^    B  fii*'  pdlt  Itewh  d       td       ation  is  the 

degi        f  th    q.       t        F  mpl     byi  g  bgthdi  tof  the  spiral  of 

A    b  m  d      (  f  1    VI  g  th  t       1       gl  b     g  d)  m  y  f    m   the  pedal  to 

ptulap  fh  ddthd         Itreptly 

^  Smoe  the  radius  of  curvature,  rad  u    ve  t    ,  a  d  p    p     d      1  tl     t     „     t  arc  are  all 

known  rational  integral  functions  of  the  same  quantity,  it  beeomes  a  simple  problem  of  elimina- 
tion to  determine  the  central  force  competent  to  make  a  body  describe  an  involute  of  any  order 
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It  may  be  here  noticed  that  aubstituting  for  i^,  ^  +  X,  where  \  is  arbitrary, 
amounts  only  to  a  rotation  of  the  curve  through  the  angle  X,  ao  that,  as 
regards  the  intrinsic  form  of  the  curve,  no  generality  is  sacrificed  by  imposing 
one  condition  upon  the  coefficients  in  Gtf),  or,  if  we  please,  in  making  any  of 
the  coefficients  in  it  except  the  first  to  vanish. 

From  what  precedes,  and  from  the  general  theory  of  elimination,  it 
follows  that  ia  general  the  relation  between  i'  and  s  is  expressed  by  a  rational 
integral  equation  of  the  degree  (i  + 1)  in  the  former  and  2i  in  the  latter. 
But  this  is  subject  to  an  obvious  exception  in  the  case  of  i  =  1 ;  for  then, 
calling  G4>  =  (i<i>,  we  have 

^=a<i>,      s=^-\-b,    and  r^  =  a?<i>'+a?  =  2a8  +  (a^-2ab)\ 

so  that  the  degrees  in  ?■*  and  s  are  here  1  and  1  in  heu  of  2  and  2,  as  given 

by  the  general  rule. 

As  regards  the  polar  equation  to  the  general  involute, 

r- =  (».(,)•+ «;'«■, 

it  is  obvious  that,  agreeably  to  the  well-known  case  for  the  first  involute, 

/I       ■     1  '^''  .    J        ■  -1  *?'  .   J* 

0  =  sin~^  -r-  +  ip  =  sin  ^ h  ©  , 

as      ^  r       ^ 

where  G'  and  0  are  given  by  the  solution  of  an  algebraical  equation  of  the 
2-tth  degree,  and  which  will  therefore  usually  be  incapable  of  expression  in 

to  a  circle.  Thus  it  will  he  found  that  the  halC-pitoh  second  involute  may  be  described  under  the 
action  ot  a  central  force  varying  as  the  invecte  cube  of  the  Hiortest  distance  from  the  generating 
circle.  So,  again,  the  ficst  involute  may  be  dehcribed  unJer  the  action  of  a  central  force,  the 
component  of  which  in  the  direction  of  the  tangent  to  the  geneiating  eirole  (or  saj  the  centri- 
fugal force)  varies  as  the  inverse  cube  of  this  tangent,  the  centre  of  force  in  each  case  being  of 
course  situated  at  the  centre  of  the  ciicle 

'  0  and  Q'  will  form  2i  systems  of  values  Will  they  be  all  applicable  to  the  true  involute, 
and  how  about  the  sign  to  be  given  to  r'  It  must  I  think  be  a  matter  of  some  delicacy  aaid 
diificulty  to  answer  these  questions.     For  take  even  the  first  involute,  where 


VC^') 


we  know,  as  a  matter  of  fact,  that  it  the  first  term  is  made  to  decrease  as  r  increases,  the  positive 
sign  of  the  square  roots  only  must  bejlyd       df  th       gt         igt  the  first  term 

increases  with  r.     Were  we  to  reverse  th         1  t    d    f  th  1  t    w      h     H  obtain  what 

may  be  termed  the  counter-involute     th  t  fi  f   med  by  p      t  h  th    opposite  of 

every  point  in  the  involute  in  respect  tt  tf  t  Og  fpirof  parallel 

rulers  were  made  always  to  touch  1      t    pp     t    p      t  i  th         dp    allel  to  roll 

round  the  circle,  whilst  each  point        tlld         b  Ite         hit  in  the  one 

above  would  describe  a  counter-inyol  t  O  ,  gai  ,  f  t  g,  by  d  £  p  ,  e  unwrapped 
b(Kk  upon  itself  from  a  circle,  the  extremity  would  describe  the  extraneous  curve.  From  this 
last  observation  it  would  seem  as  if  the  forced  intrusion  of  a  foreign  curve  into  the  polar 
equation  of  the  involute  resulted  from  the  impossibility  of  affixing  an  absolute  sign  to  the  length 
of  an  arc — ^the  condition  of  drawing  a  tangent  always  equal  in  length  to  the  varying  are  of  a 
curve  admitting  of  satisfaction  without  breach  of  oontinuity  in  two  distinct  modes. 
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finite  terms  beyond  the  second  involute.  In  the  case  of  this  involute  the 
reducing  equation  is  not  a  general  biquadratic,  but  a  form  involving  only 
square  and  no  cube  roots — being  in  fact  reducible  to  a  quadratic  in  ^^  as  will 
at  once  be  seen   from  the  fact  that  we  may  write 


there  may  he  *  cusps  to  the  ith  involute,  or  any  less  number  differing  from  i 

by  an  even  integer.     Also,  since  -j-  =  Q',  the  number  of  apses  (in  regard  to 

the  centre)  may  be  any  number  inferior  to  and  differing  from  i  by  an  odd 
integer*.  Also,  since  0  represents  the  perpendicular  on  the  tangent,  the 
number  of  points  where  the  tangent  passes  through  the  centre  will  follow 
the  same  law  (although,  of  course,  the  two  numbers  need  not  be  equal)  as 
the  number  of  the  cusps.  The  cusps,  of  course,  can  only  exist  at  points 
where  the  involute  meets  the  parent  curve. 

Between  any  two  cusps  of  an  involute  evidently  must  be  comprised  an 
odd  number  of  the  cusps  of  its  parent  curve ;  but,  of  course,  not  vice  versd ; 
thus,  for  example,  in  the  second  involute,  if  there  are  no  cusps,  it  will  easily 
be  seen  that  the  curve  possesses  a  simple  loop  enclosing  the  cusp  of  the  first 
involute  (its  evolute),  and  consequently  cutting  the  two  branches  of  the 
latter,  and  so  in  general  the  disappearance  of  consecutive  cusps  in  any 
involute  will  give  rise  to  loops  enclosing  those  cusps  of  the  parent  curve  on 
the  branches  adjoining  to  which  (on  each  side),  cusps  of  the  derived  curve 
are  wanting ;  (by  a  branch,  I  mean,  of  course,  the  portion  of  curve  included 
between  any  two  cusps,  or  between  either  of  the  two  terminal  cusps  and 
infinity ;)  whether  the  absence  of  cusps  of  the  involute  on  2i  consecutive 
branches  of  the  parent  curve  implies  the  necessary  existence  of  *  distinct 
loops,  one  round  every  alternate  one  of  the  2i  — 1  cusps  in  which  those 
branches  meet,  requires  further  consideration.  It  is  clear  that  in  an 
analytical  sense  the  length  of  the  arc  of  the  parent  curve  included  between 
any  two  cusps  of  the  second  curve  must  be  taken  as  zero ;  the  correct  view 
(at  least,  for  the  purposes  of  this  theory)  being  that  the  angle  of  convergence 
continually  increase  or  decreases  up  to  positive  or  negative  infinity  as  we 


*  Thus  ne  see  that  &&  apsidaj  distances  from  the  c 
the  roots  ol  the  equation  formed  by  equating  to  zero 
course  of  the  degree  (i  - 1)  in  )■. 

If  we  oonsider  the  apees  and  cuepe  of  any  involute  to  form  a  combined  group,  an  odd  number 
of  the  points  of  this  group  will  always  be  included  between  any  two  interaeotions  of  the  oarve 
vrith  a  circle  oonoentrio  with  the  parent  oirole ;  for  the  limiting  equation  to  O'-i-O'^-r^—O  is 
G'(G  +  G")  =  0.  Every  point  in  this  combined  group  is  a  point  of  n: 
tion  from  the  centre. 
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pass  in  one  direction  from  point  to  point  in  a  curve.  Accordingly  we  ought 
not  to  say,  as  is  usually  done,  that  at  a  cusp  the  tangent  is  suddenly  reversed 
in  direction,  but,  rather,  that  the  increment  of  the  arc  on  passing  through 
a  cusp  changes  sign,  as  it  ought  to  do  according  to  first  principles ;  for  the 
Jlotv  of  the  incremental  arc,  from  being  concurrent  with,  becomes  opposite  to 
that  of  the  rotating  tangent  line  which  carries  it,  or  vice  versd.  Thus  in  the 
common  cycloid  (a  curve  of  infinite  length  to  the  &ye  and  with  an  infinite 
number  of  cusps)  we  have  s~o cos 0,  which,  subject  to  this  interpretation,  is 
perfectly  true  and  self- consistent  for  the  whole  extent  of  the  curve  from 
infinity  to  infinity.  In  that  case  we  have  a  visible  representation  of  quantity 
undergoing  an  infinite  number  of  periodic  changes,  although  the  suh^eot 
matter  of  the  quantity  is  continually  changing  and  never  recurs.  In  the 
case  of  the  involutes  of  the  circle,  the  number  of  those  periodic  changes  is  of 
course  finite  and  equal  to  the  number  of  the  cusps.  If  A,  B,  G,  D,...  L  be 
the  cusps  in  natural  order  on  the  curve  whose  involute  is  to  be  found,  and  if 
we  call  X  the  radius  of  curvature  of  the  point  of  the  involute  corresponding 
to  A  {x  being  taken  positive  when  this  radius  is  in  the  position  into  which 
it  would  be  brought  by  unwinding  a  string  from  the  infinite  branch  adjacent 
to  A),  and  if  we  form  the  series  ie- AB  +  BG -GD  ...  ±KL,  where  AB, 
BG,  ...  are  the  arithmetical  lengths  of  the  branches,  it  is  clear  that  at  each 
term  of  this  series  in  which  a  change  of  sign  in  the  sum  takes  place  the 
involute  will  have  a  cusp ;  if  the  number  of  branches  is  odd  and  x  is  negative, 
the  sum  may  remain  negative  at  whatever  term  we  stop,  and  then  there  will 
be  no  cusp  in  the  involute  so  engendered  ;  but  when  the  number  of  points 
J,  5,  C, ...  i  is  even,  then  it  is  easy  to  see  that  one  of  the  infinite  branches 
must  contain  a  cusp  of  the  involute  and  the  other  be  vacant.  The  second 
involute,  whether  cusped  or  not,  manifestly  consists  of  two  parts  symmetrically 
arranged  about  its  apse.  If  we  form  a  third  involute  by  unwinding  from  this 
apse  as  origin,  the  figures  Bo  formed  will  again  be  symmetrical,  and  the  cusps 
will  lie  at  the  vertices  of  an  isosceles  triangle;  and  now  wejy  involute  of 
this  symmetrical  third  involute  will  again  be  symmetrical,  and  so  on  con- 
tinually, the  number  of  conditions  imposed  on  the  parameters  in  order  to 
ensure  symmetry  in  the  involute  of  the  t'th  order  being  thus  the  integer  part 

i  —  X 
of  —X— .     When  this  symmetry  obtains,  the  algebraical  equation  requisite 

for  determining  the  polar  equation  depends  on  the  solution  of  an  equation  of 
only  the  ith  instead  of  the  2ith  degree ;  for  it  is  clear  that  in  this  case  the 
functions  G^  and  Q'^  may  be  made  to  contain  only  powers  of  0°.  Thus  we 
may  very  easily  write  down  the  general  polar  equation  to  the  absolutely 
general  second  involute,  and  might,  if  it  were  worth  while,  do  as  much  for 
the  symmetrical  class  of  third  and  fourth  involutes,  of  which  the  former  will 
contain  two  and  the  latter  three  arbitrary  parameters,  by  solving  a  cubic  and 
biquadratic  equation  in  these  two  cases  respectively. 


y  Google 


98]  Involutes  to  a  Circle  637 

It  is  easy  to  see  also  that  the  arco-radtal  equation  to  the  symmetrical 
involute  of  an  odd  order  is  of  only  half  the  degrees  in  s  and  r^  that  it  is  of  in 
the  general  case,  and  for  the  symmetrical  involute  of  an  even  order,  although 
of  the  same  degrees  in  r^  and  s  as  in  the  general  case,  involves  only  the  even 
powers  of  s. 

A  few  words  upon  the  second  involute,  and  I  have  done ;  for  it  is  difficult 
to  deal  with  theory  in  any  detail  so  as  to  he  intelligible,  or  even  safe,  without 
the  suggestive  and  regulative  aid  of  drawn  figures,  which  I  have  not  yet  been 
able  to  obtain  in  a  form  fit  for  use. 

The  two  principal  classes  to  distinguish  in  the  second  involute  are  the 
cusped  and  uncusped  species.  The  cusped  second  involute  winds  round  the 
parent  curve  upon  which  the  extremities  of  its  finite  branch  rest.  The 
uncusped  species  crosses  itself,  and  intersects  each  branch  of  the  first  involute 
of  which  it  encloses  the  cusp,  its  node  being  on  one  side  of  it  and  its  apse  on 
the  other.  The  transition  case  is  when  the  unwinding  begins  from  the  cusp 
of  the  first  involute;  the  second  involute  so  obtained  has  a  very  singular 
point  at  that  cusp,  which  may  be  regarded  as  a  coincident  pair  of  cusps*. 

The  general  connectiog  equations  for  this  involute  may  be  put  under  the 


-iir 


+  b)  +  a'i^\ 


.        .      ,adi 

8  =  sm-' -^  +  tf), 

where  a  is  the  radius  of  the  circle ;  and  there  will  be  a  loop  or  cusps 
according  as  a  +  b  is  positive  or  negative  ;  when  6  =  —  a,  we  have  the  tran- 
sition case,  for  which 


and  the  areo-radial  equation  becomes 

'  Mr  Crofton  has  noticed,  in  an  ingenious  paper  published  in  the  Mathentatical  Messenger, 
that  this  involute  is  the  locus  of  the  centres  of  all  the  eiroles  catting  orthogonally  the  originating 
circle  and  the  parent  first  involute.     This  is  seen  very  easily  as  follows  ; 

''•(^-A-  ■'=i+i>"-«|'. 
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Another  and  more  remarkable  case  occurs  when  G^  +  Q'"  becomes  a  perfect 
square,  for  then  the  degrees  in  s  and  r  will  sink  to  half  their  usual  values : 

this  occurs  when  b  =  —  ^ ,  which  is  the  case  of  a  looped  curve  bisecting  at  its 

apse  the  radius  drawn  from  the  centre  of  the  circle  to  the  generating  first 
involute. 


whence  das''  =  (2r  —  a){r  +  a'f, 

a  form  even  simpler  than  that  of  the  first  involute. 
We  may  write  this  equation  under  the  form 

or,  turning  round  the  line  from  which  6  is  reckoned  through  a  quarter  of 
a  revolution, 

Let  now  ^=2a-,     |.r  =  p= 

(which  is  the  same  thing  as  if  for  x  and  y  we  substituted  x^  ~  y''  and  2(Joy), 
then 


,=si.-.fc'+YtM. 


This  is  the  polar  equation  to  a  known  curve  (of  the  kind  used  by  Captain 
Jfoncrieff  in  his  barbette  gun-carriage).  It  is  of  the  class  of  curves  generated 
by  a  fixed  point  on  a  wheel  rolling  on  a  plane.  Such  a  curve  may  be  termed 
the  convolute  of  a  circle  of  a  pitch  denoted  by  the  ratio  of  the  distance  of  the 
iixed  point  heloiu  the  centre  to  the  radius  of  the  revolving  circle;  thus 
a  convolute  of  zero-pitch  is  the  spiral  of  Archimedes,  a  convolute  of  unit 
pitch  the  first  involute  to  the  circle  :  the  general  equation  to  a  convolute, 
when  the  distance  below  the  centre  is  d  and  the  radius  a,  is  given  by  the 
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Rev.  James  White  in  the  last  September  Number  of  the  Educational  Times 

and  is  easily  shown  to  be 

.     ,d     V(p'  -  (f ) 

a  =  sm-'  -  +  -^^-y— . 

p  a 

Similarly,  we  may  define  the  pitch  of  the  second  involute  to  be  the  ratio  of 
the  distance  of  its  apse  from  the  centre  to  the  radius;  and  then  we  are 
conducted  to  the  observation  that  whilst  the  convolute  of  full  pitch  is  the 
first  involute,  the  convolute  of  half  pitch,  on  applying  to  it  one  of  the  simplest 
forms  of  M.  Chasles's  or  Mr  Roberts's  method  of  transformation  (given  in 
Dr  Salmon's  Higher  Plane  Curves,  p.  236),  namely,  doubling  the  vectorial 
angle  and  squaring  the  radius  vector,  becomes  converted  into  the  second 
involute  of  half  pitch.     Since  for  this  curve 

we  see  that  it  may  be  completely  defined,  without  reference  to  any  theory  of 
involutes,  as  the  curve  whose  radius  of  curvature  at  any  point  is  equal  to  its 
radius  vector  reckoned  from  a  given  origin.  It  is  the  curve  which  completely 
I  the  equation  rd  cos"^  -^  =  s,  the  two  arbitrary  parameters  which  the 
iegrai  of  this  equation  should  contain  being  furnished  by  the 
linear  magnitude  and  angle  of  swing  of  the  curve  round  the  given  origin*. 

I  conclude  with  the  remark  that  if  we  regard  the  s  and  r"  of  the  successive 
involut  d  na        to   a   variable    point,   the    arco-radial 

*  Tbi  es  pe  h   h  serves  to  characterize  it  completely,  of  cutting 

the  origi       ng  d  hogoiially.     For  when  r^  =  a',  G^=0,  that  is,  the 

tangent  t      h  p  h        h  th  e.     Moreover,  since  G=0  gives  ^=1,  it  follows 

that  the  g  h  itr  al  in  length  to  the  diameter.     Summaiiziiig  such 

of  its  pr       p      p    p  rt  h  11  ur  yi&y.  we  fiee  that  it  bisects  the  line  joining  the 

centre  of    h  g  and    h  p  of  the  first  involute ;  that  it  cuts  the  said  circle 

orthogon  h  a^  ax  erywhere  equal  to  its  elongation  from  the  centre ; 

that  it  is  a  trajectory  to  a  cntial  force  varying  as  the  inverse  olibe  of  the  shortest  distance  from 
the  peripherj  of  the  origmating  circle  that  its  arco  radial  eq.aation  is  of  only  half  the  namber 
of  dimensions  of  the  geneiSil  involute  of  the  same  order;  and  that  by  the  simplest  form  of 
quadratic  transformation  (namely  that  which  leaves  unaltered  the  inclination  of  the  tangent  to 
the  radius  vectoi)  it  changes  into  the  halt  pitch  circular  convolute;  not  to  add  that  its  polar 
eq.uabiou  is  eteu.  bimplei  than  that  uf  the  iirst  involute.  Certainly,  then,  as  it  seems  to  me,  it 
ought  to  take  permanent  rank  among  the  spirals  which  have  a  specific  name  on  the  geometrical 
register;  and  lor  want  of  a  bettei,  with  reference  to  the  place  where  its  properties  first  came 
into  relief,  it  might  be  termed  the  Nonovsh  spiral.     Where  it  meets  the  first  involute  we  have 


/^+»y^i^^,^. 


it  at  the  real  intersections  the  radius  vector  is  2a,  and  the  perpendicular  on  the  tangent, 
y,  (  — —  a  ) ,  is  «,  showing  that  the  tangent  and  radius  vector  at  those  points  are  inclined 
h  other  at  an  angle  of  30°. 


y  Google 


640  Note  on  Successive  Involutes  to  a  Circle  [98 

equation  will  represent  a  peculiar  class  of  unicursal  algebraical  curves.  Thus 
the  first  involute  will  represent  a  pair  (one  for  each  branch  of  the  curve)  of 
coincident  right  lines,  and  the  general  second  involute  (taking  t^  and  s^  as 
the  coordinates)  a  pair  of  coincident  semicubical  parabolas. 

In  making  s  vary  continuously  on  passing  a  cusp,  the  corresponding 
abscissa  from  increasing  must  begin  to  decrease,  or  vice  versd,  according  to 
the  principles  previously  noticed. 

Thinking  of  the  recovery  of  the  cusps  and  apses  from  the  arco-raciial 
equation,  I  have  been  led  to  consider  a  morphological  property  of  a  more 
general  class  of  unicursal  equations,  which  I  think  is  likely  to  bear  valuable 
fruit,  and  may  possibly  form  the  subject  of  another  communication; 
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ON  SUCCESSIVE   INVOLUTES   TO   OIKCLES.— SECOND  NOTE*. 

[Philosophical  Magazine,  xxxvi.  (1868),  pp.  459 — 466.] 

Since  the  appearance  of  the  former  Note  on  this  subject,  I  have  enjoyed 
the  inestimable  advantage  of  securing  the  cooperation  of  my  all-a«complished 
and  omni-capable  friend  Mr  Spottiswoode,  to  whose  kindness  and  skill  my 
readers  are  indebted  for  the  beautiful  figures  given  in  the  following  pages, 
which  I  shall  proceed  briefly  to  describe,  and  which,  as  far  bs  I  can  learn, 
offer  the  first  examples  of  the  actual  visible  representation  of  any  derived 
involutes  of  the  circle  beyond  those  of  the  first  order.  I  propose,  for  want 
of  a  better  word,  provisionally  to  give  the  name  of  Cyclodes  (suggested  by 
Professor  Cayley)  to  these  spirals.  They  may  be  considered  a  genua  of  a 
more  general  class  of  spirals  which  I  propose  to  name  algebraical  spirals, 
deiined  by  the  condition  that  the  perpendicular  on  the  tangent  from  a  certain 
fixed  point  (which  may  be  termed  its  pole)  is  a  rational  algebraical  function 
of  the  angle  of  contingence ;  so  that  a  cyclode  may  be  said  to  be  an  integral 
algebraical  spiral,  that  is  one  in  which  the  perpendicular  on  the  tangent 
becomes  a  rational  integral  function  of  the  angle  of  contingence. 

I  find  in  a  certain  question,  presently  to  be  alluded  to,  the  theory  of  the 
class  so  indisputably  bound  up  with  that  of  the  genus,  as  to  persuade  me  of 
the  importance  of  the  theory  of  the  former  being  gone  into  by  someone  who 
has  leisure  for  the  investigation,  and  of  the  desirableness  of  an  organic 
description  being  discovered  or  devised  for  the  rational  fractional  case.  The 
peculiar  feature  of  the  cyclode  class  is  the  absence  of  points  of  inflection,  real 
or  imaginary.  The  cusps  of  cyclodes  are  strictly  analogous  to  the  asymptotes 
in  algebraical  curves,  like  them  entering  and  disappearing  in  pairs,  creating 

*  The  thought  foieahadowed  in  the  concladiug  paragraph  of  the  former  note  leads  to  the 
following  theorem. 

Let/,  0,  ^  be  ([oantics  ia  a,  §;  F  the  unioursal  fuuotion  obtained  bj  elimination  of  a,  j3 
between 

a:=/,     y^ip,     2-lfi 
Aj  .Ptlie  dieorimimint  of  F  regarded  as  s,  quaatie  in  x  and  1 ;  J(-{>,  f)  the  Jaeobian  of  0,  i/*  i  iJ 
tbe  result  of  eliminating  ip,  ^  between 

y  —  p,    s-f,    J{^,  f]-0; 
Q  the  product  of  all  the  homogeneons  linear  functiona  of  y,  %  wliioli  vanish  at  the  double  points 
off;  then  I  say  (and  the  proof  18  all  but  self-evident)  A^.F^fi.  ^. 

s.  II.  41 
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partial  interruptions  of  continuity,  and  thus  separating  the  curve  into  distinct 
branches*.     In  the  same  way  as  the  order  of  an  algebraical  curve  is  deter- 


mined by  the  number  of  its  intersections  with  any  right  line,  so  that  of  any 
such  spiral  may  be  characterized  by  half  the  number  of  its  intersections  with 


*■  Parallelism  for  ojolodes  bears  „.       .     . 

in  the  way   of  addition  or  dimiiiation  upon  the  oasps 
asymptotes. 


I  analogy  to  projeotion  tor  algebraic  curves,  and  operates 
iL,   _,  .1,,  latter  process  does  upon  the 
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any  circle  having  its  centre  at  the  pole.  "When  the  rational  fraction  which 
expresses  the  value  of  the  perpendicular  is  of  the  degree  m  in  the  numerator 
and  n  in  the  denominator,  the  order  will  thus  become  the  dominant  of  the 
two  quantities  m  +  w,  2n. 

Figs.  1,  2,  4,  5,  exhibit  examples  of  cyclodes  of  the  first,  second,  and 
third  orders,   distinguished   respectively,  where   required,  by   the   number 


Fig,  3. 

1.     Triple  tangent. 

3,     Double  tangent  passes 

through  Cuep, 
3.    Doable  tangents  ooinoide. 


of  accompanying  dotted  lines*.     Let  us  consider  more  closely  those  of  the 
second  order,  which  separate  themselves  into  two  classes,  the  cuaped  and 


*  In  figs.  5  and  3,  which  refer  to  cyclodes  of  the  ai 
thought  necessary  to  adjoin  the  dotted  lines. 


d  order  exclusively,  it  has  not  b 
41—2 
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ancusped.  The  cusped  class  are  the  analogues  of  the  hyperbola,  the  v 
class  of  the  ellipse,  and  the  very  remarkable  secondary  cyclode  whose  tail 
(to  use  the  late  Dr  Whewell's  expression)  is  zero,  and  which  may  be  termed 
the  natural  one  of  the  order,  is  the  analogue  of  the  parabola.  In  the  former 
Note  I  spobe  of  "  points  of  retrocession";  instead!  of  points  of  retrocession, 
I  propose  to  call  these  "  points  of  radiation  "  or  "  radiant- points  " ;  the  inter- 
vention of  the  cusps  prevents  the  happening  of  the  supposed  "  retrocession  " 
at  such  points.  This  error  illustrates  the  danger  of,  so  to  say,  fighting  in 
the  dark,  that  is,  reasoning  from  general  mental  impressions  in  the  absence 
of  all  suggestive  visible  representation  of  geometrical  forma*. 

Let  us  compare  the  cusped  cyclodes  of  the  second  order  in  iiga,  2,  4, 
where  the  tail'\  is  negative,  with  the  natural  one  in  fig,  1,  for  which  this 
tail  is  zero.  It  is  interesting  and  instructive  to  trace  the  passage  from  the 
one  to  the  other  by  following  the  fortunes  of  the  double  tangents,  which  in 
the  figs.  2  and  4  will  be  seen  to  connect  the  sort  of  Moorish  arch  that 
constitutes  the  middle  finite  branch  with  each  of  the  adjoining  infinite 
branches. 

How  is  either  of  such  double  tangents  to  be  determined  ?  At  the  two 
points  where  it  meets  the  curve  the  angle  of  contingence  is  not  the  same, 
but  has  increased  by  180°  in  passing  from  the  one  to  the  other.  Accordingly 
p,  the  perpendicular,  if  represented  by  Ft^  when  the  double  tangent  is 
regarded  as  a  tangent  at  one  point,  will  be  represented  by  —  ^  (0  +  tt)  when 
that  line  is  regarded  as  a  tangent  at  the  other  point  of  contact,  and  the 
equation  for  finding  0  becomes  J'0  +  J?'(i^  +  7r)  =  O.  Thus  we  see  incidentally 
that  p  must  become  zero,  that  is  that  a  point  of  a  radiation  must  necessarily 
exist  somewhere  between  the  two  points  of  contact.  And  here  I  may  remark 
incidentally  that  this  throws  light  on  the  notable  equation,  applicable  to  any 
curves  whatever, 

ds  _        d^p 
d4.'^'^dp' 

for  -^ ,  by  virtue  of  the  remark  made  in  a  footnote  to  the  former  paper  on 

this  subject,  is  the  perpendicular  to  a  tangent  to  the  second  evolute  at 
a  point  corresponding  to  that,  in  the  curve  itself,  for  which  p  is  the 
perpendicular  to  the  tangent;  but  at  corresponding  points  in  a  curve  and 
its  second  evolute,  the  tangents,  although  parallel  in  direction,  are  opposite 

*  I  believe  I  am  correct  in  saving  that  in  like  manner  a  mistake  made  by  Steiuer  in  hia 
description  of  a  aurface  viewed  only  by  himaelt  "in  the  deptha  of  his  inner  oonsoiouenesa,"  was 
^Bt  discovered  by  Profeseor  Knmmer  after  the  construction  of  an  actual  model.  So  impossible 
ie  it  to  prove  demonatration,  and  to  make  oneself  absolutely  safe  against  the  fallacy  of  ignoring 
entities  on  the  one  hand,  or  unduly  assuming  their  existenoe  on  the  other. 

t  In  general  the  tail  ia  the  distance  of  the  cusp  of  the  first  involute  from  the  corresponding 
points  of  the  involntes  successively  engendered  therefrom. 


y  Google 


99]  Successive  Involutes  to  Circles  645 

)  is  the  distance  between  these  two 

tangents ;  and  it  is  obvious  that  such  distance  is  identical  with  the  radius  of 
curvature  corresponding  to  the  perpendicular  p ;  so  that,  viewed  in  this  light, 
the  differential  equation  above  written  is  reduced  to  a  truism.  Returning  to 
our  cyclode  of  the  second  order,  we  may  write  its  equation  under  the  form 

J>  =  ]^(0'-7). 

where  a  is  the  radius  of  the  base-circle,  (^  is  zero  at  the  apse,  that  is  the 
point  which  divides  the  curve  into  two  equal  and  symmetrical  branches. 
Hence  to  find  the  nearest  double  tangent*  we  have 
^s  _  y  +  (^  +  7r)=  -  7  =  0. 
Putting  <f>  +  a'  —  '^'  *his  equation  becomes 

The  tail  of  the  secondary  cyclode  (say  t)  is  obviously  the  distance  of  the 
apse  (in  respect  of  the  centre)  from  the  node  of  the  parent  first  cyclode; 
and    its    length    is    ^  (7  ~  2),    the    distance    of    the    apse    from    the    centre 

being  ^7.  As  7  increases  towards  2,  sjr  decreases;  that  is,  either  double 
tangent  tends  more  and  more  towards  the  horizontal;  the  Moorish  arch 
therefore  sinks,  and  the  adjoining  haunches  rise  until  when  ^  =  0,  that  is 
y  =  -a>  the  two  double  tangents  are  in  direct  opposition  and  merge  into  a 
triple  tangent  touching  the  arch  at  its  centre. 

As  7  continues  to  decrease  by  <p  becoming  negative,  the  central  arc  sinks 
below  the  level  of  the  adjoining  branches,  and  the  double  tangents  slope  more 
and  more  towards  its  extremities,  until  at  length  they  pass  through  the 
cusps ;  when  this  takes  place  the  tangent  to  the  second  cyclode  becomes 
perpendicular  to  the  parent  cyclode,  and  consequently  touches  the  originating 
circle  so  that  p  =  —  a,  that  is 

|»--7)--a, 


2  77-      1  a/w     2y 


*  For  of  course  we  may  write  in  general 
i  being  any  integer,  and  ^  will  give  tlie  direction  of  a  double  tangent. 
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As  7  goes  on  decreasing,  the  double,  tangeota  quit  the  Moorish  arch 
altogether  and  connect  the  two  infinite  branches,  which  turn  tlieir  pro- 
tuberances towards  each  other  more  and  more,  until  finally  they  touch 
and   the  double  tangente  coincide.     This  happens  when   0  =  — k">  that  is 


As  the  tail  goes  on  still  to  decrease,  the  double  tangents  become 
imaginary,  the  infinite  branches  intersect  and  cut  out  a  lune,  one  extremity 
of  which,  the  two  cusps  of  the  cyclode  under  consideration,  and  the  cusp 
of  the  parent  cyclode,  together  form  a  quadrangle,  which  continually  contracts 
its  dimension  until  finally  it  vanishes  with  the  tail  and  the  central  arc,  and 
the  four  points  merge  into  the  remarkable  ron/nd  point  indicated  in  fig.  1, 
corresponding  to  the  parabolic  or  transition  case  between  the  cusped  and 
uncusped  species.  This  paradoxical  point  is  a  mere  creature  of  the  reason, 
and  can  by  no  effort  be  made  sensible  to  the  understanding.  Observe  that, 
in  this  point,  the  curve  dips  its  beak,  so  to  say,  into  the  cusp  of  the  parent 
first  involute,  and  yet  touches  the  original  circle.  Professor  Oayley  informs 
me  he  has  met  with  the  same  kind  of  point  in  an  investigation  into  the  form 
of  the  parallels  to  an  ellipse,  and  proposes  to  call  it  a  triangular  point,  as 
consisting  of  the  union  of  a  node  and  two  cusps.  At  this  point,  in  the  case 
before  us,  we  have 

ady'  ds  ,,      aA'' 

f'i  -"■    3*--P  +  «'  -  2  ' 

so  that,  it  will  be  observed,  -^-t:  ,  as  well  as  -j-r ,  vanishes  when  A,  is  made 
zero. 

This  gives  me  occasion  to  make  a  remark  which  I  do  not  remember 
having  seen  in  the  text-books,  namely,  that  for  any  curve,  while  in  general 
-=-7=0  indicates  the  existence  of  a  cusp,  this  law  is  subject  to  the  exception 
that  if  a  succession  of  such  derivatives 

ds       d^s       d^s 
d^ '     dtfy' '     dtj)' "" 
all  vanish  simultaneously,  there  will  nob  be  a  cusp  in  fact  unless  the  last  of 
the  series  is  of  an  odd  order. 

Fig.  5  exhibits  the  critical  cases  (1)  of  the  double  tangents  in  opposition, 
(2)  on  the  point  of  quitting  the  central  branch,  (3)  in  coincidenca  Mr  Spottis- 
woode  informs  me  that  this  figure  has  not  been  drawn  with  the  same  attention 
to  mechanical  exactitude  as  the  other  figures. 

In  fig.  5  are  seen  examples  of  the  uncusped  species.  The  Norwich  spiral 
(of  which  a  word  or  two  more  presently)  belongs  to  this  species,  but  is  not 
drawn ;  its  apse  lies  midway  between  the  centre  of  the  circle  and  the  cusp  of 


y  Google 


99]  Successive  Involutes  to  Circles  647 

the  first  cyclode.  In  fig.  2  is  seen  an  example  of  a  symmetrical  tricuspidal 
cyclode  of  the  third  order ;  in  fig.  4,  of  a  unicuspidal  cyclode  of  the  same 
order,  where  a  loop  replaces  the  missing  cusps. 

To  return  to  the  Norwich  spiral ;  its  radiu.9  of  curvature  p  has  been  shown 
in  the  preceding  rule  to  be  always  equal  to  its  radius  vector  r,  reckoned  from 
the  centre  of  the  circle.     Now  it  is  easy  to  see  that  whilst  jd<j>p  represents 

the  arc  of  any  curve,  \d(pr  will  represent  the  corresponding  arc  of  its  first 
pedal ;  so  that  the  spiral  in  question  possesses  the  remarkable  property 
(capable,  one  would  think,  of  some  practical  kinematic  application)  that 
these  two  arcs  always  remain  equal  to  each  othca-.  More  generally,  if 
P^  +p'^*,  where  j>  is  a  rational  integral  function  of  tp,  and  p'  its  first  derivative 
in  respect  to  tf>,  is  a  perfect  square,  the  arc  of  the  curve  and  of  its  pedal  will 
always  remain  algebraically  related.  Here,  then,  we  are  led  to  consider  the 
possibility  of  satisfying  this  diophantine  condition  for  cyclodes  beyond  the 
second  order.  At  a  first  glance  the  problem  might  seem  to  be  impossible. 
For  if  the  condition  is  satisfied  by  ^  =  F<f),  a  rational  integral  quantic  in  ^  of 
the  order  n,it  obviously  will  be  satisfied  also  by  J'(i^  +  X),X  being  an  arbitrary 
constant ;  and  consequently  we  have  only  {n  —  1)  and  not  n  disposable  constants 
(or  ratios)  wherewith  to  satisfy  the  n  conditions  involved  in  a  function  of  ^ 
of  order  2n  being  a  perfect  square. 

This  objection,  however,  is  only  apparent,  and  may  at  once  be  seen  so  to 
be,  at  all  events  as  regards  cyclodes  of  an  even  order — say,  of  order  2m. 
For  we  may  suppose 

p-J(*  +  X)(/(*  +  X)l«, 
a  quantic  of  the  order  mm{ij>+  X)^  then 

is  a  quantic  of  the  order  2m  in  (<^  +  \y,  and  the  m  disposable  constants  in  / 
are  sufficient  to  make  this  a  perfect  square.  Thus,  then,  the  n  conditions  are 
not  absolutely  incompatible.  Still  the  disproof  of  the  incompatibility  might 
seem  to  involve  the  necessity  of  F  being  a  function  of  (tf)  +  X)',  that  is  of  the 
cyclode  being  of  the  symmetrical  kind.  Moreover,  if  the  problem  he  attacked 
by  a  direct  exo  cop  c  method  f  eyclodesof  the  second,  fourth,  and  sixth  orders, 
it  will  be  lound  that  tl  e  only  cyclodes  which  possess  the  required  property 

'  It  will  b        m  mb      d    lia  p  +p'^.    I  inay  remark  inoidentaily  that  this  equation 

enableBuato    i    nd    h    w      tn  mn    a     p' =  r^  -  o^  applicable  to  the  first  cyclode ;  the  general 
theorem  wbioh  c    ad      h     a   a  pa      a  ar  oaee  is  obTioasly 
p  _j   -r™+T"=  +  ..,±o^ 
p  being  the  perpendiculai  on  the  tangent  of  a  cyclode  of  any  order,  and  r,  r',  r",  ...  the  dietaneea 
of  the  oorrespocding  points  in  the  cyolode  and  its  aueoessive  evolutes  from  the  centre  ot  the 
originating  circle. 
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are  of  the  symmetrical  kind,  namely,  for  the  second  order,  i3  =  n{<^^  — 1),  for 

the  fourth,  p==a(4^~  *)^  ^^'^  ^'^^  the  sixth, 

p  =  |»'-9)-,    or   p_|(^.-9)»'-36)'. 

The  inference,  then,  might  appear  to  be  almost  irresistible  as  to  the  necessity 
of  the  symmetrical  form  holding  good.  But  it  is  not  so ;  it  is  true  that  only 
eyclodes  of  even  orders  are  reducible,  that  is  capable  of  giving  r  as  a  rational 
integral  function  of  <fi ;  but  after  the  sixth  order,  that  is  beginning  with  the 
eighth,  non-symmetrical  reducible  eyclodes  come  into  existence,  and,  as  the 
order  rises,  become  infinitely  more  numerous  than  those  of  the  symmetrical 
kind. 

Calling  2m  the  order,  every  distinct  mode  of  making  the  partitions  of 
numbers  expressed  by  the  two  simultaneous  equations 

W  +  ys  +  ---+2/i  =  wj  ■ 

where  i  takes  all  possible  values,  gives  rise  to  a  system  of  equations  yielding 
in  general  "many  solutions;  and  it  is  only  when  is^=y-,,  a^=ya>---,  «^i  =  yi  that 
the  solutions  are  of  the  symmetrical  kind.  Moreover,  even  in  that  case,  in 
general,  and  subject  oniy  to  rare  cases  of  exception,  the  reducing  system 
of  equations  gives  two  distinct  groups  of  solutions,  one   corresponding  to 

*  It  is  very  easy  to  see  that  tiiete  is  always  one  redueible  symmetrioal  oyclode  of  the  order  2m 
defined  by  the  eqimiion 

corresponding  to  which 


Thus,  when  m  =  2, 

r.£(*--41-, 

r=,i(^-16); 

2a         ,     n        „         2a 
P  =  y.     P  =0.    P  ^"T' 

whence  we  may  derive  the  followiiig  oonBtmotion  : — Draw  an  uncixsped  secondary  oyclode  with  a 
tail  equal  to  one-third  of  the  radiue ;  unwind  from  this  a  ternary  cyolode  beginning  from  the  apse, 
which  will  become  a  onsp  in  the  cyclode  so  engendered ;  and  from  this  last  cyolode,  beginning  at 
its  ensp,  again  unwind  a  new  cyclode,  which  will  possess  a  triangular  point  at  the  apse  of  its 
ata      n  nd    y    y  1  d       Th        ill  be  a  quartio  reducible  oyolode,   and,  as  regards  form 

{ripeti  fpotn  ud  magn  tude),  the  only  one  that  esists.  By  the  way,  it  may  be 
ntedtlata  ytm  I  dnte  consisting  of  the  vectorial  angle  and  angle  of  contingence 
fur  h  what  may  b  t  m  d  firm  equation,  that  is,  one  in  which  actual  magnitude  is 
gn      i      Tl        f  n)!     tan  5  =  ft  tan ^  is  the/orin  equation  to  a  conic. 
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symmetrical  and  the  other  to  non-symmetrical  cyclodes*.  This  wonderful 
theory,  this  outlying  and  unexplored  region  of  geometry,  in  which  the  two 
great  continents  of  algebra  and  arithmetic  trend  towards  and  come  into 
contact  at  more  than  one  point  with  one  another,  forms  the  subject  of  a 
communication  to  be  brought  by  the  author  of  this  Note  before  the  Mathe- 
matical Society  of  London,  simultaneously  and  under  the  same  roof  with 
Mr  Norman  Lockyer's  announcement  to  the  Royal  Society  of  his  equally,  but 
not  more  surprising  and  certain  to  be  prolific  discovery  of  the  sun's  un- 
suspected chromosphere,  the  analogue  of  the  ocean  of  forms  of  which  the 
isolated  power-forms  [(0^  —  n^Y\  correspond  to  the  piled-up  rose-coloured 
prominences. 

*  It  is  to  be  understood  that  every  x  and  y  must  be  an  astual  integer,  zero  being  for  this 
purpose  to  be  regarded,  not  as  a  number,  but  as  a  negation  of  number.  Furthermore,  if  the  a 
and  y  numbers  are  not  only  respectively  equal  eaob  to  eaoh,  but  have  ail  Uie  same  value  (as  for 
example,  imiiy),  the  corresponding  system  of  equations  become  incompatible ;  or,  to  speak  more 
philosophically,  the  order  of  the  system  becomes  sero,  which  here  per  contra  ought  to  be  regarded 
aa  a  number  rather  than  as  a  negation  of  number ;  for  the  order  of  the  system  of  equations  is 
always  lowered,  not  only  by  every  x  becoming  equal  to  every  y,  but  also  by  any  number  of  x's  or 
of  j/'s  becoming  equal  to  each  other ;  so  that  the  order  of  the  system  sinking  to  zero,  in  conse- 
quence of  all  the  x's  and  all  the  y's  becoming  equal,  is  only  an  extreme  instance  of  this  general 
law.  H  we  go  to  the  wider  ease  of  algebraioal  spirals,  where  j)  — V,V  (  ,  the  difference  between 
the  degrees  o£/  and  F  being  still  an  even  integer  3m,  where  m  is  positive  or  negative,  and  require 
-0''+  [  -^  j    to  be  made  a  perfect  square,  precisely  the  same  method  of  solution  is  applicable  aa 

when  F  is  of  the  degree  zero.  If  we  call  the  degrees  of  /  and  ^  «  and  k  respeotively,  so  that 
*c  — g  =  2™,  we  liave  to  make 

a;i  +  s,  +  ..,+3;,-f,-fa-...-f,=m, 

!'i  +  !'a+--+!">-1i-1a--'--'!f=™' 
e  +  );  =  \  +  /i=i,  where!  takes  all  possible  values, 

ii  +  a:a+...+i,+»^,  +  !/2-l-,..+!/A  =  «:, 

!:  +«  +      +5.,  ■(-')i+'!»+      +%  =  g 
Eey   uhsytmof  part  tions  g     s  rise  to  a  system  ot  equations  containing  solutions  ut  the 
d  opl  antm    1     blem  m  qu    tion    that  is   the  piobltm  of  making  r  a  rational  function  of  0. 
When  th    dg    e    fp    n0    that    s   y,    g  (and  ooniequenth  m)  is  zeio    the  ordei  of  all  fl  e 
equat    n   y  t  m    und  a  ma  ked  depression 
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PRESIDENTIAL    ADDRESS   TO    SECTION    'A'    OF 
THE   BRITISH   ASSOCIATION. 

[Exeter  British  Association  Report  (1869),  pp.  1—9.]* 
Ladies  and  Gentlemen, — 

A  few  days  ago  I  noticed  in  a  shop  window  the  photograph  of  a  Royal 
mother  and  child,  which  seemed  to  me  a  very  heautiful  group ;  on  scanning 
it  more  closely,  I  discovered  that  the  faces  were  ordinary,  or,  at  all  events, 
not  much  above  the  average,  and  that  the  charm  arose  entirely  from  the 
natural  action  and  expression  of  the  mother  stooping  over  and  kissing  her 
child  which  she  held  in  her  lap ;  and  I  remarked  to  myself  that  the  homeliest 
features  would  become  beautiful  when  lit  up  by  the  rays  of  the  soul — like 
the  sun  "gilding  pale  streams  with  heavenly  alchemy."  By  analogy,  the 
thought  struck  me  that  if  a  man  would  speak  naturally  and  as  he  felt 
on  any  subject  of  his  predilection,  he  might  hope  to  awaken  a  sympa- 
thetic interest  in  the  minds  of  his  hearers;  £tnd,  in  illustration  of  this, 
I  remembered  witnessing  how  the  writer  of  a  well-known  article  in  the 
Quarterly  R&inew  so  magnetized  his  audience  at  the  Royal  Institution  by  his 
evident  enthusiasm  that,  wheii  the  lecture  was  over  and  the  applause  had 
subsided,  some  ladies  came  up  to  me  and  implored  me  to  tell  them  what 
they  should  do  to  get  up  the  Talmud;  for  that  was  what  the  lecture  had 
been  about. 

Now,  as  I  believe  that  even  Mathematics  are  not  much  more  repugnant 
than  the  Talmud  to  the  common  apprehension  of  mankind,  aod  I  really  love 
my  subject,  I  shall  not  quite  despair  of  rousing  and  retaining  your  attention 
for  a  short  time  if  I  proceed  to  read  (as,  for  greater  assurance  against  breaking 
down,  I  shall  beg  your  permission  to  do)  from  the  pages  I  hold  in  my  hand. 

It  is  not  without  a  feeling  of  surprise  and  trepidation  at  my  own  temerity 
that  I  find  myself  in  the  position  of  one  about  to  address  this  numerous  and 
distinguished  assembly.  When  informed  that  the  Council  of  the  British 
Association  had  it  in  contemplation  to  recommend  me  to  the  General 
Committee  to  fill  the  office  of  President  of  the  Mathematical  and  Physical 

["  The  Address  was  also  reprinted  by  the  Author  in  a  volume  issued  by  Longmans,  Green  and 
Co.,  London,  1870,  of  which  the  earlier  portion  deals  with  the  Laws  of  Verse.  Borne  additional 
notes  to  the  Address  there  given  are  reproduced  at  the  end  of  this  volume.] 
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Section,  the  intimation  was  accompanied  with  the  tranquilizing  assurance 
that  it  would  rest  with  myself  to  deliver  or  withhold  an  address  as  I  might 
think  fit,  and  that  I  should  be  only  following  in  the  footsteps  of  many  of  the 
most  distinguished  of  my  predecessors  were  1  to  resolve  on  the  latter  course. 

Until  the  last  few  days  I  had  made  up  my  mind  to  avail  myself  of  this 
option,  by  proceeding  at  once  to  the  business  before  us  without  troubling  you 
to  listen  to  any  address,  swayed  thereto  partly  by  a  consciousness  of  the  very 
limited  extent  of  my  oratoricaJ  powers,  partly  by  a  disinclination,  in  the 
midst  of  various  pressing  private  and  official  occupations,  to  undertake  a  kind 
of  work  new  to  one  more  used  to  thinking  than  to  speaking  (to  making 
mathematics  than  to  talking  about  them),  and  partly  and  more  especially  by 
a  feeling  of  ray  inadequacy  to  satisfy  the  expectations  that  would  be  raised 
in  the  minds  of  those  who  had  enjoyed  the  privilege  of  hearing  or  reading 
the  allocution  (which  fills  me  with  admiration  and  dismay)  of  my  gifted 
predecessor,  Dr  Tyndall,  a  man  in  whom  eloquence  and  philosophy  seem  to 
be  inborn,  whom  Science  and  Poetry  woo  with  an  equal  spell*,  and  whose 
de  s  1  ave  a  faculty  of  arranging  themselves  in  forms  of  order  and  beauty  as 
sp  ntaneously  and  unfailingly  as  those  crystalline  solutions  from  which,  in 
a  bt  k  ng  passage  of  his  address,  he  drew  so  vivid  and  instructive  an 
llust  at  on. 

F  om  this  lotus-eater's  dream  of  fancied  security  and  repose  I  was  rudely 
awakened  by  receiving  from  the  Editor  of  an  old-established  journal  in  this 
city  a  note  containing  a  polite  but  peremptory  request  that  I  should,  at  my 
earliest  convenience,  favour  him  with  a  "  copy  of  the  address  I  proposed  to 
deliver  at  the  forthcoming  Meeting."  To  this  invitation,  my  first  impulse 
was  to  respond  very  much  in  the  same  way  as  did  the  "Needy  knife-grinder  " 
of  the  Antijaoobm,  when  summoned  to  recount  the  story  of  his  wrongs  to  his 
republican  sympathizer,  "Story,  God  bless  you,  I  have  none  to  tell,  Sir!" 
"  Address,  Mr  Editor,  I  have  none  to  deliver." 

I  h        found,  however    h      '  p  g    w         h  w 

f  ed     n  that  those  who  w  p        g  &         n         yea 

S     t      said  of  Jaeobi,  that  ai  dshi         B    kh 

th     1       t      of  the  philological      m  B 

ph  1  1  gy       d  only  at  the  end  o  U  al 

t    g  I     wae  able  to  make  bis  Go  ce  m 

tw  ce    is  not  perhaps  so      m  te        m  ed         as      te 

tru  k  m    that  metamorphosis    un  m 

f  m  d    n   utellectual  culture,  a  tw  ee 

am  1  te  as  Grammar,  Et  gy   Ba  M  m  B  m 

A     t  my  Pbjsiology,  Physics,  AM  m      ra 

m  J  1)       g  rded  as  having  morp  m  ee  E 

told   tl       dyauced  German  theo  ar 

infer  therefrom  that  no  essentially  new  melodic  themes  can  he  invented  until  a  eooial  cataclysm. 


ir  the  civiliaation  o£  some  at  present  barbaric  races,  shall  have  created  new  iieeessities  of  ezpres- 
n  and  called  into  activity  new  forms  of  impassioned  declamation. 
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and  enjoyed  my  friend  Dr  Tyodall's  melodious  utterances,  would  consider 
themselves  somewhat  ill-treated  if  they  were  sent  away  quite  empty  on  the 
present  occasion,  and  that,  failing  an  address,  the  Members  would  feel  very 
much  like  the  guests  at  a  wedding-breakfast  where  no  one  was  willing  or  able 
to  propose  the  health  of  the  bride  and  bridegroom. 

Yieldiog,  therefore,  to  these  considerations  and  to  the  advice  of  some 
officially  connected  with  the  Association,  to  whose  opinions  I  feel  bound  to 
defer,  and  unwilling  also  to  countenance  by  my  example  the  too  prevailing 
opinion  that  mathematical  pursuits  unfit  a  person  for  the  discharge  of  the 
common  duties  of  life  and  cut  him  off  from  the  exercise  of  Man's  highest 
prerogative,  "discourse  of  reason  and  faculty  of  speech  divine," — rather, 
I  say,  than  favour  the  notion  that  we  Algebraists  (who  regard  each  other  as 
the  flower  and  salt  of  the  earth)  are  a  set  of  mere  calculating-machines 
endowed  with  organs  of  locomotion,  or,  at  best,  a  sort  of  poor  visionary  dumb 
creatures  only  capable  of  communicating  by  signs  and  symbols  with  the  outer 
world,  I  have  resolved  to  take  heart  of  grace  and  to  say  a  few  words,  which 
I  hope  to  render,  if  not  interesting,  at  least  intelligible,  on  a  subject  to  which 
the  larger  part  of  my  life  has  been  devoted. 

The  President  of  the  Association,  Prof,  Stokes,  is  so  eminent  alike  as 
a  mathematician  and  physicist,  and  so  distinguished  for  accuracy  and  extent 
of  erudition  and  research,  that  I  felt  assured  I  might  safely  assume  he  would, 
in  his  Address  to  the  Association  at  large,  take  an  exhaustive  survey,  and 
render  a  complete  account  of  the  recent  progress  and  present  condition  and 
prospects  of  Mathematical  and  Physical  Science.  This  consideration  narrowed 
very  much  and  brought  almost  to  a  point  the  ground  available  for  me  to 
occupy  in  this  Section ;  and  as  I  cannot  but  be  aware  that  it  is  as  a  cultivator 
of  pure  mathematics  (the  subject  in  which  my  own  researches  have  chiefly, 
though  by  no  means  exclusively  lain*)  that  I  have  been  placed  in  this  Chair, 
I  hope  the  Section  will  patiently  bear  with  me  in  the  observations  I  shall 
venture  to  make  on  the  nature  of  that  province  of  the  human  reason  and  its 
title  to  the  esteem  and  veneration  with  which,  through  countless  ages  it  has 

*  My  firet  printed  paper  was  on  Freanel's  Optioal  Theory,  pubKahed  in  th&  PkiloBopMcal  Maga- 
zine ;  my  latest  ooctribiition  to  the  PhilosophUal  Trajieictioiis  ja  a  memoir  on  the  "  Botatiou  of  a 
Free  Eigid  Body."  Ttera  is  an  old  adage,  "puruB  matheinatious,  purus  asiauB."  On  the  other 
hand,  I  once  heard  the  great  Richard  Owen  say,  when  we  were  opposite  neighbours  in  Linooln's-Inn 
Fields  (doves  nestling  among  hawks),  that  he  would  like  to  see  Homo  Matbematieus  constituted 
into  a  distinct  subdass,  thereby  suggesting  to  my  mind  sensation,  perception,  reflection, 
abstraction,  as  the  Euccessive  stages  or  pbases  of  protoplasm  on  its  way  to  being  made  perfect  in 
Mathematioised  Man.  Would  it  sound  too  presumptuous  to  speak  of  perception  aa  a  quintessenee 
of  sensation,  lar^uage  (that  ia,  communicable  thought)  of  perception,  mathematic  of  language? 
We  should  then  haye  four  terms  differentiating  from  inorganic  matter  and  from  each  other  the 
Vegetable,  Animal,  Rational,  and  Supecsensual  modea  of  eJ 
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beeQ  and,  so  long  as  Man  respects  the  intellectual  part  of  his  nature,  must 
ever  continue  to  be  regari^ed*. 

It  is  said  of  a  great  party  leader  and  orator  in  the  House  of  Lords  that, 
when  lately  requested  to  make  a  speech  at  some  religious  or  charitable  (at 
all  events  a  non -political)  meeting.  He  declined  to  do  so  on  the  ground  that 
he  could  not  speak  unless  he  saw  an  adversary  before  him — somebody  to 
attack  or  reply  to.  In  obedience  to  a  somewhat  similar  combative  instinct, 
I  set  to  myself  the  task  of  considering  certain  recent  utterances  of  a  most 
distinguished  member  of  this  Association,  one  whom  I  no  less  respect  for  his 
honesty  and  public  spirit  than  I  admire  for  bis  genius  and  eloquencef,  but 
from  whose  opinions  on  a  subject  which  he  has  not  studied  I  feel  constrained 
to  differ.     Groethe  has  said — 

"  Yerstaadige  Leute  kannat  du  irren  aehii 
In  Sachen,  namlioh,  die  aie  uictt  vcratehn." 

Understanding  people  you  may  see  erring — in  those  things,  to  wit,  which  they 
do  not  understand. 

I  have  no  doubt  that  bad  my  distinguished  friend,  the  probable  President- 
elect of  the  next  Meeting  of  the  Association,  applied  bis  uncommon  powers 
of  reasoning,  induction,  comparison,  observation,  and  invention  to  the  study 
of  mathematical  science,  he  would  have  become  as  great  a  mathematician  as 
he  is  now  a  biologist ;  indeed  be  has  given  public  evidence  of  his  ability  to 
grapple  with  the  practical  side-  of  certain  mathematical  questions ;  but  be 
has  not  made  a  study  of  mathematical  science  as  such,  and  the  eminence  of 
his  position  and  the  weight  justly  attaching  to  his  name  render  it  only  the 
more  imperative  that  any  assertions  proceeding  from  such  a  quarter,  which 
may  appear  to  me  erroneous,  or  so  expressed  as  to  be  conducive  to  error, 
should  not  remain  unchallenged  or  be  passed  over  in  silencej. 

He  says  "mathematical  training  is  almost  purely  deductive.  The 
mathematician  starts  with  a  few  simple  propositions,  the  proof  of  which  is  so 
obvious  that  they  are  called  self-evident,  and  the  rest  of  his  work  consists  of 

*  Mi  Spottiswoode  fayoured  the  Section,  in  hie  opening  addresB,  with  a,  combined  histoi:y  of 
the  progresB  of  Mathematics  and  Physics ;  Dr  Tynd  11  d  li  w  Ti  t  Uy  th  1  m  t  ( 
Physical  Philosophy ;  the  one  here  in  print  is  an  att  mpted  f  mt  d  mb  t  f  th  t  re  t 
Mathematic&I  Science  in  the  abstract.     What  is  wanti  g  {hi:        f      th    ph  ting        th 

others  in  contact)  to  build  up  the  Ideal  Pyramid  d  se        H     K  1  t  f  th    tw 

branohee   (Mathematics  and  Physics)   to,   their  a«t  d  t  po  tb 

magnificent  theme  with  which  it  is  to  be  hoped  som    ft        PidtfSt       A      11 
the  edifice  and  make  the  Tetralogy  (eymboliaable  by  ^  +  4    A     i    A    i)     mjl  t 

+  Alth     gh  n    great  It       g         I  ha      h  a  d  th  ee  1    tur  my  hf    wh   h  ha      1  tt 

a   la  t    g    mi  n  a    ma  t    i  n  my  m  mo  y— CI  ft    d  Mm  ]    H  il  j  CI    ik 

Dm        n  P    aday 

Inh        iog      fDltnC  mk         L  tjgttojnr        mm    I 

vnlgau-    1  g      q      n  t  i       d    I        g      e 
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subtle  deductions  from  them.  The  teaching  of  languages,  at  auy  rate  as 
ordinarily  practised,  is  of  the  same  general  nature — authority  and  tradition 
furnish  the  data,  and  the  mental  operations  are  deductive."  It  would  seem 
from  the  above  somewhat  singularly  juxtaposed  paragraphs  that, according  to 
Prof.  Huxley,  the  business  of  the  mathematical  student  is  from  a  limited 
number  of  propositions  (bottled  up  and  labelled  ready  for  future  use)  to 
deduce  any  required  result  by  a  process  of  the  same  general  nature  as 
a  student  of  language  employs  in  declining  and  conjugating  his  nouns  and 
verbs — that  to  make  out  a  mathematical  proposition  and  to  construe  or 
parse  a  sentence  are  equivalent  or  identical  mental  operations.  Such  an 
opinion  scarcely  seems  to  need  serious  refutation.  The  passage  is  taken  from 
an  article  in  Macmillan's  Magazine  for  June  last,  entitled  "  Scientific  Educa- 
tion— Notes  of  an  After-dinner  Speech,"  and  I  cannot  but  think  would  have 
been  couched  in  more  guarded  terms  by  my  distinguished  friend  had  his 
speech  been  made  before  dinner  instead  of  after. 

The  notion  that  mathematical  truth  rests  on  the  narrow  basis  of  a  limited 
number  of  elementary  propositions  from  which  all  others  are  to  be  derived 
by  a  process  of  logical  inference  and  verbal  deduction,  has  been  stated  still 
more  strongly  and  explicitly  by  the  same  eminent  writer  in  an  article  of  even 
date  with  the  preceding  in  the  Fortnightly  Review,  where  we  are  told  that 
"  Mathematics  is  that  study  which  knows  nothing  of  observation,  nothing  of 
experiment,  nothing  of  induction,  nothing  of  causation."  I  think  no  state- 
ment could  have  been  made  more  opposite  to  the  undoubted  facts  of  the  case, 
-  that  mathematical  analysis  is  constantly  invoking  the  aid  of  new  principles, 
new  ideas,  and  new  methods,  not  capable  of  being  defined  by  any  form  of 
words,  hut  springing  direct  from  the  inherent  powers  and  activity  of  the 
human  mind,  and  from  continually  renewed  introspection  of  that  inner  world 
of  thought  of  which  the  phenomena  are  as  varied  and  require  as  close 
attention  to  discern  as  those  of  the  outer  physical  world  (to  which  the  inner 
one  in  each  individual  man  may,  I  think,  be  conceived  to  stand  in  somewhat 
the  same  general  relation  of  correspondence  as  a  sbadow  to  the  object  from 
which  it  is  projected,  or  as  the  hollow  palm  of  one  hand  to  the  closed  fist 
which  it  grasps  of  the  other),  that  it  is  unceasingly  calling  forth  the  faculties 
of  observation  and  comparison,  that  one  of  its  principal  weapons  is  induction, 
that  it  has  frequent  recourse  to  experimental  trial  and  verification,  and  that 
it  affords  a  boundless  scope  for  the  exercise  of  the  highest  efforts  of  imagina- 
tion and  invention. 

Lagi-ange,  than  whom  no  greater  authority  could  be  quoted,  has  expressed 
emphatically  his  belief  in  the  importance  to  the  mathematician  of  the  faculty 
of  observation ;  Gauss  has  called  mathematics  a  science  of  the  eye,  and  in 
conformity  with  this  view  always  paid  the  most  punctilious  attention  to 
preserve  his  text  free  from  typographical  errors ;  the  ever  to  be  lamented 
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KiemoDn  has  written  a  thesis  to  show  that  the  basis  of  our  conception  of 
space  is  purely  empirical,  and  our  knowledge  of  its  laws  the  result  of 
obseri'ation,  that  other  kinds  of  space  might  be  conceived  to  exist  subject  to 
laws  different  from  those  which  govern  the  actual  space  in  which  we  are 
immersed,  and  that  there  is  no  evidence  of  these  laws  extending  to  the 
ultimate  infinitesimal  elements  of  which  space  is  composed.  Like  hia  master 
Gauss,  Riemann  refuses  to  accept  Kant's  doctrine  of  space  and  time  being 
forms  of  intuition,  and  regards  them  as  possessed  of  physical  aud  objective 
reality.  I  may  mention  that  Baron  Sartorius  von  Waltershausen  (a  member 
of  this  Association)  in  his  biography  of  Gauss  ("Gauas  zu  Gedachtniss"), 
published  shortly  after  his  death,  relates  that  this  great  man  used  to  aay 
that  he  had  laid  aside  several  questions  which  he  had  treated  analytically, 
and  hoped  to  apply  to  them  geometrical  methods  in  a  future  state  of  existence, 
when  his  conceptions  of  space  should  have  become  amplified  and  extended; 
for  as  we  can  conceive  beings  (like  infinitely  attenuated  bookworms*  in  an 
infinitely  thin  sheet  of  paper)  which  possess  only  the  notion  of  space  of  two 
dimensions,  so  we  may  imagine  beings  capable  of  realising  space  of  four  or 
a  greater  number  of  dimensionsf.  Our  Cayley,  the  central  luminary,  the 
Darwin  of  the  English  school  of  mathematicians,  started  and  elaborated  at 
an  early  age,  and  with  happy  consequences,  the  same  bold  h       th 

Most,  if  not  ail,  of  the  great  ideas  of  modern   mathe  na  h  d 

their  origin  in  observation.     Take,  for  instance,  the  arith  n       a     h  f 

forms,  of  which  the  foundation  was  laid   in  the  diophan 
Fermat,  left  without  proof  by  their  author,  which  resisted  h       fl 

the  myriad-minded  Euler  to  reduce  to  demonstration,  and  y  d  d  p 
their  cause  of  being  when  turned  over  in  the  blowpipe  flam  Gau 

transcendent  genius;  or  the  doctrine  of  double  periodicity   w      h  d 

from  the  observation  by  Jacobi  of  a  purely  analytical  fact  o       an       ma 
or  Legendre's   law  of  reciprocity ;  or  Sturm's  theorem  ab  u      h  f 

equations,  which,  as  he  informed  me  with  his  own  Hps,  stared  h  m   n         fa 

*  I  have  read  or  been  iold  that  eye  of  observer  liaa  never  l^hted  on  these     p  g 

or  dead.     Nature  has  gifted  me  with  eyes  of  esceptional  microscopic  po\  eak 

■with  some  assurance  of  hayiug  repeatedly  seen  the  creature  wriggling  d    ag 

On  approaching  it  with  breath  or  finger-nail  it  Etiffens  out  into  the  semblan  ti 

and  BO  eludes  deteotfon. 

+  It  is  well  known  to  those  who  have  gone  into  these  views  that  the  law 
as  a  (act  suffice  to  prove  in  a  general  way  that  the  spate  we  live  in  13      fi 
(a   "homaloid"),    our    existence    therein    being    aisunilable   to   the   hf  00k 

in  an  uteru'Bi'pUd  page  :   bnt  what  if  the  page  should  be  u 
bending  into  a  curved  form  ?     Mr  W.  K  Clifloid  has  indulged  1 
as  to  the  possibility  of  our  being  able  to  infer,  from  ce 
and  magnetism,  the  fact  of  our  level  space  of  thiee  dimension!,  being  in  the  m 

space  of  four  dimensions  (spice  as  iaoonceivaMe  to  ua  aji  onr  space  to  the  suppo  m 

a  distortion  analogous  to  the  rumpling  of  the  page  to  which  that  creature's  powers  of  direct 
perception  have  been  postulated  to  be  limited. 
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in  the  midst  of  some  mechanical  investigations  connected  with  the  motion  of 
compound  pendulums;  or  Huyghens'  method  of  continued  fractions,  charac- 
terized by  Lagrange  as  one  of  the  principal  discoveries  of  "that  great  mathe- 
matician, and  to  which  he  appears  to  have  heen  led  by  the  construction  of 
his  Planetary  Automaton" ;  or  the  New  Algebra,  speaking  of  which  one  of  my 
predecessors  (Mr  Spottiswoode)  has  said,  not  without  just  reason  and  authority, 
from  this  Chair,  "  that  it  reaches  out  and  indissolubly  connects  itself  each 
year  wibh  fresh  branches  of  mathematics,  that  the  theory  of  equations  has 
almost  become  new  through  it,  algebraic  geometry  transfigured  in  its  hght, 
that  the  calculus  of  variations,  molecular  physics,  and  mechanics"  (he  might, 
if  speaking  at  the  present  moment,  go  on  to  add  the  theory  of  elasticity 
and  the  highest  developments  of  the  integral  calculus)  "have  all  felt  its 
influence." 

Now  this  gigantic  outcome  of  modern  analytical  thought,  itself,  too,  only 
the  precursor  and  progenitor  of  a  future  still  more  heaven -reaching  theory, 
which  will  comprise  a  complete  study  of  the  interoperation,  the  actions  and 
reactions,  of  algebraic  forms  (Analytical  Morphology  in  its  absolute  sense), 
how  did  this  originate  ?  In  the  accidental  observation  by  Eisenstein,  some 
score  or  more  years  ago,  of  a  single  invariant  (the  Quadrin variant  of  a  Binary 
Quartic)  which  he  met  with  in  the  course  of  certain  researches  just  as 
accidentally  and  unexpectedly  as  M.  Du  Chaillu  might  meet  a  Gorilla  in  the 
country  of  the  Fantees,  or  any  one  of  us  in  London  a  White  Polar  Bear 
escaped  from  the  Zoological  Gardens.  Fortunately  he  pounced  down  upon 
his  prey  and  preserved  it  for  the  contemplation  and  study  of  future  mathe- 
maticians. It  occupies  only  part  of  a  page  in  his  collected  posthumous 
works.  This  single  result  of  observation  (as  well  entitled  to  be  so  called  as 
the  discovery  of  Globigerinte  in  chalk  or  of  the  Confoco-ellipsoidai  structure 
of  the  shells  of  the  Foraminifera),  which  remained  unproductive  in  the  hands 
of  its  distinguished  author,  has  served  to  set  in  motion  a  train  of  thought 
and  to  propagate  an  impulse  which  have  led  to  a  complete  revolution  in  the 
whole  aspect  of  modern  analysis,  and  whose  consequences  will  continue  to  be 
felt  until  Mathematics  are  forgotten  and  British  Associations  meet  no  more. 

I  might  go  on,  were  it  necessary,  piling  instance  upon  instance  to  prove 
the  paramount  importance  of  the  faculty  of  observation  to  the  process  of 
mathematical  discovery*.  Were  it  not  unbecoming  to  dilate  on  one's 
personal  experience,  I  could  tell  a  story  of  almost  romantic  interest  about  my 

'  Newton's  Bole  was  to  all  appearance,  and  aooordiiig  to  the  more  received  opinion,  obtained 
inductiTeij  bj  its  author.  My  own  reduction  of  Eulec's  problem  of  the  Virgins  {or  rather  one 
slightly  mors  general  than  this)  to  the  form  of  a  question  (or,  to  speak  more  eaaetly,  a  aet  of 
questions)  in  simple  partitions  was,  atrai^e  to  say.  first  obtained  by  myself  inductively,  the 
result  communicated  to  Prof.  Cayley,  and  proved  subsequently  by  each  of  us  independently,  and 
by  perfectly  distinct  methods. 
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own  latest  researches  in  a  field  where  Geometry,  Algebra,  and  the  Theory  of 
Numbers  melt  in  a  surprising  manner  into  one  another,  like  sunset  tints 
or  the  colours  of  the  dying  dolphin,  "the  last  still  loveliest"  (a  sketch  of 
which  has  just  appeared  in  the  Proceedings  of  the  London  Mathematical 
Society*),  which  would  very  strikingly  illustrate  how  much  observation, 
divination,  induction,  experimental  trial,  and  verification,  causation,  too  (if 
that  means,  as  I  suppose  it  must,  mounting  from  phenomena  to  their  reasons 
or  causes  of  being),  have  to  do  with  the  work  of  the  mathematician.  In  the 
face  of  these  facts,  which  every  analyst  in  this  room  or  out  of  it  can  vouch 
for  out  of  its  own  knowledge  and  personal  experience,  how  can  it  be  main- 
tained, in  the  words  of  Professor  Huxley,  who,  in  this  instance,  is  speaking  of 
the  sciences  as  they  are  in  themselves  and  without  any  reference  to  scholastic 
discipline,  that  Mathematics  "is  that  study  which  knows  nothing  of  observa- 
tion, nothing  of  induction,  nothing  of  experiment,  nothing  of  causation"? 

I,  of  course,  am  not  so  absurd  as  to  maintain  that  the  habit  of  observation 
of  external  nature  will  be  best  or  in  any  degree  cultivated  by  the  study  of 
mathematics,  at  all  events  as  that  study  is  at  present  conducted ;  and  no  one 
can  desire  more  earnestly  than  mj  self  to  see  natural  and  experimental  science 
introduced  into  our  schools  as  a  primary  and  indispensable  branch  of  educa- 
tion :  I  think  that  that  study  and  mathematical  culture  should  go  on  hand  in 
hand  together,  and  that  they  would  greatly  influence  each  other  for  their 
mutual  good.  I  should  rejoice  to  see  mathematics  taught  with  that  life  and 
animation  which  the  presence  and  example  of  her  young  and  buoyant  sister 
could  not  fail  to  impart,  short  roads  preferred  to  long  ones,  Euclid  honourably 
shelved  or  buried  "deeper  than  did  ever  plummet  sound"  out  of  the  school- 
boy's reach,  morphology  introduced  into  the  elements  of  Algebra — projection, 
correlation,  and  motion  accepted  as  aids  to  geometry — the  mind  of  the  student 
quickened  and  elevated  and  his  faith  awakened  by  early  initiation  into  the 
ruling  ideas  of  polarity,  continuity,  infinity,  and  familiarization  with  the 
doctrine  of  the  imaginary  and  inconceivable. 

It  is  this  living  interest  in  the  subject  which  is  so  wanting  in  our  tra- 
ditional and  mediaeval  modes  of  teaching.  In  France,  Giermany,  and  Italy, 
everywhere  where  I  have  been  on  the  Continent,  mind  acts  direct  on  mind  in 
a  manner  unknown  to  the  frozen  formality  of  our  academic  institutions 
schools  of  thought  and  centres  of  real  intellectual  cooperation  exist ;  the 
relation  of  master  and  pupil  is  acknowledged  as  a  spiritual  and  a  lifelong  tie, 
connecting  successive  generations  of  great  thinkers  with  each  other  in  an 
unbroken  chain,  just  in  the  same  way  as  we  read,  in  the  catalogue  of  our 
French  Exhibition,  or  of  the  Salon  at  Pai-is,  of  this  man  or  that  being  the 
pupil  of  one  great  painter  or  sculptor  and  the  master  of  another.  When 
followed  out  in  this  spirit,  there  is  no  study  in  the  world  which  brings  into 
•  Under  the  title  of  "Outline  Trace  of  the  Theorj  of  Eeducible  Cyolodes."     [Below,  p.  66S.] 
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more  harmonious  action  all  the  faculties  of  the  mind  than  the  one  of  which 
I  stand  here  as  the  humble  representative,  there  is  noae  other  which  prepares 
so  many  agreeable  surprises  for  its  followers,  more  wonderful  than  the 
changes  in  the  trans  formation- scene  of  a  pantomime,  or,  like  this,  seems  to 
raise  them,  by  successive  steps  of  initiation,  to  higher  and  higher  states  of 
conscious  intellectual  being. 

This  accounts,  I  believe,  for  the  extraordinary  longevity  of  all  the  greatest 
masters  of  the  Analytical  art,  the  Dii  Majores  of  the  mathematical  Pantheon. 
Leibnitz  lived  to  the  age  of  70 ;  Euler  to  76  ;  Lagrange  to  77 ;  Laplace  to  78  ; 
Gauss  to  78;  Plato,  the  supposed  inventor  of  the  conic  sections,  who  made 
mathematics  his  study  and  delight,  who  called  them  the  handles  or  aids  to 
philosophy,  the  medicine  of  the  soul,  and  is  said  never  to  have  let  a  day  go 
by  without  inventing  some  new  theorems,  lived  to  82 ;  Newton,  the  crown 
and  glory  of  his  race,  to  85 ;  Archimedes,  tlie  nearest  akin,  probably,  to 
Newton  in  genius,  was  75,  and  might  have  lived  on  to  be  100,  for  aught  we 
can  guess  to  the  contrary,  when  he  was  slain  by  the  impatient  and  ill- 
mannered  sergeant,  sent  to  bring  him  before  the  Roman  general,  in  the  full 
vigour  of  his  faculties,  and  in  the  very  act  of  working  out  a  problem; 
Pythagoras,  in  whose  school,  I  believe,  the  word  mathematician  (used, 
however,  in  a  somewhat  wider  than  its  present  sense)  originated,  the  second 
founder  of  geometry,  the  inventor  of  the  matchless  theorem  which  goes  by 
his  name,  the  precognizer  of  the  undoubtedly  mis-calleci  Copernican  theory, 
the  discoverer  of  the  regular  solids  and  the  musical  canon,  who  stands  at  the 
very  apex  of  this  pyramid  of  fame,  (if  we  may  credit  the  tradition)  after 
spending  22  years  studying  in  Egypt,  and  12  in  Babylon,  opened  school  when 
56  or  57  years  old  in  Magna  Grtecia,  married  a  young  wife  when  past  60,  and 
died,  carrying  on  his  work  with  energy  unspent  to  the  last,  at  the  age  of  99. 
The  mathematician  hves  long  and  lives  young ;  the  wings  of  his  soul  do  not 
early  drop  off,  nor  do  its  pores  become  clogged  with  the  earthy  particles 
blown  from  the  dusty  highways  of  vulgar  life. 

Some  people  have  been  found  to  regard  all  mathematics,  after  the  47th 
proposition  of  Euclid,  as  a  sort  of  morbid  secretion,  to  be  compared  only  with 
the  peari  said  to  be  generated  in  the  diseased  oyster,  or,  as  1  have  heard  it 
described,  "une  excroissance  maladive  de  I'esprit  humain."  Others  find  its 
justification,  its  "raison  d'etre,"  in  its  being  either  the  torch-bearer  leading 
the  way,  or  the  handmaiden  holding  up  the  train  of  Physical  Science;  and 
a  very  clever  writer  in  a  recent  magazine  article,  expresses  his  doubts 
whether  it  is,  in  itself,  a  more  serious  pursuit,  or  more  worthy  of  interesting 
an  intellectual  human  being,  than  the  study  of  chess  problems  or  Chinese 
puzzles.  What  is  it  to  us,  they  say,  if  the  three  angles  of  a  triangle  are 
equal  to  two  right  angles,  or  if  every  even  number  is,  or  may  be,  the  sum  of 
two  primes,  or  if  every  equation  of  an  odd  degree  must  have  a  real  root. 
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How  dull,  stale,  flat,  and  unprofitable  are  such  and  such  like  annoKacemeiits ! 
Much  more  interesting  to  read  an  account  of  a  marriage  in  high  life,  or  the 
details  of  an  international  boat-race.  But  this  is  like  judging  of  architecture 
from  being  shown  some  of  the  brick  and  mortar,  or  even  a  quarried  stone  of 
a  public  building,  or  of  painting  from  the  colours  mixed  on  the  palette,  or  of 
music  by  listening  to  the  thin  and  screechy  sounds  produced  by  a  bow  passed 
haphazard  over  the  strings  of  a  violin.  The  world  of  ideas  which  it  discloses 
or  illuminates,  the  contemplation  of  divine  beauty  and  order  which  it  induces, 
the  harmonious  connexion  of  its  parts,  the  infinite  hierarchy  and  absolute 
evidence  of  the  truths  with  which  it  is  concerned,  these,  and  such  like,  are 
the  surest  grounds  of  the  title  of  mathematics  to  human  regard,  and  would 
remain  unimpeached  and  unimpaired  were  the  plan  of  the  universe  unrolled 
like  a  map  at  our  feet,  and  the  mind  of  man  qualified  to  take  in  the  whole 
scheme  of  creation  at  a  glance. 

In  conformity  with  general  usage,  I  have  used  the  word  mathematics  in 
the  plural ;  but  I  think  it  would  be  desirable  that  this  form  of  word  should 
be  reserved  for  the  applications  of  the  science,  and  that  we  should  use 
malhematic  in  the  singular  number  to  denote  the  science  itself,  in  the  same 
way  as  we  speak  of  logic,  rhetoric,  or  (own  sister  to  algebra*)  music.  Time 
was  when  all  the  parts  of  the  subject  were  dissevered,  when  algebra, 
geometry,  and  arithmetic  either  lived  apart  or  kept  up  cold  relations  of 
acquaintance  confined  to  occasional  calls  upon  one  another ;  but  that  is  now 
at  an  end ;  they  are  drawn  together  and  are  constantly  becoming  more  and 
more  intimately  related  and  connected  by  a  thousand  fresh  ties,  and  we  may 
confidently  look  forward  to  a  time  when  they  shall  form  but  one  body  with 
one  soul.  Geometry  formerly  was  the  chief  borrower  from  arithmetic  and 
algebra,  but  it  has  since  repaid  its  obligations  with  abundant  usury ;  and  if 
I  were  asked  to  name,  in  one  word,  the  pole-star  round  which  the  mathe- 
matical firmament  revolves,  the  central  idea  which  pervades  as  a  bidden 
spirit  the  whole  corpus  of  mathematical  doctrine,  I  should  point  to  Continuity 
as  contained  in  our  notions  of  space,  and  say,  it  is  this,  it  is  this !  Space  is 
the  Grand  Gontinuv/m,  from  which,  as  from  an  inexhaustible  reservoir,  all  the 
fertilizing  ideas  of  modern  analysis  are  derived ;  and  as  Brindley,  the  engineer, 
once  allowed  before  a  parliamentary  committee  that,  in  his  opinion,  rivers 
were  made  to  feed  navigable  canals,  I  feel  almost  tempted  to  say  that  one 
principal  reason  for  the  existence  of  space,  or  at  least  one  principal  function 
which  it  discharges,  is  that  of  feeding  mathematical  invention.  Everybody 
knows  what  a  wonderful  influence  geometry  has  exercised  in  the  bands  oi 

*  I  have  elsewhere  (in  xaj  'Trilogy'  [above,  p.  419,  footnote}  published  in  the  PkilosopMcal 
TramacHoiu)  referred  to  the  cloae  connexion  between  these  two  cultures,  not  merely  as  having 
Arithmetio  for  their  coicmon  parent,  bat  as  similar  in  their  habits  and  affeoHons.  I  have  eailed 
"  Music  the  Algebra  of  Benso,  Algebra  the  Music  ot  the  reason  ;  Music  the  dream.  Algebra  the 
waiting  life,' — the  soul  of  each  the  same  !  " 
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Cauchy,  Puiseux,  Eiemann,  and  his  followers  Clebach,  Gordan,  and  others, 
over  the  very  form  and  presentment  of  the  modern  calculus,  and  how  it  has 
come  to  pass  that  the  tracing  of  curves,  which  was  once  to  be  regarded  as 
a  puerile  amusement,  or  at  best  useful  only  to  the  architect  or  decorator,  is 
now  entitled  to  take  rank  as  a  high  philosophical  exercise,  inasmuch  as  every 
new  curve  or  surface,  or  other  circumscription  of  space  is  capable  of  being 
regarded  as  the  embodiment  of  some  specific  organized  system  of  continuity*. 

The  early  study  of  Euclid  made  me  a  hater  of  Geometry,  which  I  hope 
may  plead  my  excuse  if  I  have  shocked  the  opinions  of  any  in  this  room 
{and  I  know  there  are  some  who  rank  Euclid  as  second  in  sacredness  to  the 
Bible  alone,  and  as  one  of  the  advanced  outposts  of  the  British  Constitution) 
by  the  tone  in  which  I  have  previously  alluded  to  it  as  a  school-book ;  and 
yet,  in  spite  of  this  repugnance,  which  had  become  a  second  nature  in  me, 
whenever  I  went  far  enough  into  any  mathematical  question,  I  found  1  touched, 
at  last,  a  geometrical  bottom :  so  it  was,  I  may  instance,  in  the  purely  arith- 
metical theory  of  partitions ;  so,  again,  in  one  of  my  more  recent  studies,  the 
purely  algebraical  question  of  the  invariantive  criteria  of  the  nature  of  the 
roots  of  an  equation  of  the  fifth  degree  :  the  first  inquiry  landed  me  in  anew 
theory  of  poiyhedra ;  the  latter  found  its  perfect  and  only  possible  complete 
solution  in  the  construction  of  a  surface  of  the  ninth  order  and  the  sub- 
division of  its  infinite  content  into  three  distinct  natural  regions. 

Having  thus  expressed  myself  at  much  greater  length  than  I  originally 
intended  on  the  subject,  which,  as  standing  first  on  the  muster-roll  of  the 
Association,  and  as  having  been  so  recently  and  repeatedly  arraigned  before 
the  bar  of  public  opinion,  is  entitled  to  be  heard  in  its  defence  (if  anywhere) 
in  this  place, — having  endeavoured  to  show  what  it  is  not,  what  it  is,  and 
what  it  is  probably  destined  to,  become,  I  feel  that  I  must  enough  and  more 
than  enough  have  trespassed  on  your  forbearance,  and  shall  proceed  with  the 
regular  business  of  the  Meeting. 

Before  calling  upon  the  authors  of  the  papers  contained  in  the  varied  bill 
of  intellectual  fare  which  I  see  before  me,  I  hope  to  be  pardoned  if  I  direct 
attention  to  the  importance  of  practising  brevity  and  condensation  in  the 
delivery  of  communications  to  the  Section,  not  merely  as  a  saving  of  valuable 
time,  but  in  order  that  what  is  said  may  be  more  easily  followed  and  listened 
to  with  greater  pleasure  and  advantage.  I  believe  that  immense  good  may 
be  done  by  the  or; !  eh  nge  d  1  ussion  of  ideas  which  takes  place  in 
the  Sections;  but  f  th  t  be  p  hi  details  and  long  descriptions  should 
be  reserved  for  prin   n    and   e  d    g  an  1  only  the  general  outlines  and  broad 

*  M.  Oamille  Jord           PP    a  D    S  Imoa'a  Bikoai-heptagcam  to  AbeliaD  funetions 

ifl  one  of  the  most  reoe       n      n  h                    otion  of  geometry  on  analysis.    Mr  Crofton's 

admirable  apparatus  o    a             a  n  it   h    nfin  tely  fine  meshes  rotated  succesaiTely  through 

indefinitely  email  ang           h   h.  pp                  taining  whole  families  of  definite  integrals, 

is  another  equally  strik  n       am  m 
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statements  of  facts,  methods,  observations,  or  inventions  brought  before  us 
here,  such  as  can  be  easily  followed  by  persons  having  a  fair  average  acquaint- 
ance vpith  the  several  subjects  treated  upon.  I  understand  the  rule  to  be 
that,  with  the  exception  of  the  author  of  any  paper  who  may  answer  questions 
and  reply  at  the  end  of  the  discussion,  no  member  is  to  address  the  Section 
more  than  once  on  the  same  subject,  or  occupy  more  than  a  quarter  of  an 


In  order  to  get  through  the  business  set  down  in  each  day's  paper,  it  may 
sometimes  be  necessary  for  me  to  bring  a  discussion  to  an  earlier  close  than 
might  otherwise  be  desirable,  and  for  that  purpose  to  request  the  authors  of 
papers,  and  those  who  speak  upon  them,  to  be  brief  in  their  addresses.  I  have 
known  jnost  able  investigators  at  these  Meetings,  and  especially  in  this 
Section,  gradually  part  company  with  their  audience,  and  at  last  become  so 
involved  in  digressions  as  to  lose  entirely  the  thread  of  their  discourse,  and 
seem  to  forget,  like  men  waking  out  of  sleep,  where  they  were  or  what  they 
were  talking  about.  In  such  cases  I  shall  venture  to  give  a  gentle  pull  to 
the  string  of  the  kite  before  it  soars  right  awaj'  out  of  sight  into  the  region 
of  the  clouds.  I  now  call  upon  Dr  Magnus  to  read  his  paper  and  recount  to 
the  Section  his  wondrous  story  on  the  Emission,  Absorption,  and  Reflection 
of  Obscure  Heat*. 

Postscript. — The  remarks  on  the  use  of  experimental  methods  in  mathe- 
matical investigation  led  to  Dr  Jacobi,  the  eminent  physicist  of  St  Petersburg, 
who  was  present  at  the  delivery  of  the  address,  favouring  me  with  the 
annexed  anecdote  relative  to  hie  illustrious  brother  C.  G.  J.  Jacobi. 

"  En  caiisant  un  jour  avec  mon  frere  d^funt  sur  la  necessity  de  contr&ler 
par  des  experiences  r^it^r^es  toute  observation,  mSme  si  elie  confirme 
I'hypothfese,  il  me  raconta  avoir  d^couvert  un  jour  une  loi  trfes-remarquable 
de  la  th^orie  des  nombrea,  dont  il  ne  douta  gu&re  qu'elle  fut  g^n^rale.  Ce- 
pendaint  par  un  exc^s  de  precaution  ou  plutot  pour  faire  le  superflu,  il  voulut 
substituer  un  chiffre  quelconque  r^el  aux  termes  g^n^raux,  chiffre  qu'il 
choisit  an  hasard  ou,  peut-§tre,  par  une  esp^ce  de  divination,  car  en  effet  ce 
chiffre  mit  sa  formule  en  d^faut ;  tout  autre  chiffre  qu'il  essaya  en  confirma 
la  generality.  Plus  tard  il  reussit  ^  prouver  que  ie  chiffre  choisi  par  lui  par 
hasard,  appartenait  k  un  systfeme  de  chiffres  qui  faisait  la  seule  exception 
k  la  regie. 

"  Ce  iait  curieux  m'est  reste  dans  la  memoire,  mais  comme  il  s'est  passe 
il  y  a  plus  d'une  trentaine  d'annees,  je  ne  rappelle  plus  des  details, 

"  M.  H.  Jacobi." 
EsB  ER     4.  AoUt,  1869." 
Cur       ly   nough,  aniJ  as  if  symptomatio  of  the  genial  warmth  of  the  prooeediogB  in  which 

D  ag  f  m  distant  lands  (Jacobi,  Magnua,  Newton,  Janssen,  Moiren,  Lyman,  Neumayer) 
t  k  f  q  nt  p  t,  tJie  opening  and  oonolnding  papers  (each  of  anrpsBBing  inteteat,  and  a 
I  ttmfe  t  £  m  ghty  waters)  were  on  Obscure  Heat,  by  Prof.  Magnus,  and  on  Stellar  Heat,  by 
M   H  gg 
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ON   PROFESSOR  CHRISIIAN  "WIENER'S   STEREOSCOPIC 
REPRESENTATION    OF   THE   CUBIC    EIKOSI-HEPTAGRAM. 

[Exeter  British  Association  Report  (1869),  p.  15.] 

The  author  produced  stereograph ic  drawings  sent  over  to  bim  by 
Professor  Christian  Wiener,  of  Karlsruhe,  of  the  famous  complex  of  27  right 
lines  lying  on  a  cubic  surface,  discovered  by  Salmon  and  rediscovered  by 
Steiner,  Dr  Wiener,  at  the  request  of  Professor  Clebscb,  of  Heidelberg,  had 
actually  built  up  a  suitable  cubic  surfece,  and  marked  the  lines  in  colours 
upon  it ;  from  this  model  the  stereograms  produced  had  been  photographed. 


102. 

ON  THE  SUCCESSIVE  INVOLUTES  TO   A  CIRCLE. 
[Exeter  British  Assodatim.  Report  (1869),  p.  15.] 

The  author  referred  to  his  communication  to  the  Section  at  the  Meeting 
held  last  year  at  Norwich  "On  the  General  Theory  of  the  Successive  In- 
volutes to  a  Circle  now  called  Cyclodes,"  and  went  on  to  give  an  account  of 
a  particular  kind  of  cyclode,  the  simplest  of  their  respective  orders,  which, 
from  the  lowering  of  the  degree  which  takes  place  in  their  arco-radial 
equation,  are  termed  reducible  cyclodes.  He  referred  to  his  researches  for 
determining  their  number  and  groupings  for  any  order  of  derivation,  and  to 
a  new  class  of  theorems  in  the  Partition  of  Numbers  in  which  these  researches 
have  eventuated. 

A  sketch  of  his  conclusions  is  contained  in  a  Number  recently  published 
of  the  Proceedings  of  the  London  Mathematical  Society/,  copies  of  which  were 
distributed  among  the  Members  of  the  Section  present  [p.  663,  below]. 


y  Google 


103. 

OUTLINE  TRACE  OF  THE  THEORY  OF  REDUCIBLE  CYCLODES*, 
THAT  IS  A  PARTICULAR  FAMILY  OF  SUCCESSIVE  INVO- 
LUTES TO  A  CIRCLE  WHOSE  DETERMINATION  DEPENDS 
ON  THE  SOLUTION  OF  AN  ALGEBRAICO-DIOPHANTINE 
EQUATION,  AND  OF  THE  NUMBER  AND  CLASSIFICATION 
OP  THE  FORMS  OF  SUCH  FAMILY  FOR  ANY  GIVEN 
ORDER  OF  SUCCESSIONf. 

[Proceedings  of  the  London  Mathematical  Society,  ii.  (1869),  pp.  137 — 160.] 

La  conquSte  de  la  v^rite  exige  le  ci 


(1)  A  CYCLODE  is  the  continued  [nth]  involute  of  a  circle.  The  centre  of 
the  circle  is  the  pole  of  the  cyclode. 

(2)  If  0),  y  are  the  inclination  and  polar  distance  of  the  tangent  to 
a  cyclode,  y  —  {(£,  1)"  is  its  equation,  where  n  is  the  number  nf  unwindings,  or, 

•  See  PMlosophicai  Magazine  (October  and  December,  1968)  [pp.  630,  641,  above]  for  pre- 
liminaty  notions  on  involutes  m  general  and  on  the  auooessive  involutes  to  a  circle  Attaciled 
to  the  Eecond  of  these  notes  is  a.  valuable  (late  omta  ning  beaut  fully  drann  specinieiB  of 
oyolodes  of  the  first  three  orders  executed  by  Mr  Spottiawtoic 

t  It  may  he  right  to  mention  that  the  results  arried  at  in  the  denumerational  pojtioii  of 
thia  paper  have  baen  obtained  almost  eiolisively  bv  procesaes  of  observation  compaiison 
experiment,  and  induction  satisfying  the  sense  of  the  perfect  and  heaatiful  and  const  [uentlj 
the  theory  must  be  legarded  as  essentially  con  mathematical  it  having  been  authoiitatively  laid 
down  by  a  great  naturalist  and  eminent  public  instructor  in  the  hortrnQMli/  Revieui  for  June 
1889,  that  Mathematios  is  "  that  study  which  kno«a  uothiDg  of  observation  nothing  of  expeci 
ment.  nothing  of  induction,  nothinij  [does  any  science  know  much  ?]  of  causation  Lagrange 
has  expressed  himself  pointecily  (In  a  passage  which  I  cannot  at  the  moment  recall)  in  the  very 
opposite  sense  to  Professor  Husley;  so  certainly  would  Fermat,  Euler,  Glauss,  Jaoobi,  Abel, 
Cauohy,  Eiaenatein,  Kroneeker,  Pliioker,  Riemann,  and  the  other  great  masters  of  out  art,  had 
their  opinion  on  the  aubjeot  been  appealed  to.  In  a  subjective  sense  this  paper  owes  its  origin  to 
my  attention  having  been  drawn  by  the  Bev.  James  White,  of  Trinity  Cliuroh,  Woolwich,  to 
Capt.  Monoriefl's  self-reversing  gun-carriage,  the  raoii  in  which  for  steadying  and  regulating  the 
motion  is  the  curve  wliich  would  be  traced  on  the  plane  of  a  wheel  rolling  on  a  rail  by  a  point 
fixed  on  above  or  below  the  rail.  When  the  point  ia  level  with  Uie  centre  of  the  wheel,  the  curve 
traced  is  Aicbiiuedes'  Spiral,  when  level  with  the  rail  the  first  Involute  of  the  circle,  and  when 
midway  hetween  the  rail  and  the  centre  a  Square  root  (in  the  quaternion  aenae)  of  that  Second 
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80  to  say,  the  order  of  the  involution.  When  the  radius  of  the  circle  is  unity 
and  the  axis  of  reference  is  the  hne  joining  the  pole, to  the  cusp  of  the 
(n—  l)th  evolute  of  the  cyclode  (that  is  the  first  involute  of  the  generating 
circle),  the  coefficients  of  ±",  a;"^  become  1  and  0  respectively.  In  what 
follows,  it  is  to  be  understood  that  in  general  this  simplified  form  is  the  one 
referred  to. 

(3)     If  r  is  radius,  p  radius  of  curvature,  s  length  of  arc  reckoned  from 
any  origin  on  the  curve, 


=jpd!B=j  ydx 


dx' 
Hence  every  cyclode  is  rectifiable,  s  and  i^  being  unicursally  related. 

(4)  The  arco-radial  equation  is  of  the  form  F{s,  r^)  =  0.  When 
y''  +  y'^  =  a,  s  and  r  become  unicursally  related,  so    that 

f(5,r^)  =  *(s,r)*(s, -r), 

and  the  cyclode  is  said  to  be  reducible*. 

(5)  Order  is  the  degree  of  the  parabolic  function  {w,  1)".  Class  is  the 
number  of  distinct  factors  in  {x,  1)",  that  is  the  number  of  distinct  tangents 
that  can  be  drawn  to  a  cyclode  from  its  pole ;  for  in  the  case  of  such 
tangents  i/  =  0. 

(6)  Reducible  cyclodes  form  a  family :  the  class  and  the  order  of  every 
reducible  cyclode  must  both  be  even.  They  are  of  two  kinds,  symmetrical 
and  un symmetrical.     The  simplified  form  for  the  symmetrical  kind  is  {a?,  1)'. 


involute  to 
first  involu 
to  mar    " 

the. 
te,  t< 
f 

E 

E 

airole  TflioEe  apse  i. 
1  which  second  inv 

olute  or  eyolode 

n  the  centre  of  the  circle  and  the  cusp  of  the 
I  have  given  the  name  of  the  Norwich  Spiral, 
B  'tish  Association  held  1    1 3        '    th  t    'tj 

Thett 
like  th 

tec  than  I  have  been    bl    t      1     b    ft      t 
-known  child's  story      A        y    leg      t       d 
f  the  problem  of  iindi  g  th    f  rm     f  th 

simple 

rack  ( 

which  the  Arsenal  p    pi     m   t  k    ly  b  t 
as  given  by  Mr  Whit          th    Erf               ( 

Timee 
ago  fa; 

oblem  was  origlnall;  p    po     1  m     y  y 
ggeated  to  him  by  3    mg      b  y  t  mdl 

•  cr  gt  pe       in       pe  the  pole)  is   idx  .t  th  t  y 

are  all  uniouraally  related  in  the  case  of  reducible  cyclodes.  The  equation  In  the  test,  )/^+  (  j^  ) 
=  a  perfect  square,  is  the  algebraico-diophantine  equation  referred  to  in  the  title.  A  more  general 
equation,  towards  the  solution  of  which  I  have  made  a  few  steps,  is  the  following— 

but  I  do  not  at  present  perceive  its  geometrical  bearing. 
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A  symmetrical  cyclode  is  divided  into  two  equal  and  similar  parts  by  the 
line  joining  the  pole  to  the  cusp  of  its  (w  — l)th  evolute.  Non-symmetrical 
reducible  cyclodes  are  left-  and  right-handed ;  they  appear  in  paira,  the 
equations  to  the  two  of  a  pair  being  y  =  Fx,  y  =  F{--w)  respectively. 

(7)  Let  V  be  divided  in  all  possible  ways  (say  m  ways)  into  a  given 
number  fu  of  parts;  let  the  partitionm&nts  be  Pi,  Pa,  ...P„.  Then 
(P,,  Pj,  ...  PaT  developed  contains  terms  of  the  form  Pj.  Fj,  and  of  the  form 
Pj  P/i,  Pk  Fj.  Every  such  binary  combination  may  be  called  a  Diptych  of 
a  group  of  reducible  cyclodes  of  order  2j/  and  class  2/* ;  and  the  total  of  such 
groups  will  be  the  total  of  reducible  cyclodes  of  order  21'  and  class  2^,  The 
sum  of  these  totals  for  all  classes  from  2  to  2v  will  be  the  ensemble  of 
reducible  cyclodes  of  order  2v. 

(8)  The  alfB  of  a  diptych  are  the  two  sets  of  terms  which  form  its  two 
sides.  These  al(B  wUl  sometimes  be  represented  aa  folded  together,  and 
sometimes  expanded,  as  convenience  may  dictate.  Under  these  al(B  each 
diptych,  as  will  be  seen,  shelters  a  group  or  brood  of  cyclodes.  The  relation 
between  the  alee  and  the  parabobc  functions  {x,  1)"  of  the  reducible  cyclodes 
proper  to  the  diptych  is  as  follows.     Suppose  that 

i,j,  k, ...  I  ii,  ji,  h, ... 
is  the  diptych.     Then  by  hypothesis 

i+j  +  k  ...=i^^-j^+k,...=v, 
the  semi -order, 

i,j,  k ...  are  the  same  in  number  (that  number  being  ft,  the  semi-class) 
as  i„  ji,  ku  ... 

y=  JJU-i*  is  the  equation  to  every  cyclode  proper  to  the  given  diptych, 
where  JJ  ^{x-V  af  {a:  +  by  (tv  +  c)'' ... 

U,  =  (a:  +  a,Y^  (x  +  b,y'  (x  +  cf^... 
To  find  a,  b,  c, ... ;   a,,  6i,  c,,  ...  write 
V^iX  +  a)(X+b)(X  +  c)..,,  ri  =  (X  +  a,)(\+b,)(X  +  Ci) ... , 


■K^'ii^"'i-)'   ^.  =  (^'.i  +  ^i.; 


do,  dc. 


ilet  EV  =  E,V,=  y-Vi  for  all  values  of  \.     This  implies 
22;  =  2S*\  =  2a-S«„ 
S2i (&  +  c  . ..  )  =  221,  {h,+  G, +  ...)  =  tab  -  XaA, 
%%i{hc   ...    )=S2i,(6iC     ...     )  =  2a6c-2a.6,ci. 


■*  The  V  and  U^  may  be  called  the  two  alax  ooastituenta,  or  more  simply  the  segments  of  the 
parabolic  function  appert^nlng  to  any  reducible  cyclode ;  and  we  see  that  the  radial  tingunts 
(or  tangent  radii  from,  the  centre)  of  every  such  cyclode  constitute  two  distinct  groups  correspond 
ing  to  these  segments. 


y  Google 


666  On  Reducible  Gyelodes  [103 

The  equality  2i  =  2%  has  been  presupposed  between  the  elements  of  the 
diptych.      Remain  2/i  — 1   equations  between  the  2/i  quantities  a,  h,  c,  ... 

O],    61,    Ci,  — 

Hence  the  quantities  themselves  are,  as  they  should  be,  indeterminate ; 
but  their  differences  will  be  determinate  (as  is  easily  proved)  *.  If  we  employ 
the  simplified  form,  then  in  addition  to  the  2^  —  1  equations  above  given, 
there  will  he  the  equation 

2a  +  2tt,  =  0, 
which  will  make  the  system  perfectly  determinate. 

(9)  If  i,j,  k,  ...  ii,ji,  /^i  are  all  unequal,  the  number  of  solutions  will  be 

1  X  I.2x  2.3...  x(M-l)./t, 
that  is  n(fi-l)n{fj,). 

(10)  The  effect  of  interchanging  the  alee  of  the  diptych  (when  unsym- 
raetrical)  is  to  convert  every  a  into  —  a,  and  every  a^  into  —  Oi ;  but  when 
the  alw  are  alike  this  change  leaves  the  solutions  unaltered.  The  solutions 
proper  to  a  conformable  diptych  (that  is  one  in  which  the  alee  agree  term  for 
term)  resolve  themselves  into  two  groups: — one  group  in  which 

a  =  —  aj,     b  =  —  b„     c  =  — Ci,  ..., 
which  is  the  group  of  symmetrical  reducible  eyclodea ;  and  a  second  group, 
in  which  the  solutions  appear  in  pairs  of  the  form 

a,        b,        c,     ...      (Xj,      ii,      Ci,  ... 

Thus  n on- symmetrical  reducible  cyclodes  are  of  two  sorts : — congeminate, 
where  the  left-  and  right-handed  curves  belong  to  the  same  system  of 
equations ;  and  contrageminate,  where  the  left-  and  right-handed  curves 
belong  to  opposite  systems.  The  former  are  associated  with  the  sym- 
metrical species,  inasmuch  as  they  belong  to  diptychs  which  engender  along 
with  them  the  symmetrical  species;  the  latter  belong  to  unconformable 
diptychs,  that  is  with  dissimilar  alce-^.  We  now  see  more  clearly  the  exacti- 
tude of  the  representation  before  stated  of  the  diptychs  of  a  given  class 
by  (P,,  Pa,  ...  PJf,  and  the  meaning  of  the  coefRcient  2  which  affects  the 
product  Pj.Pk- 

(11)  The  equation-system  for  unsymraetrical  reducible  cyclodes  may  be 

*  The  property  of  redueibility  is  of  oourse  anafteoted  bi  the  rotation  of  a  cj^kde  round  tlie 
pole ;  hence,  not  the  roots  of  tte  parabolio  function,  but  then  differences  ought  to  determine  the 
ftxistenoe  of  thia  property. 

+  The  equation-ayatem  belonging  to  a  conformable  dipt>eh  maj  be  le^Llvd  mto  two  distinot 
systems  containing  respectively  the  symmetrioal  and  thp  non  symmetrical  holutions 
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said  to  be  dualistic.      For  symmetrical  cyclodes  it  is  monistic*,  and  takes 
the  form 

^i(b  +  a  +  d...)       =0, 
Xi{hc  +  bd  +  cd ...  )  =  Xahc, 
^i(bcd...)  =0, 

2i  (bcde  ...)  =  ^abcde. 


Hence  if  i,j,  k,  ...  are  all  unlike,  the  number  of  solutions  for  a  monistic 
system  belonging  to  a  diptych  of  the  ^th  class  f  is  the  product  of  fi  terms  of 
the  fluctuating  progression 

1.1.3.3.5  ... 

(12)  The  number  of  solutions  of  a  determinate  algebraic  system  of  equa- 
tions may  be  called  its  denumerant.  The  denumerant  may  be  algebraical  or 
arithmetical. 

In  estimating  the  former,  all  solutions  count,  whether  or  not  deducible 
from  one  another  by  interchange  between  the  unknowns. 

In  estimating  the  latter,  solutions  which  become  identical  by  permuting 
the  unknowns  are  regarded  as  one  and  the  same  solution.  Thus,  for  example, 
the  algebraical  denumerant  of  [x'+y^=c,  a^  +  ^~e}  is  8,  its  arithmetical 
denumerant  is  4. 

In  the  theory  under  consideration,  it  is  always  the  arithmeticalj  de- 
numerant which  is  intended,  unless  the  contrary  is  expressed.     Thus  we  see 

*  The  dualistic  Eyatem  for  a  conformable  diptyoh  resolves  itself  into  the  monistic  system 
above  given,  which  contains  the  symmetrieal  solutions,  and  another  system  (with  which  I  do  not 
think  it  daairable  to  encumber  this  sketoh,  bnt|  which  I  have  easily  succeeded  in  isolating,  and 
which  ooDtains  the  Cdngerainate  solutions.  The  eongeminate  denumerants  do  not,  however, 
appear  to  lend  themselves  to  a  distinct  law  of  summation  apart  from  the  general  mass  as  the 
symmetrical  ones  do. 

t  It  will  be  oonveniant  to  refer  to  the  diptych  of  a  oyolode  of  the  order  2v  and  class  2fi  as 
being  itself  of  the  order  r  and  class  /i. 

J  It  is  a  singular  and  advantageous  fact,  quite  contrary  to  what  might  have  been  expected 
from  analogy,  that  it  is  these  dennmerants  (corresponding  to  the  actual  number  of  distinct 
geometrical  forms)  and  not  the  algebraical  dennmeranta  (the  ordinary  measures  of  the  so-called 
orders  of  the  various  systems  of  equations)  which  lend  themselves  to  summation.  In  the 
common  theory  of  partitions  per  contra,  if  we  wish  to  express  their  number  algebraically,  we 
must  reckon  permuted  as  distinct  arrangements;  this  is  as  if  we  should  substitute  algebraical  for 
arithmetical  denumeration  in  the  theory  under  consideration.  This  fact  is  partly  to  be  accounted 
for  by  considering  that  the  diophantine  equation  to  be  solved,  namely,  f^+f^—'p'',  may  be 
attacked  exotcofieally,  the  coefficients  in  /  and  ^  being  posited  as  the  unknowns,  in  which 
scheme  of  procedure  permutations  of  equal  factors  in  /  would  not  present  themselves  at  all : 
my  original  tentative  efforts  were  made  in  this  the  seemingly  most  natural  direction  to  follow ; 
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that  one  cause  of  the  Redvfstion  of  the  denumerant  of  a  diptychical  system 
of  equations  is  the  consolidation  of  several  solutions  into  a  single  one.  A 
second  cause  of  reduction,  arising  from  roots  passing  off  to  infinity,  may  be 
termed  evaporation.  For  example,  in  the  equation-system  \x  —  ky  =  c, 
0^  — ^  =  e]  the  ^denumerant  is  3;  but  when  k  =  l,  one  root  passes  off  to 
infinity  and  the  deDumerant  becomes  2. 

Consolidation  and  evaporation  may  go  on  simultaneously  i  thus,  for 
example,  in  the  system  [x-^ky  =  c,  af  +  y^  —  e],  when  &  =  1,  the  denumerant 
is  reduced  first  by  evaporation  to  2,  and  then  by  consolidation  to  1. 

(13)  The  problem  of  which  I  shall  indicate  a  complete  method  of  solu- 
tion is  that  of  obtaining  the  denumerant  to  any  given  diptych  whatever. 

The  original  problem  proposed  for  solution  was  to  find  the  total  number 
of  reducible  cyclodes  of  any  given  order ;  not  only  this,  but  the  number  of 
the  same  of  any  given  class,  as  well  as  order,  admits  of  easy  statemeni.. 

If  D(n,  m)  be  used  to  denote  the  total  number  of  reducible  cyclodes  of 
the  order  2ji  and  class  2m  (obtainable  from  a  given  circle),  then 
_n(r-f-s-l)n()-  +  s-2) 


D{t  +  s,t)-. 


Calling   D(r  +  s,r)== 
Qr,s  =  Q»,r*  for  different 


s)^ 


UrU(r-l)llsn{s-l)  ' 


the  annexed   Table    exhibits    the  values   of 
es  of  r  and  5. 


. 

1' 

« 

I  2   3 

4    5 

6 

1 

2 

111 

1  3   6 

1    1 
10   15 

1 
21 

3 

1  e  20 

50  105 

196 

4 

1  10  50 

175  498 

1176 

5 

1  15  105 

496  1764 

5292 

6 

1  21  196 

1176  5292 

19404 

but  how  futile  it  woald  have  been  to  have  persevered  in  tliis  course,  and  how  all  but  impossible 
to  disentangle,  by  aid  of  it,  the  olaeees  and  genera  and  diptyohioal  groups,  is  apparent  from  the 
very  nature  of  the  results  here  brought  to  light.  Of  all  the  analytical  questions  left  unsolved  by 
my  predecessoia  or  oontemporarieE  whioh  I  have  yet  grappled  with  (and  they  are  neither  few  nor 
facile),  this  presents  beyond  all  comparison  the  hardest  knot  I  have  ever  succeeded  in  untying. 
But  what  will  not  yield  to  patient  contemplation  I  Nature,  though  coy,  is  kind,  and  does  not 
predetermine  to  moek  the  pursuit  of  her  worshippers. 

*  That  (J,,,  =  Q,,,.  implies  Z)(n,  i-)  =  D  (n,  n-r), — a  truly  remarkable  theorem,  whioh  exists 
also  when  A  replaces  D. 
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D{m,  n)  will  consist  of  a  certain  number  of  symmetrical  cyclodes,  say 


and 


i?(OT,  «,)-A(m,  «) 


pairs   of  unsymmebrieal   cyclodes,  giving   a 

total  of  ^^ — '- — —^ ^-   absolutely  distinct  forms  when  left-  and  right- 
handed  similar  curves  are  treated  as  identical. 


J)(m,n)  +  A(m,7»), 


(14)     Let  A(7-  + 

then  g,^ ,  (=  g,^ ,)  is  the  quantity  i 
Table  B  subjoined,  deduced  by  z 
Table  A». 

Table  A. 


the  rth   line  and  sth   column   of  the 
;zag    multiplication    from    the    adjacent 


1    1 

1     2 

1111 
3     4     5     6 

1     2 

3     4     5     6 

1     3 

6  10  15  21 

1     3 

6  10  15  2! 

1     4 

10  20  36  66 

Table  B. 

« 

i' 

s+ 

12     3     4     5       6 

1 

2 

11111     I 

3 

1     2     4     6     9     12 

4 
5 

1     2     6     9  18     24 
1     3     9  18  36     60 

' 

1     3  12  24  60  100 

(15)     D{n),  A  (n)  being  used  to  denote  the 
cyclodes  and  the  number  of  symmetrical  reducibl 
the  order  2ra  of  all  classes,  we  have 

n  (2k  -  2) 


number  of  reducible 
i,  respectively,  of 


A  (24)  -  J  A  (2t  + 1). 


the  Table  A  itaelf  is  the  pruduet  of  zigzag  multiplication  of 
IL  L,  L^  L.J  ij  ,,.! 
tl    1     1     1     1    ...f  ■ 
t  It  is  easily  seen  that  when 


_2ft+l,  8-ift  +  l,   9r.,-\_    ji^jj;^    j 

=  2h,        s=2fc  +  l;  qr.i 


_  n  (fi  +  ft)_n  (fi+J;  - 1) 
~""nAn"(F-i)(nft)'i   ' 

-  {^{h  +  k-l)]^ 

n(ft-i)nftii(t-i)n(ft)" 
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The  total  number  of  reducible  cyclodes  and  of  reducible  symmetricaJ 
cyclodes  for  all  orders  from  2  to  20  inclusive  is  exhibited  in  the  Table  below, 
where  n  is  the  semi-order. 


" 

" 

D 

1 

2 

1 

1 

3 

a 

2 

4 

3 

5 

5 

« 

14 

6 

10 

42 

7 

20 

132 

8 

35 

429 

9 

70 

1430 

10 

125 

523e 

The  ratio  of  the  successive  values  of  A  alternates  between  2  and  a 
variable  quantity  which  converges  ascendingly  towards  2 ;  that  of  the 
successive  values  of  D  converges  (also  ascendingly)  towards  4.  It  will  be 
observed  that  D  and  A  agree,  until  2m  =  8,  showing  that  the  non -symmetrical 
reducible  cyclodes  only  begin  to  make  their  appearance  with  the  eighth  order 
of  involution,  that  is  after  the  generating  tight  string  has  been  unwound 
8  times  in  succession. 

(16)  The  numh&r  of  distinct  species  of  diptyeks  of  any  given  class  is 
limited,  being  independent  of  the  order ;  and  every  diptych  of  such  species  will 
have  the  somie  denumerant.  The  doctrine  of  genus  and  species  is  founded  on 
the  notion  of  t 


A  parallel  equality  is  one  existing  between  the  sum  of  any  number  of 
elements  in  one  ala  of  a  diptych,  and  the  sum  of  a  like  number  of  elements  in 


*  The  fonndBtion  of  the  conception  of  the  doctrine  of 
demonstiablefact  that  the  leading  coefficient  in  the  final 
of  eiiuationB  proper  to  any  oonformable  dipljoli  {a,  h,  c  ...  1)' 
linear  faotors  of  the  form  a-b,  a  +  b-e  —  d,  a  +  b  +  e-d- 
dvahntic  ajstem  proper  to  a  general  diptyoh  [a  6  c       I  |  i 
powers  of  linear  factors  of  the  form  a    a,  a  +  b    a    §,    i 
Buffioient  for  proving  that  e\aporation   can  only  oommeni 
exietence  of  one  or  more  parallel  equalities  bnt  is  not  snfSi 
grand  law  that  not  only  the  ixihtente    but  the  amount  of 
exolusivelj  by  the  nature  of  the  parallel  equality  oi  ajatem 
ooesiat  either  separatoly  or  mutually  superimpooed)  m  an>  i, 
ia  stated  in  this  note  in  respect  of  the  leading  ooefticient  of 
for  May  1869  [p.  689,  below]     I  am  also  in  po'iiesaion  of 
for  the  diialistie  system. 


parallel  equalities  lies  in  the  eaaOy 

equation  of  the  monistic  system 

made  up  exduaivaly  of  powers  of 

-/,  &a.,  and  that  the  same  for  the 

j3  7       X]  ia  macle  up  exelueively  of 

i  +  h  +  c-a-^-y    &e  :    this  faot  is 

oe  to   tale   place  by  virtue  of  the 

lent  to  demonstrate  the  truth  of  the 

evaporation  is  goierned  solely  and 

of  parallel  equahtiea  (when  several 

:ven  diptych      For  a  proof  of  what 

BTstem  see  Phil.  Mug. 

spending  proof  and  theory 
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the  opposite  ala ;  that  is,  it  is  an  iuter-alar  equinomial  relation  of  equality 
to  which  it  will  sometimes  be  convenient  to  refer  to  as  a  parallelism.  Two 
antagonistic  parties  of  creditors  to  a  bankrupt's  estate,  equal  in  number 
and  claiming  for  equal  amounts,  gives  an  image  of  the  parallelism  ia 
question.  By  the  definition  of  a  diptych  there  is  necessarily  one  such 
parallel  equality,  namely  between  all  the  elements  in  one  ala  and  all  in  the 
other* 

Any  two  diptychs  in  which  the  entire  system  of  parallel  equations  is  the 
same  for  each  are  said  to  belong  to  the  same  genus,  and  their  algebraical 
denumerants  will  be  the  same.  When  in  two  diptychs  belonging  to  the 
same  genus  all  the  equalities  between  the  elements  of  each  aia  taken  alone 
in  the  one  are  matched  by  like  equalities  between  the  analogous  elements  of 
the  corresponding  ala  in  the  other,  they  are  said  to  belong  to  the  same 
spems,  and  their  arithmetical  denumerants  will  be  identical^. 

(17)  Now  let  it  be  proposed  to  determine  the  denumerants,  for  greater 
simplicity,  say  the  total  denumerants  (including  no n -symmetrical  as  well 
as  symmetrical  cyclodes),  of  the  several  species  belonging  to  any  given  class. 
There  are  as  many  unknowns,  say,  di,  dj,  ...dg,  as  there  are  species  (s) 
included  in  such  class;  the  total  number  of  diptychs  of  that  class  belong- 
ing to  any  given  order  increases  with  the  order,  being  represented  by 
{P,,  Pa,  ...  P„)^  where  P,,  P,,  ...  P„  denote  the  partitionments  of  the 
number  n  into  in  parts.  For  every  assumed  value  of  n  we  shall  be  able 
to  obtain  the  value  of  D{P-i,  Pa,  ...  P„)'  as  a  known  hnear  function  of 
di,di,  ...  dj',  but  D(F^,  Pj,  ...P^f  is  a  known  function  of  n  and  mj;  hence 
we  may  obtain  the  values  of  a  sufEcient  number  of  linear  functions  of 
di,  di,  ...dg  to  obtain  each  of  them  separately;  and  we  know  d  priori  that 
each  is  integer  sind  positive. 

Thus,  regarding  the  denumerants  as  gas  in  relation  to  the  equation- 
systems  viewed  as  the  gross  matter  from  which  this  gas  is  extracted  (a 
simile  suggested  by  Mr  Clifford),  we  witness  in  this  theory  the  interesting 
phenomenon  of  this  gas  becoming  again  condensed,  as  it  were  (like  solidified 
carbonic  acid  gas),  into  a  sort  of  crystallized  matter  finer  than  that  from 

*  ConBe€[Ueiitlj  anj  partial  inter-alar  pFiraUel  equality  implies  a  seoond  Eomplementajy  one  ; 
iu  otbei  norde,  all  the  parallel  equalitiee,  excepting  the  implied  total  one,  are  conjngate  and 
make  their  Sippearaucc  in  pairs. 

■]■  Thu3  we  Bee  that  the  elements  of  the  diptych  being  all  increased  or  diminished  by  the  same 
qnantity,  or,  more  generally,  being  replaced  respeotively  by  the  same  linear  function  ol  each  of 
them,  will  not  aSect  the  genus  or  species,  as  such  substitntion  will  leave  tlie  identities  and 
parallel  equalities  unaltered ;  so  that  we  may  say  that  the  species  of  a  Eedncible  Cyclode  ia,  as  it 
were,  a  semi-iinariant  of  the  indices  of  the  factors  of  its  parabolic  fnnotion. 

t  See  Art.  13,  where  r=m,  s  =  n-m.  andli(f  +  s,  r)  means  the  same  as  Z>(Pi,  Pa,  ...  -P«.)^  in 
the  text  above. 
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which  it  was  origioally  generated,  the  denumerants  of  the  original  equation- 
system  becoming  the  unknowns  of  a  new  (linear)  equation-systena. 

[Chasles's  theory  (with  Zeuthen's,  Cayle/s,  and  Salmon's  extensions)  of 
conies  which  satisfy  given  conditions,  the  new  theory  of  geometric  Xlnicursal 
or  successive  Quadric  Transformation,  and  this  theory  of  Cyclodes,  all  belong 
to  a  peculiar  branch  of  algebra  to  which  might  be  given  the  name  of 
pneumatic  analysis  ;  and  they  have  many  features  in  common.] 

In  the  same  way  it  may  obviously  be  shown  that  the  denumerants  of  the 
symmetrical  cyclodes  proper  to  the  distinct  species  of  conformable  diptychs 
of  any  given  class  may  be  deduced  from  the  solution  of  a  system  of  linear 
equations  as  many  in  number  as  such  species.  In  fact,  however,  only  as 
many  linear  functions  (in  either  case)  need  to  be  formed  as  there  are  distinct 
genera ;  for  the  denumerants  (arithmetical)  of  the  several  species  of  the  same 
genus  are  known,  d  priori,  in  terms  of  each  other,  since  their  algebraical 
denumerants  are  identical. 

(18)  A  most  important  and  wonderfut  relation  exists  between  D{r+s,  r) 
or  A  (r  +  8,  r)  and  the  corresponding  denumerants  of  the  conformable  diptych 
[W,  6*p,  where  a^  means  a,  r  times  repeated,  and  h^  means  6,  s  times  repeated. 
[Observe  that  any  such  diptych  whose  class  r  +  s  is  given  belongs  to  a  single 
genus ;  for  we  cannot  have 

pct  +  a-b=  p'a  +  <r'b    and    p  +  <r=  p  +  a, 
unless  a  =  b,  which  is  of  course  excluded.]     Namely  the  total  denumet'ant  of 
this  diptych  is  equal  to  D(r  +  s,  r),  and  its  special  denumerant  is  equal  to 
A  (r  +  s,  r). 

(IS))  A  very  good  example  of  evaporation  is  afforded  by  the  diptych  [a'']' ; 
for  the  algebraical  denumerant  without  evaporation  would  be  Ilr .  n  (?■  —  1 ) ; 
but  the  actual  algebraical  denumerant  must  contain  (Ury.  Hence  the 
evaporation  is  total,  that  is  there  is  no  reducible  cyclode  of  any  order  or  class 
whose  parabolic  fimction  is  made  up  of  distinct  factors  raised  all  to  the  same 
power  (and,  as  a  particular  case,  made  up  exclusively  of  distinct  simple 
factors),  except  when  the  cyclode  is  of  the  second  degree,  for  Hr .  11  (r  —  1) 
contains  (Ilr)^  when  r  =  1 ;  and  in  fact  the  equation  of  the  Norwich  spiral, 
which  gave  birth  to  this  theory,  is  in  its  simphfied  form  y  =  {x  +  1)  {x  —  1). 
This  is  analogous  to  the  multiplicity  (in  Hirst's  and  Cremona's  theory) 
of  the  principal  points  of  any  nucleus  (as  such  system  is  termed  by 
Professor  Cayley)  when,  and  not  before,  the  degree  of  the  transformation 
transcends  the  second.  In  the  present  theory  we  see  that,  except  for  the 
Norwich  spiral,  in  all  reducible  cyclodes  a  certain  number  of  the  points,  the 
tangents  to  which  pass  through  the  pole,  must  be  cusps  of  a  more  or  less 
elevated  order. 
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(20)  As  an  example  of  the  method  of  classification,  grounded  on  parallel 
equalities,  I  subjoin  the  complete  system  of  genera  and  species  of  diptychs 
of  the  third  (corresponding  to  cyclodes  of  the  6th)  class,  with  their  corre- 
sponding denumerants*. 


GenuB  {1) 

Denumerant 

GeDua  (2) 

Denuniecant 

Genue  (6) 

Decumerant 

a     b     0 

a     b     c 

a     b     c 

a     i3     y 

12 

a     »     y 

10 

a     a     y 

4 

a     h     c 

2- 

a     b     c 

a     b     b 

2 

"    J3    3 
a    b    0 

«     J3    ^ 

a     a     y 

Genoa  (3)+ 

Genus  (6) 

a    b    b 

a     b     0 

7 

a     a     a 

a     a     ^ 

GenuB  (4) 

Genus  (7) 

a     b     b 

1 

abb 
a 

' 

::: 

0 

Of  the  above  7  genera,  the  3rd  and  4tli  alone  give  rise  to  symmetrical 
cyclodes,  the  A  (that  is  the  symmetrical)  denumerant  for  the  Srd  being  3  and 
the  4th  1. 

(21)  AU  species  of  conformable  diptychs  necessarily  belong  to  distinct 
genera ;  that  is  the  genera  of  conformable  diptychs  each  contain  only  a  single 
species.  The  conformable  species  of  the  fourthj  class  are  as  follows :  [the 
numbers  under  A  signify  the  number  of  symmetncal  cyclodes  proper  to  each 
genus,  and  under  E  the  amount  of  evaporation]. 

"  The  algebraical  demimeraiit,  it  will  be  noticed,  is  the  same  for  all  the  species  of  the  same 
genus.  Thus,  for  example,  in  geuua  (1)  for  the  first  speoiea  this  is  12,  for  the  second  112.6, 
for  the  third  113.2,  for  the  fourth  112. 112. 3,  and  for  the  last  112. 113. 1.  The  first  genua, 
it  nil!  be  seen,  oontaius  four,  the  second  and  fifth  two,  the  third,  fourth,  sixth,  and  seventh  one 
specif  s  respectively. 

+  The  special  denumerant  means  the  number  of  symrneVrical  ejoloiea  contained  by  a  diptych. 
The  tiiptych  (o,  6,  e)''  having  the  special  denumerant  3  and  the  total  denumerant  7,  we  see  that 
the  number  of  eongeminate  pairs  is  —^  ,  that  is,  2,     So  the  number  of  congeminate  pairs  to 


(«,  h,  c,  df 


;    and  I  have  almost  oouelusive  grounds  for  beUeving  that  in  general  the 


value  of  D-a  for  (Oi,  a^,  ...  a^)"  is   (i-2)  jll(t- 
handed  (congeminate)  pairs  contained  in  such  diptych  is 
(■-2)jIHi-l}}' 
2 
J  There  are  upwards  of  40  distinct  yenera  of  the  4th  i 
taken  into  account.     It  is  a  problem  of  great  interest  t^ 
n  any  given  class. 


1  that  the  number  of  right-  and  left- 


lass  when  unconfurmable  diptychs  are 
determine  the  number  of  genera  and 
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Species 

A 

-f-'t 

{ab  c  df 

9 

0 

(«  b  b  df 

4 

1 

{a  a  c  cf 

1 

5 

{a  b  b  bf 

1 

3 

{a  a  a  af 

0 

9 

{a  b  0  hArC-af 

7 

2 

{ah  b  2b-ay 

3 

3 

(22)  The  conforniable  species  of  the  fifth  class  will  be  most  easily  repre- 
sented concretely  by  means  of  actual  numbers,  so  as  to  avoid  the  necessity  of 
employing  equations  to  denote  the  parallel  equalities|. 


Types  of  speoies 

a 

E 

(13  3  5  8)3 
(12  3  5  5)' 
(12  3  3  3)' 
(12  2  2  3)8 
(12  2  5  5)Si 
(112  2  2)2 
(1   1   1   1  2)2 
(1111  1)^ 
(12  3  4  8)S 
(i  2  4  6  7)2 

IVis'k'Kf 

(13  4  4  5)8 
(i  2  3  4  4)8 
(1  2  2  3  4)8 
(13  2  3  3)8 

6 

5 
9 
2 
1 

0 
43 
41 
39 
20 
19 
18 

8 

0 
3 

9 

13 
9 
21 
21 
45 
2 
4 
6 
5 

9 
13 

t  It  should  be  stated  that  the  E  oolumn  is  deduced  from  the  A  column,  and  not  v. 
It  might  have  been  imagined,  a  priori,  that  the  amoant  of  evaporation  could  be  d 
independently,  in  the  first  instance,  and  the  reduction  of  the  denamerants  inferred  therefrom  ; 
but  it  appeals  aa  a  datum  of  esperience  that  the  formalte  of  dennmeration  are  always  simpler 
than  those  of  evaporation,  although,  of  course,  theoretically  speaking,  the  evaporating  solutions 
ought  to  be  obtainable  by  calculating  the  solutions  for  which  the  new  homogenizing  variable 
takes  the  value  aero,  or,  which  means  the  same  thing,  for  which  1  =  0.  In  a  word,  although  in 
the  order  of  nature  the  evaporation  is  the  cauBe  o!  the  reduction,  in  the  order  of  our  knowledge 
the  reduced  deniimerant,  coming  first,  plajs  the  part  of  a  subtractor,  and  the  evaporation  that  of 
a  remainder. 

J  Since  the  above  was  sent  to  press,  I  have  hit  upon  a  very  simple  expedient  foe  representing 
the  parallels  of  any  form  of  diptych  by  means  of  marks  of  connotation.     This  method  is  used  in 
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(23)     Cail  the  cyclodic  order  211,  and  the  class  2j^. 

Then  for  12  =  1,  2, 3,  4,  5,  6,  7  the  diptycbs  grouped  in  classes,  omitting 
the  vacuous  ones  [that  is  those  for  which  the  evaporation  is  total],  will  be  as 
follows : — 


x-i 

(!)• 

X-1 

(2)- 

x-i 

(S)' 

X  =  2 

(1  2)> 

x  =  i 

(*)■ 

X-2 

(T  3,  2  2)^ 

x-n 

(1  1  2)' 

X-1 

(5)- 

j;-2 

(1  4,  2  3)^ 

x-s 

(1  1  3,  1  2  2)> 

x  =  * 

(1  1  1  2)' 

x  =  i 

(6)" 

X  =  2 

(1  5,  2  4,  3  ay 

X-8 

(1  1  4,  1  2  3,  2  2  2)= 

X  =  * 

(1   1  1  3,  1   1  2  2)' 

x-s 

(1111  2)' 

x  =  i 

(')■ 

X-2 

(1  6,  2  5,  3  4)= 

X=3 

(1  1  5,  .1  2  4,  1  3  3,  2  2  3)' 

X  =  * 

(1  1  1  4,  1  1  2  8,  1  2  2  2)' 

X-5 

(1  1  1  1  3,  1  1   1  2  2)' 

X  =  6 

(11111  if. 

the  sequel ;  but  I  have  not  thought  it  worth  while  to  disturb  the  text  in  this  place  otherwise  than 

by  introducing  mttrkB  o!  connotation  to  distinguish  the  terms  of  the  parallel  equalities.     It  ought 

to  be  noticed  that  when  any  element  of  a  parallel  equality  occurs  more  than  once,  the  mark  of 

connotation  is  to  be  placed  indifferently  over  any  (bat  only  one)  of  the  group  of  quantities  thus 

p    td 

I  in  7  t  fc       d       tag       f  th        pp  ty  t        1  1th       h        1  ttl         t     f      d       to 

Mthfid         tml         g  d         tmkgthpffh  t  f  tto 

Igb         1ft        J       fd  dpd         th        mfthdgrea      '^   ^*    and 

eq       tly       th    la  t  t        th      am    f         fu     t  1 1  deg        f        h   h        e  it 

fl  w     i       t  f    m  th    p        pi      f         tm    ty      Eq     t    g  t  h        a       t        th    1    ear 

mamd       f  /    di   ded  by         i^      S  "      btam  t  mlt  qt  fkwd  grees 

(dpdt       th        1        i    )       jidjNwthphfth       a       dpf  t        our 

1  bl    t      h       th  6  th    p  3    y  t  m      t   f^mg  th         q     t         1  tl    -^ -^      lues, 

thm  1  thtt  qtettblhp  ix,  dfitmtof 

porati       whi  llbl  hjtqt  Id       dgThi      \anipl      ff    d   an 

4^—2 
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Expandiog  we  obtain  the  following  set  of  diptychs,  the  numbers  opposite 
to  which  are  their  symmetrical  and  total  dennmeranta  respectively.  The 
Table  extends  from  ii  =  l  to  XI  =  7  inclusive. 


Diptjeh 

- 

D 

(1)' 

(!)■ 

(3)' 

(12)' 

(4)' 

(13)' 
13.22 

(2  2)' 

(1  1  2)' 

(5)> 

(14)' 

(14.23) 

(2  3)' 

(1  1  3)' 

(113.122) 

(1  2  2)' 



(1  1  1  2)< 

Diptych 

A 

V 

(6)= 

1 

(15)' 
(15.24) 

(2  4)= 
(15.33) 
(24.33) 

(3  3)2 

1 
0 

0 
0 
0 

(1  1  4)2 
(114.123) 

(1  2  3)2 
114.222 
123. S22 

(2  2  2)3 

1 

0 
3 

0 
0 
0 

(1113)^ 

(1113.1122) 

(112  2)2 

1 

0 

1 

(1111  2)2 

1 

1* 

(7)2 

1 

(16)^ 
(16.25) 

(2  5)3 
(1  6)  (3  4) 
(2  5  .  .^  4) 

(3  4)2 

1 

0 

1 

0 
0 

1 

instructive  corroboration  of  the  remark  in  the  last  preceding  toot-note,  concerning  evaporation 
coming  second  in  the  order  of  our  knowledge,  although  first  in  the  order  of  nature.  The  arrange- 
ment of  the  diptyohicftl  denumerants  for  a  given  order  and  class  in  the  text  which  follows  is 
columnar.  The  more  natural  arrangement  (and  one  so  likely  to  be  fruitful  in  consequences,  that 
I  much  regret  not  thinking  of  it  in  time)  is  obviously  that  of  a  square,  of  which  each  side  will 
contain  as  many  places  as  there  are  partitlonments  corresponding  to  the  order  and  class.  In 
that  diagonal  which  aeparatee  the  square  into  two  symmetrical  sets  of  figures  (and  nowhere  else) 
there  will  be  double  entries,  corresponding  to  the  D  and  A  denumerants  respectively  of  the 
conformable  diptycha. 

'  Thus  /or  the  12th  order  and  4th  elaaa  the  number  of  symmetrical  reducible  oyolodea  is 
1  +  1,  that  is,  2,  and  the  total  number  is  H-2.2-i-l-i-2  .  14-2. 1  +  0  =  10;  so  for  the  12th  order 
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Diptyoh 

^ 

D 

(1  1  5}^ 

1 

1 

(115.124) 

0 

4 

(1  2  4)= 

3 

7 

(115.133) 

0 

2 

(12  4.133) 

0 

5 

(1  3  3)^ 

1 

1 

(116.223) 

0 

3 

(12  4.323) 

0 

4 

(13  3.223) 

0 

2 

(2  2  3)= 

1 

1 

(1  1  1  4f 

1 

1 

(1114.1123) 

0 

6 

(1  1  2  3)S 

4 

16 

(1114.1222) 

0 

3 

(112  3.1222) 

0 

7 

(1  2  2  2)= 

1 

1 

(1111  3)= 

1 

1 

(11113.11122) 

0 

4 

(1112  2)5 

s 

6 

(1  1  11  1  2)2 

I 

1* 

The  above  Table  gives  a  complete  conspectus  of  the  groups  of  reducible 
cyclodes  of  all  the  even  (the  only  admissible)  orders  up  to  the  14th  inclusive. 


(24)     The   diophantine  equation  y' 


■y'^  =  D   may  be   transformed   into 


and  8th  class  these  numbers  are  1  +  1  and  1+2.4  +  1,  that  is,  2  anct  10  as  before,  as  should  be 
the  ease  according  to  article  (13),  The  equations  to  be  ceaolved  are  of  the  degree  D  for  uncon- 
formable, and  of  the  degrees  A  and  — ^ —  for  conformable  diptychs  ;  hence  up  to  the  12th  order 
of  reducible  cyclodes,  incluBJve,  wa  liave  not  to  deal  with  equations  of  a  higher  degree  than  the 
4th,  and  consequently  all  tbe  reducible  cyclodes  of  order  inferior  to  11  admit  of  explicit 
algebraical  representation. 

"  Looking  at  the  3rd  and  4th  classes,  the  sums  of  the  numbers  in  the  D  column  will  be  found 
to  be  30  and  34  reapeotivelj ;  but  on  doubling  tbe  numbers  printed  opposite  to  the  anconformable 
diptycha  (whiah  represent  not  single  but  paired  cyclodes),  tbe  number  is  the  same  (as  it  ought  to 
be)  Cor  each  class,  namely,  60,  that  being  the  number  in  the  3rd  column  and  4th  line  (or  vice 
pei'id)  of  the  Q  Table,  Art.  13.  Similarly  the  corresponding  number  for  the  2nd  and  Sth  classes, 
doubling  as  before,  becomes  15  instead  of  1)  for  the  one.  and  11  for  the  other.  It  is  a  noticeable 
fact  that  the  number  of  pairs  is  not  the  same  in  two  conjugate  classes. 
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In  this  equation  we  may  suppose 

a,  /3,  7  ...  being  now  general  quantities  and  no  longer  necessarily  integers. 

If  T;  =  log;/=2alog(a;  +  a), 

X,  7]  are  the  coordinates  of  a  compound  logarithmic  wave. 

If  the  number  of  terms  in  2  is  even,  and  the  quantities  a,  b,  c  ...  be 
divided  arbitrarily  into  two  sets  containing  a  like  number  of  terms,  as,  say, 
a,  b,  c  ...  ,  a',  b',  c'  ...  ,  a,  0,  y,  ...  ,  a',  0,  7'  being  corresponding  values 
of  the  coefficients, 


K£)'- 


provided  that 

_  (a-a')(«-&-)(a-c')...      _       _  {a'-a){a'-h){a'-c). . .  ^ 
{a-b){a^c)...        '  ~   (a'~b'){a'-c')... 

and  similarly  for  ;S,  7  . . .  ;  /3',  7'  — 

From  these  equations  it  follows  that  Sa=  2a'  as  before. 

(25)  Conversely,  provided 

a  +  /3  +  7...  =  a'  +  0  +  y' ..., 

a,  /9,  7  .••,«',  /3',  7'..,  maybe  treated  aa  a  diptych, and  a,  b,  c  ...,a',b',  c' ...  be 
deduced  by  equations  of  the  same  form  as  before. -f- :  this  explains  a  seeming 
parados,  that  when  y  =  af* +  cic"~^+  ... ,  so  that  it  contains  only  {n— 1)  dis- 
posable constants,  we  can  satisfy  the  equation 

y' + 1/'"  =  (aP  +  hx'^-^  +  kx^-'  -f- . . .)^ 

which  involves  the  satisfaction  of  2n  equations  by  (2k  -  1)  unknowns. 

(26)  It  is  well  worthy  of  notice  that  if  s  is  the  length  of  the  arc  of  the 
compound  logarithmic  wave 

Tj  =  2a  log  {x  +  a)  +  2a'  log  {x  +  a'), 
'  Thus  by  substitution  and  multiplioation  we  obtain  tlie  important  equality 
lM£ui,-±     //°'8Y   A 

fKtV..,)  \/\a^...  )' 

from  which  it  followe  that,  although  the  mojrimum  demimerant  of  a  diptych  of  the  class  n  ia 
n (/I- 1)  n  (/t)  (see  Art.  9),  the  degree  of  the  reeolvii^  equation  need  aever  exceed  ^>~^)"M  . 
[f  I  USB  here,  as  of  old  elsewhere,  to  denote  the  product  of  the  differences  of  the  quantities  which 
it  precedes  taken  in  some  certain  prescribed  order  of  euoeession.] 

t  I  mean  that  the  equatiou-eystem  aboye  written  may  be  traTaformed  into  the  equation-system 
of  article  (8). 
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where  the  a  and  a'  quantities  form  a  diptych,  if  s  be  the  length  of  the  arc 
reckoned  from  a  certain  point  in  the  curve 

s -- *  =  2a  log  (ic  +  a)  -  So' log  (^  +  a')- 
Such  a  curve  is  called  a  rectifiable  compound  logarithmic  wave ;  and  if  the 
a  and  a'  series  and  the  a,  —a!  series  agree  term  for  term,  it  is  said  to  be 
symmetrical. 

{2T)  From  what  has  been  stated  in  article  (18),  it  foUowa  that  the  total 
number  of  reducible  cyclodes  of  the  order  2n  is  the  same  as  the  total  number 
of  rectifiable  compound  logarithmic  waves  that  can  be  formed  with  2w  non- 
coincident  wavelets  of  any  two  given  species ;  and  this  remarkable  equality 
also  subsists  when  only  the  symmetrical  cyclodes  and  the  symmetrical  waves 
form  the  subject  of  comparison.  If  the  class  2m  be  given  as  well  as  the 
order  2ji  of  the  cyclodes,  both  the  above  equalities  continue  to  apply  when 
2m  of  the  wavelets  are  limited  to  be  of  one,  and  2m  —  2m  of  the  other 
species. 

(28)  The  diptychical  equations  may  be  applied  to  the  solution  of  tlje 
diophantine  equation  j/^  + 1/'°  =  D  when  y  is  any  rational  function  of  x  of 
which  the  numerator  and  denominator  are  each  of  a  given  order. 

The  distinction  of  class,  genus,  and  species  will  be  still  applicable  as 
before,  but  there  will  be  a  fall  in  the  number  of  solutions  when  the  degi'ee  of 
y  in  a:  is  zero,  that  is  when  the  given  orders  of  numerator  and  denominator 
are  the  same,  so  that  the  rational  fraction  of  the  degree  is  zero  :  apart  from 
this  cause  of  difference,  the  number  of  solutions  corresponding  to  any  given 
diptych  will  be  governed  in  all  cases  solely  by  the  principle  of  parallel 
equalities. 

(29)  It  is  obvious  that  the  theorems  giving  the  value  of  the  D  and  A* 
denumerants  for  any  given  class,  combined  with  the  theorems  giving  their 
sum  for  any  given  class  and  order,  amount  to  independent  theorems  in 
the  theory  of  partitions ;  and  as  regards  the  A  denumerants  these  theorems 
belong  to  the  subject  of  partitions  of  a  comparatively  simple  character.  For 
instance,  the  table  of  A  for  the  fourth  class  enables  us  to  affirm  that  under- 
standing w;y,z,t  to  be  all  distinct  quantities,  and  meaning  by  Sj.Sj,  83,8,,  Sj.Sj 
the  denumerants  (that  is  the  number  of  positive- integer  solutions,  zeros 
excluded)  of  the  indeterminate  equations  or  equation  pairs  below  written 

\_  x  +  y=^£  +  t  J'       \_  a:  +  y  =  2s  J' 

*  I  shall  henceforib  call  D  the  total  and  A  the  special  deuamerant,  the  total  referring  to 
solutions  ot  either  kind  indifferentiy,  the  ipecial  to  Bjmmetrical  solutions  exclusively. 
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we  have 

or  =  ^^ — n~       when  n  —  2k—l*. 

Moreover,  throughout  the  whole  theory,  as,  for  example,  in  certain 
marvellous  formulae  of  reduction  which  I  have  obtained  concerning  the 
maximum  A  denumerants,  say  of  the  diptych  [a'',  6*.  c' ...  ]',  problems  of 
partition  of  nunabera  occur  and  recur  again  and  again,  some  of  a  known, 
others  of  a  totally  new  kind.  In  this  particular  we  see  another  point  of 
resemblance  between  the  theory  of  reducible  cyclodes  and  that  of  geometric 
transformations. 

(30)  Annexed  is  a  Table  of  the  genera  of  diptychaf  (the  vacuous  one  not 
excepted)  of  the  fourth  class.  I  give  it  subject  to  correction.  The  calcula- 
tions require  great  care  to  exclude  repetitions  or  incompatible  equalities  and 
to  guard  against  omissions. 

It  will  be  recollected  that  the  sum  of  the  terms  is  always  the  same  for 
each  ala ;  so  that  if  the  alee  agree  in  three  places  they  must  agree  also  in  the 
fourth.  When  there  exist  binomial  parallelisms,  one  only  of  the  conjugates 
is  exhibited  in  the  Table,  and  in  all  cases  only  such  (and  in  their  simplest 
form)  as  are  sufficient  to  define  the  genus.  The  mononomial  parallel 
equalities  are  of  course  represented  by  the  use  of  the  same  letter  for  the 
equal  terms.  The  binomial  parallelisms  are  indicated  by  affixing  the  same 
mark  to  all  the  terms  which  enter  into  each  side  of  the  equation  constituting 
the  expression  of  such  parallelism. 

The  lines  of  division  in  the  Table  are  introduced  to  give  greater  facility 
for  exhaustive  verification  ;  the  artificial  groups  of  genera  thus  formed  are 

*  The  laft-hand  eide  of  this  equation,  that  is,  Q5i  +  iS.i  +  Sji  +  S^-2S^-Ss  it  will  easily  be  seen 

may  be  espreasei  in  term      f- — ^, — — ,      "7.^-—,^        £Z^^^    where   "— „- 

1     1     1     1       1:1:2:    2:2:'1:3:'4:'  p  :  q  :  r :  &c. 

means  the  number  of  way  f  muk  g  p  the  num.ber  n  with  p,  q,  r.  Sea. ;  but  the  expreBBion  will 
not  be  a  linear  function  f  th  q  ant  t  es,  inasmuoli  as  B^,  J,  introduce  combinations  of  the 
second  order.  The  term  (  4)  n  th  mbolieal  numeratore  arises  from  the  fact  of  zero  values 
of  a;,  y,  z,  t  being  inadmis   b! 

t  If  we  choose  to  reg  d  th  n  f  tv  ml  1  (1  )  h  flk  w  gl  t  (amount)  and 
oontaining^  like  number  of  atoms  (element  )  hm      Idldwaethttis  possible  tor 

BUoh  a  duad  to  be  resolved  in  one  or  more,      dmtm  St  tjt  ways,  into  two 

or  more  subordinate  duads,  satisfying  the      m    1  w    f       mh  d  w     ht      nd  it  is  really 

quitfl  within  the  bounds  of  possibility  that  in     til   h    g      d  d  le  m  diply  h  cal  genera  and 

species,  we  are  at  the  same  time  solving  a  p  bl  m  f  th  Ch  m  t  y  f  th  F  t  re.  The  oom- 
bination  of  two  similar  ("  conformable  ")  mol  les  (  1^)  t  \  d  (d  ptj  1 )  nveys  a  sort  ot 
image  of  Brodie's  idea  of  the  combination  of         b  t     oe       h  y        with  t    If;  and  in  fact 

the  whole  theory  of  diptychical  partition  and  oombmation  forcibly  reminds  one  of  that  writer's 
profound  morphological  views  of  the  nature  of  chemical  being,  action,  and  passion. 
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those  in  which  respectively  four,  two,  one,  or  no  element  contained  (singly  or 
repeatedly)  in  one  ala  are  or  is  contained  also  in  the  other  cda. 


abed 
a,     b      c     G 

a    a    a    d 
'abed 

abed 

abed 
a     b     e     'c 

abed 
a     h     0     d 
a     h     c     d 
abed 
abed 

a     &     0     d 
0.     fi     e     c 
a     k     0    d 
^    k    c    d 
a    e     e    d 
e     e     e    d 
e     d    c     d 

abed 
abed 
abed 
abed 

a     a     a    d 
a     a     c     d 

a     ^     y     d 
^     8     d     d 
d     d    d     d 
'a     &    y     d 
'a     &    y    d 
'a    fi     y    d 
a     a    y     d 

c     d 

e     d 

c     d 

e    d 

b     c     d 

c     d 

a    8    y    S 
a     ^    y     & 
«     ^     a     S 
a     k     a     8 

a  (3  a  S 

In  the  last  seven  diptychs  it  will  be  observed  double  binomial  parallelisms 
occur ;  thus,  for  example,  in  the  last  of  all  a+b  =  a  +  0,  a  +  a  =  a  +  y. 

The  total  number  above  enumerated  is  44,  but  not  improbably  one  or 
more  (most  likely  an  odd  number)  have  been  overlooked.     The  first  group 
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contains  only  one  species  to  each  genus ;  not  so  for  the  other  groups.     Thus, 
for  example,  ah  c  d\  a.  ^  c  d  represents  the  two  species, 

abcd\a&cd 

alcd\aaad 

So,,  again,  ahcd\aQ^d  represents  the  several  species, 
^   y   d 

a  ^  d 

a  a  d 
$  ^  d 
a     a     d 

and  abcd\a^yB  will  represent,  in  like  manner,  the  several  species, 

abed  a     fi     y      S 

a     b     0     d  a     ^     y     y 

abed         a^/3(3 


a     b     b      b  II      a     y     y 

But  a  a  c  c  \  a  a-^  y  would  belong  to  a  different  genus ;  for  in  such 
diptych  we  should  have  2a  +  2c  =  2a+2y,  and  consequently  a  +  c^a  +  y 
a  new  parallel ;  and  a  fortiori  a  a  a  a  \  a  ay  y  belongs  to  a  different  genus. 
The  algebraical  denumerants  will  be  the  same  for  all  the  last-written  twelve 
species,  namely,  113 .  114,  that  is  144,  the  maximum  value  for  the  fourth 
class, — the  arithmetical  denumerants,  on  the  other  hand,  being  respectively 
144,  72,  24,  6,  36,  12,  3,  4,  1,  36,  18,  6.  Possibly  it  may  turn  out  that  the 
number  of  species  may  be  given  by  as  simple  or  a  simpler  function  of  the 
index  of  the  class  as  or  than  that  which  expresses  the  number  of  genera.  It 
seems  very  desirable  to  ascertain  if  either  or  both  is  or  are  amenable  to 
algebraical  or  analytical  qnantification. 

As  Crystallography  was  born  of  a  chance  observation  by  Haiiy  of  the 
cleavage- planes  of  a  single  fortunately  fragile  specimen,  and  the  theory  of 
Invariants  owes  its  existence  to  a  solitary  icidividual  accidentally  encountered 
and  put  on  record  by  Eisenstein,  so  out  of  the  slender  study  of  the  Norwich 
Spiral  has  sprung  the  vast  and  interminable  Calculus  of  Cyclodes,  which 
strikes  such  far-spreading  and  tenacious  roots  into  the  profoundeat  strata  of 
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denumeratioD,  and,  by  this  and  the  multitudinous  and  multifarious  dependent 
theories  which  cluster  around  it,  reminds  one  of  the  Scriptural  comparison  of 
the  Kingdom  of  Heaven  "  to  a  grain  of  mustard-eeed  which  a  man  took  and 
cast  into  his  garden,  and  it  grew  and  waxed  a  great  tree,  and  the  fowls  of  the 
air  lodged  in  the  branches  of  it "  *. 

(31)  The  annexed  computation  of  the  denuraerants  of  diptyahs  of  the 
3rd  class  and  8th  a,ud  9tli  orders  respectively  is  given  in  illustration  of 
articles  (20)  and  (13). 

The  triadic  partitionments  of  8,  it  will  be  observed,  are  116:  125; 
134:  224:  23  3.  Those  of  9,  117:  126:  135:  144:225:234: 
3  3  3.     And  of  7,  1  1  5  :  1  2  4 :  1  3  3 :  2  2  3. 

In  the  D  column  the  denumerants  of  the  unconformable  diptyehs  are 
doubled,  in  order  to  save  the  necessity  of  transposing  the  aim  in  summing  for 
the  total  denumerant  [the  Q,, ,  of  Art.  13]. 


Diptyeha 

D 

116 

1  16 

1 

116 

125 

8 

116 

134 

8 

116 

224 

6 

116 

233 

6 

125 

125 

7 

125 

134 

20 

125 

224 

8 

125 

233 

10 

134 

134 

7 

134 

224 

10 

134 

233 

8 

224 

224 

1 

324 

233 

4 

233 

233 

1 

ii7  n6 

105 

n3  n2  n5  m 

The  three  most  remarkable  and  almost  simultaneous  births  of  time  for  the  nt  yea 

e    I  thmk  Janesen's  and  Lockyec's  hydrogenous  solar  chromosphere,  Tyndall'    ind  fin  tely 

tt  n  at  d      metarj  matter,  and  the  still  more  impalpftble  and  shadowy  product  of         b  at   n 

nb  d  ind  ptyohs  witii  their  jiioii-ohemioal  composition  and  parallels  stretching  b  tw  n  an  1 
nn    t    g   a    It  were,  with  forces  of  affinity  the  atomic  elements  of  the  associated  g  mmate 

1  1  nl  in  this  sketch  set  forth.  All  three  theories  have  originated  alike  in  observation, 
11  w  a  1  by  proeffises  of  experiment  and  verification  working  with  very  different  instruments, 
t  havm    the  se-iae  primum  mobile  in  the  human  intelligence.     On  second  thoughts  I  ought  to 

ick  on  to  this  list  of  memorabiUa,  which  mast  for  ever  make  1869  stand  out  in  the  Fasti  of 
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Diptjohe 

D 

115 
115 
116 
115 
124 
134 
124 
133 
133 

115 
124 
133 

223 
124 
133 
223 
133 
223 
223 

1 

4 
6 
7 
10 
8 
1 
4 
1 

nens 

50* 

n3  n2  n4  n3 

DiptyohB 

D 

117 

117 

1 

117 

126 

8 

117 

135 

8 

1  17 

144 

4 

117 

225 

6 

117 

234 

12 

117 

333 

2 

136 

126 

7 

126 

135 

20 

126 

144 

10 

136 

235 

8 

126 

234 

20 

126 

333 

4 

135 

136 

7 

135 

144 

10 

135 

226 

10 

I3S 

234 

20 

135 

333 

S 

144 

144 

1 

144 

325 

6 

144 

234 

8 

144 

333 

2 

225 

225 

1 

325 

234 

8 

225 

333 

2 

234 

234 

7 

234 

333 

2 

333 

333 

0 

n8n7 

196 

n3  n2  116  n& 

science.  Capt.  Andrew  Noble's  mechanical  invenljon  for  measuring  up  to  the  milliontli  part  of  a 
second  tte  rate  of  motion  of  a  shot  inside  a  cannon,  and  Dc  Christian  Wiener's  wonderful  realiaa- 
tion  in  Btereoaoopio  drawings  of  the  Salmon-Caylej  27  hues  on  a  cubic  surface  on  the  one  hand, 
and  on  the  other  (Hermite'a  pupil,  pupil  worthy  of  his  master)  M.  Camille  Jordan's  surprising 
discovery  of  their  application  to  the  trisection  of  Abelian  functions.  Surely  with  as  good  reason 
as  had  Arohimedea  to  have  the  cylinder,  cone,  and  sphere  engraved  on  his  tomljatone  might  our 
distinguished  countrymen  leave  testamentary  directions  for  the  cubic  eiliosi-heptagram  to  t>e 
engraved  on  theirs.    Spirit  of  the  Universe  I  whither  are  we  drifting,  and  when,  where,  and  how 


isalltl 


This  Table  has  been  already  given,  differently  arranged,  at  page  [677],  where,  hot 
pairs  in  the  D  column  are  not,  as  here,  doubled. 
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(82)  The  Tables  following  illustrate  the  values  assigned  to  the  special 
denuinerants  (A  column)  in  the  Tables  of  Arts,  21,  22.  The  diptychs  being 
of  the  conformable  kind,  are,  for  gi-eater  simplicity,  represented  each  by  a 
single  ala.  The  asterisk  at  the  aide  distinguishes  those  diptychs  in  which 
one  or  more  binomial  parallel  equalities  exist. 


Class  -8 

Ordei:=28 

Ala 

A 

1.1.1. U 

1.1.2.10 

1.1.3.9 

1.1.4.8 

1.1.5.7 

1.1.6.6 

1.2.2.9 

1.2.3.8 

1.2.4.7 

*1.2.5.e 

1.3.3.7 

*1.3.4.6 

1.3.5.5 

1.4.4.6 

2.2.2.8 

2.2.a7 

2.2.46 

2.2.5.5 

2.3.3.6 

*2.3.4.5 

2.4.4.4 

3.3.3.5 

3.3.4.4 

{n(5+2-i)p 

90 

ni  n2  ui  n5 

Class -10 

Order  =  30 

Ala 

A 

1.1.1.1.11 

J 

1.1.1.2.10 

I.1.I.3.9 

1.1.1.4.8 

6 

1.1.1.5.7 

6 

1.1.1.6.6 

1.1.2,2.9 

9 

1.1.2.3.8 

21 

1.1.2.4.7 

21 

1.1,2.5.6 

19 

1.1.3.3,7 

9 

*l.l.3.4.6 

1.1.3.6,5 

9 

1.1.4.4.5 

9 

1,2.2.2.8 

6 

*1. 2.2.3.7 

1,2.2.4.6 

21 

1.2.2.5,5 

9 

1.2.3.3.6 

21 

*1.2,3.4,5 

39 

1.2.4.4,4 

6 

*1.3,3.3.5 

5 

1,3,3.4.4 

9 

2.2.2.2.7 

1 

2.2.2,3.6 

2,2.2.4.5 

2.2.3.3.5 

9 

2.2.3.4.4 

9 

*2.3.3.3.4 

5 

3.3.3.3.3 

0 

n4,n5{n2)= 

+Class-10 

Order  =  33 

Ala 

A 

1.1.1.1.12 

1 

1.1.1.3.11 

6 

1,1.1,3.10 

6 

1.1.1.4,9 

6 

.    1. 1.1.5.8 

6 

1.1.1.6.7 

6 

1.1.2.2.10 

9 

1.1.2.3.9 

31 

1.1,2.4,8 

21 

1.1.2.5.7 

21 

1.1,2.6,6 

9 

1.1,3.3.8 

9 

1.1.3.4.7 

31 

.  1.1,3.5.6 

21 

1,1,4.4,6 

9 

1.1.4,5.5 

1.2.2.2,9 

6 

*1. 2,2.3,8 

20 

1.2.2.4.7 

21 

*1.2. 3.5.6 

1.2.3.3.7 

21 

*1. 2.3.4.6 

41 

1.2.3.5.5 

21 

*1, 2.4.4.5 

19 

1.3.3.3.6 

6 

*1,3.3.4.6 

ao 

1.3.44.4 

6 

3.2.2.2.8 

1 

2.2.2.46 

6 

2.2.2.5.5 

2.2.3.3.6 

9 

*2.2.3.4.5 

19 

2.2.4.44 

2 

2.3.3,3.5 

6 

*2.3,3.44 

8 

3.3.3.3.4 

(n7)= 

+  That  is,  the  cyelode  is  of  siicli  class  and  order,  but  the  diptyuh  is  of  class  S  and  order  16, 
and  so  for  the  test.  I  repeat  that  the  diptyehical  class  and  order  is  the  number  of  elemects  and 
their  stun  in  each  ala,  and  mast  be  doubled  to  give  the  class  and  order  of  the  corresponding 
cyelode. 
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ClasB  =10 
Order=34 

Ala 

A 

IJ.1.1.13 

1 

l.l.l.a.12 

6 

1.1.1.3.11 

6 

1.1.1.4.10 

6 

1.1.1.6.9 

6 

1.1.1.6.8 

6 

1.1.1.7.7 

2 

1.1.2.2.11 

9 

]. 1.3.3.10 

21 

1.1.2.4.9 

31 

1.1.2.5.8 

21 

i.l.S.6.7 

19 

1.1.3.3.9 

9 

1.1.3.4.8 

SI 

i.L3.5.f 

19 

1.1.3.6.6 

9 

1.1.4i'7 

8 

1.1.4.5.6 

31 

1.1.5.5.5 

2 

1.2.2.2.10 

6 

i.^.2.a.9 

20 

1.2.2.4.8 

21 

1.2.2.5.7 

21 

1.3.2.6.6 

9 

1.2.3.3.8 

21 

Class  ^10 
Order  =  34 

Ala 

'■ 

l.S.5.47 

43 

l.a.3.5.6 

41 

1.3.4.4.6 

20 

i.2.4.S.5 

19 

1.3.3.3.7 

6 

i.3.3.4.6 

19 

i.5.3.S.5 

8 

1.^4.46 

20 

1.4.4.4.4 

1 

2.2.2.2.9 

1 

2.2.3.3.8 

6 

2.2.2.4.7 

6 

2.2.2.5.6 

6 

2.2.3.3.7 

9 

2.2.3.4.6 

21 

2.2.3.5.5 

9 

3.2.4.4.5 

9 

3.3.3.3.6 

6 

2.3.3.4.5 

18 

2.3.4.4.4 

6 

3.3.3.3.6 

1 

3.3.3.4.4 

2 

n8n7 
n6  ne  {u.2f 

f.88 

Here  3=5,  )-  =  12, 
^=2,  A  =  6t 

Id  the  above  Table,  and  those  which  follow,  instead  of  using  asterisks 
(danger-signals,  so  to  say)  as  in  the  three  Tables  immediately  preceding 
to  indicate  the  existence  of  parallel  equalities,  I  have  employed  the  much 
more  perfect  method  of  connotation  which  actually  exhibits  such  equalities 
to  the  eye. 

+  See  second  footnote,  p.  [669]. 
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Class  =10  . 
Order  =  40 

Ala 

- 

111116 

1 

111215 

6 

1  1  1 3  14 

6 

111413 

6 

11 1  B  12 

6 

111611 

6 

1 1 1  7  10 

6 

11189 

6 

112214 

9 

112313 

21 

112412 

21 

113BU 

21 

1  12610 

21 

11279 

21 

11288 

9 

1  1  3  3  12 

9 

113411 

21 

1  1  3  5  10 

21 

11369 

21 

11378 

21 

114410 

9 

11459 

21 

11468 

21 

■      11477 

9 

11558 

9 

11567 

21 

11666 

2 

1  2  2  2  13 

6 

H2312 

20 

1 

Claas  =10 
Order  =  40 

Ala 

A 

122411 

21     i 

1  2  2  5  10 

21     ! 

12269 

21     ■ 

12978 

19 

123311 

21 

123410 

43 

12359 

45 

I2S6S 

43 

12377 

21 

12449 

21 

12458 

41 

i246t 

43 

12557 

21 

12666 

19 

133310 

e 

13349 

21 

13358 

20 

13367 

21 

13448 

21 

U45t 

43 

U46e 

19 

13556 

21 

i444t 

5 

14456 

21 

14555 

6 

22  2212 

1 

222311 

6 

2  2  2  4 10 

6 

22259 

6 

Class  =10 
Order=40 

Ala 

A 

22368 

6 

22277 

2 

2  2  3  3  10 

9 

22349 

21 

22358 

21 

2236t 

19 

22448 

9 

2245t 

19 

22466 

9 

22556 

9 

23339 

6 

23348 

20 

23357 

21 

23366 

9 

23447 

21 

23' 4 '5  6 

39 

23565 

6 

24446 

5 

24465 

9 

33338 

1 

33347 

6 

33366 

6 

33446 

9 

33455 

9 

34445 

5 

44444 

0 

/  n9  Y 
\n2  ulj 

1296+ 

HereB=6,  j-=16, 

+  The  fall  in  the  arithmetical  dennmerant  due  to  the  esistence  of  binomial  p 
the  4th  or  5th  diptyohioal  class  is  easily  recollected  by  aid  of  the  following  rule.  Erery  auch 
parallelism  causes  a  fall  of  2  units  unless  two  elements  in  the  parallel  are  identical,  in  which 
case  the  fall  is  of  a  single  unit ;  but  in  applying  this  rule  elements  of  the  same  name  are  not  to 
be  counted  more  than  once  over  in  the  same  parallel.     Calling  the  two  varieties  of  binomial 


y  Google 


688  On  Reducible  Cyclodes  [103 

Anyone  desirous  of  mastering  the  foregoing  exposition  (the  cradle  of  a 
theory  complementary  to  the  existing  theory  of  algebraical  curves)  will  do 
well  to  possess  himself  of  the  ideas  couveyed  by  the  new  or  newly  applied 
terms  of  art  scattered  up  and  down  through  the  outline  and  resumed  in  the 
annexed  stenograph :  Continued  Involutes ;  Cyclodes,  their  Pole  and  Para- 
bolic function ;  Unicursal  Relation ;  Norwich  Spiral ;  Reducible  Cyclodes 
and  their  Bifid  functions ;  Algebraico-Diophantine  condition ;  Symmetrical, 
Oongeminate  and  Coiitrageminate  forms;  Compound  Logarithmic  Waves 
and  Wavelets ;  Partitionments ;  Representative  Diptychs,  their  Alse  con- 
formable and  unconformable ;  Monistic  and  Dualistic  equation-systems ; 
Algebraical  and  Arithmetical  Denumeration ;  Zigz£^  Multiplication  of 
continuous  lines  or  columns ;  Pneumatic  Analysis ;  Evaporation  (partial  and 
total);  Consolidation;  Reduction;  Parallel  Equalities;  Mononomial,  Bi- 
nomial, and  Polynomial  Parallels  (Reducible  and  Irreducible) ;  Connotation  ; 
Order,  Class,  Genus,  and  Species  of  Cyclodes  and  Diptychs;  Special  and 
Total  Denumerants.  The  quotation  at  the  head  of  the  paper  is  from  an 
article  by  M.  R^ville  in  the  "Revue  des  deux  Mondes  for  the  present  July, 
"  sur  la  Science  des  Religions."  I  have  since  found  that  a  strikingly  similar 
passage  oc«urs  in  Dr  Mansel's  Bampton  Lectures : — "  The  only  test  of  truth 
is  the  harmonioxts  consent  of  all  human  f  acuities. " 

conjngaition  A  and  B  reapeotivel;,  it  will  be  found  that  we  ma;  have  B  oi  A,  oi:  A  and  B,  or  A 
and  A,  or  A  and  A  and  A  coe^ting  in  the  same  diptych  of  the  5th  class,  causing  respectively 
faUa  of  1,  2,  3,  i,  G  units  in  the  corresponding  values  ot  A.  It  may  not  unlitelj'  be  possible  to 
give  rules  for  assigning  the  effect  of  any  polynomial  parallel  on  the  denumerant  in  all  cases; 
and  then  the  theory  will  be  greatly  simpliHed,  as  we  shall  hare  only  to  deal  with  diptychs  of  the 
form  a'b'c',.,  |o''^°  ...  freed  from  all  latent  paraUeliams.  I  am  virtually  in  poasaHBion  of  a  com- 
plete theory  of  the  special  denumerants  for  diptyoha  of  the  form  [ar.b'  .e'  ...|p  on  the  supposition 
of  the  absence  of  binomial  or  other  polynomial  parallel  equalities.  As  regai:dB  the  method 
ot  connota.tion  for  singling  out  the  terms  which  enter  into  any  parallel,  a  remark  may  be  made 
which  is  of  some  importance,  namely,  that  given  such  terms,  and  provided  that  the  parallelism 
is  iiredaeible,  that  is,  not  implied  in  parallelisms  of  a  lower  order,  the  resolution  of  the  parallel 
into  an  equation  can  be  effected  in  only  one  way.  Hence,  as  we  may  always  reject  reducible 
parallels,  the  method  of  connotation  is  exempt  from  all  ambiguity  in  its  application  to  the  lingle 
alie  of  conformable  diptyoha.  As  to  diptychs  with  the  alts  both  espreased,  the  method  ol  o  n 
tation  actually  exhibits  not  only  the  parallels,  hut  the  equations  which  they  reapectlv  1      onta 

It  is  worth  while  to  notice  how  gradually  and  slowly  the  final  form  of  the  theory  s  e  olved 
The  first  reducible  cyolode  ia  of  the  2nd  order.  The  pluraUty  of  such  cyclodes  onl  beg  na  to 
show  itself  in  the  6th  order ;  the  existenoe  of  non -symmetrical  ones,  in  the  8tb  ;  rongem  nate 
pairs,  in  the  12th;  redaction  in  the  value  of  A  (the  special  denumerant)  owing  to  the  es  stenoe 
of  parallel  equalities  (other  than  identities),  in  the  16th.  In  like  manner,  I  disco  ered  the 
theory  oi  partitions  that  it  is  not  until  we  have  entered  upon  the  discusaiou  of  ternary  equabon 
systems  that  we  can  be  said  to  have  cleared  out  of  the  narrows  and  to  be  sailing  on  the  0[  en  se 
for  only  then  do  the  most  essential  features  of  the  theory  and  its  geometrical  baa  s  beg  u  t 
disclose  themselves.  A  v  y  m  la  mark  pph  t  j  np  bh  h  t  g  neralization  of  Gauss 
method  of  interpolation,  wh   h  I  h  d  d         n  It  pi     ntetiral      f  all  degrees  of  m  It 

plicity.  So,  too,  it  is  w  11  kn  w  th  t  th  Ig  b  1  geom  t  1  theory  ot  fo  ms  does 
not  exhibit  itself  in  its  tr  1  rs  nt  1  w  h  p  d  b  y  d  th  e  of  the  second  deg  ee 
which  is  quite  a  world  within    t    If         I  ily     nl  mt    I     a      g    ent  as  this  as  oo  at    n 

of  epithets  may  sound  to  the    npu  ged   ar^    f  th   Hamilt  n  an  school    t  metaphyaicia 
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THE   STORY   OF   AN    EQUATION   IN   DIFFERENCES   OF  THE 
SECOND  ORDER. 

[Philosophical  Magazine,  sxxvil.  (1869),  pp.  225 — 227.] 

My  recent  researches  into  the  order  of  the  various  systems  of  equations 
which  serve  to  determine  the  forms  of  reducible  cyclodes  have  led  me  to 
notice  an  equation  in  the  second  order  of  differences  which  I  imagine  is  new, 
and  possesses  a  peculiarly  interesting  complete  integral. 

If  we  call 

fx  =  {i>?-  aj  {ay'  -¥y  {a^-c^f  ... , 

and  (i,  j,  k,...  &c.  being  given)  determine  a,  b,  c, . . .  &c.  so  as  to  make 

a  complete  square,  and  if  we  suppose  the  indices  i,j,k,...  to  consist  of 
X  integers  of  one  value,  ft  integers  of  a  second  value,  j/  of  a  third,  and  so 
on,  the  number  of  solutions  of  the  problem  will  in  general  depend  not  on 
i,  j,  k,  ...  but  on  the  derived  integers  X,  fi,  v,  .,.;  and  we  may  denote  the 
maximum  value  of  this  number  by  the  type  [X.,  jit,  v,  ,..]*. 

Now  I  have  been  able  to  establish  the  following  theorem  of  derivation  as 
a  particular  case  of  a  more  general  one  of  which  the  clue  is  in  my  hands  :— 
[I,  X, /:*,  17, ...]  =  t\ /*,  I-, ...]  + S  (X=- X)  [1,  X- 2, /*,  F, ...] 
+  2SX^[1,X-1, /t-1,  v,...\ 
Suppose  now  that  X,  /£,  j-,  ...  all  become  unity,  and  that  we  call 

[1,  1,1,...  to  re  terms]  =  Ii„, 
then  the  theorem  above  stated  gives  the  relation 

0„  =  n„_,  +  (n  -  l)(n-  2)  ft„_. 

•  For  eiample.  if  /i  =  (fl:^  -  a^  (1=  -  6=)>  (»=  -  c=)*  (3=  -  d=)i, 

the  type  is  [1,  1,   1,  1],  of  which  the  maximum  value  ia  9 ;  but  if  the  sum  of  any  two  of  the 

quanUties  i,  j,  k,  I  happens  to  become  equal  to  the  aom  of  the  other  two,  the  order  ainlts  and  is 

either  8  or  7 ;  I  am  not  quite  certain  which  at  present,  althongh  it  is  more  probably  the  former. 

s.  II.  44 
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But  by  virtue  of  the  form  of  the  equations  for  finding_/^,  I  know  inde- 
pendently that  iln  is  the  product  of  n  terms  of  the  progression 

1,1,2,2,3,3,4,... 
Hence  we  have  one  particular  solution  of  the  above  equation  in  differences. 
To  find  the  second,  if  we  make  iii  and  £1^,  1  and  2  respectively  instead  of 
1,  1,  it  will  be  found  that  the  nth  term  becomes  the  product  of  n  terms  of 
the  analogous  progression  1,2,2,4,  4,  6,  6....  Thus,  then,  we  are  in  possession 
of  the  complete  integral  of  the  equation 

■  namely       u^    =C  .l^.SK  5K..  (2x-iy  +  K  .2\4>' ...{2a:~^f2a), 

Writing  Mi=  1.  2.  3  ...  (ic— l)i'jE,  the  above  equation  takes  the  remarkably 
simple  form 


The  romance  of  algebra  presents  few  episodes  more  wonderful  than  this 
specimen  of  the  way  in  which  the  determination  of  the  degree  of  an  equation 
resulting  from  elimination  can  be  made  to  contribute  a  new  and  by  no  means 
obvious  fact  to  the  Calculus  of  Differences. 

*  Whether  takea  ander  this  or  the  origiDal  form  the  equation  will  be  found  to  lie  outside 
the  cases  of  integrable  linear  difference  equationa  of  the  seoond  order  with  hnear  or  quodratio 
eoeffioieDts  given  by  the  late  Mr  Boole  ic  bie  valuable  treatise  on  finite  differenoes.  In  the 
second  form  the  solution  ought  by  Laplace's  method  to  be  representable  by  a  definite  integral. 
Espressed  under  the  mote  ordinary  form  the  integral  is  as  folio wh 

_     3.6.7. ..(ag-l)  2    4    6       (3r) 

^^^^2.A.S...{2x-2)'^      1    3    6       {2«-l) 
_     3.E.7...t2:r-l)         2    4    6      (2a    2) 
=*-'"     2.4.6...(23T-2)'^      1     5    5       (2r-3) 
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NOTE    ON    A    NEW    CONTINUED  FRACTION   APPLICABLE  TO 
THE   QUADRATUEE   OF    THE    CIRCLE. 

[Philosophical  Magazine,  xxxvii.  (1869),  pp.  373 — 375.] 

In  a  recent  note  [p.  689,  above]  inserted  by  the  author  in  the  Philosophical 
Magazine  it  was  virtually  shown,  and  indeed  becomes  almost  self-evident  as 
soon  as  stated,  that  the  equation  Ux-i-i  =  —  +  u^^^  possesses  two  particular  inte- 
grals, otj,  /3i,  which  are  the  products  of  tc  terms  of  the  respective  progressions 
[1.     1,    t,    1.    i,    1,    I,...]; 
[1,    },     1,    i,    1.    f,     1,...]. 
Now  any  continued  fraction  whose  partial  quotients  are 
1     J_  1 

k'    k  +  1'""  X 

will  be  equal  to  the  ratio  of  some  two  particular  values  of  u^  in  the  above 
equation,  that  is,  of  two  linear  functions  of  a^,  ^i;  and  in  especial  when 

&=  1  it  will  be  found  very  easily  that  this  fraction  is  — ^ ~. 

But,  on  supposing  x  infinite,  —  becomes  equal  to  the  well-known  factorial 

expression  for  ^  ,  viz.  f-f-f-f-T Hence  we  may  deduce  the  following 

value  for  ^  under  the  form  of  a  continued  fraction,  namely, 
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Reverting  to  pure  integers,  the  above  equality  may  be  written  as 
follows, 

2  l+T  +  2      12 

1   +  -Tj-  ad  infinitmn, 

the  denominators  of  the  partial  fractions  being  all  iiuits,  and  the  numerators 
(after  the  first)  the  doubles  of  the  natural  series  of  triangular  numbers 
1,  3,  6,  10  ... .  This  is  obviously  the  simplest  form  of  continued  fraction  for 
TT  that  can  be  given,  and  yet,  strange  to  say,  has  not,  I  beheve,  before  been 
observed.      Truly   wonders   never  cease  ! 

At  first  sight  it  might  seem  as  if  the  above-stated  continued  fraction 
were  incapable  of  teaching  anything  that  cannot  be  got  direct  out  of  the 
Wallisiaii  representation  itself  that  has  become  transformed  into  it.  Thus, 
for  example,  the  convergent 

1      2     6    12    ^,    ^  .     64 

is  identical  with  the  corresponding  factorial  product  o  q  c  ■  ^^^  ^  think 
a  substantial  difference  does  arise  in  favour  of  the  continued  fraction  form, 
inasmuch  as  it  indicates  a  certain  obvious  correction  to  be  applied  in  order 
that  the  convergence  may  become  more  exact.     For  if  we  call 

-Aj ~ Y^ '  ...  ad  infimtum  =  11^, 

we  have  w„  =  j-~ .     This  shows  that  u„  cannot  remain  finite  when  n  be- 
comes infinite;  for  then  «„+!  would  also  be  finite,  and  consequently  u„  would 
be  a  finite  fraction  of  infinity,  which  is  a  contradiction  in  terms. 
Hence  ultimately 

Un .  Wn+i  =  m^  +  m,  that  is  Un  —  n, 
or,  in  other  words, 

.  ad  infinitum, 


K-'+  (»-l-l)-'+  (n  +  2'r'  +  - 

converges  (and,  it  may  be  shown,  always  in  an  ascending  direction)  towards 
unity  as  its  hmit  when  n  converges  towards  infinity.  Thus  we  may  write 
when  n  is  very  great, 

2      ^"'"1-1-  1+  l+-  +  l  +  „    ■ 

*  This  comes  to  the  Baiue  thing  as  aajing  that  for  the  purposes  of  caloulation  the  continaed 
fraction  should  be  always  considered  as  ending  with  a  numerator,  1,  and  not  with  a  denominator. 


y  Google 


105]  On  the  Quadrature  of  the  Circle  693 

For  example,  when  ji  =  4,  „   approximately  equals 

1       2       6       12      ^,    ^  .        128  ,  „g_„ 

^  +  TTTTll-  1  +  4'  '^^'  ''  =^'  "^^  ^^^^^' 

352 
and,  when  k  =  5,  will  be  found  to  be  ^^  or  1-5644.     The  uncorrected  con- 
vergent eorresponding  to  the  former  of  these  is,  as  we  have  seen,  js ,  or 

'  225'  "' 

The  errors  given  by  the  uncorrected  factorial  values  are  "1486  and  ■1348 
respectively  (of  course  with  opposite  signs),  whereas  the  errors  corresponding 
to  the  corrected  values  are  only  "0094  and  '0064 ;  the  approximation  being 
thus  more  than  fifteen  and  twenty-One  times  bettered  for  the  fourth  and  iifth 
convergents  respectively  by  aid  of  the  correction. 


J.     For  esample,   1  +rv^  <  tliat  's.  5  '^  ^  ^""^  deal  nearer  to  ^  f^^''  ^"'TTo'  '^*'  '^'  ^'  ^'' 
and  flo  1  +  ^     1         or  J ,  ia  much  nearer  to  it  than  1  +  T-     1        ,  that  is,  — ,  is. 

'  +  S+1,     '  *i+»  ' 

Bj  taking  the  mean  between  two  such  consecutive  ootreoted  oonvergenta,  or,  still  better,  the 
mean  between  two  such  consecutive  means,  and  so  on,  a  few  tenns  will  serve  to  give  a  very  close 
approximation  indeed  to  the  limit  5- . 
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ON  TWO  REMARKABLE  RESULTANTS  ARISING  OUT  OF  THE 
THEORY  OP  EECTIFIABLE  COMPOUND  LOGARITHMIC  WAVES. 

[Philosophical  Magazine,  xxsvii.  (1869),  pp.  375 — 382.] 

The  fruitful  investigations  in  which  I  have  been  for  some  time  past 
engaged  concerning  reducible  cyclodes  and  rectifiable  compound  logarithmic 
waves  have  led  me  inter  alia  to  notice  a  problem  of  elimination  which  from 
its  elegance  and  peculiarity  is,  I  think,  worthy  of  being  offered  in  a  detached 
form  to  the  Philosophical  Magazine. 

Suppose  any  number  of  equations  (to  fix  the  ideas  say  four)  of  the  form 
which  follows : 

U  =  ao!  -¥hy  +cz  +dt  =0, 

V  =  aAe' +  by^  +  ce^  +  df  =  0, 

W=>aa^  +  by^+cs:''  +  df  =  0, 

il  =  ao^''  +  hy'  +  cs'  +  df  =  0. 
If  these  be  regarded  as  surfiices,  they  can  only  be  made  to  intersect  in  one  or 
another  of  a  definite  number  of  points. 

For  in  the  case  of  intersection  we  must  evidently  have 


1      1     1 


af'     y"     ^     t^ 


,  that  is  dt  ^(x\  y%  z\  P)  =  0, 


f  being  the  symbol  which  ex  presses  the  product  of  the  differences  of  the 
quantities  which  it  affects.     Hence 

(e  ±y=0   or  X  ±z=0  or  y  ±z  =  (i  or  x±t  =  (i  or  2/±(  =  0 
or  2+i  =  0  or  (=0. 
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Hence  it  will  eaaily  be  seen  by  substitution  and  successive  reduction  that  the 
points  of  intersection  are  confined  to  those  hereinunder  stated  and  their 
analogues,  namely 

^=±y,     2  =  0,      (  =  0, 

the  total  number  of  points  in  the  group  being 

2"  +  4  .  2=  +  6  .  2  +  4,  that  is  -^--  ; 
and  so  in  general  for  n  such  equations  the  number  of  possible  points  of 
intersection  will  be  — „— . 

As  regards  the  resultant,  we  have 

I  1      1      1    I 

\  a^     y*     ■^  \ 
Hence  the  resultant  of  U,  V,  W,  li  is  the  same  as  that  of 

divided  by  the  resultant  of 

U,  V,  W,i:(x\y\z% 
that  is,  is  the  resultant  of 

U,  V,  W,  dt  (of  -  t^)  (y  - 1')  (2=  ~  (=). 
This  enables  us  to  see  that  the  required  resultant  is  the  product  of  all  the 
resultants  of  the  systems  that  can  be  formed  by  the  interchange  of  a,  b,  c 
after  the  pattern  of  the  system 

(a±d)x  -^(b  +  d)y  +(c±d)s, 

(a±d)^  +  ib  ±d)y'  +  (c±d)s\ 

(a±d)af  +  (b±d)y'  +  ic±d)sfi, 

(the  signs  in  the  coefficients  of  the  same  column  being  alike,  but  independent 

as  between  column  and  column),  multiplied  by  the  resultant  of 

aa:  +hy  +CZ, 

aa^  +  bi^  +  ej^, 

aa?  +  by"  +  czf, 

multiplied  by  (?'■": 
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and  by  continuing  this  process  it  is  obvious  that  the  required  resultant  will 
be  made  up  exclusively  of  factors  of  the  form 

d\     (d  ±  cr,    {d±c±by;     {d±c±b±  ay. 
So  in  general  for  n  equations,  it  may  be  shown  in  like  manner  that  the 
resultant  is  the  product  of  factors  of  the  form 

(a,  ±aa±a3+  ...  taif'^', 
where  u„^i  is  a  function  of  n  and  i  to  be  determined.  But  by  aid  of  the 
method  of  reduction  above  indicated,  and  fixing  his  attention  on  those  factors 
of  the  resultant  only  in  which  the  single  coefficient  retained  in  the  sub- 
stituted equation  appears,  the  intelligent  reader  will  find  no  difficulty  in 
ascertaining 

(1)  that  M«,,  =  1.3.5...(2n-1), 

(2)  that  K„,i  =  (i-l)%_,.,-_,. 

These  two  conditions  furnish  us  with  the  following  Table  of  double  entry ; — 


-   1,   2, 

3,  4,  5,  6 

1 

I   1 

3   1 

2 

15   3 

3  6 

105  15 

6  6  24 

945  105  30  18  24  120 

which,  of  course,  may  be  indefinitely  extended.     Thus,  for  example,  when 
M  =  3,  the  resultant  is 


The  above  investigati< 
theorem. 


')(»- 


^)  {a*  +  h*  +  c*-  2(1=6=  -  2ttV  -  Wd'f. 

I  as  a  corollary  to  the  following  arithmetical 


Oalll,3.5...(2, 

+  2ic 


le.     If 
3.1 

2 


1)  =  0;=  and  1  =  Q„.     Then 

+  2,»(2a!-2)(2«-*)fe' 


1.3  , 


1 


The  value  ol  m„, 


=  60  +  36  +  32+48  =  176. 
3 .  5 . 7  +  1 .  5 . 7  +  1 .  3 . 7  +  1 . 3 .  5  = 
of  course,  TI  (i  —  1)  Qn^. 
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There  is  a  more  elaborate  system  of  2n  equations,  the  resultant  of  which 
can  be  made  to  depend  on  that  of  the  system  of  n  equations  just  ascertained. 
Thus,  take  2ji  =  6,  and  consider  the  system 

ax  +hy  +CS  +dt  +eu  +/v  ;    x  +■>/  +z  +t  +v.-  +v  ; 

aa^  +  bf  +  C2^  +  d^  +  &u?  +ftf ;    af  +  y^  +  z'  +  t^  +  u'  +  t^; 

aaf  +  b^  +  cz''  +  dff  +  eu^  -Vfif ;    of  +  if -^  s?  +  i^ -\- u"  +  v'^ ; 
the  order  of  the  resultant  of  this  system  in  the  letters  a,  b,  c,  d,  e,  f  is 
obviously  1 . 3 . 5  (1 .  3  +  1 .  5  +  3 . 5). 

Now  pair  the  six  variables  in  every  possible  manner;  the  number  of 
such  pairs  is  1.3.5. 

Let  X,  y,  z,  t,  u,  v  be  any  one  such  set  of  pairs.     Make 
x+y=0,    z  +  t  =  0,     u  +  v  =  0; 
then  the  latter  set  of  three  functions  become  zero,  and  the  former  three  may 
be  made  zero  with  right  assignments  of  x,  z,  t,  provided  the  resultant  of 

{a-h)x  ^■{c-d)z  +(e-/)u, 

{a-h')a?  +  {c-d)z^+{e-f)v?, 

(_a-b}^  +  ic-d)z'  +  {e-f)u'> 
is  zero.  Hence  the  required  resultant  will  contain  the  product  of  the  re- 
sultants of  the  1.3.5  systems  formed  after  the  above  pattern ;  and  as  this 
product  will  be  ofl.3.5(1.3  +  1.5-i-3.5)  dimensions  iu  the  constants,  it 
must  be  not  merely  contained  in,  but  identical  with,  the  required  resultant. 
Thus  the  new  set  of  functions  regarded  as  hyper-loci  (like  the  former  set) 
can  only  be  made  to  intersect  in  one  or  another  of  a  fixed  group  of  points. 
Moreover,  passing  to  the  case  of  2k  equations,  it  is  obvious  that  the  resultant 
of  such  system  will  be  made  up  exclusively  of  factors  of  the  form 

(ai  +  «a-l-  ...  +  ai  —  ai+t  —  ai+2----  -«ai)''».'*. 
where  Jn,i  is  a  function  of  n  and  i  to  be  determined.     The  value  of  w^^, 
which  has  been  found  above,  leads  to  this  without  difficulty.      By  an  obvious 
method  of  calculation  it  may  be  shown  that 

J...-»...|1.3.5...(2»-l)',°'^"a  ''i^!*'"".'"^''^'"' 

(2ii.(2ii-l)...(2i»-2i  +  l)    1    2i.(2»-l)...(i  +  l)] 
■  1     1.2  ...  2i  "  2  ■        1.2        ...      i      I 


=  «■  2- -T^-^tt^^^inc-i))- «.-..«. 


n«   n(2ii-2<), 
■nsji"  n(7i-i) 

-n(i-i)n.-(Q»j)-=i(«..i)'. 

*  It  m]i,  of  coui'se,  be  understood  tb&t  a,,  o^,  a^,  &o.  BX 
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We  thus  obtain  the  following  Table  for  finding  the  frequency  J^.i  of  any 
given  form  of  factor: — 


1 
1 

9 

2 

2  12 

225 

18  la  144 

(105)^ 

450  108  140  2880 

x-{-  ai  log  - 


The  resultant  thus  determined  is  the  coefficient  of  the  leading  term  of  an 
equation  of  the  degree  1".  3^.5^ ...  (2?i  — 1)°,  upon  which  depends  the  deter- 
mination of  a  set  of  %n  quantities  ^1,^2...,  |^n,  so  chosen  as  to  make  the  arc 
of  the  curve  whose  equation  is 

equal  to 

:|+...  +  ».iog?^, 

<h,a2,...a^  being  In  given  unequal  quantities.  It  follows  from  the  above 
that  the  number  of  distinct  solutions  is  1'.3^..  {tn-Vf,  unless  one  group 
of  i  of  the  eoefScients  a  and  a  second  group  of  *  other  of  them  can  be  found 
such  that  the  sum  of  the  one  group  is  equal  to  the  sum  of  the  other ;  in 
that  case,  and  in  that  case  only,  the  number  of  solutions  undergoes  a  re- 
duction. A  similar  conclusion  can  be  extended  to  the  case  of  an  odd  number 
(2ji+1)  of  the  parameters  («),  in  which  case  the  number  of  solutions  is 
P. 3^...  (2)1  —  l)^(2n  +  l),  except  when,  as  above,  two  sets  of  parameters  can 
be  found  the  same  in  number  and  equal  in  amount,  in  which  case  the 
number  of  solutions  undergoes  a  reduction  as  before. 

I  mention  these  facts  with  the  view  of  making  it  understood  that  the 
problems  of  elimination  herein  proposed  and  solved  are  not  mere  idle  dreams 
and  speculations  of  the  fancy,  hut  have  a  real  ontological  significance  in  con- 
nexion with  a  great  Aigebraico-Diophantine  problem  of  the  Integral  Calculus. 


P,S.     Suppose  V  to  be  any  positive  integer,  even  or  odd,  and  that  the 
arve  or  compound  symmetrical  logarithmic  wave 

y  =  ^%\  ae  log  («'  -  &) 
!  to  be  made  subject  to  the  relation 


!  minus  abscissa 


-  S;.;  a,  log  (j^'j  ■ 
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Then  the  a  coefficients  (or  form-parameterB)  being  given,  the  ^  quantities  (or 
asymptotic  distances  from  the  Y  axis  of  the  logarithmic  wavelets)  depend  on 
the  solution  of  an  algebraical  equation  whose  degree  is  the  product  of  v  terms 
of  the  series 

1,  1,  3,  3,  5,  5,  7,  .... 

When  V  =  In,  the  coefficient  of  the  leading  term  of  this  equation  is  the 
i-esultant  of  the  system,  or  rather  double  system,  of  2ji  functions  of  2w 
variables  which  has  been  already  discussed. 

When  J/  =  2ji  +  1,  the  coefficient  of  the  leading  term  is  the  resultant  of 
a  system  of  2n  +  l  functions  of  2n  +  l  variables;  (n  +  1)  of  them  of  the 
form  2ic,  Sar', . . .  2a:™+' ;  n  of  them  of  the  form  2a«,  2aa;', . . .  'S,ax™+^  re- 
spectively. 

To  obtain  this  last-named  resultant  we  may  pair  the  variables  (leaving 
one  out)  in  every  possible  way,  then  make  the  sum  of  each  pair  and  also  the 
solitary  or  unpaired  one  zero,  and  finaUy,  substituting  in  the  n  equations  last 
stated  (which  come  down  to  the  form  of  a  system  of  n  equations  between 
n  variables  discussed  at  the  outset  of  this  paper),  calculate  its  resultant*. 
The  product  of  all  the  resultants  so  found  will  be  the  resultant  required,  as 
may  be  proved  by  counting  its  order  in  the  given  coefficients,  which  is  easily 
ascertained  to  be 


3.o...(2»  +  l)(j  +  l+...  +  2^j)(1.3.5...(2«-l)|, 


as  it  ought  in  order  to  be  the  complete  resultant.  It  will  be  seen  then  that 
this  complete  resultant,  like  the  former  one,  is  still  made  up  of  linear  factors 
of  the  form 

(di  -I-  da  -1-  . . .  +04-  (t,-+|  -  (1(^.2  — ...  —  a^i), 

and  it  only  remains  to  ascertain  the  frequency  of  each  such  factor.  By 
a  calculation  precisely  similar  in  nature  to  that  indicated  for  the  case  of 
v  =  2n,  it  will  be  found  that  for  this  case  of  v  =  2n+l  the  frequenoy  in 
question 

=  U(i-l)ni.Q(n-i)Q{n-i  +  l). 
For  ;■  =  2fi  it  has  been  already  proved  to  be 

xi(i-i)niiQ(n-i)]: 


a  only  iuterseut  in  one  or  another  of  an  invariable 
ajEtem  of  poinlB  independent  of  the  partioalar  values  ot  the  coeffioients.  The  eq^uations  to  any 
one  of  these  points  (from  what  has  been  shown  in  the  test)  will  easily  be  seen  to  be  of  the  form 

l^i  =  ^2="-  =  ^=-%+i=-%+a="'=  -3^2)-.| 

Fs/+i  =  0,    !';s)«=0,  ...  ay  =  0.  j" 

Hence, by  a  simple  enough  combinatorial  oaloulation  it  may  be  deduced  that  the  number  of  these 

fixed  possible  points  ot  intersection,  or,  so  to  say,  ganglions  of  the  system  is - — ' ,  which 

is,  of  oonrse,  always  an  integer;  or,  more  briefly,  the  ganglionic  eiponeut  is  the  integer  part  of  — . 
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Thus   we   obtain   the   complete   double -entry   Table   of 
written : 


[106 
under- 


=  2 

I 

=  3 

1 

=  4 

1 

2 

=  5 

3 

3 

=  6 

^ 

2 

12 

=  7 

45 

6 

12 

=  8 

225 

18 

12 

144 

=  9 

1575 

90 

36 

144 

=  10 

11025 

450 

108 

144 

2880 

=  11 

90225 

3150 

540 

432 

2880 

=  12 

893035 

32050 

2700 

1396 

2880 

3628800 

■  besides  those  of  the  form  Salogl-   -  ij 


This  Table,  although  obtained  by  two  slightly  varying  processes  according 
as  V  is  even  or  odd,  forms,  and  ought  to  be  regarded  as,  an  organic  whole. 

To  prevent  misconception,  I  ought  to  add  that  when  v  is  sufficiently 
great,  the  compound  symmetrical  logarithmic  wave  £alog(3^'  — ^)  admits 

of  other  rectifiable  < 
adduced. 

It  remains  to  study  the  relation  between  the  frequency  of  each  factor  and 
the  nature  of  the  corresponding  contact  between  the  functions  (regarded  as 
loci)  into  whose  resultant  it  enters.  I  have  reason  to  hope  that  Dr  Olaus 
Henrici,  who  has  done  such  valuable  work  in  the  theory  of  Discriminants  and 
Besultants,  may  be  disposed  to  take  up  this  interesting  and  pregnant 
question. 
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NOTE  ON   THE  THEORY  OF  A   POINT  IN    PARTITIONS. 

[Edinburgh  British  Association  Report  (1871),  pp.  23 — 25.] 

In  writing  down  all  the  solutions  in  positive  integers  of  the  indefinite 
Equation  of  Weight,  a;+2y  +  Si+  ..,  =  w,  or,  in  other  words,  in  exhibiting  all 
the  partitions  of  n  any  integer  greater  than  zero,  it  may  sometimes  be  useful 
to  be  provided  with  an  easy  test  to  secure  ourselves  against  the  omission  of 
any  of  them.     Such  a  test  is  furnished  by  the  following  theorem : — 

S(l  -  ai  +  xy  ~  xys  ...)  =  0  ; 
thus,   for   example,   ii  a:+2y +  Sz-h  4it+ ...  =  4,  the   solutions   are   five   in 
number,  namely 

(1)  y=2, 

(2)  t=l, 

(3)  x=l,  z  =  \, 

(4)  m  =  %  y  =  l, 

(5)  a>=4>, 

the  values  of  the  omitted  variable  in  each  solution  being  zero.     The  live 
corresponding  values  of  1  —cc  +  ccy  ...  are 

1,     1,     0,    1,    -3, 

whose  sum  is  zero. 

The  theorem  may  be  proved  immediately  by  expressing  the  denumerant 
(which  is  zero)  of  the  simultaneous  equations 

(x  +  2y  +  Sz  +  ...  =^n,\ 
\x  +  y  +  2+ ...     =0,1 
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in  terms  of  simple  denumemnts  according  to  the  author's  general  method,  or 
by  virtue  of  the  known  theorem, 

(i-f)(i-i-)(i-i")... 


P 

This  gives  at  once  the  equation 

1  ( 


(f-«)(l-l')(l-f)...     (i-()'(i-i')(i-c)-.. 

+a-i)-(i-mi-i-)-.-'^  ■■■"'■ 

Hence  the  coefficient  of  t^  in  the  above  written  series  for  all  values  of  n  other 
than  zero  is  zero.  But  it  will  easily  be  seen  that  the  coefficient  of  i"  in  the 
first  term  is  Si,  in  the  second  term  2a;,  in  the  third  S*^/,  &c. ;  so  that 

as  was  to  be  shown.  Thus  we  have  obtained  for  the  problem  of  indefinite 
partition  a  new  algebraical  unsymmetrical  test  supplementing  the  well-known 
pair  of  transcendental  symmetrical  tests  expressible  by  the  equations 

YlxTlyUz  ...  • 

The  identity  employed  in  the  text  is  only  a  particular  case  of  Euler's 
identity, 

(1  +  (»)(1  +  ft) (1  +  ft)  ...  =  H 


'(l-f)^(l-f)(l-f)^-' 
which  is  tantamount  to  affirming  that  the  number  of  partitions  of  n  into 
r  distinct  integers  is  the  same  as  the  number  of  partitions  of  n  into  any 

*  Subject  of  course  to  the  condition  that  n  is  greater  thau  1.     If  x,  y,  z,  ..,,  u  represents 
any  solution  in  positive  integers  of  the  equation 


ie  easy  to  see  that 


2(-]H-lri--. 


^'=1,  -1, 


H3Tnji...nu 

according  as  n,  in  regard  to  the  modulus  r  +  1,  is  congruent  to  0,  1,  or  neither  to  0  nor  1,  for  the 
left-hand  side  of  the  equation  is  obviously  tbe  coefficient  of  a"  in  tte  development  of 

=— — — ^ — -— .,  that  IS  i-— rtl' 
On  maMi^r^m,  this  theorem,  becomes  the  one  in  the  test.  It  obviously  affords  a  remarkable 
pair  of  independent  arithmetical  quantitative  criteria  for  determining  whether  or  not  one  number 
is  divisible  by  another. 
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integers  none  greater  than  r,  in  which  all  the  integera  from  1  to  r  appear 
once  at  least.  It  has  not,  I  beUeve,  been  noticed  that  these  two  systems  of 
partitions  are  conjugate  to  each  other,  each  partition  of  the  one  system 
having  a  correspondent  to  it  in  the  other.  The  mode  of  passing  from  any 
partition  to  its  correspondent  is  hy  converting  each  of  its  integers  into  a  hori- 
zontal line  of  units,  laying  these  horizontal  lines  vertically  under  each  other, 
and  then  summing  the  columns.  Thus,  for  example,  3,  4,  5  will  be  iirat 
expanded  horizontally  into 

111, 

1     1     1     1, 

11111, 
and  then  summed  vertically  into 

3     3     3     2     1. 

This  is  the  method  employed  by  Mr  Ferrers  to  show  that  the  number  of 
partitions  of  n  into  r,  or  a  less  number  of  parts,  is  the  same  as  the  number  of 
partitions  of  n  into  parts  none  greater  than  r,  and  is,  in  fact,  only  a  generali- 
zation of  the  method  of  intuitive  proof  of  the  fact  that 


the  difference  merely  being  that  we  here  deal  with  a  parallelogram  separated 
into  two  conterminous  parts  by  an  irregularly  stepped  boundary— one  filled 
with  units,  the  other  left  blank,  instead  of  dealing  with  one  entirely  filled  up 
with  units. 
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ON  AN  ELEMENTARY  PROOF  OF  SIR  ISAAC  NEWTON'S 
HITHERTO  UN  DEMONSTRATED  RULE,  GIVEN  IN  THE 
ARITHMETJGA  UNIVERSALIS,  FOR  THE  DISCOVERY  OF 
IMAGINARY  ROOTS  IN   ALGEBRAICAL  EQUATIONS. 

[Tratisactions  of  the  Royal  Irish  Academy,  xxiv.  (1871),  pp.  247 — 252.] 

I  HAVE  the  honour  to  lay  before  the  Royal  Irish  Academy  a  brief 
statement  of  the  principal  results  I  have  obtained  in  an  investigation  which 
leada  to  a  theorem,  from  a  particular  case  of  which  Newton's  celebrated  and 
hitherto  undemonst rated  rule,  published  in  the  ArithmeUca,  Universalis,  flows 
as  a  corollary  in  precisely  the  same  way  as  Des  Cartes'  rule  can  be  made  to 
flow  from  the  theorem  of  Fourier. 

Suppose  fx  =  0  an  ordinary  algebraical  equation  of  the  ?sth  degree 
divested  of  multiple  roots,  and  let  us  consider  the  coupled  series,  or  pair  of 


/X    /-..,  /.-a,.  . 

../■-.>) 

g.t,  o„«.  e„i, . 

..  G,»,  e«i 

(A) 
where  /""a?  means  \-^]f^i 

and  G,.X  =  (f,^y-\rfr-..^fr+,^, 

it  being  understood  that 

G,«  =  (/„«.)•,     B^-if^f. 
Let  us  further  suppose  that  \,  satisfies  the  equation  in  differences 


and  furthermore  that  X,.  is  positive  for  all  values  of  r  from  1  to  n,  both 
inclusive. 
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When  /"'a:  =  0  we  have,  as  is  well  known, 
/'(«  +  ,)-/'+■«..; 
aud  in  general,  when 

fa-a,    /--Hit  =0  .../>+<-« -0, 

f'(''^')=f'*''l,2...i-  <'^> 

6  being  supposed  to  be  an  infinibesimal.     So  similarly  it  will  be  found  that 
when  GrX=Q,  then 

and  more  generally,  when 

Grx=0,     (?.+ia^  =  0...  (?.+i-,i»  =  0. 

Now  let  us  understand  by  a  double  permanence  in  the  coupled  series  (A) 
a  double  succe^ion  of  associated  terms,  as  ■J'J,  "L  >  such  that  ■■.^"  ■■  and 
^'  are  both  positive ;  and  let  us  study  the  effect  produced  upon  the  total 
number  of  such  double  permanences  by  increasing  x  continuously. 

It  is  clear  that  no  change  in  such  number  can  take  place,  except  by  one 
or  more  of  the  terms  in  the  upper  or  in  the  lower,  or  in  both,  simultaneously 
becoming  zero. 

G^x  and  Gx,  and  f^x  being,  the  two  former  necessarily  positive,  and  the 
third  a  constant,  can  never  pass  through  zero.  Let  us  suppose  that,  for 
a  certain  value  of  x,  certain  of  the  intermediate  terms  become  zero,  but  that 
/ic  does  not  become  zero. 

The  following  cases  arise  and  may  be  considered  separately: — 

(1)  J^x  may  become  zero  alone  without  either  of  the  adjacent  terms 
doing  so,  in  which  case  GrX  by  deiinition  cannot  become  zero, 

(2)  /''x,  /'■'"'ic,  ...f'^'^^x  may  all  become  zero  simultaneously,  in  which 
case,  i  being  supposed  greater  than  unity,  QrX,  Gr+iX, ...  Qr+t-iX  will  all 
become  zero  likewise. 

(3)  GtX  may  become  zero  without  either  of  the  adjacent  terms  doing  so, 

(4)  O^x,  Qr^-iX, ...  Gr+i-iX,  may  all  become  zero  simultaneously  without 
the  superior  associated  terms  any  of  them  vanishing. 

On  considering  all  these  cases  in  conjunction  with  tiie  equations  (B),  (C), 
it  will  be  found  that  by  the  passage  through  zero  double  permanences  may 
s.  II,  45 
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be  gained,  but  can  never  be  lost,  as  x  goes  on  increasing,  and  moreover  that 
the  number  so  gained  is  always  even. 

Now  let  us  suppose  that  the  last,  superior  term  fx  becomes  zero,  that  is 
that  cs  becomes  a  root  of  the  given  equation,  then  it  will  be  easily  found  that 
one  double  permanence  is  gained*. 

Hence,  if  i  real  roots  are  included  between  X  and  /*,  and  if  the  number 
of  double  permanences  in  the  coupled  aeries  (A)  when  \  is  written  for  x  be 
called  P  (\),  and  the  like  quantity  when  /i  is  written  for  x,  be  called  P  (p.) ; 
and  if  m  is  greater  than  \,  we  must  have  P(fi)  —  F  (X)  =  i  +  2k,  where  k  is 
zero  or  a  positive  integer.  So  that  the  number  of  real  roots  between  \,  /i 
cannot  exceed  the  difference  between  P(/j.)  and  P(X). 


It  remains  only  to  integrate   the   equation  2  - 
integral  of  this  is  easily  found  to  be 


V  = 


;    the  general 


BO  that 


Gra 


Xr  = 


-.(f^^y. 


A+Br 
A  +  Br 


-1) 


f-^x.r^^a^; 


^B(r-l) 


shall 


the  ratio  A  :  B  being  subject  to  the  sole  condition  that  - — ,       „ — 

be  positive  for  all  integer  values  of  r  not  exterior  to  the  limits  1,  n,  which 
condition  is  equivalent  to  the  condition  that  A  and  A+{n  —  l)B  shall  each 
have  the  same  sign. 

Let  us  suppose  A  =  n,  B  =  —  1,  then 


On^ 


Let  fx 


Gx  =  (fxf. 
!  written  under  the  form 

CoiC'  4-  wCja;"-^  +  ^  m  (?i  -  1)  dx'^-''  +  . . . 


(D) 


?iiis  is  on  tte  auppoBition  of  the  root  in  question  being  simple  or  unifoM ;  i£  it  is  a  multi- 
ot,  equivalent  to  i  simple  roota,  i  double  pennanenoes  will  be  gained. 
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write  down  the  coupled  series 

C„,      Ci,  Gi,  ...  Cn  C„,       Cj,       Ci,  ...  C„. 

On  consulting  the  Arithmetica  Universalis,  it  will  be  found  that  Newton's 
complete  theorem  amounts  to  asserting  that  the  number  of  negative  roots  in 
^  =  0  cannot  exceed  the  number  of  double  permanences  in  these  associated 
series,  and  (which  is  a  necessary  inference  from  the  former,  and  needs  no 
separate  proof,  since  to  obtain  it  we  need  only  to  change  a?  into  —xin  the 
equation  yic  =  0)  that  the  number  of  positive  roots  in  the  same  cannot  exceed 
the  number  of  variation- permanences  in  such  association ;  by  a  variation- 
permanence  understanding  a  double  succession  in  which  the  superior  terms 
C,  Cr+,  form  a  variation,  and  the  associated  inferior  terms  Tr,  TV+i  *  P^^- 
nianence. 

But  it 


;  is  easily  ; 

seen  that 

Co 

=i/"». 

.. 

-kf '-'•'■ 

Cj 

=kv-. 

Ca 

=i^v-, 

c« 

,1.1^,,.^ 

ii^uently, 

To 

-  (n»).  </"<»■ 

T, 

"(i^  {</"-■«)■ 

„      (1.2. 3. ..«)', 
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So  that,  using  the  symbol  G  in  the  special  sense  in  which  it  is  employed  in 
equations  (D),  if  we  compare  the  two  coupled  systems 

T„  T,.    T„...Tnr      G„0,     G„_,0,    (?„_,0, ...  GOJ  ' 

it  is  evident  that  each  term  in  the  one  association  is  a  positive  multiplier 
of  the  corresponding  term  in  the  other.  But  by  the  theorem  previously 
established  we  know  that  the  number  of  negative  roots  in  /x,  that  is  the 
number  of  roots  between  0  and  -  oo ,  cannot  exceed  the  difference  between 
the  number  of  double  permanences  in  the  (f,  G)  couple,  less  the  number  of 
double  permanences  in  this  conple,  when  —  oo  is  substituted  in  place  of  0; 
but  in  the  couple  so  modified,  the  superior  terms  present  only  variation 
successions,  so  that  there  can  be  no  double  permanences,  and  consequently 
the  above  assertion  is  tantamount  to  the  more  simple  one,  that  the  number 
of  negative  roots  in  /*■  cannot  exceed  the  number  of  double  permanences  in 
the  (/,  G)  couple,  which  are  evidently  identical  with  those  in  the  (c,  T) 
couple.     This  demonstrates  Newton's  complete  rule. 

More  generally,  if  we  form  a  double  series  precisely  analogous  to  the 
(o,  T)  couple,  except  that  the  c's  are  derived  from  the  equation  f(x  +p)  =  0 
in  lieu  of  the  equation  fa^O,  and  if  we  call  the  number  of  double  perma- 
nences so  resulting  the  number  of  such  due  to  p,  we  have  the  more  general 
theorem  that  the  number  of  real  roots  passed  over  in  ascending  from  p  to  j 
Ciinnot  exceed  the  number  of  double  permanences  due  to  q  less  the  number 
of  the  same  due  to  p,  and  can  only  fall  short  of  such  difference  by  some  even 
number.  This,  however,  it  will  be  seen,  is  only  a  particular  case  of  the  general 
theorem  where  X,  is  of  the  form 

A  +  Bjr-l) 
A  +  Br       " 

But  furthermore  it  is  proper  to  state,  that  although  such  is  the  most 
general  form  that  according  to  what  has  been  above  demonstrated  can  be 
ascribed  to  X^,  it  follows  from  other  considerations  that  it  is  not  the  moat 
general. 
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ON  THE  PARTITION   OF  AN   EVEN  NUMBER  INTO 
TWO    PRIMES. 

[Proceedings  of  the  London  Mathematical  Society, 
IV.  (1871—73),  pp.  4—6.] 

In  one  of  his  minor  papers,  Euler  has  enunciated,  as  a  theorem  resting 
entirely  on  intuition  from  a  comparatively  small  number  of  instances, 
that  every  even  number  may  be  decomposed  into  a  sum  of  two  primes. 
The  object  of  Mr  Sylvester's  communication  was  to  obtain  some  measure 
of  the  probable  number  of  ways  in  which  such  decomposition  can  be 
effected  for  any  given  number;  if  it  can  be  shown  to  be  probably  greater 
than  the  square  root  of  the  number  itself,  it  will  follow,  from  generally 
admitted  principles  of  the  theory  of  chances,  that  the  probability  of  the 
theorem  being  universally  true  above  any  assigned  limit,  if  proved  to  be 
true  up  to  that  limit,  may  be  represented  by  an  infinite  product  of 
terms  which  will  approach  as  near  as  we  please  to  unity  the  higher  the 
limit  is  taken. 

The  mere  fact  of  the  theorem,  as  Euler  gave  it,  being  proved  up  to 
100,000,000  or  any  other  number,  however  great,  would  leave  the  pro- 
bability of  its  being  universally  true  absolutely  zero,  just  aa  the  fact  of 
the  sun  having  risen  100,000,000  times  would  not  contribute  an  atom 
of  probability  to  the  supposition  that  it  would  continue  to  rise  for  all 
time  to  come.  In  the  case  before  us,  on  the  contrary,  the  probability  of 
the  theorem  being  universally  true  by  a  sufficiently  copious  induction  may 
be  made  to  approach  as  near  as  we  please  to  absolute  certitude.  The 
Author  considers  that  he  has  established  beyond  the  reach  of  reasonable 
doubt  that  the  order  of  the  magnitude  which  represents  the  mean  probable 
value  of  the  number  of  modes  of  effecting  the  resolution  of  a  very  large 
even  number  into  two  prime  numbers  is  that  of  the  square  of  the  number 
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of  primes  inferior  to  the  given  number  divided  by  the  number  itself, 
or,  which  (thanks  to  the  discoveries  of  Legendre  and  Tchebicheff)  we  know 
to  be  the  same  thing,  the  number  of  the  decompositions  in  question  bears 
a  finite  ratio  (assignable  within  limits)  to  the  number  to  be  decomposed 
divided  by  the  square  of  its  Napierian  logarithm,  If  we  agree  provisionally  to 
call  preter-primes  in  respect  to  n  those  numbers  which  are  prime  themselves 
and  also  when  subtracted  from  n  leave  prime  remainders,  the  Author  shows 
that  the  probable  number  of  such  preter-primes  (that  is,  the  most  probable 
value  attainable  nnder  our  present  conditions  of  knowledge)  may  be  found 
approximately  by  multiplying  the  number  of  ordinary  primes  inferior  to  n  by 
the  product  of  a  set  of  fractions  depending  in  part  on  the  order  of  the 
magnitude  and  in  part  on  the  constitution  of  the  number  n.  If  n  is  the . 
double  of  a  prime,  the  product  in  question  is  got  fay  multiplying  together  all 

the  quantities  - — -  ,  where  p  is  every  odd  prime  between  unity  and  the 

square  root  of  n ;  but  if  n  itself  contains  any  such  primes  among  its  factors, 
then  the  corresponding  factors  are  to  be  omitted  out  of  the  product.  We 
thus  see  that  if  two  even  numbers  of  considerable  magnitude  lie  adjacent 
and  tolerably  near  to  each  other,  one  of  which  is  the  double  of  a  prime, 
but  the  other  six  times  a  prime,  the  number  of  preter-primes  relative  to 
the  latter  will  be  about  twice  as  many  as  those  relative  to  the  former. 
Por  the  purpose  of  greater  simplicity .  of  explanation,  the  formula  of 
approximation  has  been  stated  above  with  less  accuracy  than  it  admits 
of  being  stated  with ;  instead  of  the  total  number  of  odd  primes  being 
multiplied  by  the  product  of  factors  last  described,  those  only  should 
have  been  taken  which  are  not  intermediate  between  2  and  '■Jn,  and  the 
result  so  modified  should  have  been  stated  to  be  the  probable  value,  not 
of  the  total  number  of  preter-primes,  but  only  of  such  of  them  (by  far 
the  larger  number)  as  are  not  of  the  excluded  class  above  described,  nor, 
subtracted  from  Ji.,  give  rise  to  remainders  belonging  to  such  class.  The 
Author  has  found,  by  actual  trial  on  an  extensive  scale,  that  the  estimated 
values  of  the  number  of  decompositions  never  differ  by  more  than  a 
moderate,  and  in  some  cases  exceedingly  slight,  percentage  from  their 
actual  values,  determined  by  the  use  of  Borchardt's  tables. 

The  same  methods  enable  him  also  to  assign  a  probable  value  to  the 
number  of  modes  of  resolving  an  odd  number  into  the  sum  of  one  prime 
and  the  double  of  another,  and  in  general  leads  to  an  approximate  re- 
presentation of  the  number  of  solutions  in  prime  numbers  of  any  system 
of  linear  equations  of  which  the  total  number  of  solutions  is  limited,  and 
even  to  resolve  approximately  such  questions  as  that  of  determining  how 
many  prime  numbers  there  are  inferior  to  a  given  limit  which  are  followed 
by  prime  numbers  differing  from  them  by  any  assigned  interval. 
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Since  the  communication  was  made  to  the  Mathematical  Society,  the 
Secretaries  have  been  informed  by  Mr  Sylvester  that  he  has  verified  his 
results  by  quite  a  different  method.  The  exact  number  of  the  solutions 
of  the  equation  x^-y  =  n  in  prime  numbers  may  be  expressed  algebraically 
by  means  of  the  method  of  Generating  Functions  in  terms  of  the  inferior 
primes  to  n.  The  expression  will  be  found  to  consist  of  two  parts — one  a 
constant  multiple  of  m,  the  other  a  function  of  the  roots  of  unity  cor- 
responding to  the  several  inferior  primes  and  their  combinations.  The 
former  non-periodic  part  may  obviously  he  regarded  as  the  mean  value  of.the 
expression,  and  Mr  Sylvester  has  found  that  it  is  identical  with  the  value 
obtained  by  the  method  of  averages  previously  employed. 
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ON  THE  THEOREM  THAT  AN  ARITHMETICAL  PROGRESSION 
WHICH  CONTAINS  MORE  THAN  ONE,  CONTAINS  AN 
INFINITE   NUMBER   OF   PRIME   NUMBERS. 

[Proceedings  of  the  London  Mathematical  Society, 
IV.  (1871~T3),  pp.  7,  8.] 

This  celebrated  theorem  is  one  of  those  which  no  one  would  think  of 
doubting,  but  whicli  are  of  extreme  difficulty  to  prove.  A  pretended  proof 
had  been  given  by  Legendre  a  good  part  of  a  century  ago,  and  occupies  a 
whole  chapter  in  the  Th4orie  des  N ombres;  but  the  first  real  demonstration 
was  accomplished  by  Lejeune  Dirichlet  in  his  great  memoir  published  in  the 
Berlin  Transactions  for  the  year  1837. 

The  present  communication  is  limited  to  the  case  of  Aiithmetical 
Progressions,  proceeding  according  to  the  common  difference  4  or  6.  The 
fundamental  theorem  employed  is  an  identical  equation,  on  the  one  side  of 

which  are  algebraical  fractions  of  the  form  ,— — -^ ,  where  p  represents  any 

combination  of  the  simple  powers  of  any  system  of  primes  taken  with  the 
positive  or  negative  sign,  according  as  p  contains  an  even  or  an  odd  number 
of  factors,  and  on  the  other  side  simple  powers  of  ai,  whose  indices  are  all  the 
odd  numbers  not  containing  any  one  of  the  given  system  of  primes  as  a 
factor.  In  the  case  of  progressions  with  the  common  difference  4,  all  the 
primes  of  the  form  iq  +  S  and  their  primary  combinations  figure  as  indices 
on  the  first  side  of  the  equation,  and  consequently  the  powers  of  a;  on  the 
other  side  have  for  their  indices  combinations  of  factors  of  the  form  iq-i-l. 
By  writing  in  place  of  le  the  square  root  of  negative  unity  into  x,  it  is  shown 
instantaneously  that  if  the  number  of  primes  of  the  form  4g  +  3  were  finite, 
a  finite  series  of  fractions  converging  to  an  infinite  value  as  o!  approaches 


y  Google 


110]  Arithmetical  Progression,  containing  Prime  Numbers  713 

to  unity  would  be  equal  to  another  such  aeries  which  would  remain 
finite,  which  is  of  course  absurd  The  proof  applicable  to  the  case  of 
progressions  of  the  form  iq  +  1  is  not  quite  so  simple :  it  depends  on 
showing  that,  if  their  number  were  only  i  in  number,  it  would  be  possible 
to  have  a  rational  integer  function  of  the  degree  2i  in  the  logarithm  of  n 
greater  than  a  finite  multiple  of  n  for  a  value  of  n  unlimitedly  great,  which 
is  known  to  be  absurd. 

A  process  precisely  similar  applies,  mutatis  mutandis,  to  the  case  of 
progressions  of  the  form  6^  + 1,  65  +  6,  the  sole  difference  being  that,  instead 
of  substituting  for  x,  x  multiplied  by  the  square  root  of  negative  unity,  we 
must  now  substitute  for  it  x  multiplied  auccessively  by  the  two  prime  sixth- 
roots  of  unity,  and  subtract  the  results  from  one  another.  The  method  here 
successfully  employed  in  the  treatment  of  these  elementary  cases  appears  to 
differ  fundamentally  from  Dirichlet's  method,  in  regard  of  the  circumstance 
that  it  deals  with  an  infinitesimal  variation  in  the  value  of  the  variable, 
whereas  in  Dirichlet's  method  the  infinitesimal  variation  takes  place  in  the 
index  of  the  power  of  the  variable. 
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APPENDIX. 

Additional  Notes  to  Prof.  Sylvester's  Exeter  British  Association 
Address 

given  in  the  author's  Reprint  of  this  addroas  published  in  the  -volume  The  Laws  of  Verse 
(London,  Longmana,  1870),  together  with  the  author's  appendis  to  that  volume 

On  the  Incorrect  Description  of  Kant's  Doctrine  of  Space  and 
Time  common  in  English  Writers, 

a  correapondeQee  reprinted  from  Mature  (Vol,  i.,  1869—70). 
[  The  references  are  to  the  pages  of  the  present  Volume.'] 
p,  654,  1.  38.  The  annexed  instance  of  Mathematical  euristic  is,  I  think,  from  ita 
intrinsic  intereat,  worthy  of  being  put  on  record.  The  so-called  canonical  representation 
of  a  binary  quartio  of  the  eighth  degree  I  found  to  be  a  quartic  multiplied  by  itself, 
together  with  a  sum  of  powers  of  ita  linear  factors,  just  as  for  the  fourth  degree  it  was 
known  to  be  a  quadric  into  itself  together  with  a  sum  of  powers  of  ita  factors ;  but  for 
a  sextic  a  cubic  multiplied  into  itself,  with  a  tail  of  powers  as  before,  waa  not  found 
to  answer.  To  find  the  true  representation  was  like  looking  out  into  universal  apace 
for  a  planet  desiderated  according  to  Bode's  or  any  other  empirical  law.  I  found  my 
desideratum  as  follows  r  I  invented  a  catena  of  morphological  processes  which,  applied 
to  a  quadric  or  to  a  quartic,  causes  each  to  reproduce  itself  :  I  then  considered  the  two  . 
quadrica  and  two  quartica  to  be  nonmenally  distinguishable  (one  as  an  automorphic 
derivative  of  the  other)  although  phenomenally  identical.  The  same  catena  of  processes 
apphed  to  the  cubic  gave  no  longer  an  identical  but  a  distinct  derivative,  and  the  product 
of  the  two  I  regarded  as  the  anali^ue  of  the  before-mentioned  square  of  the  quadric 
or  of  the  quartic.  This  product  of  a  cubic  by  its  derivative  ao  obtained  together  with 
a  sum  of  powers  of  linear  factors  of  the  original  cubic,  I  found  by  actual  trial  to  my  great 
satisfaction  satisfied  the  conditions  of  canonicity,  and  it  was  thus  I  was  led  up  to  the 
desired  representation,  which  will  he  found  reproduced  in  one  of  Prof.  Cayley's  memoirs 
on  Quanti^,  and  in  Dr  Salmon's  lectures  on  Modern  Algebra.  Here  certainly  induction, 
observation,  invention,  and  experimental  verification  all  played  their  part  in  contributing 
to  the  solution  of  the  problem.  I  discovered  and  developed  the  whole  theory  of  canonical 
binary  forms  for  odd  degrees,  and,  as  far  as  yet  made  out,  for  even  degrees  too,  at  one 
evening  sitting,  with  a  decanter  of  port  wine  to  sustain  nature's  flagging  energies,  in 
a  back  office  in  Lincoln  s  Inn  Fields  The  work  was  done,  and  well  done,  but  at  the 
usual  cost  of  racking  thought— a  brain  on  fire,  and  feet  feeling,  or  feelinglesa,  as  if  plunged  ■ 
in  an  ice-paiL  That  night  we  dept  no  more.  The  canonisant  of  the  quartic  (ita  cubic 
covariant)  was  the  first  thing  to  ofier  itself  in  the  inquiry.  I  had  but  to  think  the  words 
"Resultant  of  Quintie  and  its  Oanonisant,"  and  the  ootodecadio  skew  invariant  would 
hav  til  pot=eo!y  t  ylp  By  quite  another  mode  of  consideration, 
M.  H    m  te       b    q       tly  leil  t     th    d      overy  of  tbia,  the  key  to  the  innermost 

san  t  aiy    f  n  t  — so  h    d        t       E     stic  to  see  what  lies  immediately  before 

one  yea  Th  li  [po  tm  w  gh  d  d  ply,  far  too  deeply,  on  my  mind,  and  caused 
me  toIiqlitlgyrB  h  tedfildof  meditation  ;  but  the  whirligig  of  time 
brings    b  g         T      yea     1  te    th     same  Canonisant  gave  me  the  upper  hand 

of  my  honoured  predecessor  and  guide,  M.  Hermite,  in  the  inquiry  (referred  to  at  the 
end  of  thia  address)  concerning  the  invariantive  criteria  of  the  constitution  of  a  Quintie 
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with  regard  to  the  real  and  imaginary.  By  ita  aid  I  disoovered  the  essential  character 
of  the  famous  amphigenoua  surface  of  the  ninth  order,  and  its  bicuapidal  uoicursal  section 
of  the  fourth  order  (otherwise  termed  the  bicom),  as  may  be  seen  in  the  third  part  of  my 
Trilogy,  printed  in  the  Philoaopkical  Transactions  [p.  376,  above]. 


p.  654,  1.  41.  I  was  under  the  conviction  that  a  passage  to  that  effect  from  Lagrange 
had  been  cited  to  me  some  yeara  ago  by  M.  Hermite  of  the  Institute  of  France ;  on 
applying  to  him  on  the  subject,  I  received  the  following  reply  : 

"  Eelativement  fi  I'opinion  que  euivant  vous  j'aurais  attribute  k  Lagrange,  je 
m'empresse  de  vous  informer  qu'il  ne  faut  aucunement,  a  ma  eonnaiasanoc,  I'en  rendre 
responaable,  Nous  nous  sommes  entretenus  du  rSle  de  la  faoiilti  cPobservation  dans  le» 
Etudes  que  nous  avons  pmirsuimes  de  concert  petidant  hien  des  a/rmies,  et  c'est  fllors,  sana 
doute,  que  je  vous  aurai  eoEt^  une  aoeedote  que  je  tiens  de  M.  ChevreuL  M.  Chevreul, 
aJlaiit  a  I'Institut  dans  la  voiture  de  Lagrange,  a  ete  vivement  irapp^  du  sentiment  de 
plaiair  avoo  lequel  ce  grand  g&imfetre  lui  faisait  voir,  dans  un  travail  manuscrit,  la  beauts 
est^rieure  et  artiatique,  si  je  peux  dire,  des  nombreuaes  formules  qtii  y  figuraient.  Ce 
sentiment  nous  I'avons  tous  ^prouvd  en  faisant,  avec  sincdrit^  abstraction  de  I'id^ 
analytique  dont  les  formiiles  sont  I'expression  ^crite.  II  y  a  IS,  n'est-il  point  vrai,  un 
imperceptible  Zien  qui  rafctache  au  monde  de  I'att  le  monde  abstrait  de  I'algfebre  et  de 
I'anaJyse,  et  j'Sserai  mSme  vous  dire  que  je  crois  a  dee  sympathies  rfeUes,  qiu  vous  font 
trouver  un  charme  dans  les  notations  d'un  auteur  et  des  r^pnlsioos  qui  ^loignejit  d'un 
autre,  par  I'appaieuce  seule  des  formules." 

I  am,  however,  none  the  less  persuaded  that  on  one  or  more  than  < 
M.  Hermite,  speaking  of  Lagrange,  espreased  to  me,  if  not  as  I  supposed  oi 
then  certainly  on  his  own  high  authority,  "that  the  faculty  of  observation  was  no  leas 
necessary  for  the  succeaaful  cultivation  of  the  pure  mathematical  than  of  the  natural 
sciences,"  I  am  glad  also  to  notice  that  Lagrange  was  able  to  accommodate  a  friend  dans 
aa  voiture.  England  has  much  to  learo  from  France  and  Russia  as  to  the  proper  mode  of 
treating  its  greatest  men. 

p.  655,  1.  9.  It  is  very  common,  not  to  say  universal,  with  English  writers,  even 
such  authorised  ones  as  Wiiewell,  Lewes,  or  Herbert  Spencer,  to  refer  to  Kaut'a  doctrine 
as  affirming  space  "to  he  a  form  of  thought,"  or  "of  the  understanding."  This  is  putting 
into  Kant's  mouth  (as  pointed  out  to  me  by  Dr  C.  M.  Ingleby),  words  which  he  would 
have  been  the  first  to  disclaim,  and  is  as  inaccurate  a  form  of  expression  as  to  speak 
of  "the  plane  of  a  sphere,"  meaning  its  surface  or  a  superficial  layer,  as  not  long  ago 
I  heard  a  famous  naturalist  do  at  a  meeting  of  the  Eoyal  Society.  Whoever  wishes  to 
gain  a  notion  of  Kant's  leading  doctrines  in  a  succinct  form,  weighty  with  thought,  and 
free  from  all  impertinent  comment,  should  study  Schwegler's  Handbook  of  Philosophy/, 
translated  by  Stirling.  He  will  find  ia  the  same  book  a  most  lucid  account  of  Aristotle's 
doctrine  of  matter  and  form,  showing  how  matter  pa^es  unceasingly  upwards  into  form, 
and  form  downwards  into  matter ;  which  will  remind  many  of  the  readers  of  Natwre 
of  the  chain  of  depolarisations  and  repolarisations  which  are  supposed  to  explain  the 
decomposition  of  water  under  galvanic  action,  eventuating  in  oxygen  being  thrown  off 
at  one  pole  and  hydrogen  at  the  other  (it  recalls  also  the  high  algebraical  theories  in 
which  the  same  symbols  play  tie  part  of  operands  to  their  antecedents  and  operators 
to  their  consequents) ;  at  one  end  of  the  Aristotelian  chain  comes  out  ■apart]  CXi),  at 
the  other  njiaiTov  ilSos.  We  have,  then,  only  to  accept  and  apply  the  familiar  mathematical 
principle  of  the  two  ends  of  infinity  being  one  and  the  same  point  (like  the  extremities  of 
a  divided  and  extended  ring),  and  the  otherwise  immovable  stumbling-block  of  duality 
is  done  away  with,  and  the  universe  reintegrated  in  the  wished-for  unity.     For  this 
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corollary,  whiuh  tr.  many  will  apjieav  fanciful,  neither  Aristotle  nor  Schwegler  is 
responsible.  We  ptrfectly  understand  h.ow  in  perspective  the  latent  polarities  of  any 
point  in  a  closed  curve  (taken  as  the  ubject)  may  be  developed  into  and  displayed  in 
the  form  of  a  duad  of  quad  points  or  half-points  at  an  infinite  distance  from  each  other 
in  the  picture.  In  like  manner  we  conceive  how  oGtuality  and  potentiaUty  which  esist 
indistinguishably  as  one  in  the  ahmlute  may  be  projected  into  seemingly  separate  elemenla 
or  momenis  on  the  plane  of  the  human  understanding.  Whatever  may  be  the  merits 
of  the  theory  in  itself,  this  view  seems  to  me  to  give  it  a  completeness  which  its  author 
could  not  have  anticipated,  and  to  accomplish  what  Aristotle  attempted  but  avowedly 
failed  to  effect,  viz.  the  complete  subversion  of  the  "Platonic  Duality,"  and  the  reintegration 
of  matter  and  mind  into  one, 

p.  655, 1.  19.  I  know  there  are  many,  who,  like  my  honoured  and  deeply  lamented 
friend  the  late  eminent  Prof.  Donkin,  regard  the  alleged  notion  of  generalised  space  as 
only  a  disguised  form  of  algebraical  formulisation  ;  but  the  same  might  be  said  with  equal 
truth  of  our  notion  of  infinity  in  algebra,  or  of  impossible  lines,  or  lines  making  a  zero 
angle  in  geometry,  the  utility  of  dealing  with  which  as  positive  substantiated  notions 
no  one  will  be  found  to  dispute.  Dr  Salmon,  in  his  extension  of  Chasles'  theory  of 
characteristics  to  surfaces,  Mr  Clifford,  in  a  question  of  probability  (published  in  the 
Educational  Times),  and  myself  in  my  theory  of  partitions,  and  also  in  my  paper  on 
Barycentric  Projection  in  the  Philosophical  Magadne  [p.  368,  above],  have  all  felt  and  given 
evidence  of  the  practical  utility  of  handling  space  of  four  dimensions,  as  if  it  were  conceiv- 
able space.  Moreover,  it  should  be  borne  in  mind  that  every  perspective  representation  of 
figured  space  of  four  dim.eiJsioiis  is  a  figure  in  real  apace,  and  that  the  propertiea  of  figures 
admit  of  being  studied  to  a  great  extent,  if  not  completely,  in  their  perspective  repre- 
sentations. In  philosophy,  as  in  aesthetic,  the  highest  knowledge  comes  by  faith.  I  know 
(from  personal  esperiencc  of  the  fact)  that  Mr  Linnell  or  Madame  Bodichon  can  distinguish 
purple  tints  in  clouds  where  my  untutored  eye  and  unpurged  vision  can  perceive  only 
confused  grey.  If  an  Aristotle,  or  Desca,rte3,  or  Kant,  assures  me  that  he  recognises 
God  in  the  conscience,  I  accuse  my  own  blindness  if  I  fail  to  see  with  him.  If  Gausa, 
Cajley,  Eiemann,  Schlafli,  Salmon,  Clifford,  Kroneoker,  have  an  inner  assurance  of  the 
reality  of  transcendental  space,  I  strive  to  bring  my  feculties  of  mental  vision  into 
accordance  with  theirs.  The  positive  evidence  in  such  cases  is  more  worthy  than  the 
negative,  and  actuality  is  not  cancelled  or  balanced  by  privation,  as  matter  plus  space 
is  none  the  less  matter.  I  acknowledge  two  separate  sources  of  authority^the  collective 
sense  of  mankind,  and  the  illumination  of  privileged  intellects.  As  a  parallel  case, 
I  would  ask  whether  it  is  by  demonstrative  processes  that  the  doctrine  of  limits  and 
of  infinitely  greats  and  smaUa,  has  found  its  way  to  the  ready  acceptance  of  the  multitude ; 
or  whether,  after  deducting  whatever  may  be  due  to  modified  hereditary  cerebral  organi- 
sation, it  is  not  a  consequence  rather  of  the  insensible  moulding  of  the  ideas  under  the 
influence  of  language  which  has  become  permeated  with  the  notions  originating  in  the 
minds  of  a  few  great  thinkers  ?  I  am  assured  that  Germans,  even  of  the  non-literary 
class,  such  as  ladies  of  fashion  and  novel  readers,  are  often  appalled  by  the  hebetude 
of  their  English  friends  in  muddling  up  together,  as  if  they  were  nearly  or  quite  the  same 
thing,  the  reason  and  the  understanding,  in  doing  into  English  the  words  Vernunft  and 
Verstand,  thereby  confounding  distinctions  now  become  familiar  (such  is  the  force  of 
language)  to  the  very  milkmaids  of  Fatherland. 

As  ft  public  teacher  of  mere  striplings,  I  am  often  amazed  by  the  facility  and  absence 

of  resistance  with  which  the  principles  of  the  infinitesimal  calculus  are  accepted  and 

assimilated  by  the  present  race  of  learners.     When  I  was  young,  a  boy  of  sixteen  or 

■     seventeen  who  knew  his   infinitesimal  calculus  would  have  been  almost  pointed  at  in 
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the  streets  as  &  prodigy,  like  Dante,  as  a  man  who  had  seen  h.e!l.  Now-a-days,  our 
Woolwich  oadete  at  the  same  age,  talk  with  glee  of  tangents  and  asymptotes  and 
points  of  contrary  flexure  and  discuss  questions  of  double  maxima  and  minima,  or 
haUiatic  pendulums,  or  motion  in  a  resisting  medium,  under  the  familiar  and  ignoble 
name  of  swins. 

p.  657,  1.  15.  Induction  and  analogy  are  the  special  chara^fceristica  of  modem 
mathematics,  in  which  theorems  haye  given  place  to  theories,  and  no  truth  is  regarded 
otherwise  than  as  a  link  in  an  infinite  chain.  "  Omne  exit  in  infinitum  "  is  their  favourite 
motto  and  accepted  asiom.  No  mathematician  now-a-days  seta  any  store  on  the  discovery 
of  isolated  theorems,  except  as  affording  hints  of  an  unsuspected  new  sphere  of  thought, 
like  meteorites  detached  from  some  undiscovered  planetary  orb  of  speculation.  The  form, 
as  well  as  matter,  of  mathematical  science,  as  must  be  the  case  in  any  true  living  organic 
science,  is  in  a  constant  state  of  flux,  and  the  position  of  its  centre  of  gravity  is  liable  to 
continual  change.  At  different  periods  in  its  history  defined,  with  more  or  less  accuracy, 
as  the  science  of  number  or  quantity,  or  extension  or  operation  or  arrangement,  it  appears 
at  present  to  be  passing  throi^h  a  phase  in  which  the  development  of  the  notion  of 
Contdnuity  plays  the  leading  part.  In  exemplification  of  the  generalising  tendency  of 
modem  mathematics,  take  so  simple  a  fact  as  that  of  two  straight  lines  or  two  planes 
being  incapable  of  including  "a  space."  When  analysed  this  statement  will  be  found 
to  resolve  itself  into  the  assertion  that  if  two  out  of  the  four  triads  that  can  be  formed 
with  four  points  lie  respectively  m  direeto,  the  same  must  be  true  of  the  remaining 
two  triads  ;  and  that  if  two  of  the  five  tetrads  that  can  be  formed  with  five  points  lie 
respectively  in  plamo,  the  remaining  three  tetrads  (subject  to  a  certain  obvious  exception) 
must  eaoh  do  the  same.  This,  at  least,  is  one  way  of  arriving  at  the  notion  of  an 
unlimited  rectilinear  and  planar  schema  of  points.  The  two  atatemente  above  made, 
translated  into  the  langu^e  of  determinants,  immediately  suggest  as  their  generalised 
expression  my  great  "  Homaloidai  Law,"  which  aflirms  that  the  vanishing  of  a  certain 
specifiable  number  of  minor  determinants  of  a  given  order  of  any  matrix  (i.e.  rectangular 
array  of  quantities)  implies  the  simultaneous  evanescence  of  all  the  rest  of  that  order. 
I  made  {inter  alia)  a  beautiful  apphoation  of  this  law  (which  is,  I  believe,  recorded  in 
Mr  Spottiawoode's  valuable  treatise  on  Determinants,  but  where  besides  I  know  not) 
to  the  estahhshment  of  the  well-known  relations,  wrung  out  with  so  much  difficulty  by 
Buler,  between  the  cosines  of  the  nine  angles,  which  two  sets  of  rectangular  axes  in  space 
make  with  one  another.  This  is  done  by  contriving  and  constructing  a  matrix  such  that 
the  six  known  equations  connecting  the  nine  cosines  taken  both  ways  in  sets  of  threes 
shall  be  expressed  by  the  evanescence  of  six  of  its  minors  ;  the  simultaneous  evanescence 
of  the  remaining  minors  given  by  the  Homaloidai  Law  will  then  be  found  to  express 
the  relatioiM  in  question  (which,  Euler  has  put  on  record,  it  drove  him  almost  to  despair 
to  obtain),  hut  which  are  thus  obtained  by  a  simple  process  of  inspection  and  reading 
off,  without  any  labour  whatever.  The  fact  that  such  a  law,  containing  in  a  latent  form 
so  much  refined  algebra,  and  capable  of  such  interesting  immediate  applications,  should 
present  itself  to  the  observation  merely  as  the  extended  expression  of  the  ground  of  the 
possibility  of  our  most  elementary  and  seemingly  intuitive  conceptions  concerning  the 
right  line  and  plane,  has  often  filled  me  with  amazement  to  reflect  upon. 

p,  657,  1.  17.  As  the  prerogative  of  Natural  Science  is  to  cultivate  a  taste  for 
observation,  so  that  of  Mathematics  is,  almost  from  the  starting-point,  to  stimulate  the 
faculty  of  invention. 

p,  658,  1.  41,  Is  it  not  the  same  disregard  of  principles,  the  same  indiferenoe  to  truth 
for  its  own  sake  which  prompts  the  question,  "Where's  the  good  of  it!"  in  reference 
to  speculative  science,  and  "  Where's  the  harm  of  it ! "  in  reference  to  white  lies  and  pious 
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frauds )  In  my  own  esperience  I  have  found  that  the  very  same  class  of  people  who 
delight  to  put  the  first  question  are  in  the  habit  of  ftctii^  upon  the  denial  implied  in  the 
second.     Abtt  m  jnorea  incuria. 

p.  658,  1.  43.  This  theorem  still  awaits  proof;  it  is  stated,  I  believe,  in  Euler'a 
oorrespondonce  with  Goldbach :  I  re-diacovered  it  in  ignorance  of  Siller's  having  mentioned 
it,  in  connection  with  a  theory  of  my  own  concerning  cubic  forms.  The  evidence  in 
its  favour  is  induction,  of  the  undemonstrative  or  purely  accumulative  kind,  and  it  may  or 
may  not  turn  out  eveiitually  to  be  true.  Aa  s.  most  learned  scholar  who  heard  this 
address  given  at  Exeter  remarked  to  me,  not  many  days  ago,  it  is  certainly  by  no  process 
of  deduction  that  we  make  out  that  five  times  sis  is  thirty.  I  mention  this,  because 
I  know  some,  who  ^ree,  or  did  agree,  with  Professor  Huxley's  published  opinions  about 
mathematics,  are  under  the  impression  that  the  higher  processes  of  mind  in  mathematics 
only  concern  "the  aristocracy  of  mathematicians"  ;  on  the  contrary,  they  lie  at  the  very 
foundations  of  the  subject.  There  are  besides,  and  in  abundance,  mathematical  processes 
which  only  by  a  forced  interpretation  can  be  brought  under  the  bead  of  demonstration, 
whether  deductive  or  inductive,  and  really  belong  to  a  sort  of  artistic  and  constructive 
faculty,  such  for  example  as  evaluating  definite  integrals,  or  making  out  the  best  way  one 
can  the  number  of  distinct  branches  and  the  general  character  of  each  branch  of  a  curve 
from,  its  algebraical  equation. 

p.  660,  1.  8.  I  am  happy  to  be  able  to  add  that  this  gentleman  who,  when  the  above 
lines  were  printed,  was  at  the  bottom  of  the  Staff  of  the  Mathematical  Instructors  at 
Woolwich,  has  been  since  appointed,  with  the  full  concurrence  of  his  colleagues,  on  the 
nomination  of  the  Governor,  Sir  John  Lintorn  Simmons,  K.C.B.,  to  succeed  me  as  Professor 
of  Mathematics  at  the  Eoyal  Military  Academy. 

p.  660,  L  20.  Complete  in  the  sense  of  v^iversai,  more  than  perfect  or  complete  in 
the  ordinary  sense.  Two  criteria  are  absolutely  fixed  ;  but  in  addition  to  these  two 
an  additional  criterion  or  set  of  criteria  must  be  introduced  to  make  the  system  of 
conditions  sufficient.  The  number  of  such  set  may  be  either  one  or  whatever  number 
we  please,  and  into  such  one  or  into  each  of  the  set  (if  more  than  one)  an  indefinite 
number  of  arbitrary  parameters  (limited)  may  be  introduced.  Now  the  geometrical 
construction  I  arrive  at  contains  implicitly  the  totality  of  all  these  infinitely  varied  forma 
of  criteria,  or  sets  of  criteria,  and  without  it  the  existence  and  possibility  of  such  variety 
in  the  shape  of  the  solution  could  never  liave  been  anticipated  or  understood.  My  truly 
eminent  friend  M.  Charles  Hermite  (Membre  de  I'lnstitut),  with  all  the  efforts  of  his 
extraordinary  analytical  power,  and  with  the  knowledge  of  my  results  to  guide  him, 
has  only  been  able  by  the  non-geometricaJ  method  to  arrive  at  one  form  of  solution 
consisting  of  a  third  criterion  absolutely  definite  and  destitute  of  a  single  variable 
parameter.  As  is  well  known,  I  have  made  a  very  important  use  of  a  criterion  of  the 
same  form  as  M.  Hermite's,  but  containing  one  arbitrary  param.eter  (limited).  The 
subject  will  be  found  resumed  from  the  point  where  I  left  it,  and  pursued  in  considerable 
detail  by  Prof  Cayley,  in  one  of  his  more  recent  memoirs  on  Quantics  in  the  F/iilosopktcal 
Transactions.  M.  Hermite  it  was  who  first  surprised  Invariantists  (I'Eglise  Invariantive, 
as  we  are  sometimes  styled)  by  an  a  priori  demonstration  that  the  nature  of  the  roots 
or  factors  of  quartics  could  in  general  be  found  by  means  of  invariantive  criteria.  This 
was  known  to  be  possible  up  to  the  fourth  order  of  binary  quantics,  and  impossible  for  the 
fourth  M  Hennite  showed  that  this  negation  which  seemed  to  stop  the  way  to  further 
progress  was  an  exceptional  case  ;  that  whereas  for  the  second,  third,  fifth,  sixth,  and 
all  highei  degrees  the  thmg  could  be  done,  for  the  fourth  alone  it  was  impossible  ;  as 
regaiJa  lmej,r  Quintii"!,  the  question  does  not  arise.     I  look  upon  this  failure  of  a  law 
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for  one  term  in  the  middle  of  an  infinite  progression  as  an  unparalleled  miracle  of 
arithmetic,  far  more  real  and  deeper  seated  than  the  one  alluded  to  by  Mr  Babble  in 
connection  with  the  discontinuous  action  of  a  supposed  machice  in  his  ninth  Bridgwater 
Treatise. 

p.  660,  L  22,  So  I  found,  as  a  pure  matter  of  observation,  that  aOineation  {aligmemeni) 
in  ornamental  gardening — i.e.  the  method  of  putting  trees  in  positions  to  form  a  very  great 
number  or  the  greatest  number  possible  of  straight  rows,  of  which  a  few  special  oases 
only  had  been  previously  considered  as  detached  porismatie  problems,  forms  part  of 
a  great  connected  theory  of  the  pluperfect  points  on  a  cubic  curve,  those  points,  of  which 
the  aine  points  of  inflection  and  Pliicker's  tweotj-seven  points  may  serve  as  the  lowest 


On   the   Ingokkect   Description   of   Kant's   Doctrine   oir   Space 
AND  Time  common  in   English  Writers*. 

In  the  Tcry  remarkable  contribution  by  Professor  Sylvester  {Nature,  No.  9)  this 
sentence  occura  :  "  It  is  very  common,  not  to  say  universal,  with  English  writers,  even 
such  authorised  ones  as  Whewell,  Lewes,  or  Herbert  Spencer,  to  refer  to  Kaot's  doctrine 
as  affirming  space  to  be  a  'form  of  thoi^ht'  'or  of  the  understanding."  This  is  putting 
into  Kant's  mouth  (as  pointed  out  to  me  by  Dr  C.  M.  Ingleby)  words  whioh  he  would  have 
been  the  first  to  disclaim." 

It  is  not  on  personal  grounds  that  I  wish  to  rectify  the  misconception  into  which 
Dr  Ingleby  has  betrayed  Professor  Sylvester.  When  objections  are  made  to  what  I  have 
written,  it  ia  my  habit  either  silently  to  correct  my  error,  or  silently  to  disregard  the 
criticism.  In  the  present  case  I  might  be  perfectly  contented  to  disregard  a  criticism 
which  any  one  who  even  glanced  at  my  exposition  of  Kant  would  see  to  be  altogether 
inexact ;  but  aa  misapprehensions  of  Kant  are  painfully  abundant,  I'eaders  of  Kant  being 
few,  and  those  who  take  his  name  in  vain  being  many,  it  may  be  worth  while  to  stop  thia 
error  from  gettii^  into  circulation  through  the  channel  of  Nature.  Kant  assuredly  did 
teach,  as  Professor  Sylvester  says,  and  as  I  have  repeatedly  stated,  that  space  ia  a  form  of 
intuition.  But  there  is  no  discrepancy  at  all  in  also  saying  that  he  taught  space  to  be 
a  "form  of  thought,"  since  every  student  of  Kant  knows  that  intuition  without  thought  is 
mere  sensuous  impression.  Kant  considered  the  mind  under  three  aspects,  SensibiUty, 
Understanding,  and  Reason.  The  d  priori  forma  of  Sensibility,  which  rendered  Experience 
possible,  were  Space  and  Time  :  these  were  forms  of  thought,  conditions  of  cognition.  It 
was  by  such  forms  of  thought  that  he  reoccupied  the  position  taken  by  Leibnitz  in  defending 
and  amendii^  the  doctrine  of  innate  ideas,  namely,  that  knowledge  has  another  source 
besides  sensible  experience — the  mtellectus  ipse. 

While,  therefore,  any  one  who  spoke  of  space  as  a  "form  of  the  understanding" 
would  certainly  use  language  which  Kant  would  have  disclaimed,  Kant  liimself  would 
have  been  surprised  to  hear  that  space  was  not  held  by  him  as  a  "form  of  thought." 

Gbobcie  Henry  Lbwbs. 
Janimry  3. 

The  following  paragraphs,  I  believe,  faithfully  render  sundry  passages  of  Kant's 
writinp  : 

"Objects  are  given  to  us  by  means  of  sense  (Sinnlichkeit),  which  is  the  sole  source 
of  intuitions  (Anschauungen) ;  but  they  are  thought  fay  the  understanding,  from  which 
arise  conceptions  (Begriffe)."    (Kritik,  p.  55,  Hartenstein's  edition.) 

"  From  Natwe,  Vol.  i.  (1869—70).     See  [p.  655,  1.  9]. 
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"The  understanding  m  tlie  faculty  of  thought.  Thouj,ht  is  kutwledgc  l\  means  >f 
conception."    {Ibid.  p.  93.) 

"The  original  consciousness  of  apace  is  an  intuition  ii,  pnori  ^nd  not  a  ecnception 
(Begriff)."     {lUd.  p,  60.) 

"  Space  is  nothing  else  than  the  form  of  all  the  phenomena  of  the  estei  nal  senaeB  that 
is,  it  is  the  subjective  condition  of  sense,  under  which  alone  eitteinil  intuition  is  poosible 
for  ^is."    {Ibid.  p.  61.) 

"Our  nature  is  such,  that  intuition  can  nerer  he  otheiwise  than  sensual  (sitiahi,h) 
that  is,  it  only  contains  the  modes  in  which  we  are  affected  by  objects  On  the  othoi 
hand,  the  power  of  thinking  the  object  of  sensual  intuition,  is  the  understanding  Neithei 
of  these  faculties  is  superior  to  the  other.  Without  sense,  no  object  would  be  gnen  us, 
and  without  understanding  none  would  be  thought.  Thoughts  without  contents  ore  empty, 
intuitions  without  conceptions  (Begrifie)  are  blind."     (Ibid,  p  82  ) 

"Time  and  space  are  'mere  forms  of  sense'"  (Formen  unserer  Sinnhchkeit,  Prolegomena, 
p.  33)  and  "mere  forms  of  intuition."     {Kritii:,  p.  76.) 

With  these  passages  before  one,  there  can  be  no  doubt  that  that  thorough  and  acute 
student  of  Kant,  Dr  Ingleby,  was  perfectly  right  when  he  said  that  Kant  would  have 
repudiated  the  affirmation  that  "space  is  a  form  of  thought."  For  in  these  sentences, 
and  in  many  others  which  might  be  cited,  Kant  expressly  lays  down  the  doctrine  that 
thought  is  the  work  of  the  understanding,  intuition  of  the  sense ;  and  that  space, 
like  time,  is  an  intuition.  The  only  "forms  of  thoi^ht"  ia  Kant's  seose,  are  the 
cat(^orios. 

T.    H.    HUSLBT. 

Ja/rt,u(My  14. 


I  do  not  believe  Professor  Sylvester  has  been  betrayed,  as  Mr  G.  H.  Lewos  asserts,  into 
any  misconception  of  this  matter  by  me. 

When  Kant,  at  the  outset,  says,  "Allea  Denken  aber  muss  sich,  ea  sei  geradezu  oder  im 
Umschweife,  vermittelat  gewisser  Merkmale,  zuletzt  auf  Ansohauungen...beziehea,"  it 
would  take  the  veriest  dunderhead  not  to  see  that  all  forms  of  intuition  must  be,  indirectly 
at  least,  forms  of  thought.  I  never  dreamed  of  disputing  so  obvious  a  position.  But 
I  object  to  the  phrase,  "forms  of  thought,"  as  designating  Space  and  Time,  on  the  ground 
of  precision.  They  are  peculiarly  forms  of  general  Sense,  and  not  forms  of  Thought  as 
Thoiight.  Kant,  I  believe,  eschewed  the  phrase  in  that  sense,  and,  for  all  I  see,  might  for 
the  same  reason  have  disclaimed  it. 

C.   M.  Inglebt. 
Ilpokd,  January  14. 

It  is  not  «i.y  habit  "when  objections  are  made  to  what  I  havewrittea,  silently  to  correct 
my  error  or  silently  disregard  the  criticism."  If  the  objections  are  well  founded,  I  think 
it  due  to  the  cause  of  truth  to  niake  a  frank  confession  of  error,  and  in  the  opposite  case 
to  reply  to  the  objections. 

With  reference,  then,  to  Mr  Lewes's  strictures  in  Natures  last  number,  I  beg  to  say 
that  Dr  Ingleby  has  "betrayed"  me  into  no  error.  If  1  have  fallen  into  error,  it  is  with 
my  eyes  open,  and  after  satisfying  myself  fay  study  of  Kant,  that  to  speak  of  Space  and 
Time,  whether  as  forms  of  understanding,  or  as  forms  of  thought,  is  an  unauthorised 
and  misleading  mode  of  espreasion.  Space  and  Time  are  forms  of  sensitivity  or  intuition. 
The  cat^ories  of  Kant  (so  essentially  in  this  point  differing  from  those  of  Aristotle)  do 
not  contain  Space  and  Time  among  them,  and  are  properly  called  forms  of  understanding 
or  thought. 
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To  the  esiateuce  of  thought  the  operation  of  the  understanding  is  a  necessary 
prehminary. 

Sensibility  and  intuition  are  antecedent  to  any  such  operation. 

Can  Mr  Lewes  point  to  any  passage  in  Kant  where  Space  and  Time  are  designated 
fm-me  of  thought?  I  shall  indeed  be  surprised  if  he  can  do  so^as  much  surprised  as 
if  Mr  Todhunter  or'Mr  Eouth,  in  their  Mechanical  Treatises,  were  to  treat  emrgy  and 
force  as  convertible  terms.  To  Buch  a  misuse  of  the  word  energy  it  would  be  little  to  the 
point  to  urge  that  force  leithoat  energy  is  a  mere  potential  tendency.  It  is  just  as  little  to 
the  point  in  the  matter  at  issue,  for  Mr  Lewes  to  inform  the  readers  of  Nature  that 
intVfition  mthout  thtmght  is  mere  sensitous  impremon. 

Dr  Ingleby  has  rendered,  in  my  opinion,  a  very  great  service  to  the  English  reading 
public,  by  drawing  attention  to  so  serious  and  prevalent  an  error  as  that  of  confounding 
the  categories  (the  proper  forma  of  thought  as  thought)  with  Space  and  Time,  the  forms  of 
intuition,  the  sentinels,  so  to  say,  who  keep  watch  and  ward  outside  the  gates  of  the 
Understanding. 

J.  J.  Sylvester. 
Athenaeum  Cms,  Jarmary  15. 


Although  I  do  not  feel  myself  called  upon  to  modify  in  the  least  what  was  said  in 
my  former  letter  on  thia  subject,  the  three  letters  which  appear  to-day  in  answer  to  it  are 
too  important  to  bo  left  unnoticed. 

The  ease  is  briefly  this ;  In  the  Hietory  of  Philosophy  I  had  to  expound  Kant's 
doctrine,  and  to  criticise  it,  not  only  in  itsdf,  but  in  rrference  to  the  great  question  of 
the  origin  of  knowledge.  In  the  pages  of  esposition  I  uniformly  speak  of  Space  and  Time 
as  forms  of  Intuition ;  no  language  can  be  plainer,  I  also  mark  the  distinction  between 
Sensibility  and  Understanding,  as  that  of  Intuition  and  Thought.  After  enumerating  the 
Categories,  I  add,  "  In  those  Categories  Kaat  finds  the  pure  forms  of  the  Understanding. 
They  render  Thoi^ht  possible." 

But  when,  ceasing  to  expound  the  system,  I  had  to  criticise  it,  and  especially  to 
consider  it  in  reference  to  the  great  question  ;  there  was  no  longer  any  need  to  adhere 
to  a  mode  of  expression  which  would  have  been  obscure  and  misleading.  I  therefore 
uniformly  class  Space  and  Tim.e  among  the  forma  of  Thought,  connecting  them  with  the 
doctrine  of  Necessary  Truths  and  Fundamental  Ideas,  which,  according  to  the  a  priori 
school,  are  furnished  ready-roade— brought  by  the  Mind  as  its  native  dowry,  not  evolved 
in  it  through  Experience. 

Now  the  question  is.  Have  I  put  langut^o  into  Kant's  mouth  which  he  would  disclaim, 
or  is  such  language  misleading  1  That  Kant  would  have  said  the  language  was  not  what 
he  had  employed,  I  freely  admit ;  but  that  he  would  have  disclaimed  it  as  misrepresenting 
his  meaning,  I  deny.  I  was  not  bound  to  follow  his  language  when  the  task  of  exposition 
was  at  an  end  ;  but  only  bound  not  to  translate  his  opinions  into  language  which  would 
distort  them. 

In  classing  Space  and  Time  among  the  Forms  of  Thought,  I  classed  them  heside  the 
Categories  of  the  Understanding  and  the  Ideas  of  Reason,  that  is,  the  purely  intellectual 
conditions  existing  d,  •priori  in  the  Mind.  The  Mind  is  said  by  Kant  to  be  endowed 
with  three  faculties — Sensibility,  Understanding,  and  Reason.  The  activity  of  the  Mind 
is  threefold— Intuitive  Thought,  Conceptive  or  Discursive  Thought,  and  Hegulative 
Thought.  There  could  not  be  an  equivoque  in  my  using  the  word  Thought  in  its  ordinary 
philosophical  acceptation  as  expressive  of  all  mental  activity  whatever,  exclusive  of  mere 
s.  11.  46 
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sensation  ;  although  Kant  assigns  a  more  restncted  meaning  in  his  technical  use  of  the 
word,  that  is,  what  we  call  Lt^c  And  that  Kant  meaat  nothing  opposed  to  the  ordinary 
interpretation  is  obviov^.  It  i-,  obviou'i  because,  as  I  said  in  my  fonner  letter,  Intuition 
without  Thought  is  mere  sensuous  impression  Mi  Sylvester  demurs  to  this,  so  I  will 
show  it  in  a  single  citation  : — '  In  the  tianscendental  Aesthetic,"  says  Kant,  "we  will  first 
isolate  Sensibility  by  separating  from  it  all  that  the  Understanding  through  its  concepts 
thinks  therewith,  so  that  nothing  but  empirical  Intuition  remains.  Secondly,  we  will  lop 
off  from  this  empirical  Intuition  everything  lelating  to  sensation  {ETOpJindung)  ;  so  that 
thereby  nothing  will  remain  but  pure  Intuition  and  the  mere  form  of  phenomena,  which  is 
the  one  thing  that  Sensibility  can  furnish  d  prion  By  this  investigation  it  will  appear 
that  there  are  two  pure  forms  of  sensuous  Intuition  which  are  A  priori  principlea  of 
Cognition."     {Kritik,  §  1,  ed.  Hartenstem  p  61  ) 

Mr  Sylvester  correctly  says  th'it  latuition  and  Thought  are  not  convertible  terms. 
But  he  is  incorrect  in  assuming  that  they  difiei  as  potential  and  actual ;  they  differ 
as  species  and  genus ;  therefore,  whatever  is  a  torm  of  Intuition,  though  not  a  form 
of  L(^c,  must  be  a  form  of  Thought ,  unless  intuitive  Thought  be  denied  aitc^ther. 
How  little  Kant  denied  it  is  evident  in  every  section  of  his  work.  In  asserting  that  Space 
and  Time  as  Intuitions  belong  to  the  subjective  constitution  of  the  Mind — sabjectiven 
Beschaffenheit  unssres  OemMths  (p.  62) — he  expresses  this ;  but  it  is  unequivocally  expressed 
in  the  following  definition  : — "  A  perception,  when  it  refers  solely  to  the  subject,  as 
a  modification  of  its  states,  is  semation,  an  objective  perception  is  cognition  :  this  is  either 
Tatuttioii  or  Gorteqil,  'intuitus  vel  conceptus.'"  (Kritii',  p.  294)  Is  not  thought  implied 
in  cognition?  Again: — "The  proposition  'I  think'  is  an  undetermined  empirical 
Intuition,  that  is.  Perception;  consequently,  it  proves  that  Sensation,  which  belongs  to 
Sensibility,  must  he  at  the  basis  of  this  proposition.  ...I  do  not  mean  thereby  that 
the  'I'  in  the  'I  think'  is  an  empirical  representation  (Vwstetlung),  on  the  contrary, 
it  is  purely/  intellectual,  beoause  it  belongs  to  thought  ill  general.  But  without  some 
empirical  representation,  which  would  give  Thought  its  material  there  could  be  no  such 
act  of  Thought  as  the  '  I  think ' "  (p.  324,  note). 

"  Man  is  always  thinking,"  says  Hegel,  "  even  when  he  has  nothing  but  intuitions  " — 
denkend  ist  der  Menseh  immer  auc/i  ^eean  er  n-ar  ansohaut.    {Etv^dop.  §  34) 

If,  because  Kant  has  a  restricted  use  of  the  term  Thought,  all  who  venture  on  the 
more  ordinary  use  are  said  to  misrepresent  his  philosophical  meaning,  I  must  call  upon 
those  who  criticise  this  laxity  to  refrain  henceforth  from  speaking  of  Eeason  as  Thought, 
since  Kant  no  less  excluded  Reason  from  the  province  of  the  Understanding.  If  "the 
only  forme  of  thought,  in  Kant's  sense,  are  the  Categories,"  this  sweeps  away  Reason 
on  the  one  side,  as  it  sweeps  away  Sensibility  on  the  other ;  and  Ideas  are  not  more 
correctly  named  Thoughts  than  Intuitions  are.  Kant,  it  is  true,  speaks  of  the  concepts 
of  Eeaaon,  and  defines  an  Idea  to  be  a  "  Vernunftb^riff  "  (page  294} ;  but  Kant,  equally 
and  in  a  hundred  places,  speaks  of  the  "concept  of  Space"  (B^riff  des  Raumes).  The 
truth  is,  as  already  intimated,  that  in  spite  of  his  teohnioal  restriction  of  Thought  to 
the  formation  of  concepts,  he  recognised  intuitive  and  regulative  Thought  no  less  than 
discursive  Thought ;  nor  would  his  system  have  had  any  coherence  without  such  a 
recognition.  Why  does  he  call  his  work  the  Critik  of  Pwe  Eeason,  unless  he  intended 
to  display  the  common  intellectual  ground  of  Sensibility,  Understanding,  and  Eeason  1 
and  does  not  the  word  Thought,  in  ordinary  philosophical  language  mean  this  activity 
of  the  Intellect  1  When,  by  Sir  W,  Hamilton,  Dr  Whewell,  Mr  Spencer,  and  myself,  the 
phrase  Forms  of  Thought  is  used,  does  not  every  reader  understand  it  as  meaning  Forms 
of  intellectual  activity  ? 
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In  conclusion,  I  affirm  that  in  the  ordinary  acceptation  of  the  term  Thought — the 
activity  of  the  Mind— Space  and  Time  as  forms  of  Intuition  are  forma  of  Thought, 
conditions  of  mental  action  ;  and  to  suppose  that  because  Kant's  language  is  different,  his 
meaning  is  misrepresented  by  classing  forms  of  Intuition  among  the  forms  of  Thought 
is  to  misunderstand  Kaot's  doctrine  and  its  purpose. 

GsoaGE  Hbmry  Lewes, 
January  23. 


Dr  Ingleby,  I  should  think,  is  quite  entitled  to  say  not  only  that  Kant  might,  but 
that  he  would,  have  disclaimed  the  phrase  Form  of  Thought  as  applied  to  Space  or  Time 
taken  simply.  The  remark  of  Mr  Lewea,  that  "  intuition  without  thought  is  mere 
sensuous  impression," — or,  as  it  might  have  been  put,  that  phenomena  of  sense  (con- 
stituted such  in  the  forms  of  Space  and  Time)  must  ftirther  be  thought  under  Categories 
of  Understanding,  before  they  can  be  said  to  be  known  or  to  become  intellectual 
OKperience — cannot  be  a  sufficient  reason  for  making  a  Form  of  Thought  proper  out  of 
a  Form  of  Intuition. 

There  is,  nevertheless  (and  Mr  Lewes  does  not  fail  to  suggest  it),  a  sense  in  which, 
when  taken  along  with  the  Categories  of  the  Understanding,  and  with  or  without  the 
Ideaa  of  the  Reason,  the  Forms  of  Intuition  may  be  spoken  of  as  Forms  of  Thought : 
Thought  being  understood,  with  the  same  extension  that  Kant  himself  gives  to  Reason  in 
the  title  (not  the  body)  of  his  work,  as  equivalent  to  feculty  of  Knowledge  in  general. 
It  is  in  this  sense  that  Kant  calls  all  the  forms  alike,  &  pnori  principles  of  Knowledge  ; 
and  the  ambiguity  of  the  word  Thought  is  so  well  recognised  that  the  EngHsb  writers 
arraigned  by  Prof.  Sylvester  take  no  groat  liberty,  when  for  their  purpose,  which  commonly 
is  the  discussion  of  the  general  question  as  to  the  origin  of  Knowledge,  they  talk  generally 
of  Kant's  "  Forms  of  Thought."  If,  indeed,  any  of  them  ever  speaks  of  Space  as  a  "  form 
of  the  Understanding,"  which  was  part  of  the  original  chat^,  the  case  is  very  different ; 
Kant  being  so  careful  with  his  Verttand.  But  Mr  Lewes,  at  least,  would  never  be  caught 
speaking  thus,  even  though  his  main  reason  for  merging  Intuition  in  Thought  might  seem 
to  justify  this  also. 

G.  Croom  Robertson. 
UNivERSiTsr  College,  January  22. 

You  win  perhaps  permit  me  to  make  a  remark  on  a  controversy  at  present  going 
on  in  your  columns.  There  has  seldom,  I  believe,  been  a  grosser  or  more  misleading 
perversion  of  the  Critical  Philosophy  than  ascribing  to  Kant  the  view  that  Space  and 
Time  are  in  any  meaning  of  the  terms  "forms  of  thought."  One  of  his  chief  grounds 
of  complaint  ^ainat  Leibnitz  is,  that  the  latter  "  intellectualised  these  forms  of  the 
sensibility"  (Meiklejohn's  translation  of  the  GriUck,  p.  198) ;  and  lest  the  import  of  this 
assertion  should  be  mistaken,  he  exphcitly  tells  us  that  "Space  and  Time  are  not  merely 
forms  of  sensuous  intuition,  but  intuitions  themselves"  (Meiklejohn's  trans.,  p.  98); 
that  is,  senmuma  intuitions,  as  he  has  been  just  before  asserting  that  all  human  intuitions 
must  be.  It  is  precisely  on  this  distinction  of  pure  sensibility  and  pure  thought  that 
Kant  founds  the  possibility  of  Mathematics — a  science  which  could  never  be  derived  from 
a  mere  analysis  of  the  concepts  employed,  but  only  from  the  construction  of  them  in 
intuition.  He  ridicules,  for  example,  the  idea  of  attempting  to  deduce  the  proposition, 
"  Two  right  lines  cannot  enclose  a  space,"  from  the  mere  concepts  or  notions  of  a  straight 
line  and  the  number  two.  "All  your  endeavours,"  says  he,  "are  in  vain,  and  you  find 
yourself  compelled   to   have   recourse   to   intuition,  as  in  fact  Geometry  always  does." 
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(Meiklejohn,  p.  39  :  see  also  his  long  contrast  of  Mathematical  and  dogmatical  methods  in 
the  beginning  of  the  Methodology.)  And  not  only  is  Kant's  Mathematical  theory  founded 
on  this  distinction,  but  his  Physical  theory  also,  since  it  is  only  by  means  of  pure  intuition 
that  he  connects  pure  thought  with  sensations  (see  the  Schematism,  and  still  more  the 
Gmeral  Remark  on  the  System  of  Principlea,  .Meiklejohn,  pp,  174 — 7) ;  and  when  he  fails 
to  make  out  this  connection  he  regards  the  Ideas  of  Pure  Eeason  as  possessed  of  no 
objective  validity  (Transcendental  Dialectic).  In  the  first  edition  of  the  Critick  he  went 
still  further,  and  in  his  remarks  on  the  Second  Paralogism  of  Rational  Psychology  he 
speaks  of  "  that  eomethiog  which  lies  bit  the  basis  of  extemul  phenomena,  which  so  afeeia 
our  sense  as  to  give  it  tlie  representations  of  space,  matter,  form,  &c."  And  while  he 
abbreviated  his  discussion  in  the  second  edition,  he  tells  us  in  his  preface  that  he  found 
nothing  to  alter  in  the  views  put  forward  in  the  previous  one. 

I  might  quote  whole  pages  of  the  Critick  in  proof  of  these  riews,  but  I  ought  rather  to 
apologise  for  writing  so  much  after  the  letters  which  you  have  already  published.  I  believe 
the  mistakes  as  to  Kant's  doctrine  of  Space  and  Time,  his  refutation  of  Idealism,  and  hia 
discussion  of  the  Antinomies  of  the  Pure  Reason,  are  almost  without  a  parallel  in  the 
History  of  Philosophy. 

W.  H.  Stanlkv  Monck. 
Tkehtty  Ooj^lbgb,  January  23.    ■ 


lu  answer  to  my  invitation,  Mr  Lewes  now  "freely  admits  that  Kant  nowhere  speaks 
of  Space  and  Time  as  'Forms  of  Thought,' "  but  still  contends  that  "  Kant  would  not  have 
disclaimed  auch  langua  la    prese  t        h     mea       g        4b  well  might  he  argue  that 

althoi^h  Euclid  never  e.thw  i  i  p  1  (izrE^hlw'd  plaiie  or  plain),  to  signify 
a  curved  surface  {(wiijta       )  h    w  uld  n  t  1  -em      t    t  d    j,      st  the  use  of  the  term 

cylindrieal  epipedon  o  n  \  pp  d  todnttl  rfac  of  a  cylinder  or  cone, 
in  a  professed  esposit  t      mfhisElmt      f  Geo      try,  because  in  common 

life  we  speak  of  rough  d  U  tmg  pi  ms,        bee  pi  dmits  of  being  bent  into 

the  shape  of  a  cylindr  cal  n     1    urf  ce     I  tl     k  tl    1  d  ea  who  are  getting  up  their 

Planes  and  Solids  at  St  Geo  g  HI!  Id  he  f  iiff  t  i  ion  from  Mr  Lewes  in 
this  matter,  and  with  ^      1      as  tl  1 

Mr  Lewes,  reiterating  a  statement  contained  in  his  previous  letter,  goes  out  of  his  way 
to  affirm  that  he  "uniformly  speaks  of  Space  and  Time  as  forms  of  Intuition  in  his  pages 
of  exposition  "  of  Kant's  doctrine  in  his  History  of  Philosophy.  Were  the  fact  so,  it  would 
not  in  any  material  degree  excuse  the  inaccuracy  of  subsequently  styling  them  "Forms  of 
Thought";  and,  moreover,  the  real  point  at  issue  is  not  Mr  Lewes's  general  accuracy 
or  inaccuracy,  but  whether  a  mode  of  speech  which  he,  along  with  others,  employs,  is  right 
in  itself  and  ought  to  be  persisted  in. 

However,  as  Mr  Lewes  has  th  ght  fit  t  j  ut  n  a  t  of  plea  in  mitigation  of  former 
wrong-doing,  I  have  taken  the  t  ble  of  look  ng  through  Ms  eiepodtion  and  criti<dsni 
of  Kant  in  his  Sistory  (ed.  186  )  and  a  n  single  n  tance  have  I  come  upon  the  phrase 
forms  of  intuition  applied  to  Sp  ad  Tim  th  n  the  one  or  the  other  ;  although  he 
states  he  has  uniformly  apohen  f  th  as  h  n  th  f  mer.  I  have  marked  the  word 
intidtiotis  as  occurring  once,  and  f  m  f  nsibd  ty  s  oral  times,  but  forms  of  intuition 
never.  If  form  of  semS>ility  La  as  good  to  use  as  form  of  intuition,  form  of  understanding 
ought  to  be  as  good  as/on»  of  thought;  but  Mr  Lewes  owns  that  the  former  is  indefensible, 
whilst  he  avers  that  the  latter  is  correct.  If  Mr  Lewes  has  ever  called  Space  and  Time 
forms  of  intuition  in  the  History,  it  will  be  easy  for  him  to  set  me  right  by  quoting 
the  passage  where  the  phrase  occurs,  although  that  circumstance  would  not  in  any 
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degret!  better   his  own  position,  and   still  leas  excuse  the  assertion  of  his  uniform  use 
of  the  term. 

If  Mr  Lewes  cannot  ciuote  correctly  from  his  own  writings,  it  will  surprise  nobody  that 
he  misquotes  the  language  of  an  opponent.  He  repeats,  "Intuition  without  thought  is 
mere  sensuous  impression,"  and  adds,  "  Mr  Sylvester  demurs  to  this."  My  words  aro 
{Natwe,  Jan.  13,  1870) :  "To  such  a  misuse  of  the  word  energy  it  would  be  little  to  the 
point  to  ui^e  that_/bree  leithout  energy  is  mere  potential  tendency.  It  is  just  as  little  to  the 
point  in  the  matter  at  issue  for  Mr  Lewes  to  inform  the  readers  of  Natwre  that  intwition, 
without  thought  is  mere  semuous  impression."  So  that,  according  to  Mr  Lewes,  to  say  that 
a  proposition  is  little  to  th^  point  is  dsmwring  to  its  truth. 

I  should  not  hesitate  to  Bay  if  some  amiable  youth  wished  to  entertain  hia  partner  in 
a  quadrille  with  agreeable  conversation,  that  it  would  be  little  to  the  point,  according  to 
the  German  proverb,  to  regale  her  with  such  information  as  how 
"Long  Are  the  days  of  summer-ticle, 
And  tall  the  towers  of  Straaburg'a  fane," 
but  should  be  surprised  to  have  it  imputed  to  me  on  that  account  that  I  demurred 
to  the  proposition  of  the  length  of  the  days  in  summer,  or  the  height  of  Strasbui^'s 
towers. 

In  another  passage,  Mr  Lewes  gives  me  credit  for  "saying  oorroctly  that  Intuition 
and  Thought  are  not  convertible  terms  "—a  platitude  I  never  dreamed  of  giving  utterance 
to  ;  but  that  I  am  "incorrect  in  assuming  that  they  differ  as  potential  and  actual" — 
words  which,  or  the  like  of  which,  in  any  sort  or  sense,  never  flowed  fiwm  my  pen. 
Surely  this  is  not  fair  controversy,  to  misquote  the  words  and  all^ations  of  an  opponent. 
It  seems  to  me  too  much  like  fighting  with  poisoned  weapons.  I  decline  to  continue  the 
contest  on  such  terms  ;  and,  passing  over  Mr  Lewes's  very  odd  statement  about  apedes 
and  genus  with  reference  to  Intuition  and  Thought,  shall  conclude  with  expre^ing  my 
surprise  at  his  and  Mr  G.  0.  Robertson's  confident  assumption  that  Kant  uses  in  the  title 
of  his  book  pure  reason  in  a  f^r  wider  sense  than  in  the  body  of  hia  work,  simply  because 
to  arrive  at  the  Pure  Reason  he  has  to  go  through  the  Critick  of  the  Sensibility  and  of  the 
Understanding.  If  in  a  history  of  the  Eeign  of  Queen  Victoria  the  author  should  find 
it  expedient  to  go  back  to  the  times  of  the  Norman  and  Saxon  conquests,  would  it  be 
right  to  infer  therefrom  that  he  used  in  his  title-page  the  name  Victoria  in  a  generalised 
sense,  to  include  not  only  her  moat  Gracious  Majesty,  but  also  the  Tanner's  daughter  and 
Princess  Eowena  f 

Perhaps  by  this  time  many  of  the  Naturalistic  readers  of  the  journal  who  regard 
the  humaa  intelhgence  as  forming  no  part  of  the  scheme  of  Nature,  wish  Space  at  the 
bottom  of  the  sea ;  but  the  more  the  subject  is  canvassed,  and  the  greater  the  number  of 
English  authorities  brought  forward  to  back  up  Mr  Lewes  in  wresting  the  words  of  Kant 
from  their  proper  acientiiic  signification,  the  higher  meed  of  praise  seems  to  me  to  accrue 
to  Dr  Ingleby  for  stemming  the  tide  of  depravation,  and  banishing,  as  I  feel  confident 
this  discussion  will  have  the  eflect  of  doing,  from  the  realm  of  English  would-be  philosophy, 
such  a  loose  and  incautious  way  of  talking  as  that  of  giving  to  Space  and  Time  the 
designation  which  the  Master  has  appropriated  to  the  categories  of  his  system,  and  to 
them  alone. 

J.  J,  Sylvester. 

P.S, — I  should  be  doing  injustice  to  the  very  sincere  sentiments  of  respect  I  entertain 
for  Mr  Lewes's  varied  and  bnlhant  attainments  (which  constitute  him  a  kind  of  link 
between  the  material  and  spm.tual  ^ides  of  Nature),  and  of  gratitude  for  the  pleasure 
the  perusal  of  his  History  of  Philosophy  has  afforded  me,  were  I  to  part  company  with 

46—3 
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him  without  disclnjming  all  acrimony  of  feeling,  if  perchance  any  too  strident  tones  should 
have  seemed  to  mingle  with  my  enforced  reply.  !□  naming  him  in  the  original  offending 
footnote  (the  fountain  of  these  tears),  my  purpose  was  simply  to  emphasise  the  necessity 
of  protesting  gainst  what  seemed  to  me  an  unsound  form  of  words,  apropos  of  Kant, 
which  went  on  receiving  countenance  from  such  and  so  eminent  writers  as  himseK  and 
the  others  named ;  and  I  should  he  false  to  my  own  instincts  did  I  not  at  heart  admire 
the  eourageoua  spirit  with  which,  almost  unaided  and  alone  (like  a  good,  I  meant  to  say 
valiant  knight  of  old),  be  has  done  his  best  to  defend  his  position  and  maintain  his 
ground  against  all  oppugnere. 

J.  J.  S. 

I  am  quite  willing  to  leave  the  readers  of  Natwre  and  the  students  of  Kant  to  decide  on 
the  propriety,  in  English  philosophical  discourse,  of  calling  Space  and  Time  "  forma 
of  Thought,"  the  more  so  aa  Sir  W.  Hamilton — a  great  stickler  for  philosophic  precision — 
uses  the  term  in  that  sense  and  would  have  been  surprised  to  hear  that  he  had 
misrepresented  Kant  in  so  doing.  My  opponents  persist  in  limiting  the  term  Thought 
to  the  restricted  meaning  given  to  it  in  Kant's  terminoli^y,  which,  in  English,  is 
restricting  it  to  Conception  or  Judgment :  on  this  ground  they  might  deny  that 
Imagination  or  Eecollection  could  be  properly  spoken  of  as  Thought.  Throughout 
I  have  accepted  Thought  as  equivalent  to  mental  activity  in  general  and  the  "forms 
of  Thought"  as  the  conditions  of  such  activity.  The  "forms  of  Thougbt"  are  the  forms 
which  the  thinkii^  principle  (Kant's  pwre  Eeason)  brings  with  it,  antecedent  to  all 
experience.  The  thinking  principle  acts  through  three  distinct  faculties :  Sensibility 
(Intuition),  Understanding  (Conception),  and  Eeason  (Katiocination) :  to  suppose  Thought 
absent  from  Intuition,  is  to  reduce  Intuition  to  mere  sensuous  impression.  Therefore, 
whatever  is  a  form  of  Intuition  must  be  a  form  of  Thought. 

The  following  passage  from  Mr  Mahaffy'a  valuable  translation  of  Kuno  Fischer's  work 
on  Kant,  may  here  be  useful :  "  Sensibility  and  understanding  are  cognitive  faculties 
differing  not  in  degree  but  in  kind,  and  form  the  two  original  faculties  of  the  hitman 
mind"...  The  general  problem  of  a  Critick  of  the  Eeason  "is  subdivided  into  two 
particular  objects,  as  human  Eeason  is  into  two  particular  faculties  of  knowledge.  The 
first  object  is  the  investigation  of  the  sensibility ;  the  second,  that  of  the  understanding. 
The  first  question  is.  How  is  rational  knowledge  possible  through  sensibility?  The 
second  question,  How  is  the  same  knowledge  possible  through  the  understanding?" 
{pp.  4,  5.) 

Those  who  maintain  that  it  is  improper  to  speak  of  Space  and  Time  as  forms  of 
Thought,  must  either  maintain  that  Kant  held  Sensibility  not  to  be  a  faculty  of  the  Mind 
(thinking  principle) ;  or  that  the  term  Thought  is  nol,  in  English  discourse,  a  correct 
esprrasion  for  the  activity  of  the  thinking  principle.  I  believe  that  the  student  will  agiee 
with  me  in  saying  that,  although  Kant  restricted  the  term  Thought  to  what  we  call 
Conception  or  Judgment,  he  understood  by  the  activity  of  the  mental  faculties  (Pure 
Eeason)  what  we  understand  by  Thought. 

It  is  not,  however,  to  continue  this  discussion  that  I  again  trespass  on  your  apace;  but 
to  reply  to  the  personal  part  of  Mr  Sylvester's  letter.  He  charges  me  with  misquoting 
myself  and  with  misquoting  him.  I  said  that,  in  my  espoaition,  Space  and  Time  were 
imiformly  spoken  of  as  forms  of  Intuition  and  I  say  so  still.  Mr  Sylvester  has  taken 
the  trouble  of  reading  that  exposition  without  taking  the  trouble  of  understanding  it ; 
he  declares  that  he  "haa  marked  the  word  intuition  aa  occurring  once  and  forms  of 
sensibility  several  times  ;  but  forms  of  intuition  never."  His  carefulness  may  be  estimated 
by  the  fact  that  the  word  intuition  occurs  four  times  on  the  two  pages  :  '  ' 
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by  the  fact  that  it  is  perfectly  mdifterent  whether  Sensibility  or  Intuition  be  the  term 
employed,  since  sensibility  is  the  faculty  and  Intuition  the  action  of  that  faculty. 
Mp  Sylrestei,  not  uaderitandiog  this,  says,  "If  fonn  of  sensibility  is  as  good  to  uae  aa 
form  of  intuition,  form  of  undeiitaading  ought  to  be  as  good  aa  form  of  thought ;  but 
Mr  Lewes  owns  that  the  former  is  indefensible,  whilst  he  avers  that  the  latter  is  correct." 
Considering  that  this  passage  occurs  m  a  letter  which  charges  me  with  unfair  misquotation, 
it  is  curious.  So  far  from  owning  that  the  former  is  "indefensible,"  it  is  what  I  declare 
to  be  true  ;  and,  with  regard  to  the  latter,  though  I  do  think  a  form  of  Understaudiiig  is 
a  form  of  Thought,  my  statement  was  altc^ther  away  irom  it,  namely,  thiit  Space 
and  Time  as  forms  of  Sensibility,  would  be  incorrectly  spoken  of  as  forms  of  the 
Understanding. 

With  regard  to  the  alleged  misquotation  of  bis  own  words,  which  he  characterises 
as  unfair  and  as  "too  much  hke  fighting  with  poisoned  weapoua,"  it  was  a  charge  which 
both  astonished  and  pained  me.  There  are  few  things  for  which  I  have  a  bitterer 
contempt  than  taking  such  unfair  advantages  of  an  adversajy.  I  beg  to  apologise  to 
Professor  Sylveat«r  for  any  misrepresentation  which,  unintentionally,  I  may  have  been 
guilty  of.  But,  in  accepting  his  denial  of  the  construction  I  placed  upon  his  language, 
I  must  still  say  that,  after  re-reading  hia  letter  I  am  at  a  loss  to  see  what  other 
construction  it  admits  of,  that  haa  any  bearing  on  the  dispute,  and  that  he  has  not 
expressed  his  meaning  with  sufficient  clearness.  Intuition  and  Thought  are  there 
compared  with  Force  and  Energy  as  terms  "not  convertible"  ;  Force  is  detached  from 
Energy  as  potential  from  actual,  and  Intuition  without  Thought  is  made  to  hold  au 
analogous  x>osition.     Here  is  the  passage  ;  let  the  reader  judge ; 

"Can  Mr  Lewes  point  to  any  passage  in  Kant  where  Space  and  Tims  are  designated 
forms  of  thought  ?  I  shall  indeed  be  surprised  if  he  can  do  so — as  much  surprised  as 
if  Mr  Todhuuter  or  Mr  Routh  in  their  Mechanical  Treatises  were  to  treat  energy  and 
force  SB  convertible  tenas.  To  such  a  misuse  of  the  word  energy  it  would  be  little  to  the 
point  to  urge  that  Jbrce  idthout  energy  is  a  mere  potential  tendency.  It  is  just  as  little  to 
the  point,  in  the  matter  at  issue,  for  Mr  Lewes  to  inform  the  readers  of  Nature  that 
intmiion  without  thought  is  laere  sensuous  impression." 

Is  it  to  use  "  poisoned  weapons "  to  interpret  this  as  assuming  that  Intuition  and 
Thought  difier  as  potential  and  actual  1  I  repeat  that,  since  Mr  Sylvester  disclaims  the 
interpretation,  my  only  course  is  to  apologise  for  it ;  hut,  after  his  own  misinterpretations 
of  me,  he  will  not,  I  hope,  persist  in  attributing  mine  to  a  desire  to  take  an  unfair 
advantage.  If  I  make  no  reply  to  the  other  points  raised  in  the  various  letters  it  is  in 
order  not  to  prolong  the  discussion. 

George  Hewry  Lewes. 


I  do  not  know  whether  Mr  Sylvester  and  Dr  Ingleby  will  be  satisfied  with  Mr  Lewes' 
letter  in  yours  of  the  27th.  I  am  not,  and  I  think,  in  defendii^  his  former  mistake, 
Mr  Lewes  haa  fallen  into  additional  errors. 

It  is  undoubtedly  fair  to  translate  an  author  into  your  own  language  before  criticising 
him,  provided  jou  found  no  criticism  on  the  language  that  you  have  put  into  his  mouth. 
But  this  1  think  Mr  Lewes  has  done.  He  accuses  Kant  of  inconsistency  in  speaking 
of  pure  (i  priori  cognitions,  when,  on  his  own  system,  pure  thought  only  supplies  one 
element  to  these  cognitions,  the  other  being  derived  from  sense  or  intuition.  Now  (not  to 
insist  here  that  Kant  constantly  uses  the  term  ct^nition  in  a  wider  sense  than  that  which 
Mr  Lewes  insists  on  fastening  upon  him),  this  criticism  is  evidently  invahdat«d  by  the 
simple  remark  that  Kant  admits  pure  intuitions  as  well  ss  pure  concepts,  and  explains  the 
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tiature  of  mathematics,  as  a  aystem  of  d  priori  cognitions,  by  the  fact  that  its  object- 
mattef  conaists  of  nothing  but  pura  iDtuitions. 

Mr  Lewea  now  informs  us  that  Ksmt's  Intuition  and  Thought  "differ  aa  species  and 
genua."  According  to  Kant  they  differ  in  land ;  and  Leibnitz  was  as  wrong  jn  making 
sensibility  a  speciea  of  thought  aa  Locke  waa  in  making  Thought  a  species  of  sensibility. 
Space  and  Time,  Mr  Lewes  adds,  are  forms  of  "taeutal  activity"  and,  therefore,  are 
properly  termed  "  forms  of  Thought,"  in  the  meaning  of  the  latter  term  which  is  uaually 
current  in  this  country.  If  they  were  forms  of  mental  activity  they  would  be  forms 
of  Thought,  according  to  Kant,  likewise  ;  for  the  criterion  by  which  Kant  distinguishes 
between  Intuition  and  Thought  (under  which  term  he  includes  both  the  understanding 
proper  and  the  reason  proper)  is  that,  in  the  former,  the  mind  is  passii'e  (receptive)  while, 
in  the  latter,  it  is  apontaiieoualy  active  ;  and  it  is  precisely  on  this  ground — the  passive 
reception  of  them  by  the  mind— that  he  refers  Space  and  Time  ta  Sensibility  rather 
than  Thought.  This  is  repeatedly  brought  out  in  the  Transcendental  Deduction  of 
the  Categories.  See  in  particular  Sections  11  (Meiklejohn,  p.  80)  and  18  (Meikle- 
john,  p.  90), 

I  think  if  Mr  Lewes  will  turn  to  the  preface  to  the  first  edition  of  the  Gritiek,  he 
will  see  that  the  transcendental  logic  only  (and  perhaps  I  might  limit  it  to  the 
transcendental  dialectic)  grapples  directly  with  the  problem  indicated  by  the  title  of 
the  book.  The  Aesthetic  is  a  preliminary  inquiry,  which  proves  afterwards  of  great 
uae ;  but  is  not  to  be  considered  as  a  Gritiek  of  Pure  Reason  in  this  particular  department. 
His  using  the  terra  "concept"  of  apace,  is  certainly  confusing;  but  its  explanation, 
I  think,  is  to  be  found  in  a  passage  in  the  "  Transcendental  Eiposition  "  of  thia  "  concept " 
(Meiklejohn,  p.  25),  where  he  says,  "  It  must  be  originally  intuition,  for  from  a  mere 
conception  no  propositions  can  be  deducted  which  go  out  beyoad  the  conception,  and 
thia  happens  in  geometry."  In  the  preceding  pi^je  he  similarly  qualifies  his  statement 
that  Space  is  an  intuition,  "No  conception  as  such"  he  says,  "can  be  so  conceived  ae 
if  it  contained,  within  itself,  an  infinite  multitude  of  representations."  We  may  now  have 
a  concept  aa  well  as  an  intuition  of  Space  and  Time  ;  but  the  intuition  was  the  original 
form  of  the  idea,  and  it  is  to  the  intuition  that  we  must  always  have  recourse  in 
mathematics  when  we  wish  to  discover  a  new  truth. 

I  think,  if  Mr  Lewes  will  again  read  over  the  Transcendental  Aesthetic  and  the  parts 
of  the  Transcendental  Analytic  which  are  closely  related  to  it,  he  will  see  that  Kant  never 
designates  the  original  representations  of  space  and  time  "concepts,"  or  refers  their  origin 
to  "  pure  reason," 

W.  H.  Stanley  Monck. 
Trinity  College,  Dublin,  January  29, 


[To  the  foregoing  correapondence  from  Nature,  Prof.  Sylvester  adds,  in  2V^c  Laws  of  Verse, 

the  following  remarks,] 
In  order  that  the  reader  may  judge  of  the  correctneas  of  the  assertions  made  by  Mr  Lewes 
in  his  concluding  letter,  and  his  general  fairness  in  controversy,  I  request  attention  to  the 
annexed  catena  of  passages  drawn  from  the  above  correspondence*. 

No.  I.  The  Author. 
"  It  is  very  common,  not  to  say  universal,  with  English  writers,  even  auch  authorised  " 
(I  meant  to  say  authoritative)  "ones  as  Whewell,  Lewes  or  Herbert  Spencer,  to  refer 
to  Kant's  doctrine  as  affirming  space  to  be  'a  form  of  thought,'  or  'of  the  understanding.' 
This  is  putting  into  Kant'a  moiith  words  which  he  would  have  been  the  first  to 
■disclaim." 

*  The  words  in  small  cAprpALs  are  in  ordinary  print  in  the  original  passages. 
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No.  a.    Mr  G.  H.  Lbwks. 
(a)  "  Kant  assuredly  did  teach  as  Professor  Sylvester  says,  and  as  I  have 

STATED,  THAT  SPACE  IS  A  FORM  OF  INTUITION." 

(;3)    "Every  student  of  Kant  knows  that  intuition  without  thought  is  m 
impression." 

(y)  "While  therefore  anyone  who  spoke  of  space  as  'a  form  of  the  urjDEB9TANDiN& ' 

WOTJLr  OBETAINLY  USE  LANGUAGE  WHICH  KamT  WOULD  HAVE  rtSCLAIMED,  Kant  himself 
would  have  been  surprised  to  hear  that  space  was  not  hold  by  him  as  a  form  of  thought," 
[(a)  In  ao  one  single  instance  in  his  fifty  pages  of  esposition  and  criticism  has  Mr  Lewes 
ever  once  stated  that  Space  ts  a  Form  of  InSmHon.] 


No.  3.    The  Authok. 


"Can  Mr  Lewes  point  to  any  pass^e  in  Kant  where  Space  and  Time  are  designated 
forms  ofthoiigktt  I  shall  indeed  be  much  surpiised  if  he  can  do  so  -as  mui,h  surprised  as 
if  Mr  Todhunter  or  Mr  Routh  in  their  mechanictl  treatises  weie  to  treat  -^eigy  and  force 
as  convertible  terms.  To  such  a  misuse  of  the  word  energy  it  would  be  as  little  to  the 
point  to  urge  that/oree  without  energy  is  ineie  potential  tettdeneif  It  is  |ust  as  little  to 
THE  POINT  in  the  matter  at  is.sue  for  Mr  Lewes  to  inform  the  readers  >i  Nature  that 
intaition  mthowi  thought  is  mere  pote^itial  tendenci/ 


Mr  G.  H.  Lewek. 


"In  the  p^es  of  exposition  I  uniformly  speak  of  Space  and  Time  as  forms  of  intuition; 
DO  language  can  be  plainer."  [In  no  one  single  instance  does  Mr  Lewea  so  speak  of  Space 
or  Time.] 

(o)  "  Mr  Sylvester  correctly  says  that  intuition  and  thought  are  not  convertible  terms. 
()3)   But  he  is  incorrect  in  afflrming  that  they  differ  as  potential  and  actual" 

[These  are  words  put  into  my  mouth  by  Mr  Lewes,  which  I  disclaim  as  Kant  would 
have  disclaimed  the  words  put  into  his.  I  nowhere  have  stated  the  truism  (n).  I  nowhere 
have  affirmed  the  absurdity  (/3).] 

No.  5.    Mh  G.  Caoow  Robertson. 

"  If  indeed  any  of  them  ever  speaks  of  space  as  a  '  form  of  the  understanding,'  which 
was  part  of  the  original  chai^,  the  case  is  very  different,  Kant  being  so  careful  with  his 
Veratand.    But  Mr  Lewes  at  least  would  never  be  caught  speaking  thus." 


No.  6.    The  Author. 

(a)  "  If  form  of  sensibility  is  as  good  to  use  as  form  of  intuition,  form  of  understanding 
ought  to  be  as  good  to  use  as  form  of  thouglit  (0),  but  Mr  Lewes  owns  that  the  former  is 
indefensible  whilst  he  avers  that  the  latter  is  correct." 

[In  proof  of  (p)  above  see  (y)  of  No,  2.     (a)  above  evidently  implies  the  proportion  : 
sensibihty  ;  intuition  ::  understanding  ;  thought. 
The  first  and  third  terma  representing  faculties,  the  second  and  fourth  the  actions  of  those 
faculties  respectively.] 
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Crossed  Lines  or  Lilies  of  Abnormal  Order. 
Fig.  43.  ^^       Fig.  49. 
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